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The Kähler cone

• If XΣ is a simplicial projective toric variety, then

An−1(XΣ)⊗ R ∼= H2(XΣ; R),

so
H1,1(XΣ; R) ∼= H2(XΣ; R) ∼= An−1(XΣ)⊗ R.

• The Kähler cone in An−1(XΣ)⊗R is the subset consisting of all classes that correspond
under the above isomorphism to Kähler classes in H1,1(XΣ; R).

• Here is a concrete description of the Kähler cone:

• For any effective divisor class a =
∑
aρ[Dρ], and each σ ∈ Σ, we can find mσ ∈ MR such

that
〈mσ, vρ〉 = −aρ

for all ρ ∈ σ(1), where vρ is the integral generator of ρ. (This is simply because the vectors
vρ are linearly independent.)

• Definition: An effective divisor class a as above is convex if for each σ ∈ Σ, we have

〈mσ, vρ〉 ≥ −aρ

for all ρ ∈ Σ(1).

• Let
cpl(Σ) = {a ∈ A+(Ξ) | a is convex}.

• Fact: The Kähler cone of XΣ is the interior of cpl(Σ).



The moment map

• Let XΣ be a toric variety, determined by a fan Σ in NR ∼= Rn. Let r = |Σ(1)|.

• Let
G = HomZ(An−1(X),C∗),

GR = HomZ(An−1(X), U(1)).

• Applying HomZ(·,C∗) to the exact sequence

0→M → ZΣ(1) → An−1(X)→ 0

gives an inclusion G ↪→ (C∗)r, and hence GR ↪→ U(1)r.

• The Hamiltonian action of U(1)r on Cr thus gives a Hamiltonian action of GR on Cr.

– Recall, to say that the action of a Lie group G on a symplectic manifold M is
Hamiltonian is to say that there exists a moment map µ : M → g∗ such that
for all ξ ∈ g, if µξ : M → R is the function p 7→ µ(p)(ξ), we have

dµξ = ρ(ξ)

under the bijection between vector fields and 1-forms induced by the symplectic form.
Here, ρ(ξ) is the vector field describing the infinitesimal action of ξ, that is:

ρ(ξ)x =
d

dt

∣∣∣∣
t=0

exp(tξ) · x.

• Note that
gR = HomZ(An−1(X),R),

g∗R = An−1(X)⊗ R.

• Using this, it is possible to get an explicit description of the moment map µΣ for the action
of GR on Cr.

• Theorem: If XΣ is projective and simplicial and a ∈ An−1(X)⊗R = g∗R is a Kähler class,
then

µ−1
Σ (a)/GR ∼= XΣ.

• Idea of Proof: We know from the fact stated previously that a is strictly convex. Define
a polytope ∆ ⊂MR by

∆ = {m ∈MR | 〈m, vi〉 ≥ −ai}.

Strict convexity of a implies that ∆ is combinatorially dual to Σ, which implies the claim.



The secondary fan

• Idea: The secondary fan is a way of fitting together the Kähler cones of all the toric
varieties with a fixed 1-skeleton.

• Why do this?

– Suppose ∆ is a reflexive polytope in M and P∆ is the associated toric variety. Recall
that if Σ is the normal fan in N of ∆, then P∆ = XΣ.

– Any hypersurface of P∆ whose divisor class is the anticanonical class is Calabi-Yau
by the adjunction formula.

– Try to desingularize as much as possible while remaining Calabi-Yau.

– Desingularization is given by adding cone generators to Σ until every cone has gen-
erators that extend to a Z-basis for N .

– Fact: If Z is the toric variety obtained by adding a cone generator ρ to Σ, then there
is a birational map f : Z → P∆ and

KZ = f ∗(KP∆
)− (〈ρ,mF 〉+ 1)D

if ρ lies in the facet 〈u,mF 〉 = −1 of ∆◦.

– So if we don’t want to change the canonical class, we can add all the elements of
(N ∩∆◦) \ {0} but no more.

– All the Calabi-Yaus obtained in this way will have 1-skeleton (N ∩∆◦) \ {0}.
– They will together form one side of the mirror. They have the same complex moduli

(since related by flops), but their Kähler moduli may differ, so we want a way to talk
about their Kähler moduli collectively.

• Fix a finite set of strongly convex rational 1-dimensional cones Ξ in NR.

• Want to consider all fans Σ with Σ(1) = Ξ.

• An−1(XΣ) depends only on Ξ, because it is determined by the exact sequence

0→M → ZΣ(1) → An−1(XΣ)→ 0.

So denote it A(Ξ). Similarly for effective classes, so denote them A+(Ξ).

• Recall that the Kähler cone of XΣ is the interior of cpl(Σ), and this does depend on Σ.

• We’d like to say that the cpl(Σ) form a fan that fills up all of A+(Ξ) as Σ varies of fans
with 1-skeleton Ξ, but this is not quite true yet.

• To make it true, we need to vary over all projective simplicial fans with Σ(1) ⊂ Ξ.



• We need to modify the definition of convexity slightly in order to make sense for such fans,
but can basically define cpl(Σ) as above.

• Theorem: Let Ξ be a finite set of strongly convex rational 1-dimensional cones in NR.
As Σ ranges over all projective simplicial fans with Σ(1) ⊂ Ξ, the cones cpl(Σ) and their
faces form a fan in A(Ξ) whose support is A+(Ξ).

• This is called the secondary fan or GKZ decomposition.

• There is also an enlarged secondary fan (sometimes just called the secondary fan) that
fills up all of A(Ξ) and contains the above as a subfan.

Relation to the Moment Map

• The moment map µΣ : C|Σ(1)| → R|Σ(1)|−n depends only on Σ(1) = Ξ and its image is
A+(Ξ), so we can write

µΞ : CΞ → A+(Ξ).

• Let G(Ξ) = HomZ(Ξ,C∗).

• We saw before that the moment map determines XΣ. In fact, the same statement holds
even for toric varieties whose 1-skeleton is a proper subset of Ξ.

• Theorem: If Σ is a projective simplicial fan with Σ(1) ⊂ Ξ and a ∈ A+(Ξ) is in the
interior of cpl(Σ), then there is a natural orbifold diffeomorphism µ−1

Ξ (a)/G(Ξ)R ∼= XΣ.

• Thus, once we have the secondary fan, we can use the moment map to reconstruct all of
the toric varieties whose Kähler cones are represented.

Example

• Consider the fan Σ′ in N = Z2 whose cones are generated by all the proper subsets of the
set

v0 = (−1,−2), v1 = (1, 0), v2 = (0, 1).

The corresponding toric variety is P(1, 1, 2).

• This is an orbifold. (Combinatorially, this is because v0 and v1 do not form a Z-basis for
Z2, but nevertheless any proper subset of the vi’s extends to a Q-basis.)

• Can desingularize by adding the cone generator v3 = (0,−1).

• Call the resulting fan Σ, and let Ξ = Σ(1).

• There are two complete fans whose 1-skeleton is contained in Ξ, namely Σ and Σ′.



• The usual exact sequence is

0→ Z2 → Z4 → A1(XΣ)→ 0,

so A1(XΣ) = Z2. Explicitly, the first map is given by pairing the standard basis vectors
with the integral generators of the 1-dimensional cones, which is

(x, y) 7→ (−x− 2y, x, y,−y),

and the second map then must be

(a, b, c, d) 7→ (c+ d, a+ b− 2d).

• So A+(Ξ) is the cone on (0, 1), (1, 0), and (1,−2) in R2.

• Check: cpl(Σ) = {a0D0 + · · · + a3D3 | a2 + a3 ≥ 0, a0 + a1 + 2a2 ≥ 0}, which is the first
quadrant.

• So the secondary fan is:


