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ABSTRACT

Lyapunov Function proofs of sufficient conditions for asymp-
totic stability are given for feedback interconnections of bounded
real and positive real transfer functions. Two cases are consjdered:
1) a proper bounded real (resp., positive real) transfer function with
a bounded real (resp., positive real) time-varying memoryless non-
linearity; and 2) two strictly proper bounded real (resp., positive
real) transfer functions. A similar treatment is given for the circle
and Popov theorems. Application of these results to robust stability
with time-varying bounded real, positive real, and sector-bounded
uncertainty is discussed.

1. INTRODUCTION

One of the most basic issues in system theory is stability of
feedback interconnections. Two of the most fundamental results con-
cerning stability of feedback systems are the small-gain theorem and
the positivity theorem [1-12]. Here we focus (in Sections 3 and 4)
on the sufficiency aspect of these results. The small gain theorem
implies that if G and G, are asymptotically stable bounded-gain
transfer functions such that ||G||eo[|Gelloe < 1, then the feedback in-
terconnection of G and G, is asymptotically stable. Furthermore,
the positivity theorem states that if G and G are (square) positive
real transfer functions, one of which is strictly positive real, then
the negative feedback interconnection of G and G. is asymptotically
stable.

For robust stability, if G. represents an uncertain perturbation,
then it follows from the small gain theorem that an H,-norm bound
on G implies robust stability in the presence of an H,, norm bound
on G,. Similarly, if the system uncertainty G. can be cast as a pos-
itive real transfer function and G is strictly positive real, then the
positivity theorem implies robust stability. Although the small gain
theorem and positivity theorem are equivalent via a suitable trans-
formation (7], positive real modeling of system uncertainty may be
significantly less conservative than small gain modeling of system un-
certainty. This improvement is due to the fact that the small gain
theorem is a normed-based result which captures gain uncertainty
but ignores phase information. Since positive real transfer functions
are phase bounded, the positivity theorem can exploit phase charac-
teristics within a feedback interconnection.

Although the predominant approach to stability theory is Lya-
punov’s method, most of the available proofs of the small gain and

positivity theorems are based upon input-output properties and function-

analytic methods [1-3,6-8]. The purpose of this paper is thus to ex-
plicitly construct quadratic Lyapunov functions to prove sufficiency
in special cases of the small gain and positivity theorems. Specifically,
sufficient conditions for asymptotic stability are addressed for two
cases of feedback interconnections. The first case involves a proper,
but not necessarily strictly proper, bounded real (resp., strongly pos-
itive real) transfer function in a positive feedback (resp., negative
feedback) configuration with a bounded real (resp., positive real)
time-varying memoryless nonlinearity. The second case addresses
the same problem with two strictly proper systems. Specialization
of these results to robust stability with linear time-varying bounded
real and positive real (but otherwise unknown) plant uncertainty is
also discussed.

Having addressed the small gain and positivity theorems, we
then turn our attention (in Section 5) to the well-known circle crite-
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rion or circle theorem [14-29}. In a multivariable setting this result
applies to sector-bounded nonlinearities and thus, upon appropriate
specialization, generalizes (and includes as special cases) both the
small gain and positivity results. Thus, for practical purposes, the
circle theorem provides the means for incorporating both gain and
phase aspects. The proof of the circle theorem given here is com-
pletely consistent with the proofs of the small gain and positivity
results, thus providing a unified treatment of these classical results.

Next we focus (in Section 6) on the Popov stability criterion
[30-49]. Although often discussed in juxtaposition with the circle
criterion, the Popov criterion is quite distinct with regard to its Lya-
punov function foundation. Whereas the small gain, positivity, and
circle results are based upon fixed quadratic Lyapunov functions,
the Popov result is based upon a quadratic Lyapunov function that
is a function of the sector-bounded nonlinearity. Thus, in effect, the
Popov result guarantees stability by means of a family of Lyapunov
functions. For robust stability, this situation corresponds to the con-
struction of a parameter-dependent Lyapunov function as proposed
in [50,51]. A key aspect of the Popov result is the fact that it does
not apply to time-varying uncertainties, which renders it less con-
servative than fixed quadratic Lyapunov function results (such as
the small gain, positivity, and circle results) in the presence of real,
constant parameter uncertainty.

Our proof of the Popov criterion is given in a form that is similar
to the proofs of the small gain, positivity, and circle theorems. This
unified presentation is intended to clarify relationships among these
results.

There are several reasons for seeking Lyapunov-function proofs

-of the small gain and positivity theorem. For example, these proois

help to build stronger ties between state space and frequency domain
approaches to feedback system theory. Furthermore, these quadratic
Lyapunov functions may be useful for extending previous results on
the synthesis of robust feedback controllers [52-59].

2. PRELIMINARIES

In this section we establish definitions and notation. Let IR and
C denote the real and complex numbers, let ( )T denote transpose,
and let I, or I denote the n X n identity matrix. Furthermore,
we write || - ||2 for Euclidean norm and omax(-) for the maximum
singular value and M > 0 (M > 0) to denote the fact that the
Hermitian matrix M is nonnegative (positive) definite. In this paper
a real-rational matriz functionis a matrix whose elements are rational
functions with real coefficients. Furthermore, a transfer function is
a real-rational matrix function each of whose elements is proper, i.e.,
finite at s = oo. A strictly proper transfer function is a transfer
function that is zero at infinity. Finally, an asymptotically stable
transfer function is a transfer function each of whose poles is in the
open left half plane. The space of asymptotically stable transfer
functions is denoted by RH, i.e., the real-rational subset of He,
[10]. Let

A B
G(s) ~ [ c D]
denote a state space realization of a transfer function G(s), that is,
G(8) = C(sI — A)™'B 4+ D. The notation “"%" is used to denote a
minimal realization.

A transfer function G(s) is bounded real (8] if 1) G(s) is asymp-
totically stable and 2) I — G*(jw)G(jw) is nonnegative definite for
all real w. Equivalently, 2) can be replaced by [8, p. 307] 2')
I — G*(8)G(s) is nonnegative definite for Re[s] > 0. Alternatively, a
transfer function G(8) is bounded real if and only if G(s) is asymp-
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totically stable and ||G(s)||cc < 1. Furthermore, G(3)is called strictly
bounded realif 1) G(s)is asymptotically stable and 2) I-G*(jw)G(jw)
is positive definite for all real w. Finally, G(s) is strongly bounded
realif it is strictly bounded real and I— DTD > 0, where D & G(oo).

A square transfer function G(s) is called positive real [8, p. 216]if
1) all poles of G(s) are in the closed left half plane and 2) G(s)+G*(s)
is nonnegative definite for Re[s] > 0. A square transfer function G(s)
is called strictly positive real [9,11,12] if 1) G(s) is asymptotically
stable and 2) G(jw)+G*(jw) s positive definite for all real w. Finally,
a square transfer function G(s) is strongly positive real if it is strictly
positive real and D + DT > 0, where D £ G(o0). Recall that the
minimal realization of a positive real transfer function is stable in the
sense of Lyapunov [8). Furthermore, strongly positive real implies
strictly positive real, which further implies positive real.

For notational convenience in the paper, G will denote an £ x m
transfer function with input w € IR™, output y € IR?, and internal
state z € IR".

Next we give two key lemmas concerning bounded real and pos-
itive real matrices.

Lemma 2.1. Let M € **™ and N € |™*¢ be such that omax (M) <
1 and opmax(N) < 1. Then [I; - MN] #0.

Proof. Since omax(M) < 1 and omax(V) < 1it follows that p(MN) <
Tmax(MN)

< Omax(M)0max(N) < 1, where p(-) denotes spectral radius. Hence

det[J— MN}#0. Q.E.D.

Lemma 2.2. Let M\N € ™*™ be such that M + M* > 0 and
N +N*>0. Then (I, + MN) # 0.

Proof. First we show that N is invertible. Let z € /™, z # 0,

and XA € | be such that Nz = Az and hence z*N* = Az*. Then
z*(N 4+ N*)z > 0 implies that Re A > 0. Hence det N # 0. Now

define $ £ N~ + M. Now, since N"1 4+ N~*= N"}(N + N*)N~*

it follows that S + §* > 0. Thus det § # 0. Consequently, det(I, +
MN) =det NS = (det N)(det §) # 0. Q.E.D.

3. THE SMALL GAIN THEOREM

In this section we use quadratic Lyapunov functions to prove
sufficiency in the small gain theorem in two cases. First, recall the
bounded real lemma [8].

Lemma 3.1 (Bounded Real Lemma). G(s) min g g]

bounded real if and only if there exist real matrices P, L, and W with
P positive definite such that

is

0=ATP+PA+CTC+I"L, (3.1)
0=PB+CTD+ L™W, (3.2)
0=I-DTD-WTW. (3.3)

Proof. Sufficiency follows from algebraic manipulation of (3.1)~(3.3)
while necessity follows from spectral factorization theory. For details
see [8]. Q.E.D.

Remark 3.1. If (3.1) is replaced by
0=ATP+PA+CTC+LTL+R, 3.1y

where R > 0, then (3.1)'~(3.3) imply that G(s) is bounded real.
Suppose in Lemma 3.1 omax(D) < 1. Then since I — DTD > 0

and
wTw =1-DTD, (3.4)
WTW is nonsingular. Furthermore, (3.2) is equivalent to
LW = —(PB+C™D). (3.5)

Using (3.5) and noting that W(WTW)~'WT is an orthogonal pro-
jection so that LTL > LTW(WTW)~'W L, it follows from (3.1) that

0> ATP+PA+(PB+CTDYWTW) }(BTP+DTC)+CTC (3.6)

or, since (WTW)~1 = (1 - DTD)-1,

0> ATP+ PA+(PB+CTD)I-D"D)"Y(BTP + D*C) + CTC.
o ) (3.7)

Thus, in this case conditions (3.1)~(3.3) are equivalent to the single

Riccati inequality (3.7). w4 B

Lemma 3.2.  Let G(s) "*" [C D] . Then the following state-

ments are equivalent:
i) A is asymptotically stable and G(3) is strongly bounded real;

i) I~ DTD > 0 and there ezist positive-definite matrices P
and R such that

0= ATP+PA+(PB+CTDYI-D" D) "{(BTP+DTC)+CTC+R.

Now we prove sufficiency of the small gain theorem for the feed-
back interconnection of a bounded real transfer function and a norm-
bounded memoryless time-varying nonlinearity. Thus define the set

¢ 2 {¢: R xXRY — R™ : |(y, )12 < Jyll2, v € RS,
a.a. t> 0,and ¢(y,-) is Lebesgue measurable for all y € IR‘}.

Theorem 3.1. [G(s)™ |5 p

the feedback interconnection of G(s) and ¢ is asymptotically stable
forallp e &.

Proof. First note that the feedback interconnection of G(s) and ¢
corresponds to the state space representation

(1) = Az(t) + Bo(y, 1),
y(t) = Cz(t) + Dé(y,1).

Since G(s) is strongly bounded real it follows from Lemma 3.2 that
there exist positive-definite matrices P and R such that

0= ATP+PA+(PB+CTD)I-DTD) " (BTP+DTC)+CTC+R.

(3.23)
Next, we use the Lyapunov function V(z) = zT Pz to show that the
feedback interconnection (3.21), (3.22) is asymptotically stable. The
corresponding Lyapunov derivative is given by

V(z) = 27(ATP + PA)z + ¢"BTPz + 2T PB¢

A B] is strongly bounded real, then

(3.21)
(3.22)

(3.24)
or, equivalently, using (3.23)
V(z) = —z Rz ~ T (PB + CTD)(I ~ D™D)~"Y(BTP + DTC)z—
CTCz + ¢TBT Pz + zTPB¢.
(3.25)

Next, add and subtract ¢T¢, 22TCT D¢, and 4T DT D¢ to (3.25) so
that

V(z)= -2zT Rz — z™(PB + C*D)(I - D*D)"Y(BTP + DTC)z — 2TC"Cx

+¢"B"Pz 4+ zTPBp+ ¢T¢— "¢+ 2TCTDg+ 4" DTCz
-327CT D¢ - $"DTCz + ¢"DTD$ - ¢* DT D¢
(3-26)
or, equivalently,
V(z) = —zTRz — 2T(PB + CTD)(I - D*D)"Y(BTP + D™C)=
+2T(PB + CTD)¢ + ¢T(BTP + DTC)z — ¢™(I - DTD)$
+¢%¢ - z7CTCz — ¢TDTDp — 2TCT D¢ — ¢T DT D¢.
Grouping the appropriate terms in (3.27) yields (3.27)
V(z) = —sTRe={(I - DYD)"V/*(B"P + D" D)z - (I - DTD)2 T
{(I-DT™D)y™*(BTP + D'D)z - (I - DTD)/?¢)
+¢T6—yTy
(3.28)
which is negative definite since ¢ € @ implies ¢7¢— yTy < 0. Q.E.D.
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4. THE POSITIVITY THEOREM
In this section we use quadratic Lyapunov functions to prove
the positivity theorem in two cases as in Section 3.

Lemma 4.1 (Positive Real Lemma). G(s) min [é g] is pos-

itive real if and only if there ezist matrices P, L, and W with P
positive definite such that

0=ATP+PA+ITL, (4.1
0=PB-CT+L™W, (4.2)
0=D+ DT -WTw. 4.3)

Lemma 4.2. Let G(s) S [é g] . Then the following state-

ments are equivalent:
i) A is asymptotically stable and G(s) is strongly positive real;
#i) D+ DT > 0 and there exist positive-definite matrices P and

R such that

0=ATP+PA+(C-BTP)Y(D+ DTy (C-BTP)+R.

4.8)

We now prove the positivity theorem for the negative feedback

interconnection of a strongly positive real transfer function and an

odd memoryless time-varying nonlinearity. For the statement of the
next result we define the set

é2 {¢: R!x R - R’: ¢T(y,t)y20, ye€R™, aa.t>0,
and ¢(y,) is Lebesgue measurable for all y € IR™}.

Theorem 4.1. FG(s)™ |7

the negative feedback interconnection of G(s) and ¢ is asymptotically
stable for all$p € &.

A B] is strongly positive real, then

Proof. First, note that the negative feedback interconnection of
G(s) and ¢(-, ) corresponds to the state space representation

z(t) = Az(t) — Bé(y,1), (4.20)

y(t) = Cz(t) — Dé(y,t). (4.21)

Now it follows from Lemma 4.2 that if G(s) is strongly positive real
then there exist positive-definite matrices P and R such that

0=ATP + PA+(C - B™P)T(D + DT)"}(C - BTP)+ R. (4.22)

Next, we use the Lyapunov function V(z) = zT Pz to show that the
feedback interconnection (4.20), (4.21) is asymptotically stable. The
corresponding Lyapunov derivative is given by

V(z) = 2T(ATP + PAT)z — ¢ BT Pz — zTPB¢. (4.24)

Add and subtract 2¢TCz and 24T D¢ to (4.24) so that
V(z) = — 2T Rz — 2(C - BTP)Y(D + DT)"}(C - BTP)s
- ¢" BT Pz - zTPB¢ + 26" Dp — ¢ D¢ — ¢* DT
—2¢TCz + ¢TCz + zTCT¢
(4.25)
or, equivalently,
V(z)=-2 Rz - z"(C - BTP)T(D + D)"}(C - B*P)z
+2T(CT — PB)¢ + ¢*(CT - PBY'z - ¢T(D + DT)¢
- 2¢%(D¢ - Cx).
(4.26)
Grouping the appropriate terms in (4.26) yields

V(z) = —2T Rz—[(D + DT)"V%(C - BT P)z — (D + DT)1/24]T

[(D + DT)—]/?(C - BTP)z - (.D + DT)1/2¢] - 2¢Ty,

4.27
which is negative definite since ¢T(y, )y > 0for all ¢(-,-) € ds.(z(.E.D).
Next, we specialize Theorem 4.1 to the feedback interconnection
of a strongly positive real transfer function and a linear gain F(2)
satisfying F(t) + FT(t) > 0. Hence define

F& {F: R¥ SIR™*™: F(-)is Lebesgue measurable

and F(t) + FT(1) >0, aa.t>0}.
Corollary 4.1. If G(s) ™" g g is strongly positive real, then

the negative feedback interconnection of G(s) and ¢ is asymptotically
stable for all F € F.

As in the bounded real case, Corollary 4.1 guarantees robust
stability for the system

8(1) = (A+ BAW))(1),
where AA(-) €U and U is the uncertainty set

(4.28)

U 2 {AA(): AA(t)=-BF(t)(I +DF())'C,
F(t)+ F(t) 20, F(-)is Lebesgue measurable}.

The key feature of the uncertainty set I is the fact that BF(I +

DF)~1C also involves a positive real condition. To see this note

that if D + D > 0 and F + FT > 0, then

F(I+DF)™ +[F( +DF)™"
= +DF)"T[F 4+ FT + FT(D + DT)F|(I+ DF)"1 > 0.

As shown in [13,58], a natural characterization of uncertainty that
can be captured by U arises in lightly damped structures with un-
certain modal data. _

5. THE CIRCLE CRITERION

In this section we use quadratic Lyapunov functions to prove
the circle criterion. Application of this result to robust stability with
respect to sector-bounded time-varying uncertainty is also discussed.
Although proofs of the circle criterion appear in the literature [27,28]
using quadratic Lyapunov functions, these proofs are confined to
strictly proper systems with a single loop non-linearity. We remove
these constraints and address the MIMO case for proper SISO sys-
tems. To begin, we define the set & of sector-bounded time-varying
memoryless nonlinearities. Let K1, K3 € IR™*¢ and define

&2 (¢: R'xRY - R™: [g(y,1) - Kay]"[$(y,1) = Kay] <0,
y € IR™,a.a., t > 0, and ¢(y,") is Lebesgue measurable for all
yeR™},
Note that for the scalar case, the sector condition characterizing @,
is equivalent to kyy < §(y,t) < kay, YER, 3 0.
Theorem 5.1, Let Ky, Ky € ™¥2 If 3{I + K, G(s)Jl + K1 G(s)] ™}
is strongly positive real, where G(s) i é g] , then the negative
feedback interconnection of G(s) and ¢ is asymptotically stable for
all ¢ € .
Proof, First note that the negative feedback interconnection of G(s)
and ¢(-,-) corresponds to the nonlinear state-space equations (4.44)
and (4.45). Next, note that
U+ KG() + KiG(s)] ™! = I+ (K2 = Ka)[I + K1G(8)] 7' G(s).
(5.1)
Now, noting that {7 + K1G(s)]~1G(s) corresponds to a plant G(s)
with a feedback gain Kj, it follows from feedback interconnection
manipulations that a minimal realization for 1I + J(Kz — Ky)[I +
K1G(s)]7'G(s) is given by
A-B(I+K\D)'KiC B(I+ K,\D)™!
(K2 - K))I + K1D)'C M + LK, - Ky)(I + K1 D)~'D
Note that (I+ K, D)~! exists since [I+K,G(00))[I+K1G(o0)]™! > 0.
Now it follows from Lemma, 4.2 that if 1[I+ K;G(s)][ + K1G(s)]™

is strongly positive real then there exist positive-definite matrices P
and R such that

0=[A- B+ K:D)'K:C]*P + P[A - B(I + K, D)"'K,C)
+[3(K2 - K3)(I + K1D)™'C = (I + K1 D) " B™ P
[+ §(K2 - K3)[(T+ Ky DY D + DT(I + K, D)~T]|-1

-[4(Ky = Kx)(I + Ky D)™'C - (I + K1 D)"TBTP| + R.
(5.2)
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Next, define the Lyapunov function V(z) = zT Pz and let ¢(-,-) €
&@.. Then we obtain
V(z)=2T(ATP + PA)z ~ ¢TBTPz - 2TPB¢  (5.3)

or, equivalently, using (5.2)

V(z)=—2TRz — 27Qz + 2"CTKy(I + K, D) " BT P

5.4
+2TPB(I + K, D) 'K,Cz — ¢ BT Pz — 2T PB, -4

where

Q 2[3(K; ~ Ky)(I + K1 D)™'C — (I + K, D)~ BT P[T
I+ 3(K2 = K[ + KaD)™'D + D™(I + K, D)™ ]!
[3(K2 - K1) + K:D)™'C — (I + K, DY"TBTP).
(5.5)
Next, add and subtract
[(I + K1D)¢ — K1 C2)T[(I + K1D)é — K1Cx),
(K2 ~— K:1)[(I + K1 D)¢ — K1Cz)"(I + K,D)"'Cx,

(Ka2 = E1)[(I + K1D)$ — K\Ce]"(I + K1 D)™ ' D[(I + K1D)¢ — K1Cxz)

to (5.5) so that (after some algebraic manipulation)

V(z) = —2z¥Re — z7Qz

Then it follows from Theorem 5.1, with ¢(y,t) = F(t)y = F(t)}(I +
DF(t))"*Cuz, that the zero solution to (5.8) is asymptotically stable
for all AA(-) € U.. Note that a simpler uncertainty structure can
be achieved by setting D = 0 in U,. This results in considerable
simplification of (5.2). Finally, it is interesting to note that if K3 =
—I and K; = I, then U, = U, while if K1 = 0 and K3 = oo, then
U=u.

6. THE POPOV CRITERION

In this section we use Lyapunov functions to prove the Popov crite-
rion for a multivariable plant containing an arbitrary number of mem-
oryless time-invariant nonlinearities. Specialization of this result to
robust stability with respect to time-invariant plant uncertainty is
also considered. To begin we define the set #p characterizing a class
of sector-bounded time-invariant nonlinearities. Let

FpE{p: "—o": (YY) - Ky) <0, yeT,
K = diaglky,ko,...,km], k>0, i=1,...,m, and

#(y) = [$1(v1),$2(32), -+, S (ym)]T ).
Note that ¢ € &p implies that each component ¢;(y;) of ¢ satisfies
0 < ¢i(yi) < kiwi, for ki >0, i=1,2,...,m.

Note that the respective nonlinearities are assumed to be decoupled.

+3(K2 — K1)aTCT(I + K1D)T — s PB(I + Ky D)"Y[(I + K1D)$ ~ K1Cz]
+[¢7U + K1 D)t ~ KyaTCTA(K, - Ky )(I + K1D)"'Cx - (I + Ky D)~ "B Px
— [ +K1D)T - K\aTCT I+ (Ko - K)[(I+ K D) 1D+ DT (I+ K1 D))

-[(I + K1 D)¢i, Cx)
+ (67 + K1 DY - K12TCTH(I + K1 D)¢ - K1Cz ~ (K — Ky )

I+ K\D)™'Cz + (K2 — K1)(I + K1D)™'D[({ + K1 D)¢ — K1Cz]}.
(5.6)

Grouping the appropriate terms in (5.6) yields
V(e) = —c"Rz = T2+ (4~ K6 - Kay),  (5.7)

where

2 2[I + 3(K2 - K1)[(T + K1 D)™ 'D + DT(I + K, D)~T]|~1/2
(3K ~ K3)((T + KEAD)IC

Theorem 6.1. Let K € ™*™ be a positive-definite diagonal ma-
triz. If there exists a nonnegative-definite diagonal matriz N such

that K=1 + (I + Ns)G(s) is strongly positive real, where G(s) ™=
[é g:l , then the negative feedback connection of G(s) and ¢(-) is

asymptotically stable for all ¢(-) € dp.
Proof. First note that the negative feedback interconnection of G(s)
and ¢(-) corresponds to the state-space equations

#(t) = Az(t) ~ Bé(y), (6.1)
y = Cz(t). (6.2)

Next, note that sG(s) has a realization

(I + KiDY T BT Pl[I + 1(K; - K1)[(I + K1 D)"'D + DV(I + K, D)~T)/?

{(I+ K1D)p — K,Cz).

Since ¢(-,+) € &, it follows from (5.7) that V(z) < 0 and thus the
corresponding feedback interconnection is asymptotically stable for
all ¢(-,-) € &.. OFrD
Remark 5.1. Note that the condition (I + K2 G(s)|[T + K1G(s)]™
strongly positive real in the statement of Theorem 5.1 is equivalent
to Re[l + K2G(jw)[I + K1G(jw)]™? > 0 for all w € which is the
classical representation of the circle criterion [44]. Furthermore, if
K; and K, are diagonal, then the conditions of Theorem 5.1 can
be verified by using the multivariable Nyquist criterion. Specifically,
by examining the number of counter-clockwise encirclements of the
zero point of the image of the clockwise Nyquist contour under the
mapping det[] + K1G(s)], the stability of the closed-loop system can
be related to the number of unstable poles of G(s). For further details
(in the SISO case) see [44].

Next, as in Sections 3 and 4, we specialize the results of The-
orem 5.1 to robust stability of a linear time-invariant plant with a
linear time-varying uncertainty. To this end we have the following
immediate result. Define

F.2{F: t - ™. F(.)is Lebesgue measurable and
[F(t) - K1]*[F(t) - K3] €0, aa.t20}
and consider the system
a(t) = (A+ AAM))(1), (5.8)
where AA(-) € U, and the uncertainty set U/, is defined by
U, 2 {AA(): AA(t)= —BF(@)I+ DF(t))™'C, F(:)€ F.}.

A B
CA CB

so that K~ + (I + Ns)G(s) has minimal realization (using cascade
state space manipulations)

A B
C+NCA NCB+K™!

Now it follows from Lemma 4.2 that if K ~!+ (14 N s)G(s) is strongly
positive real then there exist positive-definite matrices P and R such
that

0=ATP+ PA+(C + NCA-BTP)T[(K~' + NCB)+ (K~ + NCB)T]~

{(C+NCA-BTP)+R.

Next, for ¢ € @p define the Lyapunov function (6.3)
Mmooy
Vie)=2TPe 423 / $i(0)do. (6.4)
i=1 70

i
Note that since P is positive definite and ¢(-) € ®p, V(z) is pos-
itive definite for all nonzero z. Thus, the corresponding Lyapunov
derivative is given by

V(z) = 2"(ATP + PA)z — ¢"BTPz - 2TPB¢ + Zi(ﬁi('yi)!}i
i=1

or, equivalently, using (6.3)
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V(z)= —zTRz — 2T(C + NCA - B"P)T[(K~! + NCB)

+ (K~ + NCB)T)" (C + NCA - BTP)z + 26" (y)3.
(6.5)
Next, since § = C¢ = CAz — CB#¢, (6.4) becomes V(z) =

—2TRz - zT(C + NCA— BTPYT[(K™ + NCB) + (K™* + NCB)']"!

(C+NCA-BTP);z

—zT(PB — ATCTN)¢ - ¢7(BTP - NCA)z — ¢"(NCB + BTCTN s,
6

Adding and subtracting 2¢TCz and ¢TK~1¢ to (6.5) yields V(z) =

— 2Rz — 2" (C+ NCA- BTP)'[(K~' + NCB) + (K~ + NCB)T)™! )
{C+NCA~ B™P)z — §7[B™P — (C+ NCA)jz - 2™ (PB - (C™ + ATCTN)Jp Pl B 0l oo e RE Trane. Antom Conte.. ACLT0 (1965).

-¢T[(K~' + NCB) + (K + NCB)")¢* — ¢T(k~1¢ - Cz)
or, equivalently, (6.7)

V(z)=—z"Rz
—{(K~'+ NCB)+ (K~ + NCB)*|"V/*(C + NCA- B"P)z
—[(K~'+ NCB)+ (K™ + NCB)™'/*¢}"
{(K~' + NCB)+ (K~ + NCB)*|"'/*(C + NCA- B"P)z
—[(K~'+ NCB) + (K™' + NCB)*/*¢}
Trgr-1
+ ¢ K-y (6.9)

Thus, since ¢(-) € &p, and K > 0, it follows from (6.8) that V(z) < .0
and thus the corresponding feedback interconnection is asymptoti-
cally stable for all ¢(-) € $p. Q.E.D.
Remark 6.1. A similar proof of the generalized Popov criterion is
given in [44] using the three equation form of the positive real lemma.

Finally, as in the previous sections, we specialize the results of
Theorem 6.1 to robust stability with linear parameter uncertainty.
Now, however, such uncertainty is assumed to be constant. Specifi-
cally, consider the system

&(t) = (A + AA)(t), (6.9)

where AA € Up and Up is defined by

Up £ {AA: AA = —BFC, F = diag[R\, B,...,F,), 0< Fi < k;,

i=1,...,m},
B, and C are given matrices denoting the structure of the uncer-
tainty, Fis a constant diagonal uncertain matrix, and K is a diagonal
matrix denoting the sector boundaries of the uncertain parameters.
It now follows from Theorem 6.1 by setting ¢(y) = Fy = FCz that
A+AAis asymptotically stable for all AA € Up. Note thatif k — oo
then the set becomes

Up={AA: AA=-BFC, F:20,i=1,...,m}.

The main difference between the result of this section and the
previous sections is that the elements of the set I/, are constant
rather than time-varying. This is due to the Lyapunov function that
establishes robust stability, i.e.,

hidd vi
V(z)=2z"Pz+2) / Fio do, y; = (Cz);,
=170
or, equivalently,

m
V(z)=2"Pz +2"CTFCz = 2T Pz + Z FizTCTC;iz.
Note that this Lyapunov function is para.meie; dependent, i.e., it
isa function of the uncertain parameters. Consequently the uncer-
tain parameters are not allowed to be time-varying. Such Lyapunov
functions are generally less conservative than constant Lyapunov
functions [50,51] when the uncertain parameters are known to be
constant. In contrast, the results of the previous sections are estab-
lished by parameter independent quadratic Lyapunov functions that

guarantee robust stability with respect to time-varying parameter
variations.

7. Conclusions

Special cases of the small gain and positivity theorems were
proved by explicitly constructing quadratic Lyapunov functions. Ap-
plication of these results to robust stability with bounded real and
positive real uncertainty was discussed. Similar techniques were used
to prove multivariable versions of the circle and Popov theorems. It
was stressed that the Popov theorem is based upon a parameter-
dependent quadratic Lyapunov function in the case of linear uncer-
tainty.
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APPENDIX:

Next, we specialize Theorem 3.1 to the feedback interconnection
of a strongly bounded real transfer function and alinear bounded real
gain. Hence consider the F defined by

FE(F: Rt SR™**: F()is Lebesgue measurable
and opax(F(t)) <1, aa.t>0}.

That is, F includes those ¢ in & of the form ¢(y,t) = F(t)y. The
following corollary is thus immediate.

Corollary 3.1. IfG(s) i é, g] is strongly bounded real, then

the feedback interconnection of G(s) and F(-) is asymptotically stable
forall F(:) € F.

Corollary 3.1 implies that A + BF(-)(I — DF(-))"'C is asymp-
totically stable in the sense that the zero solution of the linear time-
varying system

#(t) = (A+ BF(t)(I - DF(t))"!C)z(t) (3.29)
is asymptotically stable. This result thus implies robust stability
with time-varying bounded real (but otherwise unknown) uncertainty.
Specifically, consider the system

#(t) = (A + AA())=(t), (3.29Y

where AA(:) € U and U is the uncertainty set

U 2 {AA(-): AA(t)=BF(t)I - DF(t))7'C, FT(®)F(t) < I,
F(-) is Lebesgue measurable}.

Then it follows from Corollary 3.1 and (3.29) that the zero solution
to (3.29) is asymptotically stable for all AA(-) €U. The set U is a
generalization of the uncertainty sets appearing in [52,53,56,57] for
robust controller analysis and synthesis. These uncertainty struc-
tures can be recovered by setting D = 0 in &. The case D # 0 has
not been treated previously. Finally, if we restrict our attention to
constant matrices, then Corollary 3.1 implies that if G(s) is strongly
bounded real, then A+ BF(I—DF)™'Cis asymptotically stable for
all F satisfying omax(F) < 1.
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