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PS699: Statistical Methods II 
 
 

Quick Review of Fundamental Probability & Distributions, 
and Statistics, Estimation, & Inference 
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I. Basic Probability Review: 
A. Preamble: 

1. We can view the outcome of every aspect of the physical & social world as the 
product of some “random” “experiment”. 
a) “Random” here means that prior to the outcome, some degree (from zero to infinite) 

uncertainty exists about what the outcome will be 

(1) Now, zero & infinite uncertainty both, in some sense, strain the meaning of “uncertainty”. 
We are usually uninterested in either case: 

(a) Zero, because there is nothing to explain; it just is. Infinite uncertainty is even little hard to grasp & 
probably not empirically relevant in vast majority of cases. We usually have some idea of range of 
possible outcomes if nothing else. 

(b) Because of this, most texts exclude 0 and ∞ uncertainty from definition of “random”. 

(2) Do remember, though, that something happens with probability 0 or with probability 1, 
either of which correspond to 0 uncertainty, is actually possible. 

2.  Another key term: Data-Generating Function (DGF) – the mechanism that 
produces these random outcomes. 
a)  Usually, in social science, DGF is outside analysts’ control. 

b)  One view of the object of our empirical-estimation exercises: to estimate the 
parameters of the (ideally, substantively & theoretically determined) DGF. 
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B. Probability Function: 
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C. Random Variables: assigning numeric values to outcomes probability 
functions gives definitions discrete and continuous probability functions 

 
1.  If outcomes finite or countably infinite, then R.V. is discrete.  
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2. If outcomes neither finite nor countably infinite, then they are infinitely divisible, 

& the RV is continuous.  no way to sum probabilities of values  integrate, 
and the axiomatic definition of a probability density function (pdf) becomes: 
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D. Examples: 

1.  Discrete: 
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(Not used in our branches of stats much; used in formal theory a lot.) 

 
(note: N!/[x!(N-x)]! is “N choose x”, written ( )Nx ) 

(4) Poisson Distribution: Limit as the number of trials →∞ at same time π→0 (e.g., because 
time-slice →0) such that nπ, which is the mean of a binomial, is stable, we get continuous-time 
version of Binomial, the limiting distribution of the Binomial, known as the Poisson: 

Pr( )
!
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x
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First-Principles: It’s a count distribution. Each event is independent. Probability of event 
within observation period is λ. 
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2. Continuous: 

 
(even less/more commonly used in stats/theory than discrete) 

 
a)  You’ll see this pdf written other ways as well; for example: 
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b)  And, for reference, the standard-normal is the normal with mean 0 and s.d. 1, so: 
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3.  A squared standard-normal is Chi-Squared, 2
1

c ; sum of n independent std-

norms squared ~ 2
n

c , sum of  n independent 
2

in
c  ~ 

2

i in
cS : 
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4.  Ratio of two χ2, each divided by its degrees of freedom is F with those º free: 

 
5. Standard normal, divided by square root of a χ2 divided by its degrees of 

freedom is t with those deg’s free: 
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6.  Some useful relations & limiting distributions: 
a)  Square of a tn-k is F1,n-k: that is, 2

1,
~

n k n k
t F

- -  

b)  Two other useful limits: limn→∞ tn-k is N(0,1); and limn2→∞ (n1×Fn1,n2)=Chi-squared[n1] 

E. Cumulative Distribution Functions: 

 



Page 12 of 76 

F. Expectations (Means): 

 
1.  Median: not so commonly used in our branches of stats; again, more in theory 

2.  Mode: “most common value”. That x at which f(x) maximized, i.e., Argmax f(x). 
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3.  Rules for Working with Expectations: 

a) Expectation of a sum is sum of the expectations. (So, e.g., can move E in-&-out of .) 

b) Expectation operator slides through constants, snagging on random variables: 

( ) ( ) ( ) ( )E a bX cZ dXZ a bE X cE Z dE XZ+ + + = + + +  
c) Note: slides through constant coefficients, but cannot slide through product of 2 RV’s 
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4. How about a proof of this crucial property: E(a+bX)=a+bE(X) 
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5. Variance, crucial special case of E(f(X)): 

 
a) Some preliminary properties: 

 

  
b)  Note from (2): “constants neither vary nor covary [to be defined shortly…]” 
c)  Note from (3): use Taylor-series linear-approximation for V(nonlinear f(RV))… 
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6. Mean Squared-Error, another crucial special case of E(f(X)): 

 
7. While at it, 3rd & 4th moments, Skew & Kurtosis also special cases E(f(X)): 
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G. Joint (Multivariate) Distributions: 

 



Page 18 of 76 

1.  Marginal Distributions: 
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2. Expectations of RV’s & Functions of RV’s in Multivariate Distributions: 
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3. Covariance & Correlation (special cases of E(f(X)) in multivariate dists): 

 
a)  Both covariance and correlation are measures of simple (i.e., linear) association, with 

larger positive (negative) values indicating greater positive (negative) association, 
smaller indicating smaller, and 0 indicating no (simple, linear) association. 

b)  Covariance, however, is sensitive to the scale of the variables; correlation nets those 
scales to produce a single measure -1≤ρ≤1, with -1 (+1) indicating perfect negative 
(positive) association and 0 indicating no association. 
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4. Conditional Distributions & Expectations (very special cases of E(f(X))…): 
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Harder to draw for continuous, but suppose… 
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Perhaps the most important example is the expected squared, conditional deviation 
function or the conditional-variance function, i.e., the skedastic function: 
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5.  Summary: Key Properties of Expectations, (Co)Variances, & Conditioning 
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Rob’s Rules for Variances & Covariances 
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H. Independence: 
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Longer-hand demonstration of V(vector)=matrix: 
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CRUCIAL IMPLICATION of INDEPENDENCE: 

Given independence, joint distribution is just product of the marginal distributions: 
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II. Estimation & Statistical Inference  
A. Preamble: 
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Note: efficiency is unambiguously desirable only when comparing two estimators with equal 

bias or consistency properties/performance. More generally, a tradeoff arises between 
bias/consistency and efficiency. A measure that combines these desiderata is: 
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(Minimum) Mean Squared-Error (“(best) combined min-bias & max-effic.”): 

( ) ( ) ( ) 22ˆ ˆ ˆE V bias   = +   θ − θ θ θ  
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a) Proving minimum-variance (most-efficient) among some class of estimators (among 
unbiased estimators, or among linear & unbiased estimators…) is hard. One way can 
know you have min-var (or best) among unbiased is via Cramér-Rao Lower-Bound 
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B. The Law of Large Numbers (LLN) & the Central Limit Theorem 
(CLT) (the two most-important theorems in probability & statistics): 
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III. Basic Statistics Review, Summary: 
A. A statistic, or an estimate, is any quantity calculated from the data. 

B. An estimator is formula or strategy applied to calculate an estimate. 

C. Properties of estimators: 

1.  Unbiasedness (“right on average, across samples”): ( )ˆE =θ θ  . 

2.  Consistency (“exactly right, w/o variance, as sample-size→∞”): 
ˆlim

n→∞
=θ θ . 

3.  Efficiency (“all useful information used; no wasted info”): 

 
4. (Minimum) Mean Squared-Error (“(best) combined min-bias & max-effic.”): 

( ) ( ) ( ) 22ˆ ˆ ˆE V bias   = +   θ − θ θ θ  

5.  Minimum-Variance (Best) Unbiased Estimator (BUE) & Minimum-Variance 
(Best) Linear Unbiased Estimator (BLUE), Minimum-Variance (Best) 
Asymptotically Normal & Consistent Estimator (BANC): Self-explanatory… 
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6.  Following can exemplify estimator, estimate, unbiased, consistent, efficient: 
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IV. Maximum-Likelihood Estimation: 
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Steps of that rearrangement: 

Pr Pr Pr Pr
/
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z z x x x x x
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Additional notes: 

f. “…for specific (ranges of) parameter values.” 

g. As with h. regarding consistency: essentially, if estimate unbiased, and verdict directly 
related to estimate, then test unbiased. 
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Wald 
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And, as mentioned previously, can sometimes also conduct LM tests by clever auxiliary 

regression in which coefficients are the Lagrangian multipliers for the constraints. 


