
From CLRM to Multilevel ModelFrom CLRM to Multilevel Model

If CLRM assumptions apply, then OLS If CLRM assumptions apply, then OLS 
unbiased, consistent, and efficient.unbiased, consistent, and efficient.

Two main issues of concern:Two main issues of concern:
Parameter heterogeneity: (see pictures)Parameter heterogeneity: (see pictures)

systematic &/or stochastic (fixed v. systematic &/or stochastic (fixed v. rndmrndm intrcpt/coeffintrcpt/coeff))

can cause bias if pattern can cause bias if pattern unmodeledunmodeled hetero relates to hetero relates to XX,,

NonNon--spherical error spherical error covcov--mat: an efficiency & proper mat: an efficiency & proper 
s.e.s.e.’’ss issue, not a bias/consistency oneissue, not a bias/consistency one

But But ““mere inefficiencymere inefficiency”” can be serious.can be serious.

And accurate std And accurate std errerr’’ss very important.very important.
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From the CLRM to HLMFrom the CLRM to HLM
Examples of parameter Examples of parameter hetereogeneityhetereogeneity
that covaries w/ X values, so bias:that covaries w/ X values, so bias:

Note: FE v. RE both theoretically could cause Note: FE v. RE both theoretically could cause 
bias if bias if covcov w/ X, but latter w/ X, but latter i.d.i.d.’’dd off off orthogorthog



From the CLRM to RE ModelFrom the CLRM to RE Model
Std. R.E. Model: Odd that std. Std. R.E. Model: Odd that std. linlin--interaxinterax model:model:

Assumes know Assumes know y=y=f(X)+errorf(X)+error::

But But dy/dxdy/dx==f(zf(z)) w/o error!:w/o error!:

So, try:So, try:

=> std. => std. linlin--interact...except compound errorinteract...except compound error--termterm……

Std. HLM: Same model, except Std. HLM: Same model, except xxijij & & zzjj,&,&
So std So std linlin--interact, but w/ diff compoundinteract, but w/ diff compound--error error structstruct..
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From CLRM to Hierarchical ModelFrom CLRM to Hierarchical Model
Std. HLM: Same model, except Std. HLM: Same model, except xxijij & & zzjj,&,&

So a std. So a std. linlin--interact too, but with different interact too, but with different 
compoundcompound--error stochastic properties.error stochastic properties.

jijijjij zx 210* εεεε ++=
0

0 0
0 1

1
0 1

0
0 1 0

1
1

0 1 0

1

eusup lftrt ...

eusup lftrt

lftrt lftrt ...

gathering terms :
eusup ... lftrt

lft

β β ε

β α α

β γ γ

α α γ

γ ε

α α γ

γ

= + + +

= + +

= + +

⇒ = + + +

+ × + + +

= + + +

+

lr
ij j j ij ij

j j j

lr
j j j

ij j j ij

ij j ij j ij

ij j ij

GSPEND u

GSPEND u

GSPEND u

GSPEND u

GSPEND

( )0 1

1

rt ... lftrt

eusup eusupGS   &  edu
lftrt GS

eusup GS
lftrt

ε× + + + +

∂ ∂
⇒ = + + = +

∂ ∂
∂⎛ ⎞ = +⎜ ⎟∂⎝ ⎠

ij j j ij j ij

lftrt lrGS j GS lrGS

lftrt lrGS

GSPEND u u

b b u b b

E b b



Properties of OLS Estimates of LinProperties of OLS Estimates of Lin--Interact Interact 
Model if truly RE/HLM:Model if truly RE/HLM:

So, OLS So, OLS coeffcoeff. . estest’’ss sill differ from truth by sill differ from truth by AAεε**::

So, OLS So, OLS coeffcoeff. . estest’’ss unbiased & consistent:unbiased & consistent:

Note: only works for models w/ additively separable Note: only works for models w/ additively separable 
stochastic component; not stochastic component; not necnec’’lyly for others (log/for others (log/probprob))
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Properties of OLS under HLM ConditionsProperties of OLS under HLM Conditions



But, OLS But, OLS s.e.s.e.’’ss will be wrong; not will be wrong; not ss22((X'XX'X))--11, but:, but:
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Not Not σσ22II (even if each (even if each εε** is), so whole thing is), so whole thing 
doesndoesn’’t reduce to t reduce to σσ22((X'XX'X))--11, so OLS , so OLS s.e.s.e.’’ss wrong.wrong.
Be OK on Be OK on avgavg (unbiased) & in limit (consistent) if (unbiased) & in limit (consistent) if 
that term varied in way that term varied in way ““ orthogonal to orthogonal to XXXX'' ””

But But defdef’’lyly not not b/cb/c [[··] includes ] includes xx & & zz, which part of , which part of XX!!
=brilliant insight of =brilliant insight of ‘‘robustrobust’’ (i.e., consistent) (i.e., consistent) s.es.e. . estest’’ss::

Only need Only need s.es.e. formula that accounts relation V(. formula that accounts relation V(εε**) to ) to ““X'XX'X””, , 
i.e., regressors, squares, & crossi.e., regressors, squares, & cross--prodprod’’s involved in s involved in X'[X'[··]X]X””

uu ““, robust, robust”” & & ““, cluster, cluster”” can work (for RE & HLM, can work (for RE & HLM, respresp’’lyly))
so track eso track e22 relrel xx'xx' & & zzzz'' uu het.het.: : 

simsim + + grpnggrpnguu hethet--clustercluster::
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uu appropriate appropriate ““, robust, robust”” & & ““, cluster, cluster”” can workcan work
I.e., I.e., asymptoticallyasymptotically std errs rightstd errs right……BUT need large BUT need large nnjj

I.e., I.e., coefficients still inefficientcoefficients still inefficient..
Want/need efficiency, or Want/need efficiency, or nnjj low? HLM/RE or FGLS/FWLS.low? HLM/RE or FGLS/FWLS.
Note: similarity RE/RC and HLM, RE & FWLS. As suggests, Note: similarity RE/RC and HLM, RE & FWLS. As suggests, 
RE only helps efficiency and only rightly does so if thatRE only helps efficiency and only rightly does so if that’’s all it s all it 
does. (I.e., if the does. (I.e., if the RERE’’ss orthogonal to X.)orthogonal to X.)

I.e., I.e., ““workwork”” thusly for models with additivelythusly for models with additively--
separable stochastic componentsseparable stochastic components

As w/ all such As w/ all such ““sandwichsandwich”” estimators, logical disconnect in estimators, logical disconnect in 
applying them to models w/o such applying them to models w/o such separabilityseparability..
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Properties of OLS Estimates of LinProperties of OLS Estimates of Lin--Interact Model if Interact Model if 
truly RE/HLM:truly RE/HLM:

So, OLS So, OLS coeffcoeff. . estest’’ss sill differ from truth by sill differ from truth by AAεε**::

So, OLS So, OLS coeffcoeff. . estest’’ss unbiased & consistent (unbiased & consistent (iffiff……):):

Note: only works for models with additively separable Note: only works for models with additively separable 
stochastic component; not stochastic component; not necnec’’lyly others (e.g., others (e.g., logit/probitlogit/probit))
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But, OLS But, OLS s.e.s.e.’’ss will be wrong; not will be wrong; not ss22((X'XX'X))--11, but:, but:
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Not Not σσ22II (even if each (even if each εε** is), so whole thing doesnis), so whole thing doesn’’t t 
reduce to reduce to σσ22((X'XX'X))--11, so OLS , so OLS s.e.s.e.’’ss wrong.wrong.
Be OK on Be OK on avgavg (unbiased) & in limit (consistent) if (unbiased) & in limit (consistent) if 
that term varied in way that term varied in way ““ orthogonal to orthogonal to xxxx'' ””

But But defdef’’lyly not not b/cb/c [[··] includes ] includes xx & & zz, which part of , which part of XX!!
=brilliant insight of =brilliant insight of ‘‘robustrobust’’ (i.e., consistent) (i.e., consistent) s.es.e. . estest’’ss::

Only need Only need s.es.e. formula that accounts relation V(. formula that accounts relation V(εε**) to ) to ““XX''XX””, i.e., , i.e., 
regressors, squares, & crossregressors, squares, & cross--prodprod’’s involved in s involved in XX''[[··]X]X””

⇒⇒ ““, robust, robust”” & & ““, cluster, cluster”” can work (for RE & HLM, can work (for RE & HLM, respresp’’lyly))
so track eso track e22 relrel xx'xx' & & zzzz'' ⇒⇒ heteroskedheterosked..: : 

sim+grpngsim+grpng⇒⇒ clustercluster::
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uu appropriate appropriate ““, robust, robust”” & & ““, cluster, cluster”” can workcan work
I.e., I.e., asymptoticallyasymptotically s.e.s.e.’’ss rightright……BUT need large BUT need large nnjj & & NN--kk

Specifically, from smallSpecifically, from small--sample corrections, seems need small:sample corrections, seems need small:

I.e., I.e., coefficients still inefficientcoefficients still inefficient..
Want/need efficiency, or Want/need efficiency, or nnjj or or NN--kk low? HLM/RE or FGLS/FWLS.low? HLM/RE or FGLS/FWLS.
Note: similarity RE/RC and HLM, RE & FWLS. As that Note: similarity RE/RC and HLM, RE & FWLS. As that simsim
suggests, RE/RC only helps efficiency and only rightly does so isuggests, RE/RC only helps efficiency and only rightly does so if f 
thatthat’’s all it does. (I.e., if the RE/RCs all it does. (I.e., if the RE/RC’’s orthogonal to s orthogonal to XX.).)

I.e., I.e., ““workwork”” thusly only or models with additivelythusly only or models with additively--separable separable 
stochastic componentsstochastic components

As w/ all such As w/ all such ““sandwichsandwich”” estimators, a sort of logical disconnect in estimators, a sort of logical disconnect in 
applying them to models w/o such applying them to models w/o such separabilityseparability……
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