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CHAPTER 1

Introduction

This dissertation presents a continuum treatment of growth in imlogical tissue
developed within the context of modern mixture theory. The x of this work is
a careful examination of the assumptions underlying continum thermodynamics
under the condition that multiple interacting species occup a region of Euclidean
space simultaneously. The formal axiomatic treatment preserdederives from these
assumptions, and provides insight into the sequence of interamtis among tissue
mechanics, mass transport and biochemical reactions. A comptitaal formulation
built upon the theory is used to solve a broad class of numericaxamples demon-
strating several biophysical aspects of tissue growth.

This initial chapter provides some context for this work (Se@n 1.1) and an

overview of the topics considered in the remainder of the dissation (Section 1.2).

1.1 Background

Growth involves the addition or depletion of mass in biological tissueGrowth
occurs in combination with remodelling which is a change in microstructure, and
possibly with morphogenesiswhich is a change in form in the embryonic state. The
physics of these processes are quite distinct, and for modellingrposes can, and
must, be separated. In this work, biological growth is formuted on a continuum

scale within the context of mixture theory (Truesdell and Toupin 196Q Truesdell



and Noll, 1965 Bedford and Drumhelley 1983, which allows us to systematically
account for the numerous interacting and inter-convertingpecies constituting the
tissue. The crux of this work is a careful examination of the assytions underlying
continuum thermodynamics for these mixtures, especially in thpresence of supple-
mentary terms which enhance the balance laws from classical chanics to allow for
the complex behaviour of tissues.

There have been a number of signi cant papers on biologicalaywth (and remod-
elling), of which we touch upon some whose approaches are eitemilar to this
work in some respects, or di er in important ways.

In the context of biological growth, the notion of a mass sourceias rst in-
troduced in Cowin and Hegedug1976. Also recognising the importance of mass
transport to the growth problem, Epstein and Maugin(2000 introduced a mass ux
term to the corresponding transport equation. In their work, hey also considered
irreversible momentum and entropy contributions from the spges ux to account
for these aspects of the inter-species interactions, and dedun®-symmetric partial
Cauchy stresses, in contrast to the treatment here. (See Sectidhd.3and 4.1.3)

Humphrey and Rajagopal(2002 provided a mathematical treatment ofadapta-
tion in tissues, which includes growth and remodelling in the sense bfg work. They
introduced the notion of evolving natural con gurations tomodel the state of mate-
rial deposited at di erent instants in time. The treatment of the growth part of the
deformation gradient in this work (Section2.2) bears some resemblance to this idea.
This concept also forms the basis for an active eld of study with the literature
(Skalak 19821 Skalak et al, 1996 Klisch et al., 2001 Taber and Humphrey, 200%,
Lubarda and Hoger 2002 Ambrosi and Mollica, 2002 focusing on the kinematic

aspects of biological growth.



Preziosi and Farina(2002 developed an extension to the classical Darcy's Law to
incorporate mass exchanges between reacting species. Thissateration is relevant
to growth problems; however, these issues were subsumedsarikipati et al. (2009,
upon which this work is based.

While most of the computational examples in this dissertationra presented in the
context of modelling our primary tissues of interest, engineed tendon and ligament
constructs (Calve et al, 2004 Ma, 2007, many of the general ideas presented in this
work are applicable to modelling tumour growth. The ideas mposed are similar
to tumour modelling work that account for mechanical e ects(Jackson and Byrne
2002 Byrne et al., 2009.

The form of the Clausius-Duhem inequality arrived at in Sectio 4.2 is equiv-
alent to the forms in recent work on mixture theory-based mode for biological
growth (Loret and Simees 2005 Ateshian, 2007). However, subsequently varying
choices made in the di erent works, including this one, for tb constitutive indepen-
dent variables result in altered constitutive speci cation. Moreover, the constitutive
choices detailed in this work ensure that the Clausius-Duhemanuality is satis ed
a priori, are adequately general to handle a fairly large class of physj and most
signi cantly, have been implemented in a coupled formulatio retaining much of their

rich detail, as evidenced by the computational examples @wented in Chapter>5.

1.2 An overview

The core of this dissertation is divided into two parts.
The rst part, consisting of Chapters 2 and 3, develops the theoretical formu-
lation for biological growth from a Lagrangian perspectiverad presents representa-

tive numerical examples demonstrating aspects of the coupledysics using a corre-



sponding computational implementation. This approach, baskon our previous work
(Garikipati et al., 2009, draws in some measure fronCowin and Hegedugq1979;
Epstein and Maugin(2000Q and Taber and Humphrey(2001), and works in terms of
material quantities de ned in the reference con guration 6 the tissue.

The theoretical treatment presented in Chapte2 begins by deriving general bal-
ance equations governing the behaviour of multi-phase mixtes, and then proceeds
to specify constitutive relationships pertinent to growing bological tissue that are
thermodynamically-consistent, in the sense that speci cationfadhese relations does
not violate the Clausius-Duhem dissipation inequality. Two imprtant contributions
of this work include a comprehensive account of the couplingetween transport
and mechanics (stemming from the balance equations, kinen@iand constitutive
relations), and an improvement to the mathematical treatmenthat allows for the
numerical stabilisation of the advection-di usion mass transpd equation in the
advection-dominated regime.

This approach was impaired by some basic de ciencies. Firstly,hile the trans-
port equations were posed (consistently) in the reference cauration, for a tissue
undergoing nite strains, the physics of uid-tissue interactios and the imposition
of relevant boundary conditions is best understood and repreged in the current
con guration. Secondly, also stemming from its roots in solid echanics, the for-
mulation relied upon primitive quantities that are not natural to uids, such as the
deformation gradient of the uid. While such quantities can be formally de ned, they
are not easily tracked during the course of solving boundary wa problems. One
nal complication with this approach arose from attempting to impose the balance of
momentum for the tissue as a whole, as this necessitated addit@drassumptions on

the microstructural mechanics. Accurate modelling of the miomechanics requires



sophisticated homogenisation techniques (e.gldiart and Castaneda (2003) and
these assumptions have strong implications for the sti ness of tissuesponse, the
nature of uid transport, and since nutrients are dissolved in tle uid, ultimately for
growth. This meant that without additional, complex, assumptons, the formulation
could not provide precise, quantitative results. (The calcul#gons in Section 3.3.1,
however, do determine the upper and lower bounds of the solomis.)

It is these drawbacks in the Lagrangian formulation that motrate the work pre-
sented in the second half of this dissertation, composed of Chayge and 5.

Chapter 4 is a re ection of our current understanding of the system that ha
evolved over these past few years. Recognising that the tissue isnpowsed of many
phases that undergo long-range transport, the formulation iederived from an Eule-
rian perspective; the viewpoint used for formulating the basiaws of uid mechanics.

In this approach, the balance equations are derived in the ment con guration
of the tissue in terms of spatial variables enabling a straightfavard application of
physically-relevant boundary conditions; but more importatly, the governing equa-
tions for the uid phase are recast in terms of primitive varialles that are more
natural to uid mechanics: the uid velocity and pressure. Another signi cant as-
pect of this work is that, upon revisiting the Clausius-Duhem irquality in terms
of spatial variables, appropriate constitutive choices are nda to ensure that the
inequality is satis ed a priori.

Accompanying this revised formulation is an improved computenal framework,
now designed to solve theletailedset of momentum balance equations, i.e., for each
species separately, eliminating the need for the micromeches assumptions men-
tioned earlier. A brief discussion of this framework, along whit selected computa-

tional examples, is the subject of Chapteb. This coupled implementation demon-



strates several basic aspects of the physics of biphasic non-reagtmixtures, has
been tailored to closely study aspects of the experimentally sérved mechanics of
ligaments, and has been extended in a straightforward manneo & substantially
di erent class of problem: modelling tumour growth, as evideced by the examples
in Chapter 5.

The computational framework thus furnishes a powerful toolhat can possibly
be tailored to answer speci ¢ questions|ranging from those perthent to viscoelas-
tic aspects of the mechanical response of growing tendons undeéerent loading
conditions, to quantitative investigations of the e cacy of drugs based on how they
are administered, to understanding the cellular processes asstved with tumour

growth.



CHAPTER 2

A Lagrangian perspective

Tracing its origins to mechanics theories for solid continyahe following formu-
lation for biological growth is developed naturally in terns of material quantities
de ned in the reference con guration of the tissue. During the course of this chap-
ter, the fundamental eld equations of a continuum idealisabn of tissues are derived
from general principles governing the behaviour of multipdse mixtures. Speci cally,
Section 2.1 helps de ne the system and formally introduces fundamental qunti-
ties characterising it, before deriving the balance laws fro fundamental axioms.
Section 2.2 presents the kinematics associated with nite deformation gmth. A
fundamental axiom of Thermodynamics, the entropy inequaljt and the restrictions
it places on functional forms of constitutive relationshipsd the subject of Sectior2.3.
The chapter concludes with key algorithmic considerationsSgction2.4) which play
an important role in the computational formulation underlying the numerical exper-

iments presented in Chapter3.

2.1 Balance laws for an open mixture

The tissue of interest is idealised as an open subsetRfwith a piecewise smooth
boundary. At a reference placement of the tissue,q, points in the tissue are iden-
ti ed by their reference positions,X 2 . The motion of the tissue is a su ciently

smooth bijective map' : o [0;T]! R3 where ¢ := ([ @, @ being
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Figure 2.1: The tissue idealised as a continuous medium.

the boundary of . At a typical time instant t 2 [0;T], ' (X ;t) maps a point X
to its current position, x. In its current con guration, the tissue occupies a region

t = ' {( o). These details are depicted in Figur€.1. The deformation gradient
F = @ =@ is the tangent map of' .

The tissue consists of numerous species, of which the following upimgs are of
importance for the models: A solid species, consisting of sotdllagen brils and
cells® denoted by c, an extra-cellularuid species, denoted by f, consisting primarily
of water, and solute species, consisting of precursors to reactions, byproducts, nutri
ents, and other regulatory chemicals. A generic solute will beedoted by s. In the
treatment that follows, an arbitrary species will be denotedy , where =c;f;s.

The fundamental quantities of interest are mass concentrats, ,(X ;t). These
are the masses of each species per unit system volume gn Formally, these quanti-
ties can also be thought of in terms of the maps, : o [0;T]! R, upon which the

formulation imposes some smoothness requirements. By de nitiothe total mate-

LAt this point, the solid species is not di erentiated any further. This is a go od approximation
to the physiological setting for tendons, which are relatively acellular and vhose dry mass consists
of up to 75% collagen (Nordin et al., 2001). When modelling tumour growth in a later chapter
(Section 5.4), where cell mechanics and migration are signi cant Namy et al., 2004, the solid
phase is further distinguished.



rial density of the tissue at a point is a summation of these concentrations ovall
P
species 4= o.

The system is open with respect to mass. Other than the solid species,ad
phases have mass uxesyl .? These are mass ow rates per unit cross-sectional
area in the reference con gurationde ned relative to the solid phase The species
have mass sources (or sinks), . The sources specify mass production rates per unit

volume of the body in its reference con guration, .
2.1.1 Balance of mass
As a result of mass transport (via the ux terms) and inter-conversin of species

(via the source/sink terms) introduced above, the concentratns, ,, change with

time. Written in integral form, the balance of mass for an arldrary species over |

states
q Z Z Z

(2.1) g oXibdv = (X ;t)dV M (X :t) NdA;
|—fz—} |——fz—1) FL ¢ }
Rate of change of mass Mass being created Mass leaving the domain

whereN is the unit outward normal to the boundary, @ .

Applying Gauss' Divergence Theorem (AppendiXA.1) to the surface integral
term, and localising the result (recalling that since ¢ is a xed volume, the time
derivative on the rst term can be simply moved into the integrd), we arrive at the
following local form of the balance of mass for an arbitrary spes in the reference

con guration,

2As previously mentioned, when modelling certain physiological processes such as toor growth
or wound healing, where migration of cells within the extra-cellular matrix is consequential, the
solid phase is further di erentiated and cell migration is modelled as mass tansport.
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@q _ S
(2.2) @Ot_ DIV[M ]; 8:

Here, DIV][ ] is the divergence operator in the reference con gurationThe func-
tional forms of  are abstractions of the underlying biochemistry; physiologatly
relevant examples of which are discussed in Secti@r3.7 The uxes, M , are de-
termined from the thermodynamically-motivated constitutive relations described in
Section2.3.4 Recall that, in particular, M ¢ = 0.

The sources, for various species, satisfy a reIatiorF: = 0, which is derived
as follows. Firstly, summing Equation 2.1) over all species leads to the law of mass
balance for the system,

gx < x £ X £
(2.3) at odV = dv M N dA:
0 0 @o
An alternate way of arriving at the mass balance equation for # system is to
envision an external observer accounting only for the uxes ahe boundary, not
aware of any processes internal to the system. Following this wpoint, we neglect

the interconversion terms (sources/sinks) which exist within thesystem, and arrive

at,

(2.4) — o dV = M N dA:
0 @ o
Comparing the equivalent forms 2.3) and (2.4), it emerges (upon localisation) that

the sources and sinks satisfy

(2.5) =0;



11

a conclusion that is consistent with classical mixture theoryTruesdell and Noll

1965 in the absence of a net production term for the system.

2.1.2 Balance of linear momentum

N M

t

Figure 2.2: Interaction forces, traction and body loads on he tissue.

In soft tissues, the species production rate and ux that appear othe right
hand-side in Equation @.2) are strongly dependent on the local state of stress. To
correctly model this coupling, the balance of linear momeunin should be solved to
determine the local state of strain and stress.

Recall that the deformation of the tissue is characterised by thmap' (X ;t).
Since we are working under the assumption that the solid collagebrils and brob-
lasts do not undergo mass transport, the material velocity of ik speciesY = @ =@t
is used as the primitive variable for mechanics. Each remaimgrspecies can undergo
mass transport relative to the solid collagen. For this purposét is useful to de ne
the material velocity of a species relative to the solid phaseas:V = (1= j)FM
Thus, the total material velocity of a species isV + V .

The tissue is subjected to a surface tractionl, , and a body force per unit massj.

We de ne the partial rst Piola-Kirchho stress tensor corresponding to species as
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the portion of the total stress borne by the species. Denoting thiquantity by P ,
the natural boundary condition then implies thatT = P PN on@ . Thus,P N
is the corresponding partial traction, as depicted in Figure.2.

Recognising that the concentrations of solutes are low, andrsequently that they
do not bear appreciable stress, the partial stresses and momentuaddnce equations
are de ned only for the solid collagen and uid phases. Writtenn integral form, the

balance of momentum of speciesover g is,

q Z Z A Z
a oV +V )dVv = 0gdvVv + o0 dV + (V +V )dv
| —{z } | {z2 ;oI {z }
Rate of change of momentum ?esultant body force 7 Momentum being created
(2.6) + P N dA (V+V )M NdA;
T fz—3 92 z }
Boundary traction Momentum leaving the domain

whereq is the force per unit mass exerted uponby the other species present. Note
the contributions of the mass source distributed through the yame and the in ux
over the boundary to the rate of change of momentum in Equatio(2.6).

Writing (V +V )M N as(V +V ) M )N, and using Gauss' Divergence

Theorem (AppendixA.1), one obtains:

7 z
DoV V) gV V) dVE (g a)dv
0 Z
+ ( (V+V)+DIV[P ])dV
yA

DIV[(V+V ] M )dV:

Applying the product rule to the last term and using the mass balare equation ¢.2)

gives
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Z Z

gV VAV = g(g+q)av
0 OZ
+ (ON[P] (GRAD[V +V )M )dV:

0

where GRAD] ] is the gradient operator in the reference con guration. Lecalising

this result gives the balance of linear momentum for a single spes in :

@ —
(2.7) O@t(V+v)_ 0(g+q)+DIV[ P ]

(GRAD[V +V )M ; =c;f:

The nal term with the gradient of total species velocity iderti es the contribution
of the ux to the balance of momentum. In practise, when the regtive magnitude
of the uid mobility (and hence ux) is small, the nal term on t he right hand-side
of Equation (2.7) is negligible, resulting in a more classical form of the balaacof
momentum. Furthermore, in the absence of signi cant acceleiian of the tissue
during growth, the left hand-side can also be neglected, redng (2.7) to the quasi-
static balance of linear momentum.

The interaction forces, q, satisfy a relation with the mass sources, , that
is elucidated by the following argument. One way of arrivingat the balance of

momentum of the entire tissue is by summing Equation2(6) over =c;f

X g% x < x £
0 X 0 Z 0 X Z
+ (V +V )dV + P N dA
X hd @ o
(2.8) (V+V)M N dA:

@ o
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As in Section 2.1.1, recall that for an external observer, the rate of change of
momentum of the entire system is a ected only by external agesf and is indepen-
dent of internal interactions of any nature ¢ and ). This observation leads to

the following equivalent expression for the rate of change aféar momentum of the

system:
X 42 z z
5 oV V)V = gdV+ PN dA
0 0 X 7 @o
(2.9) (V+V )M NdA:
@ o

P P
Here,P = P and o= o- Since both @.8) and (2.9) represent the balance

of linear momentum of the system, it follows upon inspection tha

x £ x £
og dv + (V +V)dV =0;

0 0

which, upon localisation (recalling Equation 2.5)), leads to

X
(2.10) (o0 + V)=0;

a result that is also consistent with classical mixture theory Truesdell and Noll
19695.
2.1.3 Balance of angular momentum

The balance of angular momentum in a purely mechanical thepimplies that

the Cauchy stress is symmetric: = T. This result is now examined in context of

an open system comprising of multiple interacting and inter-ecwerting species.
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The balance of angular momentum about the origin of a speciesover o, as

observed from an inertial reference frame, requires,

q V4 Z

g oVEVidvo = " [o(@*taq)+ (V+V)ldV
Rlate ofO change of{ngular momentu%’n Momerlwto fro? body forces and a{nzular momentum being cr}eated
(2.11) + ' (P (V+V) M )NdA

te {z }

Moment from traction and angular momentum leaving the domai  n

Applying properties of the cross product, the product rule andsauss' Divergence

Theorem (AppendixA.1) gives

z
VARV %Ot(V+V)+ 0gt(v+V) dv =
0 z
oo(@+rag+ (V+V)dV
Z 0
+ ( DIV[P] ' (GRAD[V +V ]M )dV
° yd
(' (V+V)DIV[M ])dV
Z 0

(P (V+V) M)FET dv;

where is the permutation symbol, and : A is written as jx Ajx €; in indicial form
for any second-order tensoA ; e; being thei" basis vector. Using the mass balance

equation (2.2), and balance of linear momentum4.7), we have

00 1 1

Vo Vadv= :%)%)P V+V) M KFTX dv:
F v
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Recalling the relation of the permutation symbol to the crossneduct, and the indi-

cated relation betweerM andV leads to

0= . PV oF 'V FT dv:
Localising this result and again applying the properties of # permutation symbol
leads to the symmetry condition,

(2.12) P V JF W FT=FP Vv [F i "

But, (V. F WV )FT =V V, and thus, the symmetryP FT = F(P )T
that results from conservation of angular momentum for a purglmechanical theory
is retained in this case of a mixture. The partial Cauchy stressemre therefore
symmetric: = ', and this is also seen directly in terms of spatial quantities in
Section4.1.3

Disparate results on the symmetry of stress stem primarily from thexact de ni-
tions of the fundamental quantities involved in the analysis.This is especially true
of how the total stress in the system is distributed as partial stresseborne by the
species comprising the system. For e.d=pstein and Maugin (2000 incorporate an
\irreversible" contribution from their species ux into their local measure of partial
Cauchy stress. This results in their deduction of a non-symmetripartial Cauchy

stress, in contrast to the result shown above.

2.1.4 Balance of energy

Since the masses of the various species constituting the system allewed to

change as a result of mass transport and interconversion, it is @opriate to work
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Figure 2.3: Energetic interactions the tissue is subject to

with energy and energy-like quantities per unit mass. In addin to the terms
introduced previously, the internal energy per unit mass of spes is denotede,
the heat supply to species per unit mass of that species is , and the partial heat
ux vector of is Q, dened on . An interaction energy, e-, appears between
species and accounts for the energy transferred toby all other species, per unit
mass of . These quantities are shown in Figure.3.

Working in o, the rate of change of internal and kinetic energies of spegieis
related to the work done on it by mechanical loads, processes oass production

and transport, heating and energy transfer as:



18

d z 1 z
it 0e+§kV+Vk2 dv = (o9 (V+V )+ )dVv
| — {z LI {z
Rate of change of energy Work done by fdy forces and heat supplied
+ od (V+V)dVv
| {z }
7 Work done by interaction forces
1
+ e+§kV+Vk2+0e dv
| {z }
7 Energy from species creation and interaction
1
(2.13) + (V+V)P M e+§kV+Vk2 Q NOdA:
72 2 }

Work done by applied traction and energy leaving the domain a s mass and heat ux

The above equation for the rate of change of energy of a singleesjgs can be

further simpli ed by applying the product rule and Gauss' Divelgence Theorem

(Appendix A.1), giving rst,

Z

@0 1 2 @ 1 2
— + = + + = + = + =
ot e 2kV V k 0@te 2kV V Kk dv
0 Z 1
o (V+V )+ o+ e+§kV+Vk2+oe dv
° 4
+ od (V+V )dVv
Z 0
+ ((V+V) DIV[P ]+P :GRAD[V + V ])dV
0 Z 1
DIV[M ] e+§kV+V k> dv
Z 0

((GRAD[e]+(V +V ) GRAD[V +V ]) (M ) DIV[Q ])dV:

0

Applying the balance of massZ.2) and the balance of momentumZ.7) to the equa-

tion above and localising the result, we have,
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@e _
O@t -
(2.14) GRAD[e] M ; 8:

P :GRAD[V +V | DIV[Q]+ o + &

a nal form of the balance of energy of a specieswhich is most convenient for
combining with the entropy inequality, leading to the Clausus-Duhem form of the
dissipation inequality (Section2.3).

Analogous to the results obtained in Sectiong.1.1 and 2.1.2 the inter-species
energy transfers,e~ are related to interaction forcesq , and mass sources, . To
arrive at this relation, we rst obtain the balance of mass of tle entire system by

summing Equation @.13 over all species:

X 4% 1 x £
5 0e+§kV+Vk2 dv = (o9 (V+V )+ ,r)dV
0 0 x Z
+ od (V +V)dV
Z 0
X 1 )
(2.15) + e+§kV+Vk + e dV
Z 0
X
+ (V+V)P M e+:—2LkV+Vk2 Q NdA:
@ o

Then, expressing the rate of change of energy of the system intetrag with its
environment from the point of view of an external observer uneare of internal in-
teractions between species (interaction forces, mass intemgersion and inter-species

energy transfers), we have,
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X 4% L x Z
it Oe+§kV+Vk2 dv = (o0 (V+V)+ r)dVv
0 0
XZ 1
+ (V+V)P M e+§kV+Vk2 Q NUdA:
@ o

Since the equation above and2(15 are equivalent statements of the balance of

energy, it follows upon inspection and localisation that,

X
(2.16) od (V+V)+ e+%kv+v k> + ,& =0:

This result, relating the interaction energies to interactn forces between species,
their sources and relative velocities, is identical to that diained from classical mix-
ture theory (Truesdell and Noll 1969, ensuring consistency of the present formula-

tion with mixture theory.

2.2 The kinematics of growth

Local volumetric changes are associated with changes in thencentrations of
solid collagen and uid, = c;f, and one important aspect of the coupling between
mass transport and mechanics stems from this phenomenbortf the material of the
solid collagen or uid remains stress free, it swells with an inease in concentra-
tion (mass of the species per unit system volume), and shrinks as toncentration
decreases. This leads to the notion of thgrowth componentof the deformation gra-
dient. This observation has led to an active eld of study withn the literature on

biological growth (Skalak 1981 Skalak et al, 1996 Klisch et al., 2001, Taber and

3Another important facet of this coupling arises from the thermodynamically-motivated consti-
tutive relationship for species uxes, as detailed in Section2.3.4
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Figure 2.4: The kinematics of growth.

Humphrey, 2001 Lubarda and Hoger 2002 Ambrosi and Mollica, 2003, and the
treatment below follows in the same vein.

In the setting of nite strain kinematics, the total deformation gradient, F, is
decomposed into the growth component of the solid collageR?", a geometrically-
necessitated elastic componerdaccompanying growth,lEec and an additional elastic
component due to external stressl?ec. Later, we will write F& = Eecleec. This
elastic-growth decomposition is visualised in Figurg.4and is elaborated upon below.

This split of the total deformation gradient is analogous to he classical decompo-
sition of multiplicative plasticity ( Bilby and Smith, 1956 Leg 1969. As explained
in Section2.4.1, we assume that the uid- lled pores also deform withF , and that
a component, F ¢ of this total deformation gradient tensor, determines the uid
stress. We also assume a uid growth componer¥, o' which is detailed below, and

—gf f
that FFY = F. As with the solid collagen we admitF¢ = F°E°, the sub-
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components carrying the same interpretation as for the solicdbtagen. However, this
last decomposition is not explicitly used.
Assuming that the volume changes associated with growth describatiove are

isotropic, a simple form for the growth part of the deformatiorgradient tensor is

1
(2.17) F9 = 2 31; =c;f

Oin
where , (X) is the reference concentration at the initial time, andL is the second-
order isotropic tensor! In the state F = F ¢, the species would be stress free. The
kinematics being local, the action of ¢ alone can result in incompatibility, which is
eliminated by the geometrically-necessary elastic deformati B, which causes an

internal, self-equilibrated stress. The componeri?e Is associated with a separate

elastic deformation due to an external stress.

2.2.1 Saturation and tissue swelling

The degree of saturation of the solid phase plays a fundamentalle in determining
whether the tissue responds to an infusion (expulsion) of uid by sslling (shrink-
ing). In particular, the isotropic swelling law de ned by Equdion (2.17) has to be
generalised to treat the case in which the solid phase is not satted by uid.

Figure 2.5 schematically depicts two possible scenarios. If the tissue is unsat
rated in its current con guration, as in A, then, on a microscofc scale, it contains
un lled voids. It is thus capable of allowing an in ux of uid, which tends to increase
its degree of saturation until fully saturated, as in B. This ircrease does not cause

swelling of the tissue in the local stress-free state, as there issfilume for incoming

4This choice is only the simplest possible. Given the highly directional micro-stacture and
mechanical properties of many tissues, it seems likely that anisotropic groth is actually more
common, as suggested by the thermodynamic arguments presented in Sectidn2.5.
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|| Unsaturated C

- Saturated

Figure 2.5: Stages of tissue saturation.

Unsaturated tissue in the current con guration (A) allows i n ux of uid without swelling
until it is completely saturated (B). Initially saturated t issue (B), in general, swells with
in ux of uid (C).

uid to occupy. However, once the tissue is saturated in the curré con guration,
an increase in the uid content causes swelling in the stress-freeat, as depicted
in C, since there is no free volume for the entering uid to ocqay. It is this second
case that is modelled by Z.17).

It is worth emphasising that this argument holds forF 9, which is the local
stress-free state of deformation of the uid-containing poresta point. The actual
deformation gradient, F = F¥F Y, also depends on the elastic partF ¢, which
is determined by the constitutive response of the uid. Under strgs, an incom-

pressible uid will have det(F ef) = 1, where det( ) denotes the determinant of
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a second-order tensor. Therefore, a uid-saturated tissue will ®W with uid in-
ux, det( F) =det(F gf) > 1. A compressible uid may have detf ef) < 1 allowing
det(F) < 1 even with det(F gf) > 1. But, even in this case, in the stress-free state
there will be swelling.

Thus, for the uid phase, the isotropic swelling law can be exteretl to the un-
saturated case by introducing a degree of saturation, ,~de ned in the current con-
guration, , because it is in this con guration that it is physically rele\ant to
discuss system saturation. We have = =~, where ~ is the intrinsic density in

¢ and is given by ~= ~,=det(F ). Note that the intrinsic reference density, g, is
a material property. Upon solution of the mass balance equatiof2.40 for , the
species volume fractionsy -can be computed in a straightforward fashion. The sum
of these volume fractions is our required measure of saturatide ned in . We also
recognise that for the dilute solutions obtained with physiolgically-relevant solute
concentrations, the saturation condition is very well approxnated by v + ¢ = 1. So,
we proceed to rede ne the uid growth-induced component offte pore deformation

gradient tensor as follows:

8 1
(2.18) o 2 o 1 Waae=1
218 F = Osat

1; otherwise

In Equation (2.18, §_ is the reference concentration value at which the tissue
attains saturation in the current con guration.

With this rede nition of F9, it is implicit that ~' + ¥¢ > 1 is non-physical.
Saturation holds in the sense thawv™+ ¥¢ = 1. It has been common in soft tissue

literature to assume that, under normal physiological conditins, soft tissues are

fully saturated by the uid and Equation (2.17) is appropriate for = f. However,
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this treatment of saturation and swelling induced by the uid phase is necessary
background for Section2.3.3 where we examine the response of the uid phase
under tension. This approach also holds relevance for partidtying, which ex vivo
or in vitro tissue may be subject to under certain laboratory conditions. I&also
signi cantly expands the relevance of the formulation by maikg it applicable to the
mechanics of drained porous media other than biological tissumost prominently,

soils.

2.3 The entropy inequality and its restrictions on constitu tive relations

The treatment presented in this section builds upon certain fudamental assump-
tions underlying the system under consideration. Firstly, the &ond Law of thermo-
dynamics (or the entropy production inequality) is assumed ttold at a continuum
point for all species as a whole, but, in general, not for eachdividual species.
Di ering views on the spatial scale at which a continuum point $ de ned lead to
varying interpretations of the Second Law. The spatial scalef @ur continuum point
is chosen such that the following arguments are valid. Anothersaumption that is
tied to this spatial scale, and consequently to the degree of obged homogeneity
between mixed species, is that all species occupying a continupoint in the tissue
have the same absolute temperature,.

With these assumptions, and denoting by the entropy per unit mass of species
the entropy inequality, when written out for the entire systemin the reference con-

guration from the viewpoint of an external observer, reads:
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X QZ B, x £ o gv
dt  ©
I {z } | —{z—1}
Rate of change of entropy Entropy agded through heat supply
X
(2.19) M N +2 N dA:
@

| —= {z }

Entropy lost through mass and heat ux

Applying Gauss' Divergence Theorem (Appendi®.1), using the mass balance equa-

tion (2.2), and localising the result, we have the following form of thengropy in-

equality,

X X

°%t+ o GRAD[ | M

X
(2.20) DIV[Q ] GRADE] Q

Now, multiplying Equation (2.20 by the temperature eld, , subtracting it from

the balance of energy4.14 and using the balance of momentum2.7) for ,q gives,

X @e @ X 1 2 GRAD[ ] Q
° @t @t PV VI
X @
+ O@t(V+V) od DIV[P ]+GRAD[V +V IM  (V +V)
X
(2.21) P:E P :GRAD[V |+(GRAD[e] GRAD[ ]) M 0;

the Clausius-Duhem (or reduced dissipation) inequality for thgrowth process. Here,

=e is the mass-speci ¢ Helmholtz free energy of species

2.3.1 Thermodynamically-consistent constitutive framew ork

As is customary in eld theories of continuum physics, the ClausatDuhem in-

equality (2.21) derived above is used to obtain restrictions on constitutiveelation-
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ships governing the behaviour of the system.
We assume the following functional form of the internal energger unit mass of
species:® e =& (F®; ; ,) and substitute this into the Clausius-Duhem inequality.

Upon applying the chain rule of di erentiation and regroupirg some terms, 2.21)

becomes,
X @e T e X @e @
X @
+ O@t(V+V) o0 DIV[P ]+GRAD[V +V ]IM (V +V)
X
+ oF T(GRAD[e] GRAD[ ]) V
X
+ +%kV+V k? GRADL] Q
X @e@o X . er Y .
(2.22) + 0@—0@ P : (GRAD[V ]+ F°E") O

which represents a fundamental restriction upon the physicalrpcesses underlying
biological growth. Any constitutive relationships that are pescribed must satisfy
this restriction, as is well-known {ruesdell and Toupin 196Q. And so, making
selections that ensure some terms on the left hand-side &2 vanish (ensuring
that they satisfy the relationship a priori), we prescribe the following constitutive

relations which close the system of di erential equations gokging our tissue:

T @e
2.23 PF9 = ,—;
( ) O@E

5This initial choice is one of the simplest possible (incorporating one eld vaiable from each of
the di erent kinds of physics considered: Mechanics, heat transfer and mass transportand results
in a restricted class of constitutive relationships. As seen in Sectior!.2, mass-speci ¢ Helmholtz
free energies of species dependent upon other variables, such as internal variablessing from
mechanics, lead to a more general class of constitutive relationships, such aseoelastic materials
(Section 4.2.4).
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which speci es that the constitutive relation forP F ¢ " has the form of a hyperelastic
material (Details regarding the speci ¢ hyperelastic modelsed for the computations

in Chapter 3 have been discussed in the following section.),

(2.24) o

which implies that the absolute temperature, following the d nition normally em-

ployed in thermal physics, is uniform across all species,

oV o= Ij—( o9 DIV[P ]+GRAD[V]M )
(2.25) DO
— oF T(GRAD[e] GRAD[ ) ;
0
which provides a constitutive relationship for the species uas in terms of a product
of a positive semi-de nite mobility tensor,D , and a summation of di erent driving

forces (which is discussed in greater detail at a later sectio.8.4), and nally,

(2.26) Q = K GRAD[ ];

which states that the heat ux in species is given by the product of a positive
semi-de nite conductivity tensor, K , and the negative of the temperature gradient
eld. This relationship is identical to the Fourier Law of heda conduction.

With these constitutive relations (2.232.26 ensuring that certain terms of the

dissipation inequality vanish, .22 is further reduced to

A careful comparison of this relation (2.25 with the motivating term in the Clausius-Duhem
inequality (2.22) will reveal that a driving force from the acceleration of the solid phase does no
appear in the constitutive relationship for the species ux. Appendix B.1 discusses this absence in
greater detail.
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(2.27)
X @e@o . erY
@, Ot P : (GRAD[V ]+ F®E")
X @ 1
+ oV @t(V+V)+(GRAD[V])F v+ +§kV+V k2
X

0@@t(V+V) 00 DIV[P ]+GRAD[V +V |M vV O

The left hand-side of £.27) is the dissipation, D, a quantity whose non-positiveness
has to be numerically veri ed when performing computationgo ensure that addi-
tional constitutive choices (such as those for the source terms,, are thermodynam-
ically valid).

When the dissipation inequality is revisited while deriving tle growth formulation
from an Eulerian perspective in a later chapter (Sectiod.2), additional constitutive
relations will be introduced which ensure that all terms in tle dissipation,D, are
satis ed a priori. But now, we will take a detailed look at the spei c forms of the
constitutive relations used in the computations presented inl@pter 3. In particular,
Section 2.3.2 discusses the strain energy density function for collagen derivérom
an anisotropic network model based on entropic elasticity, Sssmn 2.3.3 describes
the pressure response of an ideal, nearly-incompressible uid,c8en 2.3.4 details
the constitutive relationship for the uid ux, Section 2.3.§ in a similar manner,
discusses solute transport, and nally, Sectior2.3.7 provides some examples and

physiological motivation for di erent kinds of collagen souces.

2.3.2 An anisotropic network model

From Equation (2.23, the partial rst Piola-Kirchho stress of collagen, modelled

C T .
as a hyperelastic material, isP ¢ = S@ZﬂECFg . Recall from Section2.2 that
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C C 1 . . C . .
F® = FFY s the elastic part, andF 9 is the growth part, respectively, of the
deformation gradient of collagen. Along the lines of Equatio (2.17), if we were

considering unidirectional growth of collagen along a unitector e, we would have

F9 = SiSm e e, with g denoting the initial concentration of collagen at the point

The mechanical response of tendons in tension is determinedrpairily by their
dominant structural component: highly oriented brils of cdlagen. In this formu-
lation, the strain energy density for collagen has been obtad from hierarchical
multi-scale considerations based upon an entropic elasticibased worm-like chain
(WLC) model (Kratky and Porod, 1949. The WLC model has been widely used
for long chain single molecules, most prominently for DNAMarko and Siggia 1995
Rief et al., 1997 Bustamante et al, 2003, and for the collagen monomer%un et al,
2002. The central parameters of this model are the chain's contio length, L, and
persistence lengthA. The latter is a measure of its sti ness and given bA = =k
where is the bending rigidity, k is Boltzmann's constant and is the temperature.
Seelandau and Lifshitz (195 for a general formulation of statistical mechanics
models of long chain molecules. Fitting the WLC response funoti derived by
Marko and Siggia(1999 to the collagen bril data of Graham et al. (2009 results
in values ofA =6 nm and L = 3480 nm. This is to be compared withA = 14:5 nm
and L =309 nm, reported by Sun et al.(2002), for a singlecollagen molecule. Taken
together, these results demonstrate that the WLC analysis corty predicts a col-
lagen bril to be longer and more compliant than its constitu@t molecule due to
compliant intermolecular cross-links in brils.

To model a collagen network structure, the WLC model has beembedded as a
single constituent chain of an eight-chain modelBischo et al., 2002ab), depicted

in Figure 2.6. Homogenisation via averaging then leads to the following fational
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form for the internal energy density,e*:’

(2.28)

Nk L 2r2+ 1 r
4A L2 1 r=L L

SE(F; §) =

F Q¢ 1+ 1:(C¥ 1
r !

Nk %4_ nl 1_ log @? o ol
2 oA L a1 " 2a=L) 4 23

Here, N is the density of chains, anda;b and c are lengths of the unit cell
sides aligned with the principal stretch directions. The mateal model is isotropic
only if a = b = c. The elastic stretches along the unit cell axes are denoted by

e ¢ and §, respectively, andC® = F¢ F¢ is the elastic right Cauchy-Green

tensor of collagen. The factors and control the bulk compressibility of the

model. The end to end chain length is given by = %p a2 $+ §+ ¢, where
= P N, C¥N,,andN ;| =1;2 3 are the unit vectors along the three unit

cell axes, respectively. Since the quantitids, A and r occur only as the ratiosL=A

and r=L in this model (2.29, Table 3.1 lists the lengthsL; A; a; b; cused in the

computations in a non-dimensionalised manner.

2.3.3 A nearly incompressible ideal uid

In this work, the uid phase is treated as nearly incompressibland ideal, i.e.,

inviscid. The partial Cauchy stress in the uid is:

(2.29) f=det(F¥) *P'F¥ = h( "1

where a large value ohq f) ensures near-incompressibility.

"Under the isothermal conditions assumed hereg®is independent of . Accordingly, we have
the parametrisation €° = £°(F¢; §).



32

A
\

4

Figure 2.6: The eight-chain model incorporating worm-like crains.
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Response of the uid in tension; cavitation

The response of an ideal uid, as de ned by Equation4.29, does not distinguish
between tension and compression, i.e., whether dlél‘f) R 1. Being (nearly) incom-
pressible, the uid can develop compressive hydrostatic stress Wwitut bound|a case
that is modelled accurately. However, the uid can develop amost a small tensile
hydrostatic stress Brennen 1999,% and the tensile sti ness of the tissue is mainly
from the collagen phase. This is not accurately represented £¥.29, which models
a symmetric response in tension and compression.

Here, we preclude all tensile load carrying by the uid by limiing det(F ef) 1
as follows. We rst introduce an additional component to the riation between
deformation of the pore space, given b, the uid stress-determining tensor,F ¢
and the growth tensor for the uid, F9. Consider the cavitation (void forming)

tensor, F Y, de ned by

(2.30) FEFIFY=F:

We restrict the formulation to include only saturated currentcon gurations at
the initial time. Following Section 2.2.1, we havevt+ v¢ = 1 at t = 0, the sat-
uration condition in ; when solutes are at low concentrations. At later times,
Equation (2.19 holds for F9. If det(F (F9) 1) 1 we setF¢ = F(FY) 1
and FY = 1 for no cavitation. Otherwise, since deff (F gf) 1 > 1, we specify
F€ =det(F(FY) 1) BF(FY) 1, thus restricting F ¢ to be unimodular and allow

cavitation by writing F¥ = F(F¥F9) 1,

8Where, we are referring to the uid being subject to net tension, not just a reduction in uid
compressive stress from reference ambient pressure.
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These conditional relations are summarised as:

F(FY) L FV=1 if det(F(F9) 1) 1

(2.31) FE=_ det(F(FY) ) =F(FY) Y

VW AW 00

FV=F(FYFY) ! otherwise
2.3.4 Diriving forces for uid ux

Returning to the constitutive relation for species ux (2.25, we rst recognise
that M = oF 'V is an implicit relation for V . Rewriting this instead as an

explicit one for ,V we have,

|
. 1
, D GRAD[V]F ! D

0 0
WJ+DIV[P ] F T(GRADJ[e] GRAD[ 1)

Vo= 1

From this, the constitutive relationship for mass ux is written as a product of a

mobility tensor and a thermodynamic driving force,

M - F 1 1. DGRADIVIF * lD_F T
| fz —
D
(2.32) |0|:Tg+ FTDIV[P ] OéGRAD[e] GRAD|[ ])}:

In particular, the constitutive relation for the ux of extra -cellular uid relative

to collagen in the reference con guration takes the followg form,

(2.33) MP=D" [FTg+FTDIV P 'GRAD
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whereD ' is the positive semi-de nite mobility of the uid, and isothermal conditions
are assumed in order to approximate the physiological ongs.

Experimentally determined transport coe cients (e.g. for nouse tail skin Swartz
et al.,, 1999 and rabbit Achilles tendons Han et al,, 2000Q) are used for the uid
mobility values. Recall that the terms in the parenthesis on th right hand-side of
Equation (2.33 sum to give the total driving force for transport. The rst term is
the contribution due to gravitational acceleration. In orcer to maintain physiological
relevance, this term has been neglected in the following &nent. The second term
arises from stress divergence. In the case of a non-uniform partstress,P , there
exists a thermodynamic driving force for transport along? . For an ideal uid,
it reduces to a pressure gradient, thereby specifying that theuid moves down a
compressive pressure gradient, which is Darcy's Law. The thirétm is the gradient
of the Helmholtz free energy potential, f = € . where€ is the mass-specic
internal energy, is temperature and  is the mass-speci ¢ entropy. The entropy
gradient included in this term results in classical Fickean dusion if only mixing
entropy exists, as discussed in the following section.

In practice, since the driving forces in .33 originate from di erent physics, it

proves useful (also seen in the following section) to rewrit.G3 as

(2.34) M =DLF'™DIV P" DfGRAD ' ;

where D%, is now the permeability of the tissue, corresponding to stress gliant-
driven transport, and D' is the mobility, corresponding to transport of the uid

phase through the porous solid driven by the gradient of the Helnoltz free energy.

9 Additionally, this assumption allows application of the Legendre transformation = e
to rewrite GRAD|[ e] GRAD[ ] as GRAD[ ]j (at uniform temperature), where is the
Helmholtz free energy potential.
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Figure 2.7: Saturation depicted at a microscopic scale.

Depicted at a microscopic scale, only unsaturated tissues Aand B can undergo Fickean
di usion of the uid. C is saturated.

2.3.5 Saturation and Fickean di usion

As depicted in Figure 2.7, only when pores are unsaturated are there multiple
con gurations available to the uid molecules at a xed uid concentration. This
leads to a non-zero mixing entropy. In contrast, if saturatedthere is only a single
available con guration (degeneracy), resulting in zero mixg entropy. Consequently,
Fickean di usion, which arises from the gradient of mixing enbpy can exist only in
the unsaturated case. However, even a saturated pore structurenaemonstrate con-

centration gradient-dependent mass transport phenomenologlly: The uid stress
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depends on uid concentration (see Equation4.29), and uid stress gradient-driven
uX appears as a concentration gradient-driven ux.
The saturation dependence of Fickean di usion is modelled bysing the measure

of saturation introduced in Section2.2.1. We rewrite the free energy potential as:

(2.35) 1 0 asvH+v! 1

It is again important to note that under physiological condiions, soft tissues are

fully saturated by uid, and it is appropriate to set = €.

2.3.6 Solute transport

The dissolved solute species, denoted by s, undergo long range $g@ort pri-
marily by being advected by the uid. In addition to this, they undergo di usive
transport relative to the uid. This motivates an additional velocity split of the form
vs= ¥+ Vv’ whereV s denotes the velocity of the solute relative to the uid. The
constitutive relation for the corresponding ux, denoted by#I °, has the following

form, similar to Equation (2.33 de ned for the uid ux.

(2.36) M°=D°( §GRAD[ °));

where D ® is the positive semi-de nite mobility of the solute relative to the uid,
and again, isothermal conditions are assumed to approximatediphysiological ones.

Following Section2.1.2 there are no stress-dependent contributions t °.
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2.3.7 Nature of the sources

There exists a large body of literature, Cowin and Hegedus 1976 Epstein
and Maugin, 200Q Ambrosi and Mollica, 2009, that addresses growth in biolog-
ical tissue mainly based upon a single species undergoing trangpand produc-
tion/annihilation. However, from a biochemical point of viev, growth in soft bi-
ological tissue is the production and resorption of the tissue'oltagen phase as a
result of a complex cascade of biochemical reactions takin@pé within the cells @l-
berts et al,, 2002. These processes involve several species, and additionally lago
intimate coupling between mass transfer, biochemistry and mie&nics.

An example of this chemo-mechanical coupling is seen in Figuze8 (from the
experimental work ofCalve et al. (2007), where the implantation of tendon-like en-
gineered collagenous constructs into live rats, and their cditioning in vivo (denoted
by the blue curve) leads to signi cant increases in the collagestrength and sti ness
(when compared to the in vitro control in green); highlightng the importance of the
biochemical environment on the processes underlying growth.

The modelling approach followed in this work is to select apppriate functional
forms of the source/sink terms, , that abstract the complexity of the biochemistry.
Some speci ¢ examples follow.

(i) First-order chemical kineticsis one of the simplest possible choices for the
collagen source, and assumes that the production of collagerg®verned by a rst-
order rate law. Newly-produced collagen has proteoglycan teoules bound to it,
and they in turn bind water. This e ect is modelled by associatig a loss of nutrient-
bearing free uid along with collagen production. A uid sink ' is introduced

following rst order kinetics,
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Figure 2.8: Growth and strengthening under biochemical in uences.

(2.37) "= K(o o)

and the collagen source is mathematically equivalent to theuid sink: ¢ = f
For this functional form, when § > § , a certain reference value of the uid
concentration, collagen is produced.

(i) Michaelis-Mentenenzyme kinetics (see, for e.gSengers et al(2009), which

involves a two-step reaction, introduces collagen and soluseurce terms given by

(kmax °) c s.

(2.38) °= W cells ;

where . IS the concentration of broblasts, knax 1S the maximum value of the

solute production reaction rate constant, and ;, is half the solute concentration
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Figure 2.9: Growth and strengthening under mechanical in uences.

corresponding tokmax. For details on the chemistry modelled by the Michaelis-
Menten model, see, for e.gBromberg and Dill (2002.

(i) Strain energy-dependensources induce growth at a point when the energy
density deviates from a reference value. Figuz9 (also from the experimental work
of Calve et al. (2007) provides an example of the e ect of mechanical in uencesno
the strengths and sti nesses of tendons by comparing the stress-straesponses of
unloaded control specimens with those subjected to two di eréfoad cases (denoted
delayand no delayin the gure).

An example of source terms of this form was originally proposed the context
of bone growth Harrigan and Hamilton, 1993. | am not aware of studies that have
developed similar functional forms for soft tissue, and theref® have adapted this
example from the bone growth literature, recognising that tis topic is in need of

further study. Suitably weighted by a relative concentratio ratio, and written for
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collagen, this source term has the form

o0

(2.39) €= e €

O

wherem is a non-negative exponentg® is the mass-speci ¢ strain energy function
of collagen, ande® is a reference value of this strain energy density. Equatior2.39
models collagen production when the strain energy density (igéted by a concentra-

tion ratio) at a point exceeds this reference value, and moldeannihilation otherwise.

2.4 Algorithmic considerations

Concluding the analytic formulation for biological growthpresented in this chap-
ter, the following sections discuss some algorithmic detailsahare specic to our

system of interest, and underly the numerical examples of Chapt3.

2.4.1 The role of mass balance in the current con guration

Before proceeding, let us rst consider the central kinematiassumption underly-
ing the formulation: We assume that the pore structure deformsith the collagenous
phase. Therefore, the deformation gradient; , is common to ¢ and the uid- lled
pore spaces. Furthermore, in what follows, we will treat the u as ideal and
nearly-incompressible, i.e. as elastic (Sectidh3.3. This combination of kinematic
and constitutive assumptions to be elaborated upon, implies &t the stress in the
uid phase is determined by the elastic part ofF (see Section®.2 and 2.3.3. For
clarity we denote it asF ¢ Importantly, the pore- lling uid under stress can also
undergo transport relative to the pore network; i.e., relatie to the collagenous phase.
This is the uid ux, denoted by M ' in the reference con guration. At the outset,

we preclude stress in any of the solute species, s. Only the solid agdn and uid
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Figure 2.10: Pore structure at the boundary deforming with the tissue.

If the pore structure at the boundary deforms with the tissue and this boundary is in
contact with a uid bath, the uid concentration with respec t to the current con guration,
i.e., f, remains constant.

bear stress.

Although the initial/boundary value problem of mass transportcan be consis-
tently posed in the reference con guration, the evolving cuent con guration, ¢, is
of greater interest from a physical standpoint for growth proldms. It follows from
the discussion in the preceding paragraph that the shape and sizepores in ; is
determined by F. Therefore, at the boundary, the uid concentration with respect
to  remains constant if the boundary is in contact with a uid bath. Accord-
ingly, this is the appropriate Dirichlet boundary condition to impose under normal
physiological conditions. This is shown in an idealised mannear Figure 2.10Q

In the interest of applying boundary conditions (either specatation of species
ux or concentration) that are physically meaningful, we use e local form of the

balance of mass in the current con guration,

(2.40) = divim ] div[v]; 8 ;

d_
dt
obtained by pushing-forward the balance of mass in the refemcon guration (2.2

to the current con guration, and is identical to the form derved from an Eulerian
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perspective in Sectiod.1.1. Here, (x;t); (x;t), and m (x;t) are the current
mass concentration, source and mass ux of speciesespectively andv(x;t) is the
velocity of the solid phase. They are related to correspondingference quantities as
=(det(F)) ' ,, =(det(F)) ' andm =(det(F)) "FM . div[ ] denotes
the spatial divergence operator, and the left hand-side in Eqtion (2.40 is the
material time derivative relative to the solid, which may be witten explicitly as
@@jx, implying that the reference position of the solid collagenauskeleton is held

xed.

2.4.2 Incompressible uid in a porous solid

Upon incorporation of the additional velocity split,vS = ¥+ v’ described in Sec-
tion 2.3.§ the resulting mass transport equation 2.40 in the current con guration

for the solute species is:

S S
(2.41) (](lj—t: * div s+ —m’ sdiv[v]:

In the hyperbolic limit, where advection dominates, spatial scillations emerge in
numerical solutions of this equation Brooks and Hughes1982 Hughes et al, 1987.
Figure 2.11demonstrates this oscillation for a simple advection-di usiomproblem at

a large Reclet number, which is a measure of the relative magnitude of advection to
di usion. However, Equation (2.41) is not in standard advection-di usion form, and
is thus not amenable to the application of standard stabilisatin techniques Hughes
et al.,, 1987. In part, this is because although the (near) incompressibiyi of the
uid phase is embedded in the balance of linear momentum via ¢h uid stress, it
has not yet been explicitly incorporated into the transport guations. This section

proceeds to impose the uid incompressibility condition and d#uces implications for
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Figure 2.11: Spatial oscillations in the numerical solution (Pe = 100).

The standard Galerkin method for the advection-di usion equation at large Reclet numbers
is unstable.

the solute mass transport equation, including a crucial simplcation allowing for its
straightforward numerical stabilisation.

From Equation (2.40), the local form of the balance of mass for the uid species
(assuming that the uid species does not take part in reactions,d. ' = 0) in the

current con guration is

(2.42) — = divm' Tdiv[v]:

In order to impose the incompressibility of the uid, we rst dende by gim the initial

value of the uid reference concentration. Recall that the uid concentration with
respect to the reference con guration evolves in time;} = £(X ;t). Therefore we

can precisely, and non-trivially, de ne { (X ):
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6(X;0)=: § (X)

{ni(x ' )J(X ;t)

f (-
(2.43) = HJ(X 1)
18t

= f(x " )IRX ;)

In (2.43, J := det(F) and J' := det(F9). The quantity . is dened by
the right hand-sides of the rst and second lines ofA.43. To follow the argument,
consider, momentarily, acompressibleuid. If the current concentration, f, changes
due to elastic deformation of the uid and by transport, then . as de ned is not
a physically-realised uid concentration. It bears a purely rathematical relation
to the current concentration, f, since the latter quantity represents the e ect of
deformation of a tissue point as well as change in mass due to tsport at that
point.

If the contribution due to mass change at a point is scaled out of the quotient
is identical to the result of dividing gim by the deformation only. This is expressed
in the relation between the right hand-sides of the second andiitd lines of (2.43.
The elastic component of uid volume change in a pore i8'e := det(Fef), which
appears in the third line of .43 via the preceding arguments. Clearly then, for a
uid demonstrating near incompressibility intrinsically (i.e., the true density is nearly
constant), we havel's 1 as indicated. Equation .43 therefore shows that for a
nearly incompressible uid occupying the pores of a tissue, if warther assume that
the pore structure deforms as the solid collagenous skeleto(X ;0)  f(x ' ;t);

i.e., the uid concentration as measured in the current con gration is approximately
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constant in space and time. This allows us to write,

@ f @ f [ —N-
@t Oini (X ) O) @t (X 1t) X - 01

which is a hidden implication of our assumption of a homogenesdeformation, i.e.,

(2.44)

F is the deformation gradient of solid collagen and the pore spe& This leads to

df _ 10

dt

We therefore proceed to treat our uid mass transport at steady stte. Rewriting

the ux m' from Equation (2.42 as the product ‘v’ and using the result derived

above,
f
0= 2
(2.45) @tx
= div "V Tdiv[v]:

Returning to the solute mass transport relation 2.41) with this result,

d S S
— = % div s+ —m' sdiv[v]
dt 0 f L
s ;0
(2.46) = —@ div "V div[v]A

S
+ ° div hs m' grad —

Thus, using the incompressibility condition £.45, we get the simpli ed form of the

balance of mass for an arbitrary solute species, s,

_ s giv s mf grad[s]+ sm® grad T

d S
(2.47) o f -

Using the pushed-forward form of the constitutive relationshipdr solute ux with

respect to the uid (2.36, this is now in standard advection-di usion form,

Owhich results in a very large pressure gradient driven ux due to incompressibility.
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Figure 2.12: Smooth solution from a stabilised method (Pe = D0).

The streamline upwind Petrov-Galerkin method for the advection-di usion equation is
stable even at large Reclet numbers.

S

d H S S S —
e FIV D {grad[ ]} K3 =

Source term

Di usion term

(2.48) m’ grad[ 9 . Smf grad
f f2 !
| —{z—} | {z }
Advection term Additional,  S-dependent source term

where D ° is a positive semi-de nite diusivity, m’="T is the advective velocity,
and ° is the volumetric source term. This form is well suited for stalisation
schemes such as the streamline upwind Petrov-Galerkin (SUPG) thed'! (see, for
e.g.,Hughes et al.(198%), which limit spatial oscillations otherwise observed when
the element Reclet number is large. Figure2.12 shows the SUPG-stabilised solu-
tion for the simple advection-di usion problem considered pnaously at an identical

Reclet number.

1 Appendix B.2 provides, in weak form, the SUPG-stabilised method for Equation @.48).



CHAPTER 3

Representative numerical simulations { |

Stemming in no small part from the physical richness of the systermder con-
sideration, the theoretical formulation presented in the preeding chapter resulted in
a set of coupled, nonlinear partial di erential equations geerning the interrelated
mechanical and biochemical processes underlying biologitasue growth.

In this chapter, a nite element implementation employing astaggered scheme
is used to solve this system of equations for a varied class of nuioar examples
which aim to demonstrate the applicability of the theory, andstudy aspects of the
coupled phenomena as the tissue grows. In Sectidri, the numerical methods used
for coupling reaction, transport and mechanics are outlinecaind the computational
model used in the simulations is introduced. The opening examhep presented in
Section3.2, incorporates all of the theory discussed and acts as a model focalised,
bolus delivery of regulatory chemicals to tendons while aggnting for mechanical
e ects. In order to suppress some of the coupled phenomena, anttédaa closer look
at the physics of porous soft tissues, Sectidgh3 considers some examples based on

a simpli ed system comprised only of a solid phase and a uid phase.

3.1 Introducing the computational model

The mathematical formulation developed in Section®.1{2.4 has been imple-

mented in a nite element setting using FEAP(Taylor, 1999, a general purpose

48
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nonlinear nite element program. The implementation is in hree-dimensions and
uses eight-noded hexahedral elements.

The mass balance equation2(40 for =f is solved to determine the current
concentration eld of the uid phase,* f. The current concentration of the solute, S,
is determined from the stabilised form of the mass balance equat provided in
weak form in (B.1). The mass balance for the solid phase is solved in the reference
con guration (Equation (2.2) for = c) to obtain its reference concentration eld, g,
since there are no boundary conditions associated with this dirential equation.
Backward Euler is used as the time-stepping scheme for all masddmre equations.

In the implementation presented in this chapter, the tissue isigwed as a single
entity when imposing the balance of momentum; and a summatiorf Bquation (2.7)
over =c;f is solved using the relation 2.10 for the common displacement eld,u,
of the tissue and the uid- lled pores? Non-linear projection methods Gimo et al,
1989 based on hexahedral elements are used to treat the near-inquessibility
imposed by the uid, and mixed methods, as described iGarikipati and Rao (2007),
are used for stress (and strain) gradient driven uxes. Since thente scale for mass
transport is much larger than that for mechanics, and since we @mot focusing on
inertial e ects for the growth problems presented in this chpter, the momentum
equation is solved as a quasi-static problem.

The coupling between mass transport and mechanics is achieugdan iterative
operator-splitting algorithm (Armero, 1999 Garikipati et al., 200])). Illustratively, in

the simplest case of a biphasic problem involving no intercongon between species,

1Recall from Section 2.4.1 that the physics of uid-tissue interactions and the imposition of
relevant boundary conditions are best understood and represented in the current con guratn.

2The consequences of this simpli cation are explored in Sectiord.3.1

3The numerical experiments presented in Sectiorb.3 contrast the results obtained from quasi-
static and dynamic calculations.
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this algorithm, in explicit terms, reads:

At each time step, repeat:

Fix the fluid concentration field; solve the mechanics

problem for the displacement field, u

Fix the displacement field; solve the mass-transport

problem for the concentration field, f

until both problems converge.

Its generalisation to other cases involving additional di eential equations is straight-
forward.

The model geometry, based on the experimental work @falve et al. (2009 on
the engineering and characterisation of tendon-like constts (see Figure3.l), is a
cylinder 12 mm in length and 1 mm in cross-sectional area. The corresponding
nite element mesh using 3840 hexahedral elements is shown ing&ie 3.2 The
constitutive relation for the solid collagen phase uses the straienergy function
arising from the eight-chain model incorporating worm-likechains, as discussed in

Section2.3.2 The constitutive relation for the (ideal) uid stress follows(2.29 with,

f
1 f Oini .
f k)

(3.1) h( ') =

N |

where ' is the bulk modulus of the uid.
The tissue is modelled as being uid saturated in  att = 0 s, i.e. (2.18)
holds with {_ = 1§ . However, the tissue is allowed to become unsaturated in

'sat

¢ for t > 0 s due to void formation. Then, the conditions set out in4.31) apply.
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Figure 3.1: Engineered tendon construct Calve et al., 2004).

The chemical potential is then given by 2.35. The numerical examples that follow
discuss further specialisation of the constitutive relations toelevant cases.

The initial and boundary conditions have been chosen in ordéo model a few
common mechanical and chemical interventions on enginegitesssue, and the numer-
ical values of parametersthat have been used are relevant to tendons and appear

in Table 3.1

3.2 A multiphasic problem based on enzyme-kinetics

This rst example can be viewed as a model for localised, boluldrery of reg-

ulatory chemicals to the tendon while accounting for mechacal (stress) e ects. A

4The mobility tensor reported in Table 3.1is an order-of-magnitude estimate recalculated from
Han et al. (2000 to correspond to the mobility used in this work. These authors reported a mean
value of 0927 10 '* s, with a range of 114 10 **  0:58 10 % s in terms of the mobility
used here. Theirs is the mobility parallel to the bre direction in Rabbit Achilles tendo n. Here, it
is used as an isotropic mobility. Using anisotropic mobilities, or di erent values from the reported
range changes the result quantitatively, but not qualitatively.
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Figure 3.2: The nite element mesh used in the computations.

single solute speciés denoted by s, and a uniform distribution of broblasts that
are characterised by their cell concentration, ., are considered. Both Fickean dif-
fusion of the solute and stress gradient driven uid ow are incquorated in this
illustration. Michaelis-Menten enzyme kinetics 2.39 is used to determine the rates
of solute consumption and collagen production as a function sblute concentration.
This nonlinear relationship for our choice of parameters isisualised in Figure3.3.
Here, the uid phase does not take part in reactions, and hencé =0 kg.m 3.s 1.
The tendon immersed in the bath is subjected to a constrictive dial load, such
as would be imposed upon manipulating it with a set of tweezerss aepicted in Fig-
ure 3.4 The maximum strain in the radial direction|experienced half-way through

the height of the tendonl|is 10%. The applied strain in the radial direction decreases

SHere, we envision the solute to be a protein playing an essential role in gwth by catalysing
biochemical reactions. An important example of this is a family of proteing TGF , which is a
multi-functional peptide that controls numerous functions of many cell types (Alberts et al., 2002).
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| Parameter (Symbol) | Value | Units |
Chain density (N) 7 107 m 3
Temperature () 3106 K
Persistence length A) 2:10 {
Fully-stretched length (L) 2:125 {
Unit cell axes (a; b; 9 1:95; 1.95; 2:43 | {
Bulk compressibility factors (; ) | 100Q 4:5 KPa, {
Fluid bulk modulus ( ) 1 GPa
Fluid mobility tensor (D§ = D' ) |1 10 ™ s
Fibroblast concentration ( cey) 0.2 kg.m 3
Max. reaction rate (Kmax = 5) 5 sl
Max. solute concentration ( 7,) 0.2 kg.m 3
Solute di usivity ( D 5) 1 10° m ?s

Table 3.1: Material parameters used in the analysis.

0.9

T T
Collagen source

Collagen source (kg/m3/s)

O 1 1 1
0 0.2 0.4 0.6 0.8 1

Solute concentration (kg/m3)

Figure 3.3: Variation of the collagen source with solute conentration.
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Figure 3.4: Constrictive load applied to the tendon immersel in a bath.

linearly with distance from the central plane, and vanishes athe top and bottom
surfaces of the tendon.

The initial collagen concentration and the initial uid concentration are both
500 kg.m 2 at every point in the tendon, and the uid concentration in the bath is
500 kg.m 3. In addition, a solute-rich bulb of radius 0.15 mm is introdued with
its centre on the axis of the tendon and situated 3 mm below thepper circular
face of the tendon. The initial solute concentration is 0.05¢km 2 at all points in
the tendon other than this solute-rich bulb, where the soluteancentration increases
linearly with decreasing radius to 1 kg.m? at its centre (see Figure3.5).

The aim of this example is to compare the in uences upon soluteansport from
two mechanisms: Fluid stress gradient-driven transport, arisinfrom the applied
constrictive load, and solute concentration gradient-drive transport. These mecha-

nisms have both been implicated in nutrient supply to cells in $btissue.
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Solute conc. (kg/m”3)

5.00E-03
8.79E-02
1.71E-01
2.54E-01
3.37E-01
4.20E-01
5.03E-01
5.85E-01
6.68E-01
7.51E-01
8.34E-01
9.17E-01
1.00E+00

Time = 0.00E+00 s

Figure 3.5: The solute concentration (kg.m 3) initially.

The results of this numerical example demonstrate that becautiee magnitude of
the uid mobility for stress gradient-driven transport is orders of magnitude smaller
than the di usion coe cient for the solute through the uid, th ere is relatively only
a small stress gradient-driven ux, and the transport of the solw is di usion dom-
inated. As a result, the solute di uses locally, but displays no ofervable advection
along the uid at the time-scales considered. As the di usion-dven solute concen-
tration in a region increases, the enzyme-kinetics model remulin a small source
term for collagen production, and we observe nominal growttEigure 3.6 shows the
collagen concentration at an early timef =5 10 ? s.

This example incorporates all of the theory discussed in Chapt@. However, in
order to gain a better understanding of the ow-physics undeying this problem, it
proves useful to simplify the setting and suppress some of the coeglphenomena.

This is the approach followed in the next two numerical examps. The detailed
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Collagen conc. (kg/m”3)

500.005
500.008
500.012
500.015
500.018
500.022
500.025
500.028
500.032
500.035
500.038
500.042
500.045

Time =5.00E-02 s

Figure 3.6: The collagen concentration (kg.m ) at time t=5 10 2 s.

transport and mechanics induced by the constrictive radial bd are discussed rst

in Section3.3.1

3.3 Examples exploring the biphasic nature of porous soft ti ssue

In these calculations, only two phases| uid and collagen|are in cluded for the
mass transport and mechanics. As before, the parameters used i thnalysis are

the same as those presented in Tablz 1l

3.3.1 The tendon under constriction

In this example, the tendon immersed in a bath is subjected to éhsame constric-
tive radial load as in Section3.2. Since that example demonstrated an insigni cant
amount of local collagen production over the time scale of thest, we work with a
simpli ed problem by setting the collagen source term ¢ = 0. The total duration

of the simulation is 10 s, and the radial strain is applied as a digcement boundary
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condition, increasing linearly from no strain initially to the maximum strain at time

t = 1 s. Again, both the initial collagen concentration and the iitial uid concen-
tration are 500 kg.m 3 at every point in the tendon. This tendon is exposed to a
bath where the uid concentration is 500 kg.m?2.

As mentioned in Section3.1, when solving the balance of momentum for the
biphasic problem of the solid collagen and a uid phase, the tissue currently
treated as a single entity, employing a summation of Equatior(7) over both species.
Additionally, condition ( 2.10 allows us to avoid constitutive prescription of the mo-
mentum transfer terms between solid collagen and uid phaseg’ and qf. This
facilitates considerable simpli cation of the problem, but soh a treatment requires
additional assumptions on the detailed deformation of the catitutive phases of the

tissue.

F
- W

t

0 B Fluid, f'
[ ] Solid, c¢'

Figure 3.7: Upper bound model from strain homogenisation.

An implicit assumption we have drawn on thus far is the equality othe deforma-
tion gradient of the solid collagen and pore spaces, allowing tesuse the deformation
gradient F , suitably decomposed to account for change in species concatitn, to
model the uid stress. This assumption, depicted in Figure.7, had important con-

sequences for the developments in Chaptér
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Fluid flux (kg/m”2/s)

-2.61E-08
-2.17E-08
-1.74E-08
-1.30E-08
-8.70E-09
-4.35E-09
-5.59E-22
4.35E-09
8.70E-09
1.30E-08
1.74E-08
2.17E-08
2.61E-08

Time = 1.00E+00 s

Figure 3.8: Upper bound vertical uid ux (kgm 2.s Hatt=1s.

Since the imposition of a common deformation gradient resulils an upper bound
for the e ective sti ness of the tissue and magnitudes of the uxs established, we
refer to it as the upper bound model This assumption plays a fundamental role in
determining the uid ux driven by the uid stress gradient.

For this upper bound model, Figure3.8 shows the uid ux in the vertical direction
at the nal stage of the constriction phase of the simulation, i.eattimet =1s. The
ux values are positive above the central plane, forcing uidupward, and negative
below, forcing uid uid downward. This stress-gradient induced uid ux results
in a reference concentration distribution of the uid that is higher near the top and
bottom faces, as seen in Figura.9.

As a result, these regions would have seen a higher production oflagen, or
preferential growth, in the presence of non-zero source termas discussed in Sec-

tion 2.4.1, the mass transport equations are solved in the current con gation, where
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Fluid Conc. (kg/m”3)

4.89E+02
4.80E+02
4.82E+02
4.84E+02
4.86E+02
4.88E+02
4.90E+02
4.92E+02
4.94E+02
4.96E+02
4.98E+02
5.00E+02
5.00E+02

Time = 1.00E+00 s

Figure 3.9: Reference uid concentration (kg.m ) at time t =1 s.

physical boundary conditions can be set directly. The valuegported in Figure 3.9
are pulled-back from the current con guration. The currentconcentrations do not
change for this boundary value problem.

Solving a problem of this nature in the reference con guratin, and setting |
to a constant on the boundary to represent immersion of the tendan a uid bath
yields non-physical results, such as an unbounded ow. This oasusince the imposed
strain gradient causes a stress gradient in the uid that does natecay. The imposed
boundary condition on { prevents a redistribution of concentration that would have
provided an opposing, internal gradient of stress, which in turmvould drive the ux
to vanish.

The tendon is held xed in the radial direction after the constiction phase. The

applied stress sets up a pressure wave in the uid travelling towdrthe top and
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Figure 3.10: Relaxation of the top face of the tendon after castriction.

bottom faces. As the uid leaves these surfaces, we observe that temdon relaxes.
This is seen in Figure3.10 which plots the vertical displacement of the top face with
time, showing a decrease in height of the tendon after the conistion phase. The
centre of the bottom face of the tendon is kept xed.

In order to de ne a range of the magnitude of uid ux, we now introduce the
lower bound mode[on e ective sti ness of the tissue and, consequently, the mag-
nitude of the uid ux). For this lower bound, we replace the earlier strain ho-
mogenisation requirement with a stress homogenisation requinent, viz. equating
the hydrostatic stress of the solid phase and the uid pressure in theurrent con g-

uration:

- 1 C1-
(3:2) o= Sul %

wherep' is the uid pressure in the current con guration, tr[ ] is the trace operator,

and ¢ = J%PCF " is the Cauchy stress of the solid. The Cauchy stress of an
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ideal uid can be de ned from its current pressure as ' = pf 1. This assumption is

depicted in Figure3.11

t

0 B Fluid, f'
[ ] Solid, ¢’

Figure 3.11: Lower bound model from stress homogenisation.

Figure 3.12reports the value of the vertical ux under the lower bound mdelling
assumption, using boundary conditions identical to the previgs calculation at time

t =1 s, the nal stage of the constriction phase of the simulation.

Fluid flux (kg/m”2/s)

-3.86E-11
-3.21E-11
-2.57E-11
-1.93E-11
-1.29E-11
-6.43E-12
8.79E-25
6.43E-12
1.29E-11
1.93E-11
2.57E-11
3.21E-11
3.86E-11

Time = 1.00E+00 s

Figure 3.12: Lower bound vertical uid ux (kg.m 2.s Hatt=1s.

The uid ux values reported in Figures 3.8and 3.12(corresponding to the upper

and lower bound modelling assumptions, respectively) are qualively similar, but
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di er by about three orders of magnitude. This wide range paits to the importance
of imposing the appropriate mechanical coupling model beter interacting phases.
Note, however, that we now have the range of possible uid ux vales under the
speci ed mechanical loading. Recall, furthermore, that thexample in Section3.2
used the upper bound model, and yet resulted in no discernible \&ttive solute
transport. This suggests strongly that, given the parameters ifiable 3.1, convective
transport of nutrients in tendons is dominated by di usive transport.

This numerical example also points to the fact that a convenmt measure of
the strength of coupling between the mechanics and mass transpequations is
the ratio of the variation in hydrostatic stress of the uid to that of the solid. In
the lower bound case, where the uid response is de ned by Equat (3.2), it is
instructive to note that this ratio is unity. As a result, it is seen that the lower
bound case exhibits signi cantly weaker coupling than the upgr bound case. In the
latter, variation in the common deformation gradient, F, causes an instantaneous
variationin p* O( " F:F T)andini tf ¢ O( ¢ F :F '), where ¢isthe
bulk modulus of the solid. The ratioﬁfcl is therefore O( '=°¢) 1.

The strength of coupling between the equations plays a prirgal role in the rate of
convergence of the solution, as observed in Tatl8e2, where the residual norms of the
equilibrium equation (and corresponding CPU times in seconder an Intel R Xeon
3.4 GHz machine) are reported for the rst 8 iterations of eachfathe two cases.
Recall that the staggered scheme involves solution of the medias equation keeping

the concentrations xed, and the mass transport equation ke@pg the displacements

6The computational implementation used in Chapter 5 models the mechanical coupling between
the phases by specifying the momentum transfer termsg , between the solid and uid phases. It
works with these quantities by solving the detailed balance of momentum equations (i.e. a pushed-
forward form of Equation (2.7) for each species individually), and obviates the need for either of
these homogenisation assumptions.
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Pass Strongly coupled Weakly coupled
Residual [ CPU (s) Residual [ CPU (s)

1]2138 10 92| 29.16 | 6761 10 94 28.5
3:093 10 | 5585 | 1:075 10 % 55.1
2:443 10 % | 82.37 | 4:984 10 %6 81.8
2:456 10 %8| 109.61 | 1:698 10 9 | 107.9
4:697 10 14| 135.83 | 3:401 10 ¥ | 134.1
1:750 10 16| 163.18 | 1:152 10 7| 1611
215308 10 % | 166.79 | 5971 10 % | 1925
4:038 10 19| 19336 | 4285 10 1| 218.6
1:440 10 4| 220.45 | 22673 10 | 246.1
4:221 10 17| 247.04
3|5186 10 9% | 250.62 | 2:194 10 99| 277.3
3852 10 10| 277.44 | 22196 10 ¥ | 304.2
1:369 10 4| 304.16 | 1:096 10 17| 331.6
4:120 10 17| 331.47
45065 10 % | 335.16 | 8:160 10 1| 363.2
3:674 10 0| 362.24 | 7:923 10 | 390.2
1:300 10 14| 388.79
4:021 10 17| 416.08
5| 4948 10 % | 419.59 | 3:078 10 2| 421.4
3:503 10 10| 446.24 | 3:042 10 16| 448.6
1:236 10 4| 473.20
3:924 10 | 500.85
64832 10 % | 504.65 | 1:179 10 3| 479.9
3:340 10 0| 531.28 | 1:291 10 | 507.0
1:174 10 4| 558.17
3:829 10 17| 585.27
7 4720 10 % | 589.01 | 4592 10 I°| 537.8
3:184 10 0| 616.24 | 5:152 10 18| 564.6
1:116 10 4| 643.29
3:737 10 7| 670.83
8| 4609 10 % | 674.46 | 1:816 10 16| 5955
3:034 10 10| 701.74 | 5:040 10 8| 622.3
1:060 10 4| 727.74
3:646 10 17| 755.58

Table 3.2: Mechanics equation residual norms.

Mechanics equation residual norms and corresponding CPU ftmes in seconds for the rst
8 passes of each of the two cases for a typical time increment,t =0:1 s.
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xed, in turn, until the solution converges. The table does notreport the value
of the residual norms arising from the solution of the mass transgoequation for
the uid, which occurs after each reported solve of the of the athanics equation.
Although the initial mechanics residual norms in successive passa® decreasing
linearly in both cases, the rapid decrease in this quantity in th weakly-coupled case
ensures convergence in far fewer iterations than the strongipupled case. Thus, the
corresponding CPU times reported are also signi cantly lowepf the weakly coupled
case, which is is advantageous. In addition to being more phyaicas argued below,
the lower bound, weakly-coupled case makes it feasible to driproblems to longer,
physiologically-relevant time-scales through the use of laggtime steps. Motivated
mainly by this recognition that the lower bound model for soli- uid mechanical
coupling ensures convergence to a self-consistent solution istja few passes of the
staggered solution scheme, it is used in the nal example in thidhapter.

Note that the individual balance of linear momentum equatios for the solid col-
lagenous and uid phases with the momentum transfer termsqt; gf in (2.7)) is a
statement of momentum balance between them. There is reasondoppose, there-
fore, that equating the solid collagen and uid stress, or some cgranent of these
tensors as done in the lower bound model, is a reasonable appmmation to explicitly
solving the balance of linear momentum for each phase, incladi the momentum
transfers, as carried out in Chapteb. In contrast, equating the deformation gradient
of the solid collagen with deformation of the pore spaces in thgper bound model
subjects the uid to a stress state also determined by this defornian gradient. This
approximation does not correspond to an underlying physicalripciple comparable
to the satisfaction of individual balances of linear momentunfior the solid collagen

and uid, with momentum transfers.
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3.3.2 A swelling problem

In this nal example, we study the mechanical e ects of growthdue to collagen
production. In the interest of focusing on this issue, we assume thdroblasts
are available, and that the uid phase bears the necessary nugmts for collagen
production dissolved at a suitable, constant concentration. dlagen production is
assumed to be governed by a rst-order rate law, as discussed in Seet2.3.7(i). In

this calculation, the reaction rate, k', is 0.07 s1.

Solid Conc. (kg/m”3)

4.50E+02
4.58E+02
4.67E+02
4.75E+02
4.83E+02
4.92E+02
5.00E+02
5.08E+02
5.17E+02
5.25E+02
5.33E+02
5.42E+02
5.50E+02

Time = 0.00E+00 s
Figure 3.13: The initial collagen concentration (kg.m 3).

The boundary conditions in this example correspond to immei@n of the tendon
in a nutrient-rich bath. The initial constant collagen conceatration is 500 kg.m 3
and the uid concentration is 400 kg.m* at every point in the tendon. When
this tendon is exposed to a bath where the uid concentrationsi 410 kg.m?3, i.e.
f(x;t) = 410 kgim % 8 x 2 @, nutrient-rich uid is transported into the tissue

due to the pressure di erence induced by the concentration derence between the
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Solid Conc. (kg/m”3)

5.85E+02
5.89E+02
5.92E+02
5.95E+02
5.99E+02
6.02E+02
6.05E+02
6.09E+02
6.12E+02
6.15E+02
6.19E+02
6.22E+02
6.26E+02

Time = 1.80E+03 s

Figure 3.14: The collagen concentration (kg.m 3) after 1800 s.

uid in the tendon and in the bath. Thereby, the nutrient concentration is elevated,
leading to collagen production, uid consumption and, eventally, growth due to the
addition of collagen.

Figure 3.13 shows the initial collagen concentration in the tendon. Aftert has
been immersed in the nutrient-rich bath for 1800 s, the tendon slwvs growth and
the collagen concentration is higher, as seen in Figugel4 On performing a uniax-
ial tension test on the tendon before and after growth, it is obse=d (Figure 3.15
that the grown tissue is sti er and stronger due to its higher coigen concentra-
tion. Qualitatively, this compares favourably with the experimental work of Arruda
et al. (2009, where self-organised tendon constructs after growth indutdy cyclic
stretching are found to contain more collagen and become mate (see Figure 3.16).

There is a rapid, uid transport-dominated swelling of the termon between O

and 25 s following immersion in the uid bath (Figure3.17). This causes a small



67

0.008 | | |
Before Growth =——;
After Growth =sssssses
0.007 + i
0.006 |
< 0.005 - i
S H
* 0.004 + ; |
o 3
5 J
»  0.003 | |
0.002 + |
0.001 * |
1.1 115 12 125 13 135 14 145
Stretch

0
1.05
Figure 3.15: The stress (Pa) vs stretch curves before and adt growth.

Figure 3.16: The tensile response of tendon constructsAfruda et al., 2005.

The stress (MPa) vs strain response of self-organised tendoconstructs before and after

growth induced by cyclic stretching.
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volume change of 1:6%. In this transport-dominated regime, the contribution to
tendon growth from collagen production is small. However, theid-induced swelling
saturates, and between 25 and 1800 s, the reaction producinglagén dominates the
growth process, producing a further 6:8% volume change. Noting that the range
of collagen concentration in Figure3.14is 585 626 kg.m 3, and that (2.17) gives

1
F9 = & °1, this portion of the volume change is quite clearly due to caigen

Oini

production. The total volume change of 8% corresponds to changes in each linear
dimension of the tendon by only 2:7%, and is not discernible upon comparing

Figures3.13and 3.14 It is, however, manifest in Figure3.17.

1.32e-08

T T T
Volume Evolution

1.3e-08

1.28e-08

1.26e-08

Volume (m3)

1.24e-08

1.22e-08

1.2e_08 1 1 1 1 1 1 1 1
0O 200 400 600 800 1000 1200 1400 1600 1800

Time (s)

Figure 3.17: The volume of the tendon (n¥) evolving with time.

Note the uid transported-dominated regime until 25 s, followed by the longer reaction-
dominated growth stage.



CHAPTER 4

An Eulerian perspective

As detailed at the outset of Chapter2, the continuum treatment presented thus
far has stemmed from classical theories for solid continua, whiare traditionally
formulated in a Lagrangian setting. Since our continuum idédigation of tissues in-
cludes uid components, and material coordinates are, in geral, not known in uid
mechanics, this chapter revisits the derivation of the govemnmg eld equations of
growing tissues following an Eulerian approach.

In this spatial description attention is turned to a region of space coinciding
with the current con guration of the tissue, where the evolution of eld variables of
interest is studied. Remarkably, this dissimilar approach restd in a set of balance
equations which is completely equivalent to that deduced i8ection2.1, just pushed-
forward to the current con guration. But more signi cantly, the spati al approach
presented below naturally leads to the identi cation of a dierent set of primitive
variables more suitable to physically relevant boundary vakiproblems.

This chapter is divided into two main parts. The rst part (Section 4.1) briey
recapitulates the fundamental quantities characterisingte tissue, pointing out note-
worthy di erences from Section2.1, and derives the balance laws governing nite
deformation growth in terms of spatial quantities. The secondSection4.2), closes
this set of balance laws by deducing a set of physiologically egant constitutive re-

lationships which ensure that the entropy production inequél is satis ed a priori.

69
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Figure 4.1: An Eulerian point of view.

4.1 Balance laws for an open mixture

We initiate this discussion with the introduction of , a temporally-varying clo-
sure of an open set irR® with a piecewise smooth boundary, which we de ne to be
our region of interest. This region of interest is constructedotcoincide with the cur-
rent position of the solid component of the tissue, and our primgrinterest lies in the
evolution of various eld variables inside ;, as observed from an inertial reference
frame (Newton (1729, Corollary V, p. 423).

It is assumed that the there exists aC? (in space and time), bijective and ori-
entation preserving map' (X ): R®* R*[f Og! R®suchthat =" ,( o) for
some convenient, xed subset ofR®, . This ensures that ; evolves in a well-
behaved manner, disallowing non-physical deformations frobeing imposed on the

tissue, and furthermore, a ords the application of Reynolds' Tansport Theorem
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(Appendix A.2). The map ' ; is visualised in Figure4.l

@
@t

Denoting a point in { by x, v(x;t) = de nes the spatial velocity of the
system domain. In contrast to Sectior®.], it is recognised at the outset that each
species of the tissue is capable of undergoing its own motion @peéndent of the
tissue's solid component; and so we introduce the spatial velociof an arbitrary
species, v (x;t), which is assumed to beC? in space and time: Unlike the cor-
responding quantities de ned in Sectior2.1.2 these velocities are de ned to be the
total velocities of each species, not velocities relative to the sbtomponent of the
tissue?

The following discussion of balance laws is carried out entiyein terms of an ar-
bitrary species , and specialisation to the solid collagenous, uid and solute pkas

(i,e. =c;f;s) is reintroduced only in Sectiom.2 when discussing constitutive rela-

tionships speci ¢ to these di erent components of the tissue.

4.1.1 Balance of mass

We now turn our attention to the evolution of the rst of our el d variables of
interest, the current concentration of an arbitrary species constituting the system,
(x;t) : R® R'[f Og! R. These are de ned as the mass of specieper unit
system volume , and are assumed to b&€? in time and C? in space. The total
spatial densityof the tissue can be obtained by their summationl? =
With these quantities de ned, we have from the conservation ohatter for species

over i,

L1t is important to note that these quantities are primitive variables i n themselves. While these

species velocities can be formally understood as (x;t) = =5t, where' ; is the deformation map
of each species from an arbitrary reference con guration to ; (shown in the portion of Figure 4.1
constructed using dashed-lines), the quantities , are neither explicitly de ned nor tracked.

2And, with the rede nition of these quantities as total velocities, the velocity o f the solid phase

ceases to be special. This is manifest in the forms of the balance laws deduced in Seeid.1.1{4.1.4
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q Z Z Z
4.1) a dv = dv (v v) nda;
I {z } | —{z—} | 22 {z }
Rate of change of mass Mass being created Mass leaving the domain

where (x;t) is the volumetric source (or sink) of species, which species the
species' mass production rate per unit system volume, amdis the outward normal
vector over@ ¢, the boundary of . At this point, the only restriction on the source
terms, (x;t), is that they be integrable.

On applying Reynolds' Transport Theorem (AppendixA.2) to the left hand-side,

z yA yA yA
@

— dv+ vV nda= dv (v v) nda
t@t @ ¢ t @ ¢

Gauss' Divergence Theorem (Appendid.1) to the area integral,

Z Z Z

@ _ - :
t@th— | dv tdlv(v)dv,

and localising, we arrive at the nal form of the balance of massf species,

@

div( v) in

where div( ) denotes the spatial divergence operator. This result is costent with
classical mixture theory (Truesdell and Toupin 1960 and is the current con guration
analogue of Equation 2.2).

As in Section2.1.], recall that for an external observer, the rate of change of rea
of the entire system, a ected only by external agents, is indepéeent of interconver-
sion between species. From the viewpoint of such an observer, theddnce of mass

for the tissue as a whole reads,
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gx Z x £
(4.3) — dv = (v v) nda:
dt @

Comparing Equation @.3) to a summation of Equation @.1) over all species, both
being valid statements of the balance of mass of the tissue as a Vehdt is clear that

the sources and sinks satisfy,

(4.4) =0;

which speci es that, during biochemical interactions betwen species, the rate of
consumption of the reactants equals the rate of creation of é¢hproducts.

An identical relation is obtained by Truesdell and Toupin (1960 and others who
follow their ideas (see, for e.g.Bowen (1976 and Passman et al.(1984), but their
deduction of this result, and other similar results involving gantities internal to the
system (Equations ¢.8) and (4.14)), stems from a formally stated assumption that
\the mean response of a heterogeneous mixture obeys the ordin@quations of a
continuum." While we do not explicitly employ this assumption it is implicit in our
assertion that external observers can quantify eld variablesharacterising species

within a system without being aware of phenomena internal to # system.

4.1.2 Balance of linear momentum

We now look at how the momentum of a species evolves under theiac of
external agents, accounting for mass sources and allowing fdretpossibility that
matter can leave the domain.

As observed from an inertial reference frame, the balance of mentum of a

species over . requires,
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q Z Z 4
at v dv = (g +q) dv+ n da
| {z } | —z b1 2fz—)
(4.5) Rate of change of momentum Reszultant body force BZoundary traction
+ v dv ( v)(v V) nda;
| —{z—} |2 {z }
Momentum being created Momentum leaving the domain

where, in addition to the quantities introduced previously,g (Xx;t) is the resultant
body force ofexternal origin acting on species, q (x;t) is the resultant body force
on species from all other speciesn the mixture, and (x;t) is the partial Cauchy
stress on species The partial Cauchy stress tensor corresponding to species the
portion of the total stress borne by the species. All of these quatigs are assumed
to be su ciently smooth. In particular, g and q are assumed to be integrable, and

is assumed to beC?! in space and time.

Application of Reynolds' Transport Theorem (AppendixA.2) to the left hand-side

of Equation (4.5) yields,

a v) z Z
dv + ( v)v nda= (g +q) dv+ n da
t @t @ ¢ z7t Z @ ¢

+ v dv ( v)(v v) nda
@ ¢

t

Using the product rule, Gauss' Divergence Theorem (Appendi.1), and the balance

of mass$ (Equation 4.2), we have,

Z Z Z Z

gv dv + %tdv= (g +q) dv+ div( ) dv

t @t t t t
z z
+ v odv @iv( V96 +grad(v) v) dv;

t

3Recognising that the balance of mass need not be satis ed exactly, pointwise, in aumerical
implementation.
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where grad() denotes the spatial gradient operator. Upon localisation, webtain

the nal form of the balance of momentum of species

(4.6) %t: (@ +q)+dv( ) gradv) v in o

which is a result consistent with classical mixture theory {ruesdell and Toupin
1960 and is the current con guration analogue of Equation 2.7).

Neglecting the interaction terms as an external observer, thealance of momen-
tum for the entire system can be written as follows,

X z x Z z

a tvdv: tgdv+@[nda

x Z
( v)(v Vv) nda
@t

(4.7)

Comparing Equation @.7) to a summation of Equation @.5) over all species, it is

clear that the sources and interaction forces satisfy the relan,

(4.8) ( g+ v)=0;

which states that the momentum being introduced at a point dudo the creation
of matter has to be negated by momentum interactions with otkr species; ensuring

that there is no mechanism for momentum production internald the system.
4.1.3 Balance of angular momentum
Consider the position vectop(x) of a point on the tissue relative to a xed point'

in space. The balance of angular momentum abog, as observed from an inertial

reference frame, of a speciesover . requires,

4Which may or may not be the origin of the system's Euclidean space.
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q Z Z Z
m p vdv = p (g+tq)dvt p ( n)da
I —{z } | = {z } 12 {2 }
Rate of change of angular momentum Momzent from body forces Moment from traction
+ p v dv
(4.9
| —{z }
%ngular momentum being created

(P v)(v V) nda
|2 {z }

Angular momentum leaving the domain

since it is reasonable to assume that the material comprising thessue is not apolar

material.®
On applying Reynolds' Transport Theorem (AppendixA.2), Equation (4.9) re-

duces to,

Z Z Z

{pv)dv = p (g+aq)dv+ p ( n)da

t 7t 7 @ ¢

+ p v dv (p V)V n da:
t @t

Using Gauss' Divergence Theorem (Appendik.1) and the product rule, we have

@
@

the following relations:

Z z Z
p ( n)da= p div( ) dv+ : dv;
(C t t

where is the permutation symbol (introduced in Sectior2.1.3,

Z Z Z

@ _ @ .
@t(p v) dv= t@tp v dv+ t p @dv, and

Z Z Z
(p V)V nda= p vdv( v)dv+ p (grad(v) Vv) dv;
@ ¢ t t
5Some materials, such as liquid crystals, become polarised under the presence @fattic elds and

consequently have additional global torque contributions to their balance of mometum equations
(Truesdell and Noll, 1965.
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since v v =0. Substituting these relations above and invoking the balare of

mass ¢.2) and the balance of linear momentum4.6), we obtain on localisation that,

(4.10) : =0;

or the partial Cauchy stress tensor, , is symmetric. This classical result is the
pushed-forward form of the synonymous result derived earliegéction2.1.3 in terms
of the partial rst Piola-Kirchho stress tensor.

When the balance of angular momentum of the entire system, deckd by ne-
glecting the interaction terms, is compared to the form of theequation obtained
by summation of the individual balance of angular momenta4(9) over all species
present, one obtains a relationship between the interactionrces and interconversion

terms that is identical to Equation (4.9).

4.1.4 Balance of energy

Recall from Section2.1.4 that the internal energy per unit mass of speciesis
denotede, the external heat supply to species per unit mass of that species is
and the interaction energy,e~ accounts for the energy transferred to by all other
species, also per unit mass of We now denote the partial heat ux vector of
dened on ; ash , and for notational simplicity, introduce the total energy d each
species per unit mass:E = e + Zkv k2.

With these quantities de ned, the rate of change of internal ad kinetic energies
of species under the action of mechanical loads, processes of mass produttand

transport, and heating and energy transfer, in , is,
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q Z Z Z
at E dv = (g+q) v dv + ( n) v da
| {z } o= {z } |12 {2 }
Rate of change of energy VVZork done by body forc%s Work done by boundary traction
(4.11) + E dv ( E)(v Vv) nda
' |—{z—} | {z }
Energy being created Energy lost due to mass ux
Z Z
+ (r +€) dv h n da:
| —{z } o1 fz—
Energy supplied Heat out ux

On applying Reynolds' Transport Theorem (AppendixA.2) to the left hand-side

and Gauss' Divergence Theorem (Appendik.1) to the area integrals, we have,

Z Z Z
a E)dv: (g +q) v dv+ (div( ) v+ c:grad(v)) dv
N : t
Z
+ E dv div(E v) dv
z' 4
+ (r +€) dv div(h) dv:

t t

Upon further simpli cation with the product rule and the balance of mass 4.2), we

are left with:
£ @, ° £
@tdv: (g +q) v dv+ (div( ) v+ :grad(v)) dv
¢ 7t t
v grad(E ) dv
z' Z
+ (r +€) dv div(h ) dv:

t t

We now expand the total energy of each speciesE = e + %kv k?, and take its

spatial and temporal derivatives to give,
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Z Z
t %?v %t dv:Zt (g +q) v dv
+ (div( ) v+ :grad(v)) dv
7
v grad(e)+grad(v)'v dv
z' Z
+ (r +€) dv div(h ) dv:

t t

Finally, we apply the balance of linear momentum4.6) to the equation above and,

upon localisation, arrive at:

(4.12) @@i: cgrad(v)+ (r +e€) div(h) v grad(e) in

the form of the balance of energy of a speciesn ; which is most convenient for
combining with the entropy inequality, leading to the Clausus-Duhem form of the
dissipation inequality (4.17) in the following section. This result is consistent with
classical mixture theory (fruesdell and Toupin 1960 and is the current con guration
analogue of Equation 2.14).

In order to obtain a relationship between the momentum transfe mass intercon-
version and inter-species energy transfer terms within the syste we rst express
the rate of change of energy of the system interacting with itsngironment from the

point of view of an external observer unaware of these internadteractions, as:

X g % x ¢ x £

— E dv = g" v dv+ ( n) v da
dt t t @ t

X Z

(4.13) ( E)(v Vv) nda
@ t
x £ x £
+ r dv h n da:

t @t
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Since the equation above, and a summation of Equatior.(L1) over all are equivalent
statements of the balance of energy for the entire system, it folvs upon inspection

and localisation that,

X
(4.14) (qg v+ E+ e)=0;

which ensures that there is no net energy production mechanismternal to the

system.

4.2 Thermodynamically-consistent constitutive framewor k

In order to close the system of balance equations deduced in $@us$ 4.1.%
4.1.4 and make thermodynamically-valid constitutive choices pnent to biological
tissues, we turn to the principles of entropy growth and materigrame-indi erence.
The following treatment builds upon the same fundamental assystions underlying

our system of interest as those stated in Sectidh3;

(i) The entropy production inequality is assumed to hold at a catinuum point for

all species as a whole, but, in general, not for each individuspecies’

(i) All species occupying a continuum point in the tissue have # same absolute

temperature, .

Additionally, in the derivation of the Clausius-Duhem form of he Second Law of
Thermodynamics in Section4.2.1 immediately below, we assume the viewpoint of

an observer external to the system unaware of any internal intactions.

8Enforcing the entropy inequality separately for each of the individual constituents of the mixture
imposes unrealistic constraints on the mixture Bedford and Drumheller, 1983.
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4.2.1 The Clausius-Duhem form

With the assumptions introduced above, and denoting by the entropy per unit

mass of species, the entropy inequality, when written out for the entire systen in

¢ reads,
Z Z Z
X d X r X h n
e dv — dv da:
Rl f ch t{z f } E| ;{Z_I%i | f t {Z }
ate of change of entropy ntropy supplie ntropy out ux
(4.15) X

( )(v v) nda
| & {z }

Entropy lost due to mass ux

On applying Reynolds' Transport Theorem (AppendixA.2) to the left hand-side

and Gauss' Divergence Theorem (Appendik.1) to the area integrals, we have,

X 4 a ) X 4 r X 4 div(h) h grad()
dv — dv
GY t : ?

x Z

dv

( div( v)+ v grad( )) dv:

t

Applying the product rule and the balance of mass4(2),

Z Z
X @ @ X r

( =+ @t)dv I—dv
x £ div(h) h grad()

2

dv

x Z
(( @div((WY+ v grad( ) dv:

and rearranging terms and localising, we have the followingrim of the entropy

inequality for the entire system:
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%+ = v grad( )
(4.16) X div(h) h grad()

2

Now, multiplying Equation (4.16 by the temperature eld, , and subtracting it
from a summation of the balance of energy4(12 over all species, we obtain,

X X
e . : grad (V ) M

+ e v (grad(e) grad( ) ) ;

where _ denotes the partial derivative with respect to time. Using Equiéon (4.14)
to eliminate the species interaction energy ~we deduce that
X X h grad
e _ cgrad (v ) 97()

X
v (grad(e) grad( ) )

q v + e+%kvk2

Introducing the Helmholtz free energy per unit mass of species = e ,
and regrouping terms, the relation above reduces to,

e — :grad(v)+M

(4.17) X .
+ (q +grad(e) grad( ) ) v + + ék\/ k2 o:

the Clausius-Duhem (or reduced dissipation) inequality for thgrowth process; a rule
which any prescribed constitutive relationship must satisfy Truesdell and Toupin,

1960.
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The form of the Clausius-Duhem inequality arrived at in 4.17) is equivalent to
the forms in recent work on mixture theory-based models for diogical growth (Loret
and Simees2005 Ateshian, 2007). However, subsequently varying choices made in
the di erent works, including this one, for the constitutive independent variables
result in altered constitutive speci cation. | believe it is sigi cant, and must be
emphasised at this point that not only do the constitutive choies detailed in the
following sections ensure that the Clausius-Duhem inequalitys isatis ed a priori,
but also that they are general enough to handle a fairly largdass of physics, and
most signi cantly, have been implemented in a coupled formutebn retaining much

of their rich detail, as evidenced by the computational exaples in Chapter5.

4.2.2 Duhamel's law of heat conduction

A suitable constitutive relation motivated by experiment whch relates the Cauchy
heat ux vector h (x;t) to the spatial temperature gradient grad () (x;t) is the

classical heat conduction law of Duhamel:

(4.18) h = grad(); 8 ;

where (x;t), the spatial thermal conductivity tensor, is positive semi-deite. The
relation above states that heat ows down a temperature gradnt, and using it
ensures that the following portion of the Clausius-Duhem ineality (4.17),
X h grad
grad () 0
is satis ed since the heat conduction law4.18) is valid for all species in the mixture.
In fact, the constitutive form (4.18 speci ed above was motivated directly by

virtue of it being su cient to ensure that the corresponding potion of the Clausius-
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Duhem inequality had the appropriate sign. Another approachhat can be followed
to arrive at Duhamel's law (and, similarly, the constitutive relations that follow)
is to rst de ne a general set of independent variables upon whbh the various eld
variables can depend (such as ifruesdell and Toupin(1960Q). One then proceeds to
consider a scenario where the functional forms of some of therntexin the dissipation
inequality are xed, and examine the implications of entrog production on the
remaining terms, assuming they can be varied independently.

In practice, the two approaches outlined above are mathemaally equivalent,
and the former is employed in the following treatment.

While Duhamel's law 4.18 is indeed useful in a general setting, our primary
interest lies in specialising concepts from classical thermodymics to biological sys-
tems, where the temperature eld under most physiological scenas is relatively
uniform and constant in time. In what follows, we will restrict aur attention to this
case. Additionally, the general nature of the analysis thus fdras resulted in it being
presented in terms of an arbitrary species Recall, from Section2.1, that the vari-
ous species constituting the tissue are grouped into a solid spscieonsisting of solid
collagen brils and cells denoted by c, an extra-cellularuid species, denoted by f,
consisting primarily of water, andsolute species, consisting of precursors to reactions,
byproducts, nutrients, and other regulatory chemicals, denetd by s. We now return
to this earlier classi cation, and motivated by speci c portions of @4.17), proceed
to prescribe constitutive relations pertinent to the mecharis and biochemistry of

growing biological tissue for each of these species groups.

4.2.3 Energy-dependent mass source terms

We rst focus on the following term of the Clausius-Duhem form4.17),
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X + 1kv k2 0:
5 ;
=c;f;s
Recall that the extra-cellular uid species, f, consists primaly of water and does
not take part in reactions, i.e., ' = 0. Therefore, from the summation relation for
mass sources and sinkgl(4), we have that s = €. Using this fact, the inequality

above reads,

¢ °4 }kvckz +( 9 S+ }kvskz o:
2 2
The above relation provides a broad guideline that allows fdhe speci cation of a
very general class of source terms for collagen. An obvious fotimat it suggests is

linear in terms of the energy (Helmholtz free energy plus tharetic energy) di erence

between the collagen phase and the solute phase:

(4.19) ¢= ¢ C+%kv°k2 s %kvskz;

where € is a non-negative rate constant.

Thus, the thermodynamics suggests that it is an energetic di @nce between the
reactants and products of a chemical reaction that drive theeaction forward; a
well-established concept in chemistry. More interestingly, ste all that the thermo-
dynamics requires is that the source term for collagen be pasé (negative) when
the solute is more (less) energetic than collagen, this opens the selection to a
variety of forms, such as the nonlinear (in terms of the energy drence) example

shown below,

(4.20) = S exp U °+ %kvck2 S Zkv'k? 1
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Figure 4.2: A thermodynamically-motivated collagen source
(where = sign °+ 1kvek? 5 2kvk? , U > Oand © 0), and can be

tailored to represent di erent sorts of biochemistry. The evailtion of this nonlinear
collagen source term with the energy di erence between the llagen and solute
phases is shown in Figuré.2, which clearly shows the source for collagen having a
sign opposite to that of the energy di erence between collageand the solute.

With the introduction of an energy-dependent mass source (sudcs @.19 or
(4.20), and drawing upon the assumption that the temperature eld § uniform and
constant’ during the course of a biological experiment, a portion of th€lausius-

Duhem form (4.17) is satis ed a priori. The remainder now reads:

X
(4.21) — cgrad(v)+ (q +grad( )) v 0:

=c;f;s

In the treatment that follows, recognising that the uid, solid and solute are fun-

"Which allows onetowritee. _ = _andgrad(e) grad( ) =grad( ).
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damentally di erent substances, we turn to the speci cation of derent constitutive
independent variables most suited to each of them in derivinglevant constitutive
relationships. Since our primary interest lies in the mecharscresponse of soft col-
lagenous tissues, we will be paying particular attention to theonstitutive forms of
the solid collagen and uid stress tensors, as well as the interamh forces between
the collagen and uid phases.

It is well established that collagenous tissues demonstrate a eatlependent re-
sponse to applied loads (see, for e.gProvenzano et al.(2001). This behaviour
may be attributed to the viscoelastic deformation of the coligen network (which is
the focus of Sectiort.2.4), the viscosity of the extra-cellular uid (as seen in Sec-
tion 4.2.6), frictional e ects arising from stress-driven uid ow throug h the network
(as discussed in Sectiod.2.7), or combinations thereof. In order to be able to model
each of these cases, the following sections derive the relevaomhstitutive relations

entirely from thermodynamic considerations.

4.2.4 A viscoelastic solid

For the terms arising from the solid collagen phase, the reducelissipation in-

equality (4.27) requires that,

€< “grad(v®)+ Cgrad( ©) v+ °q° v® O

We will return to the last term, ©g°® v® when discussing interaction forces between
the solid and uid phases in Section 4.2.7). Currently, we turn our attention to the

remaining terms in the inequality above:

(4.22) < Cgrad(ve)+ Cgrad( ¢) v¢ O
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Looking ahead to the numerical examples presented in Chaptgrand noting that
they solve the momentum balance equatior2(7) for the solid phase in the reference
con guration,® we deduce the constitutive response of the solid phase in termstsf i
partial rst and second Piola-Kirchho stress tensors,P ¢ and S€, respectively.

From the balance of angular momentum for the solid4(10), we know that its par-
tial Cauchy stress is symmetric and thus, ¢: grad (v®) = ©¢: (EF 1) = JlPC: E.
Substituting this in (4.22 above, recalling that ©J = §and ¢ £+ C°grad( ¢ v°

provides the material time derivative of ¢, we have,

< PSE 0 in o
Introducing the elasto-growth kinematic splitF = F °F 9 discussed in Sectior?.2

for the solid phase, ¢, and applying the properties of the comtction operation, the

above inequality reads,

cc PFY:R® F PRI O
The term F¢ P°: F9 is the focus of the following section on stress-dependent

growth deformation gradients ¢.2.95. Currently, we consider only the following two

terms,

(4.23) cc PFY:E° O

As in Section2.3.1, if we were to assume at this point that the Helmholtz free

energy of the solid had the form, ¢ = L1 "¢(F ®), where & Is the intrinsic density
0

8It is instructive to note here that since . is constructed to coincide with the current position
of the solid component of the tissue (see Sectiod.1), we are aware of the deformation gradient
F¢=F = @(' of this phase. This allows us to consistently pose the balance laws in either
con guration.
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of the solid collagen in the reference con guration, i.e., thfree energy depends only
upon the elastic portion of the deformation gradient, then a saient condition to

satisfy the inequality above is to assume a hyperelastic model difet form:

@®
@

T

(4.24) pP¢= FY

odloo
@D

We have already seen one specic form of this model used in the qmuations in
Section2.3.1

However, we are currently interested in allowing for an inelaist response in the
solid, and for this, we turn to a body of established work on contuium formula-
tions for viscoelastic materials undergoing nite strains (sedor e.g., Simo (1987,
Holzapfel (19969, and Simo and Hugheg1999). The treatment below follows in the
same vein.

We begin by assuming a Helmholtz free energy for the solid collagef the form:

¢c= LC® ;17 m), whereC® = F® F¢is the elastic right Cauchy-Green
0
tensor and i;:::; n are a set of second order tensorial internal history variables.

Substituting this form into (4.23, and rewriting the partial rst Piola-Kirchho
stress tensor in terms of the partial second Piola-Kirchho stresgensor using the

relation P ¢ = FS°¢, we have?

@' ) X
c(2F ¢ E°

@
@

oo

(4.25) c_ (FF9S°FY . E° O

odloo

=1
A su cient condition to satisfy ( 4.25 is to specify that the partial second Piola-

Kirchho stress tensor has the form,

9The computations presented in Chapter5 use the second partial Piola-Kirchho stress ten-
sor, S¢, since it is a symmetric quantity, and thus requires less memory for storge.
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c @’\c .
(4.26) S¢=F9 ' 0= Fou .
T @’
and provide a suitable evolution equation for the internal viaables, . Motivated by
the fact that some compressible materials exhibit dissimilar bkland shear response,

we proceed to decompose the free energy function into volumetand isochoric parts:

(4.27) "(CO% 1 m) = Wia(3) + Wigo(C©) + . c% )

=1
whereJ*® is the determinant of the elastic portion of the deformation adient tensor
and C® = J® “°C® The rst two terms in the decomposition above characterise
the volumetric and isochoric equilibrium response of the solidhpse, and the last
term is the dissipative potential which contributes to the visoelastic response. The
equilibrium response (that of a purely-elastic material) is rovered during in nitely
slow processes.

Using the decomposition 4.27) in the stress constitutive relation @.26, we see

that the solid stress takes the form,

xn
S\C/0I+Sicso+ Q Fg ;

=1

1

(4.28) S¢=F¢

od oo

where, denoting byl the fourth order unit tensor,

S Jew and SC - Je 2=3 I 1‘ C 1 C . Z@ViSO(Ce)_

vol @3 iso 3 : F'
Equation (4.29, along with the following evolution equations for thenon-equilibrium

stresses Q ,'° in agreement with the dissipation inequality motivated by a geer-

alised Maxwell model,

Owhich are work-conjugate variables to
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(4.29) Q+Q—:sto; =1;::0m;

where each is a characteristic relaxation time andS,, =  S§,(C°®), where

is a non-negative strain-energy factor associated with, completes the speci cation
of a linear viscoelastic solid. This can be extended in a straigotward manner to
a nonlinear model by introducing the notion of amodi ed relaxation time (Eyring,

1939.

4.2.5 E ects of the stress state on tissue growth

One important in uence that the local stress state has on tissue gwth directly
relates to its regulation of species production (and consumiph) rates. An example
of this fact lies in oft-cited work of Wol (1892 who found that bone is deposited
and resorbed in accordance with the stresses placed upon it. Indifiormulation, this
e ect is modelled through the use of the strain-energy depenaesource terms ¢.39
introduced in Section2.3.7.

There is experimental evidence to suggest that there is anothenportant in u-
ence of the stress state on the development of tissues, relating be tspatial alignment
of deposited matter. An example of this is found ifProvenzano et al.(2003, where
it is observed that during wound healing, newly-deposited dalgen bres are found to
align with the applied stress, whereas under unstressed conditgithey are deposited
isotropically. Momentarily, will see that the thermodynamis naturally motivates a
form for the rate of change of the growth deformation gradi¢riensor that re ects
this observation.

During the derivation of the constitutive relationship for the solid stress in the

preceding section, the implication of the following inequay,
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FEPC: R O
had not been explored. Turning our attention to it now, it is dear that a su cient

condition to satisfy this inequality is,

(4.30) F9= F°PS

where is a non-negative scalar.

Equation (4.30 species that incremental changes in the growth deformatio
gradient in time have to be aligned along the partial rst Piob-Kirchho stress
tensor, suitably transformed by the elastic portion of the defenation gradient.

The treatment presented in Sectiongl.2.4 and 4.2.5involve the notion of defor-
mation gradients and are thus only applicable to the solid clalgen phase for reasons
discussed. In contrast, the analyses for the uid and solute phaseglbw are car-
ried out in {, and we work with their respective velocities as primitive vaables

characterising their motion.

4.2.6 A Newtonian uid

As alluded to toward the end of Sectiont.2.3 one of the mechanisms underlying
the rate-dependent behaviour of soft collagenous tissues ietmherent viscosity of
the extra-cellular uid. In this section, we derive the constiutive relationship for a
Newtonian (viscous) uid from thermodynamic considerations.

For the terms arising from the uid phase, the reduced dissipatio inequality
(4.2 requires that,

f

£ f.grad vi + fgrad vi+ gt viooo
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We will return to the last term, g v', when considering interaction forces between
the solid and uid phases in Section 4.2.7). Now, we turn our attention to the

remaining portion of the dissipation inequality for the uid:

(4.31) 4 fT-gradvi + 'grad " Vi O

Assuming that the Helmholtz free energy of the uid depends onlyroits current
concentration, i.e, f = L (), where 7 is the intrinsic density of the uid, and

substituting this form into (4.31), we have,

f @Y ok
@ ": grad V' i

Invoking the balance of mass4.2) for the uid, with ' =0, we obtain,

gad T vl O

f@’\f
+@"

Finally, recalling the de nition of pressure in terms of the Hahholtz free energy at

div v’ frgrad v O

xed temperature from classical thermodynamics, we have the lfowing form of the
reduced dissipation inequality for the uid,

p'( ")

2 AT
(S ~f) %1 " .grad vi 0O

since div( ) = 1: grad( ), where 1 is the second order identity tensor.

A suitable form for the partial Cauchy stress tensor of the uid plase motivated
by the above inequality is: " = p'1+2 fgrad vi , where ', the viscosity of
the uid, is a non-negative scalar. Setting it to zero resultsn the case of an ideal

uid. Furthermore, recognising from the balance of angular mmentum that s
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symmetric, we rewrite the above constitutive relationship inérms of the uid rate

of deformation tensor,d':

(4.32) f= p1+2 fd;

which de nes the behaviour of a classical Newtonian uid.

4.2.7 Frictional interaction forces

We now focus our attention on the following two terms that wee left unaccounted
for when exploring the implications of the terms arising fronthe solid and uid

phases in the reduced dissipation inequality4(2]) in Sections4.2.4and 4.2.6

(4.33) °g® v¢+ fg' vi O

In the time-scales of experiments studying the mechanical resmse of tissues,
growth is not usually signicant, i.e. ©= f =0. Applying this simpli cation to

the summation relationship between the interaction forces4(8), we see that,

(4.34) ‘= fq":

Substituting Equation (4.34) in (4.33, we obtain,

(4.35) g v¢ vl oo

Relationships @.34) and (4.39 indicate that a suitable form for the interaction

forces between the solid collagen and uid phases are:
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(436) CqC: qu — ch Vc Vf :

whereD ' is a positive semi-de nite frictional coe cient tensor.!* This frictional in-
teraction between the phases is the basis for the time-depentienechanical response

observed in the biphasic computations presented in Secti&n3.

4.2.8 Diusive solute uxes

Since the solute species are present only in low concentratiansolution, they are
not capable of exerting signi cant forces upon other phases, @mo not bear appre-
ciable stress. Consequently, for the solutes, the reduced dissipatinequality (4.21)

requires only that,

s+ Sgrad( °) v® O

where the summation above is carried out over all solute speciéssu cient condi-
tion to satisfy the above inequality is to specify the followindgorm for the mass ux

of each species s,

(4.37) SvS= D°®grad( °)

and only allow for solute interactions which decrease their evall free energy density.
Here,D ° is a positive semi-de nite mobility, and Equation @.37) results in classical
di usive ux of the solute species when their Helmholtz free engies are purely

functions of their concentrations.

1This is only the simplest form possible. SeéMassoudi (2003 for a thorough review of various
thermodynamically and phenomenologically motivated forms for this interaction force.



CHAPTER 5

Representative numerical simulations { Il

The theoretical framework developed in the preceding chagt resulted in a set
of coupled partial di erential equations governing the inerrelated mechanics, mass
transport and biochemistry pertinent to biological tissue growh. In order to demon-
strate the applicability of the theory, this chapter presentshe results of several illus-
trative numerical experiments posed within a correspondingomputational frame-
work retaining all aspects of the coupling between the equatis.

The chapter begins by providing some insight into the numeritanethods used
to solve the coupled equations in SectioB.1. The rst set of examples, presented
in Section 5.2, serve to illustrate basic aspects of the coupled physics undenly
biphasic models for tissue mechanics. In Secti@n3, the biphasic model parameters
are tailored to be more representative of experimental studieon the mechanics of
engineered ligaments, and aspects of the time- and rate-dedent behaviour of the
model are explored. The nal example presented in this chapt@rovides a straight-
forward extension of the theory to model the e ects of the meemical environment
on growing tumours (Section5.4), evidencing the generality of the proposed formu-

lation.

96
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5.1 Introducing the computational model

The mathematical formulation developed in Chapter4 has been implemented
in a nite element setting using COMSOL Multiphysics a computational environ-
ment for solving coupled systems of partial di erential equatins. For simplicity,
the numerical implementation is in two spatial dimensions assung a state of plane
strain, and it uses triangular elements of order 2 (quadraticlements) to approxi-
mate the displacement eld of the solid phase, and triangular eiments of order 1
(linear elements) to approximate all other eld variables, icluding the uid velocity
and concentration. A representative unstructured mesh, used e computations
on a unit square domain in Sectiorb.2, is shown in Figure5.1 and consists of 3267

elements.

08
07
06
05
04r

0.3

Figure 5.1: A representative nite element mesh used in the omputations.

In the numerical implementation presented in ChapteB, a simpli ed form of the

http://www.comsol.com/
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balance of momentum was imposed by treating the tissue as a whaled solving a
summation of Equation .7) over all species. This simpli cation necessitated ad-
ditional assumptions on the underlying micro-mechanics, anchése were discussed
in Section 3.3.1 In contrast, the implementation used in this chapter solves #h
detailedmomentum balance equations; enforcing the balance of momemt for each
species separately. The coupling between the mechanics egqua of the individ-
ual species is introduced by specifying momentum transfer teanq , arising from
frictional interaction as discussed in Sectiod.2.7.

The balance of mass4.2) and momentum (2.7) equations for the solid colla-
gen are solved in the reference con guration of the tissue,o, and the balance of
mass ¢.2) and momentum (4.6) equations for the uid phase are solved in the current
con guration, . Recall that this choice is justi ed because we know the refanee
con guration of the solid phase of the tissue. These equations, ap with the sat-
uration constraint discussed below, are solved simultaneously ftre for the solid
concentration, §, and displacementu®; and the uid concentration, ', velocity, v',
and pressurep’. Variable-order backward di erence formulae I(eVeque 2007 are
used for forwarding the equations through time.

In the interest of generality, the formulation and corresponithg implementation
presented in Chapters2 and 3 allowed for the possibility of cavitation in tissues
under certain ex vivo/in vitro conditions. However, since it iswell established that
under normal physiological conditions soft tissues are fully satated by the uid,
this condition will be imposed in the following calculations.

The concentration of each speciescan be expressed as the product of two non-
negative scalar elds: = ~, where is the volume fraction and ~is the

intrinsic density of species in . The mixture is said to be saturated if the total
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P
volume fraction, = =1 (Passman et al. 1989. Since the solute species are
present only in very low concentrations, the preceding condin can be suitably

approximated by?

( 6=J) +

~C

(5.1)

Ll -

In this computational implementation, the uid pressure, pf, is not constitutively
speci ed in terms of the current concentration of the uid, ard instead serves as a
Lagrange multiplier to impose the saturation constraint $.1).

For simplicity, in the calculations that follow, the strain energy function used for
the elastic portion of the response of the solid collagen is the del of Mooney and

Rivlin (Mooney, 1940:

xn _ .
(5.2) (Cc= Cj(l. 3)(l, 3)
i;j =0

(where I, and I, are the rst and second principal invariants of the elastic righ
Cauchy-Green tensorC ), suitably decomposed into volumetric and isochoric parts.
A mixed displacement-pressureZienkiewicz and Taylor 1989 formulation is used
to treat the near-incompressibility of the solid phase. Also for siplicity, the uid is

assumed to be ideal, i.e. the uid viscosity, f = 0 Pa.s.

5.2 Some simple physical tests

The preliminary calculations presented in this section aim tdlustrate basic as-

pects of the coupled physics that arise in mixture models thainclude only two

2The saturation condition, as stated in Equation (5.1), incorporates an implicit assumption that
the solid and uid phases of the tissue are individually intrinsically incompressible. This means that
their intrinsic densities, ~, do not change under load, and this is a common assumption employed
in the soft tissue mechanics literature. (See, for e.g.Mow et al. (1980 and Ateshian (2007).)
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non-reacting phases: a solid and a uid. In these calculations, ¢htissue is assumed
to be 1 mm thick and the material model for the solid phase uses tihdooney-Rivlin
strain energy function 6.2) with just one term (i.e., it is neo-Hookean) having the

material constant Cio = 0:8 MPa.

5.2.1 An in ating balloon

This example studies the in ation of the tissue as a result of presegergradient
driven inux of uid. The total duration of the test is 3 s. The in itial concen-
trations of the solid collagen and uid phases at all points in ainit square domain
(1 mm 1 mm) are 500 kg.m?3, and their intrinsic densities are 1000 kg.m®. Thus,
each phase has an initial volume fraction of 0.5. At the initiatime, the solid dis-
placement and velocity elds, and the uid velocity and pressue elds are each 0 in
their respective units at all points in the domain.

In this example, the frictional coe cient tensor, D ® = 1e 51 MPa.s.mm 2, is as-
sumed to have a relatively small magnitude because we are cutttgmore interested
in observing the swelling of the domain due to uid in ux rather than the frictional
interaction between the phases.

The boundary conditions for this problem correspond to holdig the bottom edge
of the tissue xed to prevent rigid body motion, and forcing in ow of the uid at
this bottom edge while disallowing out ow at any of the other eges, simulating an

in ating balloon. In particular:

For the uid, the boundary condition on the bottom edge species that its
pressure increases linearly in time from 0 MPa to 0.3 MPa duringpé duration of
this test. The boundary condition for the uid on the other three edges speci es

that its velocity eld is the same as that of the solid,v’ = v¢, disallowing out ow
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of uid.

For the solid, the boundary condition on the bottom edge xeshie components
of the solid displacement to O mm for the entire duration of thedst. On
the other three edges, following literature on uid-structue interaction (Donea
et al., 2009, there is a traction boundary condition on the solid that reals,
tc= °n = p'n, suitably pulled-back to the reference con guration. Here,
n is the normal to ¢, and this condition relates the stress in the solid to the
pressure in the uid along the edges where there is no relativeation between

the solid and the uid.?

The above boundary condition|relating the stresses in the solidand uid phases
at the free surfaces of the tissue|is a statement that supplementshe condition that
there is the no relative velocity between the phases along se surfaces. Providing
just the velocity condition is insu cient, as the set of solid disgacement elds which
can satisfy the no relative velocity condition is in nite.

While the use of this stress-equilibration condition is commomithe ALE liter-
ature for interactions between a uid and a rigid body (see, foe.g., Nomura and
Hughes(1992 and Sarrate et al.(200]), | am not aware of its use in the context of
biomechanics. The use of biphasic models in biomechanics kteerre tends to focus
on cases where the mechanics of the problem is driven by disglaent (or stress)
boundary conditions imposed on the solid phase of the tissue (such $pilker and
Suh (1990 and DiSilvestro et al. (200)). Unlike the current example, where the

mechanics of the problem is driven by an in ow of uid, these cses do not require

3In contrast to the swelling example discussed in Sectior8.3.2, which used the notion of the
growth portion of the deformation gradient of the uid, Fgf, to cause kinematic swelling of the
domain with an increase in uid concentration, in this example, it is primarily this interaction
between the solid and uid stresses on the boundary that causes the domain to swell.
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additional boundary conditions such as the one above.
Figures 5.4 5.7 show snapshots of the swelling domain during the course of the

test. The colour contours provide the horizontal displaceméneld of the solid

(in mm) and the arrows provide the direction of the solid velaty eld. The pres-
sure gradient induced by the increasing uid pressure boundaryondition on the
bottom edge causes an in ow of uid. The inability of the uid to ow out of other
boundaries manifests itself as an outward boundary tractionnothe solid, causing
the domain to swell as seen in the gures. Because the computatiovas run with
dynamics, there is initially a small oscillation in the uid and solid velocity elds
due to wave propagation in the uid (not apparent in the plots) which fade in the

rst 0.4 s.
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Surface: X-displacement [mm] Arrow: Velocity direction
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Figure 5.2: The in ating balloon at time t =0 s.
Surface: X-displacement [mm] Arrow: Velocity direction
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Figure 5.3: The in ating balloon at time t=0:6 s.
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Figure 5.4: The in ating balloon at time t=1:2s.
Surface: X-displacement [mm] Arrow: Velocity direction
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Figure 5.5: The in ating balloon at time t=1:8 s.
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Surface: X-displacement [mm] Arrow: Velocity direction
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Figure 5.6: The in ating balloon at time t=2:4s.
Surface: X-displacement [mm] Arrow: Velocity direction
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Figure 5.7: The in ating balloon at time t =3:0 s.
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5.2.2 The tissue under constriction

In the previous numerical experiment, we studied the defornian of the tissue
under an in ux of uid. In this example, we turn our attention to uid ow elds
induced by the deformation of the solid phase and frictional teractions between the
phases. The initial condition for this problem is identical tothe previous case, i.e.,
the tissue is at rest initially and the initial concentrations d the solid collagen and
uid phases at all points in the unit square domain (1 mm 1 mm) are 500 kg.m?.

As before, the total duration of the test is 3 s.

Figure 5.8: The displacement condition on the vertical edge of the tissue.

The boundary conditions for this problem correspond to immeing the tissue in
a bath and applying a displacement load on the vertical edges ae to constrict the
tissue in order to observe the resulting uid ow. In particular, the uid is subjected
to a pressure boundary condition on all four edges; where the pseire of the uid is

equated to that of the bath, 0 MPa. For the solid, the bottom edg is held xed and
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the top edge is traction free. The left edge is subjected to themporally-varying
constrictive horizontal displacement (in mm) visualised in Figre 5.8. The gure
shows the horizontal displacement being increased linearly iirme for the rst 1 s
and then held xed for the remainder of the test. The right edgeas subjected to
the negative of this load. In this example, the magnitude oftte frictional coe cient
tensor, D © = 1 MPa.s.mm 2, is signi cantly greater than in the previous case, and
the e ects of the frictional interaction between the phasesra manifest in the results.
Figures 5.9{5.14 show snapshots of the constricted tissue during the course of
the test. The colour contours provide the horizontal displaceent eld of the solid
(in mm) which remains xed after the rst 1 s of the test. The arrows provide
the direction and magnitude of the uid velocity eld. Their lengths scale linearly
with the magnitude of the uid velocity eld and the longest arrow corresponds
to a uid velocity magnitude of 7.03e-3 mm.s®. This uid ow is mainly driven
by a combination of frictional interaction with the solid phase and the saturation
condition. The plots are asymmetrical in the vertical diredon because the bottom
edge is held xed. Observe that the uid velocity grows with ircreasing constriction
of the solid for the rst 1 s and gradually decays after the solid lpase is held xed
(this is clearly seen in seen in Figuré.15. There is also a nominal relaxation of the
top edge after the constriction phase, as observed in the examph Section3.3.1
As in the previous example, e ects from the dynamics were obsed in this case as
well, and an equivalent quasistatic calculation was perforrdefor comparison. When
the vertical uid velocity is tracked at the centre of the top edge for the duration of
the test in both these cases, it is observed that the dynamic case dgs gradually and
has oscillations (Figure5.15 while the quasistatic case reaches a higher magnitude,

and decays nearly instantaneously without manifesting oscitians (Figure 5.16).
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Surface: X-displacement [mm] Arrow: Velocity field [mm/s] M%x(:)i).OlOO
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Figure 5.9: The constricted tissue at timet =0 s.
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Figure 5.10: The constricted tissue at timet =0:32 s.
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Surface: X-displacement [mm] Arrow: Velocity field [mm/s] M%x(:)i).OlOO

0.008
0.006
0.004
0.002
0
-0.002

-0.004
-0.006
-0.008

-0.01

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 Min: -0.0100

Figure 5.11: The constricted tissue at timet = 0:66 s.
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Figure 5.12: The constricted tissue at timet = 1:0 s.
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Figure 5.13: The constricted tissue at timet =2:0 s.
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Figure 5.14: The constricted tissue at timet = 3:0 s.
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Figure 5.15: Dynamic evolution of the vertical uid velocit y.
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Figure 5.16: Quasistatic evolution of the vertical uid vel ocity.
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5.3 Examples exploring the biphasic nature of porous soft ti ssues

The introductory examples presented in the preceding sectidhustrated basic
aspects of the coupled physics exhibited by non-reacting twatrase mixtures. The
computational formulation thus provides a means for determing the evolution of
uid ow elds under varying physically-relevant boundary conditions, and allows
us to study their e ects on the mechanics of tissues. With this eskdished, we now
turn our attention to a more realistic application|studying a spects of the time- and
rate-dependent behaviour of ligaments.

In the following examples, the material parameters and modgeometry are tai-
lored to more closely represent experimental studies on the rhaaics of engineered
ligaments (Ma, 2007). The examples focus on the viscoelastic behaviour of these tis-
sues arising primarily from frictional interaction between wo purely elastic phases:
an ideal uid perfusing a porous, hyperelastic solid (as in the pceding section). In
particular cases, thisporoelasticresponse is compared to analogous results obtained
using a single-phase linear viscoelastic solid model (discussed intiSa 4.2.4).

Motivated by the experimental work, the model geometry is iially 12 mm in
length and 1.128 mm in width, and has a uniform thickness of 2& mm. The initial
concentration of the solid collagen is 300 kg.m and the initial uid concentration is
700 kg.m 2 at all points in the domain. The intrinsic densities of the solidcollagen
and uid phases are both 1000 kg.n?, as before. The hyperelastic model for the
solid phase uses the Mooney-Rivlin strain energy functiod @) with 9 terms, and the
values of the corresponding parameters used in the analysis egported in Table 5.1

The initial solid and uid concentrations, and the Mooney-RiMin parameters

chosen, approximate the collagen content and the tensile resyse of the explanted
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| Parameter | Value (GPa) |

Cio 0
Co1 0
C2o 0.54434
Ci1 0
Coz 0.54714
Czo 1.83688
Co1 1.19985
Ci2 10.6863
Cos 38.3875

Table 5.1: Material parameters used in the analysis.

ligament* whose mechanical response under repeated cyclic loading is shawFig-
ure 5.17. In particular, the hyperelastic material parameters are absen to approx-
imate the stress-strain response corresponding to the rst load exsion (denoted

by the blue points).

Figure 5.17: Mechanical response of an explanted ligamenta, 2007).

The basal magnitude of the frictional coe cient tensor used in dllowing calcu-

lations is t to the experimental work of Swartz et al. (1999 on uid transport

4This tissue is from a batch of engineered ligaments explanted after implantaon for one month
as medial collateral ligament replacements in live rats {1a, 2007).
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through mouse tails. This was achieved by subjecting the commttonal model to
a uid pressure gradient identical to that in their experiment and the frictional
coe cient tensor magnitude was modi ed until the until the steady-state ow ve-
locity in the computations matched those reported in the exp@nent. The resulting
frictional coe cient tensor is: D™ = 1:037 1 MPa.s.mm 2. In what follows, this

isotropic tensor will be characterised by its scalar magnitude).

5.3.1 Stress relaxation

In these tests, the boundary conditions correspond to grippindhé tissue at its
longitudinal ends, loading it at a constant strain rate to a speat strain, and holding
the tissue xed at that strain for the remainder of the test. For the solid phase, this
translates to holding one of the longitudinal edges xed whal subjecting the other
to the suitable displacement load. The lateral edges of the stbliemain traction free.
For the uid, there is no ow relative to the solid at the longitudinal edges, i.e.,
vl = v¢ Since we are simulating the tissue being held by grips at the lgitudinal
edges, this boundary condition ensures that there is no out owr in ow along those
edges. The lateral edges expose the uid to the bath, and theogé the uid pressure
is equated to that of the bath, 0 MPa, along those edges.

Figure 5.18 shows the stress relaxation in a quasistatic calculatiérwhere the
tissue is loaded at a strain rate of = 0:01 Hz to a maximum strain of 0.085 in 8.5 s,
and then held xed at that strain for the remainder of the test. Alarge portion of
the tensile response is furnished by the hyperelastic solid cokkag and the decaying

peak in the stress is due to the decaying relative velocity bedsn the two phases.

5Since the displacement condition applied to the solid is not smooth in time, the coresponding
velocity boundary condition on the uid is discontinuous in time. Consequently, the poroelastic
calculations presented in this section assume that the process is quasistatic; gnfequiring that the
velocity elds be integrable in time.
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Notice that this peak in stress decays rapidly, corresponding tbe rapidly decaying
velocity eld in the quasistatic result shown in Figure5.16

In order to study the e ects of the load rate on the mechanicalasponse, the next
test doubles the strain rate to = 0:02 Hz. The tissue is subjected to the same
maximum strain of 0.085, now in 4.25 s, and is held xed for the ngainder of the
test. The stress relaxation resulting from this test is shown in Fige 5.19 The initial
peak stress is now increased; an observation which is in agreetmeith classical
results in viscoelasticity theory. This is because the increasesdrain rate results
in an increased relative velocity between the phases initigllwhich correspondingly
increases the frictional interaction between the phases.

Finally, the biphasic poroelastic response is compared to thesponse of a model
comprising of only one phase: linear viscoelastic solid collagén this computation,
the elastic portion of the response of the solid collagen has thensa form (5.2)
and material properties (Table5.1) as the poroelastic case, and has a characteristic
relaxation time, = 0:3 s, and strain-energy factor, = 0:5.° This test is carried
out at a strain rate of _=0:02 Hz for 4.25 s, at which point the tissue is held xed.
Figure 5.20 shows the corresponding stress relaxation, and there are two aiable
di erences in the results from the poroelastic calculation péormed at the same
strain rate (Figure 5.19. Firstly, stemming from the initially-high relative velocity
between the phases, the poroelastic curve starts with a higher sgss than the
viscoelastic case. And secondly, the quasistatic nature of the petastic calculation

results in a sharper, more rapidly-decaying peak in stress.

6Refer Section4.2.4 for details.
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Figure 5.18: Quasistatic poroelastic model, =0:01 Hz, D = 1:037 MPa.s.mm 2.
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Figure 5.19: Quasistatic poroelastic model, = 0:02 Hz, D = 1:037 MPa.s.mm 2.
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Figure 5.20: Dynamic viscoelastic model, =0:02 Hz, =0:3s.
5.3.2 Hysteresis in the cyclic stress-strain response

The examples in this section study the hysteresis in the stress-smaiesponse
when the model is subjected to a complete load-unload cycle. Agfore, for the
solid phase, the boundary conditions specify that one of the Igitudinal edges of the
tissue is held xed, while subjecting the other to the suitable diplacement condition.
The lateral edges of the solid remain traction free. For the id, there is no ow
relative to the solid at the longitudinal edges, i.e.y’ = vC. The lateral edges expose
the uid to the bath, and therefore the uid pressure is equatedo that of the bath,
0 MPa, along those edges.

In all these tests, the model was rst loaded to a maximum strain of.085 (to
match the experimental data presented in Figuré&.17) and subsequently unloaded
to no strain. Since the numerical experiments so far have suggas$tconspicuous

di erences between the quasistatic and dynamic solutions, botthese cases have
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been explored in this section. When the uid ow elds are obsered during the
course of these load-unload tests, it is found that they constagtllag behind the
motion of the solid; and it is this relative velocity, and the orresponding frictional
interaction between the phases, that leads to energy dissipationanifesting itself as
the hysteresis loop.

For the quasistatic hysteresis curve presented in Figute21, the model was loaded
at a rate of _= 0:01 Hz for 8.5 s to a total strain of 0.085, and then subsequently
unloaded at the same rate back to O strain in another 8.5 s. Thisstiontinuous (in
time) velocity boundary condition for the uid is acceptable for the quasistatic calcu-
lation. When compared to the hysteresis result arising from theythamic calculation
loaded and unloaded at the samaveragestrain rate (Figure 5.22),” it is clear once
more that the quasistatic calculation lacks the characteristi oscillations arising from
pressure wave propagation in the uid observed in the dynamic taulation. It is also
interesting to note that beyond a certain strain ( 0.06), the solid is sti enough to
overcome the oscillatory e ects arising from the uid ow.

When this average strain rate is decreased to = 0:001 Hz, (1/10" the rate
of the preceding calculation), the relative velocity betwen the phases correspond-
ingly decreases, resulting in reduced dissipation and area of thgsteresis loop (see
Figure 5.23. In other words, this slower process proceeds closer to thernyodmic
equilibrium. In an analogous comparison, when the average &iin rate is maintained
at _=0:01 Hz, but the magnitude of the frictional coe cient tensor is hcreased by a

factor of 10 toD = 10:37 MPa.s.mm ?, it is observed that the dynamic e ects of the

Since the uniform strain rate load-unload displacement condition prescribed for the gasistatic
calculation (termed the triangular load) is insu ciently smooth in time, the dynamic calculations
are instead subjected to a load-unload displacement that takes the shape of a cosine war This
displacement condition reaches the same maximum strain and unloads to no straintahe same
times as the triangular load, but maintains the necessary smoothness in the velagi elds to allow
for the dynamic calculations.
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uid ow are much more prominent (as observed in Figures.24). This is because the
comparable strain rates ensure similar relative velocities tvezen the phases (in the
calculations corresponding to Figure$.22 and 5.24), but the frictional interaction
between the uid and solid phases has now increased by an ordema&gnitude.

The results presented in this section demonstrate aspects of theperimentally
observed mechanical response of ligaments seen in Figore/. Finally, the biphasic
poroelastic results presented thus far are compared to the resge of the purely
linear viscoelastic model introduced in the preceding sectioifhis model was loaded
at a strain rate of _= 0:01 Hz for 8.5 s to a total strain of 0.085, and then subsequently
unloaded at the same rate back to O strain in another 8.5 s. The rd8ng stress-strain
curve is shown in Figure5.25 Upon comparing it with Figure 5.22 we nd as we
did before, that, stemming from the initial frictional interaction between the phases,
the poroelastic case starts out sti er, and the viscoelastic modédils to capture any

of the dynamic e ects arising from the uid ow.

1.4

1.2} §
& 1r 1
>3
g 0.8} .
0
T 06f .
=
(@)
Z 04t .

0.2t .

O | | | | | |
0 002 004 006 0.8 0.1 012 0.14

Nominal Strain

Figure 5.21: Quasistatic poroelastic model, = 0:01 Hz, D = 1:037 MPa.s.mm 2.
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Figure 5.22: Dynamic poroelastic model, =0:01 Hz, D = 1:037 MPa.s.mm 2.
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Figure 5.23: Dynamic poroelastic model, = 0:001 Hz,D = 1:037 MPa.s.mm 2.
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Figure 5.24: Dynamic poroelastic model, = 0:01 Hz, D = 10:37 MPa.s.mm 2.
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Figure 5.25: Dynamic viscoelastic model, =0:01 Hz, =0:3s.
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5.4 Mechanics and the growing tumour

This nal section presents a preliminary foray into tailoring the mathematical
formulation developed in Chapter4 to studying the mechanics of growing tumours.
Unlike the computations presented in the preceding sections, gh principally fo-
cused on the biphasic mechanics of soft tissues in the absence othwemical inter-
actions between the phases (tissue growth), in examples thatlléav, we will turn
our attention to an idealisation of growing tumours, and exanme the role of the
mechanical environment on its growth.

Similar to the approach followed in Sectiorb.2, the computations presented be-
low serve only to demonstrate aspects of the coupled physics urigimg the problem,
and the actual constitutive modelling choices made (and theooesponding numer-
ical parameters used) are not intended for direct comparisonitiv experiment. In-
corporating more realistic modelling choices (such as the uskmore sophisticated
biochemistry involving additional species Jackson and Byrne 200Q), and the as-
certainment of corresponding parameters, is a direction fouture work.

The computations presented in this section are motivated by ahaim to replicate
a fundamental experimental observation: Compressive solid stge along a given
direction restricts the in vitro growth of tumours along that direction (Helmlinger
et al.,, 1997. The foundational examples discussed in Sectiofs4.§5.4.4focus on
di erent aspects of this con ned tumour growth problem, and acombination of all
these phenomena are manifested in the nal computation preset in Section5.4.5

The computational model used in this section is primarily a salicomprised of
an extra-cellular matrix (ECM) and tumour cells capable of mwving with respect to

this matrix.® In order to simplify the scenario, it is assumed that the solute plses,

8We have already studied the e ects of the extra-cellular uid ow on the mechanics in some
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such as the nutrients and enzymes, are present in su cient amousitto drive the
biochemistry that allows the cells to proliferate and produe more ECM. The model
geometry, as visualised in Figuré.26 is semicircular and has a radius of 10 mm
initially.

5.4.1 Kinematic swelling concomitant with growth

In this initial calculation, we focus on the kinematic swellg associated with an
increase in the mass of the solid tumour. The isotropic swellingrsor introduced in

Section2.2 has been modi ed to,

1=2

0
6 0 0
Ojni
(5.3) FgEE 0 57 og;
0

Oini

0 1

since we are working in two dimensions under a plane strain sefgin

This example solves the mas2(2) and momentum balance 2.7) equations for
the solid (comprised at this point of both cells and the matrix)in the reference
con guration. The boundary conditions for the momentum bahnce equations only
prevent rigid body motion of the domain, and do not constraints deformation
in any way. The mass balance equation is solved with a uniform soce term

©=0:001 kg.m 3/day. The initial solid concentration is § =1 kg.m 2.

As a result of this uniform mass source, and the increasing solid cemtration,
the domain begins to swell. Figure§.26and5.27show the tumour initially, and after
100 days. The colour contours provide the radial displacemeant the solid in mm,

and the arrows provide the direction of its velocity. Sincehtere are no constraints on

detail in the preceding sections. Since we are currently focusing on other phenomena, we have
chosen to ignore the uid here.
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the deformation, this swelling is isotropic. Figureé.28 shows the area of the domain
increasing linearly in time over the duration of the computabn. Note that the ratio
of the nal to initial areas 172.788 mnt#/157.08 mn¥ is exactly the same as the ratio

of the nal to initial concentrations 1.1 kg.m 2/1 kg.m 2, as one would expect.
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Figure 5.26: A semicircular tumour at time t = 0 days.

5.4.2 A constraining wall and soft contact mechanics

We are interested in subjecting this solid tumour model to a conmpssive stress,
and the way we impose this condition is to introduce a rigid walL0.5 mm to the right
of the vertical edge of the domain, and allowing the swellingitnour to impinge upon
it. Recall that the initial radius of the semicircular domainis 10 mm, thus giving it
0.5 mm to grow before it contacts the wall.

For this calculation, the solid is assumed to be hyperelastic witthe Mooney-
Rivlin strain energy function (5.2) with constants C;o = 0:37 andC,o = 0:11 MPa.

As in the previous calculation, the balance of mass and momentufor this growing
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Figure 5.27: A semicircular tumour at time t = 100 days.
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Figure 5.28: The area of the tumour evolving over 100 days.
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solid are solved in the reference con guration. Since we are\d#ap the momentum
balance with dynamics, we cannot introduce the rigid wall insintaneously, as this
results in time-discontinuous solid velocity elds. We instead se the following \soft"

contact mechanics model,

(5.4) q= Aexp( Bg);

whereq is the horizontal traction force induced by the wallg is the gap between the
wall and the approaching tumour, andA and B are parameters associated with the
contact model that control the magnitude of the force, and he sharply the force
rises as the tumour approaches the wall, respectively. This me ensures that the
velocity elds on the impinging boundary of the tumour reman smooth in time.
Starting with the same initial conditions as the previous tes{Figure 5.26), Fig-
ure 5.29depicts the compressive horizontal stress built-up in the solidtar 120 days
due to the presence of the wall (not visible in the gure). Noticeghat the velocity
vectors are much smaller in the constrained direction. Figur®.30 shows the time
evolution of the compressive horizontal stress at a point nearehextreme right of the
domain. The stress increases sharply as the point gets close to tedl, but remains

smooth in time.
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Figure 5.29: The growing tumour constrained by a wall at timet = 120 days.
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Figure 5.30: The horizontal stress in the tumour evolving oer 120 days.
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5.4.3 The mechanics of the cells

In order to observe just the gross kinematic swelling associatedifwan increase in
the mass of the tumour, we have treated the tumour thus far as aolmogenous solid,
not distinguishing between the cells and the ECM. In this sectig we turn o the
growth process, and begin to di erentiate between the speciey becomposing the
total solid stress into two parts: a \passive" stress associated with éhhyperelastic
response of the ECM, and an \active" stress, associated with the adhlr traction

forces on the surrounding medium:

(5.5) -1

c
_0
-~
0

@,\C T c cell cell .
Tt ( ) &
g —

Active

Passive

This decomposition, as well as other modelling choices madetihe remaining calcu-
lations, is based on the modelling work dflamy et al. (2004. Here, is a parameter
that monitors the individual cellular traction amplitude, ¢ and ¢ are the cur-
rent concentrations of the ECM and the cells, respectively, @N is a real, positive
constant (N > ) that controls the cell traction inhibition when the cell density
increases. The model assumes that the active stresses are propogido the ECM
concentration, and that there is a critical concentration dcells at which this active
stress is maximum.

Assuming the following uniform distribution of cells and ECM, ¢ = 0:5 kg.m 2
and ¢ =1 kg.m 3, and the values for the constants = 1000 MPa.kg 3.m° and
N =1 kg.m 3, Figure 5.31shows the cells uniformly pulling the matrix inward. The
colour contours provide the radial displacement of the ECM. Aimilar calculation was
performed with the non-uniform distribution of cells (ranghg between 1.18 kg.m?

and 4.72 kg.m?3) shown in the colour contours in Figure5.32 and the deformed
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domain shows the corresponding deformation of the ECM. Noticéat the regions

of higher cell concentrations pull their surrounding ECM nghbourhoods in greater.
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Figure 5.31: Homogeneous inward pull due to a uniform disttbution of cells.
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Figure 5.32: Heterogeneous traction due to a non-uniform disibution of cells.
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5.4.4 The transport of the cells

In the calculations presented in the preceding section, thelceoncentrations were
xed spatially and temporally. In this section, we allow for the cells to proliferate
and move via diusion and haptotaxis (again, following the wdk of Namy et al.
(2009). We solve the mass transport equation4.2) for the cells to determine their
current concentration elds. In order to account for the afoementioned modes of

mass transport, we specify the following constitutive form forke cell mass ux:

(5.6) cell Vcell — |,.| cell 9Zrad( c? Pcell gr{z;d cell};

Haptotactic ux Cell di usion

where h is the haptotactic coe cient and D" is the di usivity of the cells in the
matrix. In this section, we are primarily interested in obsenng the proliferation and
transport of the cells, and so we do not associate any kinematicstiwthe changing
cell concentration.

In the rst set of results, we look at cell proliferation and di usion, and observe
the e ect that this has on the traction that they apply on their ECM neighbour-
hoods. Starting with a cell-rich circle of radius 5 mm at the a@re of the domain
(having a uniform cell concentration of 6.266 kg.n?), and a smaller cell concentra-
tion (3.778 kg.m 3) at other points on the domain; and using a uniform cell source

cel = 0:001 kg.m 3/day and a diusion coe cient of D¢ =0:01 mn¥/day, Fig-
ures 5.3 5.36 show the snapshots of the di using and proliferating cells durig the
course of the test. The colour contours provide the evolving lteoncentration elds
(in kg.m 2) and the arrows provide the deformation direction of the ECMnduced

by the cell traction.
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Figure 5.33: The cells di using and proliferating at time t = 0 days.
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Figure 5.34: The cells di using and proliferating at time t = 33 days.
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Figure 5.35: The cells di using and proliferating at time t = 67 days.
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Figure 5.36: The cells di using and proliferating at time t = 100 days.
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In the second set of results, we look at cell proliferation and h&gaxis, and
observe the e ect that this has on the traction that the cells aply on their ECM
neighbourhoods. We start this test with the same initial conditons for the cells as
the previous calculation (a cell-rich bulb at the centre oftie domain), but in order
to induce haptotaxis, we begin with the heterogenous ECM coewtration (varying
between 0.5 kg.m® and 1.5 kg.m 3), seen in Figure5.37. In these tests, the hapto-
tactic coe cient his 0.1 mnt.day .mm?3kg . Figures5.3§5.41show snapshots of
the cells undergoing haptotaxis and proliferating duringhie course of the test. The
colour contours provide the evolving cell concentration les (in kg.m 3) and the
arrows provide the deformation direction of the ECM, induce by the cell traction.
We observe that the cells migrate toward areas of higher ECM wé proliferating.
Note that the directionality of the cell traction eld changes correspondingly with

the concentration eld, as noted by the lengths and directins of the arrows.
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Figure 5.37: Heterogeneous extra-cellular matrix concentition (kg.m 3).
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Figure 5.38: Proliferating cells undergoing haptotaxis attime t = 0 days.
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Figure 5.39: Proliferating cells undergoing haptotaxis attime t = 33 days.
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Figure 5.40: Proliferating cells undergoing haptotaxis attime t = 67 days.
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Figure 5.41: Proliferating cells undergoing haptotaxis attime t = 100 days.
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While the magnitudes for the cell di usivity, D", and haptotactic coe cient, h,
are arbitrarily chosen, following the experimental data céd in Namy et al. (2009,
the numerical value assumed fdn is an order of magnitude greater than that assumed
for D! which ensures that when the two modes for mass transport are coimed,

haptotaxis is the dominant mechanism.

5.4.5 Coupling the phenomena

With the individual phenomena explored, we are now ready to ke the coupled
problem described initially. The range of physics incorporat into this problem
include proliferating cells undergoing both di usion and hatotaxis, a rate law for
the production of additional ECM which scales linearly with he concentration of
cells, the stress within the cells induced by their traction, tb hyperelastic response
of the ECM, isotropic kinematic swelling associated with the imease in tumour
mass, and nally, this swelling constrained by the presence of a ia

Figures5.44 5.47show snapshots of the growing tumour constrained by the wall.
The colour contours provide the x-displacement of the swelljtumour and the arrows
provide the direction of the velocity eld. Observe that regons having a higher cell
concentration due to haptotaxis (refer Figure$.3§5.41) tend to swell faster than
regions with lower cell concentrations. Also observe that due tthe presence of
the wall, even as early as 20 days, the velocities are biased aod the vertical
direction. Finally, upon comparing these constrained tumougrowth snapshots with
Figure 5.48 which is a result of a similar calculation without the wall, itis clear that
the presence of the compressive stress along a direction inhikgt®wth along that

direction, which is what we were aiming to see.
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It must be reiterated here that the results provided in this seebn are only to
demonstrate that varying classes of physics can be incorporat@do the existing
mathematical and computational formulation. These results &ve been obtained
using an isotropic growth law £.3), without requiring the stress-dependent time
rate of the growth portion of the deformation gradient deried in Section4.2.5 It
is not yet clear whether the constraint from the mechanical bds just deforms the
tissue and distorts its shape, or whether the cells have some ayilio sense the
local stress state and this a ects directionality of further gowth. More research into

experimental literature is needed before a conclusive statent can be made.
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Figure 5.42: A constrained growing tumour att = 0 days.
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Figure 5.43: A constrained growing tumour att = 20 days.
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Figure 5.44: A constrained growing tumour att = 40 days.
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Figure 5.45: A constrained growing tumour att = 60 days.
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Figure 5.46: A constrained growing tumour att = 80 days.
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Figure 5.47: A constrained growing tumour att = 100 days.
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Figure 5.48: An unconstrained growing tumour att = 80 days.



CHAPTER 6

Concluding remarks

This dissertation presented a number of signi cant enhancemeto our original
growth formulation presented inGarikipati et al. (2009. With the reformulation
of the theory in an Eulerian setting in Chapter4, the governing equations for the
uid phase are now recast in terms of the uid concentration, vicity and pressure;
primitive variables that are natural to uid mechanics. This, along with the revised
computational formulation that solves the momentum balanceequations for each
species separately, retaining all aspects of the coupling beewn the equations, has
rapidly led to the establishment of a practical environment testudy the biphasic me-
chanics response of soft tissues. While the computational exanmgpl@esented in this
dissertation focused mostly on the interaction between elastidpses, it has proven
straightforward to extend it to more involved cases, such as stuthg the ow of a
viscous uid through a porous, hyperelastic solid. Thus, the comytational formu-
lation potentially provides a means to systematically expl@ the various sources of
rate-dependent behaviour in soft tissues: the viscoelastic dafmation of the colla-
gen network, the viscosity of the extra-cellular uid, frictional e ects arising from
stress-driven uid ow through the network, as well as suitable ombinations of these
e ects.

Carefully revisiting the assumptions underlying the behaviauof mixtures, and

taking a close look anew at the Dissipation-Inequality, in an &mpt at constitu-
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tive speci cation to satisfy it a priori, brought to light some new, key, constitutive
relations. This is another signi cant aspect of this work.

One key relationship was for the mass interconversion terms thsuggested that
it is the energetic di erence between the reactants and therpducts of a chemical
reaction that drive the reaction forward; a well-establishecconcept in chemistry.
This broad guideline allows for the specication of a very gesal class of source
terms representing varying kinds of biochemistry, yet retaing consistency with the
thermodynamics.

Perhaps the most exciting result that arose from this analysis dfie implications
of the Dissipation-Inequality was the dissipation-driven grotin tensor presented in
Section4.2.5 Experimental work on wound healing in ligamentsKrovenzano et al,
2003 and stress-based inhibition of tumour growth delmlinger et al, 1997 seems
to suggest that the processes underlying biological growth aregendent upon the
local stress eld in a related manner. However, a direct corrdian with experiment,
if found, will be a manifestation in Biology of a phenomenon @it is common in

Materials Physics.
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APPENDIX A

A review of mathematical results

The following sections catalogue some classical mathematicakults that have
been frequently called-upon during the course of the developnt of the theoretical

formulation in Chapters 2 and 4.1

A.1 Gauss-Green's divergence theorem

Let R" be a bounded open set with &£ boundary, let :@ ! R" be
the exterior unit normal vector to at a point x and letv: ! R" be a vector
function in C°( ;R™)\ C!( ;R™). Then,

Z Z
divv(x) dx = hv(x); (X)id (x):
@

Here, the operator diw is the divergence of the vector eldv, and is denoted
as DIV (v) and div (v) in the reference and current con gurations, respectively,ni
the main body of this dissertation. The termd in the surface integral on the
right hand-side is the area measure corresponding @. In the main body of this

dissertaton, the scalar product in the second integral is writteasv N andv n when

1The material presented in Appendix A is covered under the GNU Free Documentation License
(Seehttp://www.gnu.org/copyleft/ ). This a ords the reader the freedom to copy and redistribute
the matter with or without modi cation, either commercially or noncommercially.
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working with quantities in the reference and current con guations, respectively, and
represents thenormal componentof v with respect to @, hence the whole integral
represents theux of the vectorv through @.

The theorem as stated for the vector functiorv can be extended to the following

forms which prove useful in the development of the theory:

Z Z
gradv(x) dx = V(X) (x)d (x);
@
Z Z
curlv(x) dx = V(X) (x)d (x); and
@
Z Z
divT (x) dx = T(x) (xX)d (x);

@
whereT : R" ! R" is a tensor function.

A.2 Reynolds' transport theorem

Introduction Reynolds' transport theorem(Reynolds 1903 is a fundamental
theorem used in formulating the basic laws of uid mechanics. Foour purpose,
let us consider a uid ow, characterised by its streamlines, inle Euclidean vector
space R3 kk). Embedded in this, we consider a continuum bodf occupying a
volume V whose particles are xed by their material (Lagrangian) codafinates X,
and a control volumev, bounded by the control surface@, whose points are xed
by their spatial (Eulerian) coordinates,X.

De nition 1. We de ne an extensive tensor propertyby the expression

Z
(A1) ( x;t):= (X;t) (x;t)dv;

\

where (X;t) is the respectiventensive tensor property
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Theorem's hypothesis The kinematics of the continuum can be described by
a dieomorphism  which, at any given instantt 2 [0;1 ) R, gives the spatial

coordinatesx of the material particle X,
vV [01)! v [01); t7!t X7 x= (X;t):

Indeed the above sentence corresponds to a change of coordisavhich must verify

J = @@—;; Fij 60; Fij = g—;;

J being the Jacobian of transformation dv = JdV) and F; , the Cartesian compo-
nents of thedeformation gradient tensorf.

Theorem The material rate of an extensive tensor property associated wita

continuum body B is equal to the local rate of the property in a control volumey

plus the e ux of the respective intensive property across its aatrol surface @.

Proof. By taking on Equation (A.1) the material time derivative, and applying

Gauss-Green's Divergence Theorem, we have,

Z Z Z Z
P o W= Jav = IV = (3 + Ddv-=
Dt v v v v
Z n h@ i 0
. J@{ )+vr( ) + Jr y v) dv =
Z nhg i 0
; @{ ) + vr( )+( )rxv (Jdv)
Z Z Z Z
_ @ _ @ .
= v@( Ydv + vrx( v)dv = @tv dv + N vV nda;

Finally, by using Equation (A.1) on the rst integral in the right hand-side of the

last line, we obtain



(A.2) - Q.

endorsing the theorem statement.
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APPENDIX B

Supplementary topics

B.1 Frame invariance and ux contribution from acceleratio n

In our earlier treatment (Garikipati et al., 2009, the constitutive relation for the
uid ux had a driving force contribution arising from the acceleration of the solid
phase, fFT %. This term, being motivated by the reduced dissipation inequdy,
does not violate the Second Law and supports an intuitive undganding that the
acceleration of the solid skeleton in one direction must resulh ian inertial driving
force on the uid in the opposite direction. However, as de nedthis acceleration is
obtained by the time di erentiation of kinematic quantities,' and does not transform
in a frame-indi erent manner. Unlike the super cially similar term arising from the
gravity vector,? the acceleration term presents an improper dependence on fh@me
of the observer. Thus, its use in constitutive relations is inapppriate, and the term

has been dropped in Equation4.33.

1And not in terms of acceleration relative to xed stars for e.g., as discussed inTruesdell and
Noll, 1965 Page 43).

2Where every observer has an implicit knowledge of the directionality of the eld relative to a
xed frame, allowing it to transform objectively. Speci cally, under a time-dependent r igid body
motion imposed on the current con guration carrying x to x* = c(t) + Q(t)x, where c(t) 2 R®
and Q(t) 2 SO(3), it is understood that the acceleration due to gravity in the transformed frame is
g* = Qg and is therefore frame-invariant. However,a* = € +2Qv + OQx + Qa , and is therefore
not frame-invariant.
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B.2 Stabilisation of the simpli ed solute transport equati on

In weak form, the SUPG-stabilised method Klughes et al, 1987 for Equa-

tion (2.49 is,
~ . v
wh T +m' grad — d
Z h i
+ grad w" DSgrad ' d
" |
Xel Z mf d & sh #
+ — grad w" 5+ m' grad — d
e=1 e
(B.1) xo 2 h h i
— grad w" div D°grad ° d
=1 e Z
= w"sd+ w'h d
h
el YA f
+ — grad w" °d ;
e=1 e

where quantities with the superscript h represent nite-dimesional approximations
of in nite-dimensional eld variables, | is the Neumann boundary, and this equa-
tion introduces a numerical stabilisation parameter, , which we calculate from the

L, norms of element level matrices, as described Tezduyar and Sathe(2003.
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