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DICITAL
SIMULATION TECHNIQUES

The

treatment

of inputs

in real-time
digital simulation
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ABSTRACT

Real-time simulation often requires a computer to
interact with external hardware in a dynamic loop.
Data must be sampled from input signals and incor-
porated into the numerical integration algorithm to
evaluate the derivatives of the state variables.
Also, data from the integration must be available for
external use with a minimun of delay. This paper
will show that, because of these requirements, cer-
tain numerical integration routines are best suited
for real-time simulation. A new fourth-order Runge-
Kutta routine designed for real-time use is presented
along with its derivation.

INPUT-OUTPUT DIFFICULTIES IN CERTAIN INTEGRATION
SCHEMES

Consider the real-time integration of the system
¥(8) = flt, y(&), 7(£)]

where y(t) represents the state variables and r(¢)

is the set of external input variables. To use a
numerical integration routine we assume, as is usual-
ly the case, that inputs can be sampled before each
evaluation of the state-variable derivatives and that
the evaluations of the derivatives take most of the
computing time. We also assume that the numerical
integration interval k is chosen to be as small as
possible. A lower bound on the size of & is usually
determined by the speed of the digital computer when
it is being taxed to keep up with real time. Thus,
in order to keep the integration accuracy at an

Keywords: digital integration, digital simulation
techniques

by

Dennis S. Bernstein
Applied Dynamics International
3800 Stone School Road
Ann Arbor, Michigan 48104

acceptable level, the smallest possible value must
often be used.

Suppose that the integration is performed with the
classical fourth-order Runge-Kutta method. This
routine has the form

Ype1 © Y ¥ éjl[fﬁo * Zfﬁl * thz * fnsj
Fo = fLt, s 4, (2]
Fop = fle + 30,y v 3050, 2+ 3]
frp = FLe e 90,y + 305, |, vt +3)]
Fouz = Flby+hy y vk, wt, + k)]

In real time each evaluation of the state variable
derivatives must be accomplished in %/4 time units.
Note that the method requires the input value
r(tn-f%h) to evaluate fj;;. This evaluation, however,
must be initiated at time tn-+h/4. Similarly, the
fourth derivative evaluation, which begins at time

t, + 31/4, requires r(t, +h), the value of the input

at the end of the interval. For these two derivative
evaluations some form of extrapolation is needed to
approximate the required input data when it is needed,
i.e., A/4 time units before it is available. The
extrapolation procedure, besides increasing the com-
puting overhead, results in reduced accuracy,
especially when the inputs contain high-frequency
components. This problem has previously been referred
to in the literature, e.g., on page 8 of Reference 2.

An alternative to the extrapolation of inputs is to
perform the classical fourth-order Runge-Kutta inte-

gration #/4 time units behind real time and then
extrapolate the output h/4 time units ahead to com-

pensate for the delay.
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The same sort of timing problem arises with the Adams-
Moulton predictor-corrector routines. For these
methods the end-of-interval input value »(t_+h) is
required at time %, +h/2, requiring extrapolating
ahead by h/2 time units.

ELIMINATING EXTRAPOLATION

There are integration routines which, when used for
real-time simulation, do not require extrapolation of
either input or output values. The Adams-Bashforth
predictors and certain Runge-Kutta methods are
examples.

It is well known that infinitely many different Runge-
Kutta formulas exist for each order of 2 or greater.
We are particularly interested in the second-order
formula (page 47 of Reference 4).

yn+1 Ty * hfﬁl

Fa1 = fle v 3,y + 30F 0, r(t, +30)]

and the third-order formula (page 49, tbid.)

1
ynﬂ._yn+'ﬁ“ﬁw *30)

fno - f[tn) .l/n) r(tn)]

1 1 1
Sp1 = f[tn<*§h’ U * g0 7L, +§h)]

2 2 2
Fop = fLt, +5h, y v 300, 1, vt + 3]

These formulas require sampled input data at equally
spaced intervals, and hence no extrapolation is need-
ed for real-time simulation. We note that these two
routines and the classical fourth-order formula are
"purely iterative' in that the evaluation of the
derivative f,,, © > 1, requires only the preceding
value fﬁ,i-l' Compared to a method that is not
purely iterative, a routine of this form has the
advantages of fast execution and minimal storage
requirements.

The situation is not so fortunate for a fourth-order
method. It is shown on page 207 of Reference 3 that
any four-stage, fourth-order Runge-Kutta formula re-
quires r(tn<+h) for the evaluation of the fourth
derivative. Siwmce this derivative evaluation must
begin at time ¢, + 3k/4, we see that there cannot
exist a four-stage, fourth-order Runge-Kutta method
that does not require extrapolation when used for
real-time simulation.

DERIVATION OF A NEW FORMULA

We now derive a five-stage Runge-Kutta method that
has fourth-order accuracy but does not require extra-
polation. We shall choose the coefficients to be
small rational numbers with a minimal least common
denominator to facilitate numerical computation.
Also, zero values will be chosen wherever possible to
reduce execution time and storage requirements.

EBB] AUGUST 1979

The derivation proceeds as follows: a five-stage

Runge-Kutta method has the form

4
+h 3z

Y =Y
ntl n k=0

°k fﬁk

where

T,

no = f(tn’ yn, P?’L)

fnk - f(tn)rakh’ yn+hfnk’ Pnk)' ;

o k-1

Fa = Lhy ¥,
nk 2=0 k& “nt
T = r(tn + akh)

Real-time operation requires that

- 5 kzl) 2, 3;4 (1)

k
9% 5

To realize a fourth-order method, the remaining
fifteen parameters must satisfy twelve equations.
These equations are given on pages 17 and 18 of
Reference 1. Using (1), we can write these equa-
tions as follows:

1 CO + cl + cz + 03 + c4 =1
II ¢+ 2¢. + 3¢, + de, = 5
1 2 3 4772
III e, + de, + 9¢, + loc, = g-
1 2 3 473
125
v cl + 802 + 27c3 + 64c4 =
5
Voeybyyreglbyy v 2bg) oy (by +2b),+3b, ) = 5
VI e b, +ec (b,, +4b,. ) +c,(b,, +4b, +9b )zé
2”217 %3%s 32 441 42 43 12
VII e b, +3c. (b, +2b. ) +4c, (b, +2b, +3b )zﬁ
2721 331" P3p 42417 “Paat P30 T g
5
VIIT ey by v ey (byybyy *bggbys+ 2b50byg) = o
1
X bio =3
2
X byt by =3
XI b +b  +b._ =3
30 31 32 5
XI1 b +b _ +b _+b =2
40 41 42 43 -5

By algebraic manipulation we find that the minimal
least common denominator of the coefficients

cg, -.., c4 satisfying I, II1, III, and IV is 24,
If we choose

o - 5
4 7 12
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the other coefficients are

c = .L
0 T~ 24
-3

°1 * 8
- .5
2 T T 7%
o, = 2
3 ° 724

If we now fix b,y and by3, the one nonlinear equation
(VIII) becomes linear and Equations Vv, VI, VII, and
VIII form a system of four linear equations in four
unknowns. For all possible choices of by and byz3
the coefficient matrix of the resulting system is
singular (rank = 3). However, Equations V- VIII can
be solved, and they have infinitely many solutions if
and only if b, and b,z satisfy

3b21 - 12b21b43 + 2b43 =1
Choosing
b21 =0
and
bys = %

to satisfy the above constraint and using the last
degree of freedom to choose

bgy =0
we obtain

b31 =1

byp =0

by, =0

The foregoing steps lead to the following integration
formula:

1
Yper = Yn + a? (Fpg + 155 - 5, * 5Fyg * 1080

Fro = fIE, 4, 2(8)]

1 1 1
Py = FLt, e 2ty ahfy s (t, v )]

nl

2 2 2
&Z_ﬂ%+#’%+?mvanﬁ@]

_ 3 2 3
Qs‘ﬂ%+?’%‘?ﬁo”mn’”%*?”
£oo=fle +dn, gy +3ar wdnp et v 0]
nd n 5 YT 10 0o T 27 a3 n'3s

For the execution of this routine, note that f,,
need not be stored. After its computation it can be
entered into the equation for y,, ;. Also, the
memory space for f,; can be used to store fy3.
Unfortunately, no five-stage fourth-order formula

0

Table 1

Comparison of truncation error coefficients

Proposed Classical
Coefficient real-time fourth-order
formula formula
-1 -1
7y 120 120
-1 1
7, 740 780
-1
s 0 740
-1 -1
Ty 1800 720
1
Ts 0 120
-1 -1
Te 1260 480
- 1
s 80 160
-1 1
Tg 300 780
7 -1 1
9 3600 2 880
9
3|7, 0.019 0.035
=1
9 3
I T2 0.0099 0.015
N
=1
exists that is purely iterative. We can see this by
setting

byo = Pag =bgy =Dyg =byy =By, =0

and using V- XII. Other routines can be derived,
however, by considering tradeoffs among execution
speed, memory requirements, and integration accuracy.

ACCURACY OF THE PROPOSED ROUTINE

Truncation error coefficients are useful indicators
of the accuracy of an integration routine. These
coefficients multiply the leading terms in the Taylor
expansion of the local, or one-step, integration
error. The relative importance of the various terms
in the expansion, and hence of their respective co-
efficients, depends on the system being integrated.
Two rough indicators of accuracy that are often used
to compare Runge-Kutta formulas are the sum of the
absolute values and the square root of the sum of
the squares. These values are given in Table 1 along
with those of the classical fourth-order formula for
comparison. The numbering of the coefficients cor-
responds to page 10 of Reference 1.

CONCLUSION

We have pointed out that certain second- and third-
order Runge-Kutta formulas may be well suited for
real-time simulation since they do not require extra-
polation. It is also important that these formulas
have approximately the same accuracy as the other
well-known Runge-Kutta methods of their orders (see,

for example’ Reference )’
. I l
5[A4ULA77C)N l 6] I
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