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Limit cycle analysis of the verge and foliot clock escapement using impulsive differential equations and

Poincaré maps

ALEXANDER V. ROUP{, DENNIS S. BERNSTEIN{*, SERGEY G. NERSESOV}, WASSIM M.
HADDAD{} and VIJAYSEKHAR CHELLABOINAS§

The verge and foliot escapement mechanism of a mechanical clock is a classical example of a feedback regulator. In this
paper we analyse the dynamics of this mechanism to understand its operation from a feedback perspective. Using
impulsive differential equations and Poincaré maps to model the dynamics of this closed-loop system, we determine
conditions under which the system possesses a limit cycle, and we analyse the period and amplitude of the oscillations in
terms of the inertias of the colliding masses and their coefficient of restitution.

1. Introduction

Although clocks are one of the most important
instruments in science and technology, it is not widely
appreciated that feedback control has been essential to
the development of accurate timekeeping. As described
by Mayr (1970), feedback control played a role in the
operation of ancient water clocks in the form of regu-
lated valves. Alternative timekeeping devices, such as
sundials, hourglasses and burning candles, were devel-
oped as well, although each of these had disadvantages.

Mechanical clocks were developed in the 12th cen-
tury to keep both time and the calendar, including the
prediction of astronomical events (Gimpel 1976, Landes
2000). Although early mechanical clocks were expensive,
large and not especially accurate (they were often set
using sundials), this technology for timekeeping had
inherent advantages of accuracy and reliability as
mechanical technology improved.

The crucial component of a mechanical clock is the
escapement, which is a device for producing precisely
regulated motion. The earliest escapement is the
weight-driven verge and foliot escapement, which dates
from the late 13th century. The feedback nature of the
verge and foliot escapement is discussed in Lepschy et al.
(1992) who point out that this mechanism is a work of
‘pure genius’. Lepschy et al. (1992) have performed an
important service in identifying this device as a contri-
bution of automatic control technology.

It is interesting to note that the verge and foliot
escapement was the only mechanical escapement
known from the time of its inception until the middle
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of the 17th century. In 1657 Huygens modified the verge
and foliot escapement by replacing the foliot with a
pendulum swinging in a vertical plane and the crown
gear mounted horizontally. However, the basic paddle/
gear tecth interaction remained the same. The next
escapement innovation was the invention of the anchor
or recoil escapement by Hooke in 1651 in which a pen-
dulum-driven lever arm alternately engages gear tecth in
the same plane. Subsequent developments invoking
additional refinements include the deadbeat escapement
of Graham and the grasshopper escapement of
Harrison. The latter device played a crucial role when
the British Government sought novel technologies for
determining longitude at sea (Sobel and Andrewes
1998). For details on these and other escapements, see
Gazely (1956), Penman (1998), Headrick (2002) and
Bernstein (2002). Since escapements produce oscillations
from stored energy, they can be analysed as self-oscillat-
ing dynamical systems. For details, see Andronov et al.
(1966).

The present paper considers only the verge and foliot
escapement, which consists of a pair of rotating rigid
bodies which interact through collisions. These colli-
sions constitute feedback action which give rise to a
limit cycle. This limit cycle provides the crown gear
with a constant average angular velocity that determines
the clock speed for accurate timekeeping.

The verge and foliot is analysed in Lepschy et al.
(1992) under elastic and inelastic conditions. For the
latter case expressions were obtained for the period of
the limit cycle and for the crown gear angular velocity at
certain points in time. Because of the presence of colli-
sions, a hybrid continuous-discrete model was used to
account for instantaneous changes in velocity.

The present paper extends the analysis of Lepschy et
al. (1992) in several directions. In §2 we provide a
detailed model of the verge and foliot escapement for
arbitrary values of the coefficient of restitution. In § 3 we
show that impulsive differential equations are well-
suited for modelling the dynamics of this system. The
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mathematical properties of impulsive differential equa-
tions have been developed in Lakshmikantham et al.
(1989) and Bainov and Simeonov (1989), and they
have been used to model resetting absorbers in Bupp
et al. (2000a). Applications to mechanical systems
with collisions are given in Brogliato (1999).
Furthermore, Haddad er al. (2001 a) develop a general
framework for non-linear impulsive dynamical systems
by addressing stability, dissipativity, stability of feed-
back interconnections and optimality. Stability analysis
of impulsive differential equations is also considered in
Ye et al. (1998) and Chellaboina et al. (2003), with the
latter presenting invariant set stability theorems for a
class of non-linear impulsive dynamical systems. In §4
we analyse the model obtained in §3 to characterize the
periodic orbit arising in the closed-loop dynamics. The
main result is an expression for the average angular vel-
ocity of the crown gear in terms of the mechanical par-
ameters and applied torque. In § 5 we give a brief review
of recent results on Poincaré maps for impulsive differ-
ential equations developed in Grizzle et al. (2001) and
Neresov et al. (2002). Then, in §6 we use the results of
§5 to analyse the stability of periodic orbits arising in
the escapement mechanism. In § 7 we provide a numer-
ical illustration of the results presented in § 6. Finally, we
draw conclusions in §8.

2. Modelling

The verge and foliot escapement mechanism shown
in figure 1 consists of two rigid bodies rotating on bear-
ings. For simplicity we assume that these bearings are
frictionless. The crown gear has teeth spaced equally
around its perimeter. The verge and foliot, which hence-
forth will be referred to as the verge, has two paddles
that engage the teeth of the crown gear through alter-
nating collisions. We ignore sliding of the paddles along
the crown gear teeth, which may occur in practice. For
the orientation shown in figure 1, there is an upper pad-
dle and a lower paddle.

Collisions involving the upper paddle impart a posi-
tive torque impulse to the verge, while those involving
the lower paddle impart a negative torque impulse to the
verge. Each collision imparts a negative torque impulse
which acts to retard the motion of the crown gear. The
mechanism is driven by a constant torque applied to the
crown gear. This torque is usually provided by a mass
hanging from a rope which is wound around the shaft.
The verge spins freely at all times except at the instant a
collision takes place. Energy is assumed to leave the
system only through the collisions. The amount of
energy lost during each collision is a function of the
system geometry as well as the coefficient of restitution
e realized in the collision.

|

Figure 1. Verge and foliot escapement mechanism. The
angular velocities of the crown gear and verge are 6,
and #,, respectively, with the sign convention shown.
There is a constant torque 7 applied to the crown gear
with positive direction shown.

The crown gear and verge have inertias /. and 1,
contact radii r. and r,, and angular velocities 6. and
6,, respectively. The velocities immediately before and
after a collision are denoted by the subscripts 0 and 1,
respectively, as in 900 and écl. The motion of the crown
gear and verge is governed by the differential equations

0lt) = 77— " F0.00),0,(0),6.(0),6,(1) (n
e"v(l) _ +(’”V/[V)F(0C([>7 QV(I)’ 9.0(1)7 HV([))7 upper 2
—(I‘V/IV)F(GC(I),9\,(1),90([)70\,([)), lower

where the first expression in (2) applies to collisions
between the crown gear and the upper paddle, and the
second expression applies to collisions between the
crown gear and the lower paddle. The function
F(0:(1),0,(1),0.(1),0,(1)) is the collision force, which is
zero when the crown gear and verge are not in contact
and is impulsive at the instant of impact. The collision
force function F acts equally and oppositely on the
crown gear and verge. Defining

+1, upper
oe (3)
—1, lower
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Figure 2. System block diagram showing the interconnection
of the crown gear and verge rigid bodies through the
collision block.

equation (2) can be written in the form

. 7. . .
0u(1) = 05 F(0c(0), 0u(1), 0c (1), 04 (1)) (4)
v
A system diagram is shown in figure 2.
To determine the collision force function, we inte-
grate (1) and (4) across a collision event to obtain

. . 1 t+At r t+At
0, — 0, = lim <—J Tds f—CJ F(s) ds) (5)

cJri—At Ic t—At

= lim (JVJHA[F(S) ds) (6)

A0\ Iy Sy

Eliminating the integrated collision force from (5) and
(6) yields
ol, . I, . ol, . I
— 9V0+ 9CO:—V 9\’1—"_

c c )

- - acl (7)
rV rC rV rC
which is an expression of conservation of linear momen-
tum at the instant of a collision. Expression (7) can be

rewritten as
MvVvo +MCVCO :MVVVI +Mch] (8)

where M, 2 I./r2 and M, 2 I,/r} are the effective
crown gear mass and effective verge mass, respectively,
and V, 2 r6, and V, £ or0, are the tangential vel-
ocities of the crown gear and the verge, respectively.

The coefficient of restitution e relates the linear vel-
ocities of the crown gear and the verge before and after
the collision according to

Va—Va= _e(VCO - Vv()) (9)

which accounts for the loss of kinetic energy in a colli-
sion. Solving (7) and (9) yields

. M,(1+e) M,(1+e)
AN, =——" " ) — V. 10
T M, My T T g o (10
. M. (1+e) M.(1+e)
AG, = ¢ Ve — < V. 11
RN CY A 7 Ly 7y A LU
where

Ab. 26, 6,

AO 20, -0, (12)
are the impulsive changes in angular velocity when a
collision occurs. These quantities depend on the geo-
metry as well as the velocities immediately before the
collision. The integral of the impulsive force function
over a collision event is

h M.M, (1
[, Foes =57

Iy

(Veo = Vo) (13)

where ¢, is a time slightly before the collision and ¢; is a
time slightly after the collision.

3. Impulsive differential equations

In this section we rewrite the equations of motion of
the escapement mechanism in the form of an impulsive
differential equation. An impulsive differential equation
is described by three components; namely, a continuous-
time differential equation, which governs the system state
between impulses, an impulse equation, which models an
impulsive jump defined by a jump function at the instant
an impulse occurs, and a jump criterion, which defines a
set of jump events in which the impulse equation is
active. These components can be written in the form

X(1) =fe(x(),  x() ¢S (14)

Ax(r) = fa(x(2),  x(1)eS (15)

where t > 0, x(1) € R, f.: R" — R" is locally Lipschitz
continuous; fy: R" — R" is continuous; and S C R" is
the jump set. For the remainder of the paper we refer
to (14) and (15) as the impulsive dynamical system G.

To describe the dynamics of the verge and foliot
escapement mechanism as an impulsive differential
equation, define the state

x=[x x ox3 x ] 26, 6, 6. 6,1 (16)

where x; is the position of the crown gear, that is, the
counterclockwise angle swept by the line connecting the
centre of the crown gear and the zeroth tooth from the
12 o’clock position; x, is the position of the verge, that
is, the deviation of the mean line of the angular offset
between two paddles from the vertical plane perpen-
dicular to the plane of the crown gear; x; is the angular



1688 A. V. Roup et al.

velocity of the crown gear; and x, is the angular velocity
of the verge. Between collisions the state satisfies

0 010 0
. 0 0 0 1 0
x(1) = 00 0 0 x(1) + 11, T (17)
0 00O 0
while the jump function is given by
0 0 0 0
0 0 0 0
=10 0 —rG onG |t Y
0 0 or.G, —-r, G,
where
s /)1 +e) G & (L/r)(1 +¢)

U (/) + (Le/r2))
(19)

C (/) + (Le/12)

The jump set is

S— { () s;zpp“} U{ U SLZW} (20)

where, for m =0, ....,n

SiPP = {x: resin(x; — ma,) = rytan(x, + o, /2),
rexz —rexg > 0, (m—1/2)a + 2pm < xy
< (m+1/2)ae + 2pm,p € {0,1,2,...}} (21)
SOV — s resin(mag — x1) = ry tan(—x, 4 ay/2),
rexs +ryxg >0,(m—1/2)a. + (2p — D < x
<(m+1/2)ac+ 2p— )mpe{0,1,2,...}}
(22)

where o is the angle between neighbouring teeth on the
crown gear, «, is the angular offset of the paddles about
the vertical axis, m is the index of the crown gear tooth
involved in the collision and p is the number of full
rotations of the crown gear. The crown gear teeth are
numbered from 0 to n clockwise, or opposite the direc-
tion of increasing 6., beginning at 6, = 0. There must be
an odd number of crown gear teeth for the mechanism
to function correctly, and thus 7 is even.

4. Characterization of periodic orbits

In this section we characterize periodic orbits of G.
First we integrate the continuous-time dynamics (17) to
obtain
-

AP 2
T t (23)

0., = 0, + 0., At +

0,, = 0,, +0, At (24)

where 6, and 6,, are evaluated immediately before the
next collision and At is the elapsed time between two
successive collisions. For an initial collision involving
the upper paddle we have

resin(f;, —mag) = rytan(fy, + ay/2) (25)

The index m’ of the crown gear tooth involved in the
subsequent lower collision is given by

m=m+n/a.+1/2 (26)
so that the condition
resin(mag + 7+ o /2 = 0.,) = rytan(—6,, + «,/2)
" e
must be satisfied at the lower collision. Substituting (23)

and (24) into (27) yields

resin (9c0 + éc] JAVARS %Aﬂ — (m+ %)ac>

. Qy
— 7, tan(—@vo — 6, At+ 7) (28)
A small angle approximation of (25) and (28) implies

re(Oe, —mag) =1y (OVO + %) (29)

re (000 + 901At + % AP — (m+ %)ac>
. aV
= rv(_evo - HV]AZ + 7) (30)
Subtracting (29) from (30) yields

”céc] At + ;C—ITAlz — %rcac = —}*Vélel —2r,0,, (31)
C

Analogous expressions hold for collisions involving the
lower paddle. Solving for At yields

—d + \/d2 + (ro o — dory0y)r./1;
At = (32)
ret/1e

where

[(2 + e)Mv - EMC]FVQVO
M, + M,

[(2 + e)Mc - EMV]rcéco
M, + M,

(33)

Furthermore, the kinetic energy AT lost in a collision is
given by

M, M .
— (82 - 1) (rv evo — Or¢ 000)2 (34)

AT =501, + My

Next, we specify conditions that characterize a per-
iodic orbit in the (6., 6,) plane. The first condition

6, = 9, (35)

0
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Figure 3. Velocity phase portrait of a representative periodic
orbit. Instant 0 is prior to a collision with the upper
paddle, 1 is after the collision, 2 is prior to the success-
ive lower paddle collision, and 3 is after the second
collision. The continuous-time trajectories are shown
with solid lines and the impulsive jumps are shown
with dashed lines. The average crown gear velocity is
shown with a vertical dotted line.

requires the verge to reverse direction at every collision.
This condition ensures that the absolute value of the
verge speed is constant with time. On the other hand,
the crown gear will lose speed with every collision and
then gain speed between collisions. Thus, the second
condition

T At

écl = éco - I
c

(36)
requires the crown gear speed to be the same before each
collision. The third condition

ty, = —0,, (37)

requires the range of motion of the verge between colli-
sions to be centered at ¢, = 0. This condition keeps the
motion of the verge from wandering out of the range of
angles within which the mechanism will work properly.
A representative periodic orbit satisfying (35), (36) and
(37) is shown in figure 3.

Next, we derive some properties of periodic orbits

satisfying (35), (36) and (37). The average crown gear
velocity 0? of a periodic orbit is given by
AT
T At
To obtain an expression for 0? as a function of the

applied torque and geometric parameters it follows
from (7), (9) and (32)—(38) that

’__\/? 1—e\ (M. + M,)o,
b = 2r, l+e MM, (39)

6, =

(38)
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Figure 4. 6. versus e for several values of M,. The system
parameters are M, = 0.10, 0.25, 0.40, 0.55, 0.70, 0.85,
and 1.00, increasing from the top curve to the bottom
curve, M, =1,r.=1,7=1, and o, = 1.

Figure 4 shows the sensitivity of O—C to changes in the
parameters ¢ and M,.

The crown gear velocity before a collision is given by
(l—e)M.+2M,
(I1—e)(M;+M,)
and the crown gear velocity after a collision is given by

(l—e)yM.—2eM, =

=g @Y

b, = b, (40)

The verge velocity is given by

. 1 l+e M.o,T
=+ 42
by 2r, \/(1 — e) (M. + M,) M, (42)

where the verge velocity is positive following a collision
involving the upper paddle and negative following a
collision involving the lower paddle. Finally, the period
of this periodic orbit is

I

QA1 =8 (43)

>

C

5. Stability analysis of periodic orbits using Poincaré

maps

In the previous section we characterized the periodic
orbits of G and illustrated the projection of such an orbit
onto the velocity plane (x3,x4) (see figure 3). In this and
the next section we use Poincaré maps to prove that the
periodic orbit is an asymptotically stable limit cycle.
Several definitions are needed for the development of
the results of this section. For these definitions, we
denote the solution to G with initial condition x4 € D
by s(t,xq),t>0. Here, s:[0,00) xD— D, where
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DCR" is (i) left-continuous in ¢, that is,
lim,_,-s(7, x9) = s(¢,xq) for all x, € D and ¢ € (0,00);
(ii) consistent, that is, s(0,x,) = xg, for all xy € D; and
(iii) satisfies the semi-group property, that is,
s(1,8(t,x0)) = s(t+1,x9) for all x,€D and
t,7 € [0,00).

Definition 1: A solution s(z,x¢), t > 0, of G is periodic
if there exists 7' > 0 such that s(r + T, x¢) = s(¢, x¢) for
all > 0. The minimal 7 > 0 for which the solution
s(t,x9) of G is periodic is called the period. A set
OcCD is a periodic orbit of G if O=
{x€D: x=s(t,x),0<t<T} for some periodic
solution s(¢,x¢) of G.

Definition 2: A periodic orbit O of G is Lyapunov
stable if, for all € > 0, there exists § = 6(e) > 0 such
that, if dist(xg, O) < 8, then dist(s(z,x0),0) <€, t > 0.

In Definition 2, dist(p, M) denotes the smallest dis-
tance from a point p to any point in the set M; that is,
dist(p, M) £ infocp llp — x|

Definition 3: A periodic orbit O of G is asymptotically
stable if it is Lyapunov stable and there exists 6 > 0
such that, if dist(xg,O) < 6, then dist(s(¢, xp),0) — 0
as t — oo.

The following assumptions are needed for the main
result of this section:

A.l. fo: D — R" is locally Lipschitz continuous on D.
A2. f: § — R" is continuous.

A.3. There exists a continuously differentiable func-
tion X:D — R such that the resetting set
S = {x € D: X(x) = 0}; moreover, X'(x) #0,
xeS.

A4 L X(x) £ X' (x)fu(x) #0,x € ONS.

Remark 1: It follows from A.l and A.2 that the solu-
tion to (14) and (15) is unique and is jointly continu-
ous in ¢ and x, between resetting events (see Nersesov
et al. (2002) for details). Hence, for any point xy € D,
there exists a unique solution to (14) over a sufficiently
small interval of time and the solution is continuously
dependent on the initial condition. Furthermore, it fol-
lows from A.3 that the jump set & is an embedded
submanifold (Isidori 1995) while A.2 assures that im-
pacts vary continuously with respect to where they oc-
cur on S. Finally, from A.4, it follows that the
periodic orbit of G is not tangent to the jump set S.

Next, we introduce the map P: S — S by

P(x) £ s(ri(x + fa(x)), X+ fa(x)) (44)

where 7;(-) denotes the kth resetting time at which x(¢)
intersects S. Note that it follows from A.1—A.4 that
P:S — S is well-defined and continuous. Next, assume
that at xo = p € S the system G has a periodic solution
such that s(7,;(p), p) = p, where 7,,(p) is the period. Note
that 71(p) = 0. Furthermore, define the Poincaré map
P:S— Sby

P(x)=P" V(x), «xeS8 (45)

where P%) (x) denotes the i-time composition operator of
P(x) with itself, P'(x) £ P(x),and #’ > 1. Hence, pis a
fixed point of the discrete-time system

x(k41)=P(x(k), keZ,  x(0)eS (46)

where Z, denotes the set of non-negative integers, and p
generates a periodic orbit defined by the solution
s(t, p),t >0, of G.

In addition to A.3, we assume, without loss of
generality, that 0X(x)/dx,#0,x €S, where x=
[xq,. .. ,x,,]T. Then it follows from the implicit function
theorem (Khalil 1996) that x, = g(xi,...,x,_;), where
g(-) is a continuously differentiable function at
X 2 xp,...,x,]" such that [x] g(x,)]" €S. Note
that in this case P: S—>$ in (46) is given by
P(x) 2 [Py(x),..., P, (x)]", where

g(P

ﬁn(xra g2(x;)) = 1, g(Xp))5 - 7Pn—l(xra 2(x)))

(47)

Hence, we can reduce the n-dimensional system (46) to
the (n — 1)-dimensional system

x(k+1) = P(x:(k)), keZ, (48)
where x, € R"™, [x[ (), g(x,(-))]" € S, and
P (xy, g(xr))
Prl) & : (49)

pn—l (xra g(xl))

Note that it follows from (47) and (49) that
xo 2 [xa, g(xor)]" €S is a fixed point of (46) if and
only if xg, is a fixed point of (48).

The following theorem given in Nersesov et al.
(2002) generalizes Poincaré’s theorem to impulsive
dynamical systems by establishing a relationship
between the stability properties of the periodic orbit O
and the stability properties of an equilibrium point of
the discrete-time system (48). A related result is given in
Grizzle et al. (2001).

Theorem 1 (Nersesov et al. 2002): Consider the non-
linear impulsive dynamical system G with the Poincaré
map defined by (45) and let xo = [x§, g(x)]" € S. As-
sume that A.1—A.4 hold and 0X(x)/dx, #0,x € S.
Then the following statements hold.
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(1) x, is a Lyapunov stable fixed point of (48) if and
only if the periodic orbit O generated by xy € S is
Lyapunov stable.

(i) X, is an asymptotically stable fixed point of (48) if
and only if the periodic orbit O generated by
xo € S is asymptotically stable.

6. Limit cycle analysis of the clock escapement
mechanism

In this section we use Theorem 1 to show that the
periodic orbit generated by the escapement mechanism
is asymptotically stable. For convenience we denote the
periodic orbit values of 6.;, 6., and 6, given by (41), (40)
and (42) by a, b and =c, respectively. The following
assumption is needed.

Assumption 1: o, < 7/2.

It follows from (37) that between consecutive colli-
sions on the periodic orbit, the mean line of the angular
offset between two paddles sweeps an angle of «,, that
is, o, = c¢At. This assures the existence of a fixed point
of (48) for the escapement mechanism. Furthermore,
Assumption 1 assures that X': D — R is continuously
differentiable. To see this, note that X(-) is determined
by (21) and (22). Now, in order for X(-) to be continu-
ously differentiable we need to avoid x, + (o /2) =
+7/2 and —x; + (o /2) = £x/2. Since the position of
the verge is always within the range (—(a,/2) —c,
(oy/2) +€), where € >0 is small, it follows that in
order to avoid the singularity +7/2 we need to make
sure that a,, + € # 7/2 which can be achieved by assum-
ing o, < m/2.

Without loss of generality, suppose that the trajec-
tory s(¢, xg), t > 0, of G starts from a point in the four-
dimensional state space associated with the upper pad-
dle collision such that its projection onto the three-
dimensional subspace lies in a sufficiently small neigh-
bourhood of the point (x,, x3, x4) = (—ay/2, b, —c).
Then, we can construct a three-dimensional discrete-
time system that identifies the next point (x,, x3, X4)
on the trajectory right before the next upper paddle
collision. This iterative procedure can be captured by
the non-linear difference equation

x(k+1) Sr(xa(k), x3(k), x4(k))
x3(k+1) | = | f3(xa(k), x3(k), x4(k)) (50)
x4(k + 1) Sa(xa(k), x3(k), x4(k))

where f5(-,-,-), f3(-,+, ), and f4(-,-,-) are given in
Appendix A. It follows from (35)-(37) that the point
(—(ay/2),b,—c) is a fixed point of (50). Next, it follows
from standard discrete-time stability theory that if
p(J(—ay/2,b,—c)) < 1, where (see bottom of page)

and p(-) denotes spectral radius, then the point
(x5, x3,x4) = (—,/2,b,—c) is a locally asymptotically
stable fixed point of (50).

Next, we introduce the discrete-time dynamical
system

Xk +1) (%2 (
B3k +1) | = | A7 (%y(k), %3(k), %4 (K)) (52)
Xkt D LA (%), %5 (k) %a(K))

)

where fi("> (%,(k), X3(k), %4(k)),i = 2,3,4, denotes the n-
time composition operator of fi(-,-,), i = 2,3,4, with
(), 30, 9), and f4(-,+,-) and n is the number of
the crown gear teeth. Note that (X,, X3, %)
= (—ay/2,b,—c) is a fixed point of (52).

Proposition 1: Consider the impulsive dynamical sys-
tem G. If p(J(—ay/2,b,—c)) <1, then the point
(X2,%3,%4) = (—aw/2,b,—c) is a locally asymptotically
stable  fixed point of (52). Alternatively, if
p(J(—ay/2,b,—c)) > 1, then the fixed point (—%,
b, —c) of (52) is unstable.

Proof: Given a continuously differentiable function
f:R" — R", consider the N-time composition operator
of f(-) with itself; that s, /&(x)2/®™(x),
x €R", N € Z,. Now, using the chain rule for vector
valued functions it follows that

Oh(x) _ 0 (51) o (5) .
ox 0‘3‘1 s1= D (x) ({)Sz |.y3:‘/""\"3)(x) OSN sy=/0(x)

Of (sw)

, xeR"
(53)

where f°(x) £ x. Next, since (—ay/2,b,—c¢) is a fixed
point of the system (50), it follows that the Jacobian
matrix J(X,(k), x3(k), X4(k)) of the discrete-time system

[0f(x2,X3,X4)  Ofa(X2,X3,Xx4)  Ofa(x2,X3,X4) ]

0x,

Of3(x2,x3,x4)  Of3(x2,x3,x4)  Of3(x2,X3,X4)

8)(?4

8X2

Ofa(x2,x3,x4)  Ofa(xp,x3,x4)  Ofa(X2,X3,X4)

o (51)

8X2

8X4

A (v x5, )=(— 0 /2,b,—¢)
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(52) evaluated at the fixed point (—«,/2,b,—c) is given
by the N-time product of J(—ay/2,b, —c); that is

f(—%, ,—c):JN<—%,b,—c) (54)
Hence

T Qy N Qy

p((-3020)) = (0= 5 k) 59)
Now, it follows that if p(J(—ay/2,b,—c)) < 1, then
p(J(—ay/2,b,—¢)) < 1, which implies that
(—ay/2,b,—c) is a locally asymptotically stable fixed
point of (52). Alternatively, if p(J(—ay/2,b,—c)) > 1,
then p(J(—ay/2,b,—c)) > 1, which implies that the
fixed point (—cay/2,b, —c) of (52) is unstable. O

Next, it follows from the uniqueness of solutions of
G and the fact that the initial conditions (X}, x,, x3,xy)
and (x|, x,,x3,x4), where x; = x| +2m, give rise to
identical solutions for G, that the point x,=
(0,—cv,/2,b,—c) is a fixed point for the discrete-time
system capturing the state of G immediately before
every (np+ 1)th upper paddle collision for p =0,
1,2,.... Note that whenever an upper paddle collision
occurs, the position of the crown gear is completely
defined by the position of the verge, and the relation
between them results from the collision condition; that
is, x; = f1(x,), where f; : R — R is defined by (21). Thus,
the aforementioned four-dimensional system has the
form

S+ 1) [AE" Gak), %K), %4(K))
%k +1) S (Fa(k), %3 (k), %o (K))
- (56)
X3(k+1) A (R k), %3 (), %4 ()
Xa(k+1) S (R (K), % (K), %K)

where f](-) is given by

f1(xp) = arcsin <r_v tan (xz + &>> (57)
Te 2

Next, we identify the periodic orbit generated by the
point xy = (0, —«, /2, b, —c). For any point on this orbit
with  (x3,x4) = (z,¢),z € (a,b], it follows that
z=a+ (t/I.)t., where . is time spanned for the
crown gear to restore its velocity from the value of «
to z. Thus, this point can be characterized as

_ -
a(z—a z—a
s ey

ay  c(z—a)

X, = —+ I, (58)
2

z
L C -

where x;9=/la.,[=0,1,2,...,n— 1. Similarly, every
point on the orbit with (x3,x4) = (z,—¢),z € (a,d], is
characterized as
2
xllo + a(z—a) Ic + (z—a) Ic

z
T 27

o, c(z—a)
¥ = 2ok (59)

z
—C

where xjo = ((2/ +1)/2)a.,l=0,1,2,...,n— 1. Since
the initial conditions (x7,x,,x3,x4) and (xy, X2, X3, X4),
where x; = x} + 2, give rise to identical solutions for G,
it follows that O 2 {y e R*: y = x.} U{y e R*: y = &’}
is the periodic orbit of G. The expressions given by (58)
and (59) imply that points x, = (xj9, —,/2,b,—¢) € S
or xo = (X9, ,/2,b, ¢) € S generate 0. Next, we show
that O is locally asymptotically stable. For this result let
D be a sufficiently small neighbourhood of O for which
the state of G is defined.

Theorem 2: Consider the impulsive dynamical system
G. Then the following statements hold.:

(1) If p(J(—ay/2,b,—c)) < 1, then the periodic orbit
O of G generated by xq = (x19, —y/2,b, —c) € S
or xog = (Xjg, 0 /2,b,¢) € S is locally asymptoti-
cally stable.

i) If p(J(—a/2,b,—c)) > 1, then the periodic orbit
O of G generated by xy = (x19, —,/2,b, —¢) € S
or xy = (X9, y/2,b,¢) € S is unstable.

Proof: First we show that A.1-A.4 hold for G. As-
sumptions A.1 and A.2 are immediately satisfied for G.
To see that A.3 holds, note that for S, given by
(21) with a small angle approximation, X’(x)=
[re, —=1v,0,0] #£ 0, x e ;PP and  9X(x)/0x; # 0,
x € S"PP". Furthermore, for S given by (22) with a
small angle approximation, X'(x) = [re,ry,0,0] #O0,
x €SV and OX(x)/0x; # 0,x € S, Note, that
in both cases X/(-) is a continuously differentiable func-
tion by Assumption 1. To see that A.4 holds, note that
LiX(X) =rex3s —ryxs >0, x € PP, and Ly X(x) =
rex3 +ryXg > 0, x € SO Next, to show (i) assume
that p(J(—ay/2,b,—c)) < 1. Then it follows from
Proposition 1 that the fixed point (—ay/2,b,—c) of
(52) is locally asymptotically stable and by Theorem 1
the periodic orbit O of G is locally asymptotically
stable. Finally, the proof to (ii) follows analogously.
The condition p(J(—ay/2,b,—c)) <1 guarantees
local asymptotic stability of the escapement mechanism.
Alternatively, it follows from physical considerations
that for each choice of clock parameters, if the value
of the coefficient of restitution e is sufficiently close to

1, then the escapement mechanism dissipates less energy
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during a collision event than it gains from the rotational
torque between collisions. This leads to instability of the
mechanism. However, the Jacobian matrix J is suffi-
ciently complex that we have been unable to show ana-
lytically the explicit dependence of the spectral radius of
J on the parameter e.

7. Numerical example

In this section we numerically integrate the equations
of motion (17)—(22) to illustrate convergence of the tra-
jectories to a limit cycle. We choose the parameters
7=1N-m, e=0.05 I, =10 kg-m?, I, = 0.15 kg - m°,
re=1m, r,=0.3m and o, = 24 deg. For these para-
meters it follows from (39)—(43) that the periodic orbit
has an average crown gear velocity of 0.257 rad/s, a
crown gear velocity of 0.297 rad/s prior to collisions, a
crown gear velocity of 0.216 rad/s after collisions, a
verge speed of 0.813 rad/s, and a period of 1.63 sec.
Furthermore, the eigenvalues of the Jacobian matrix
(51) are Ay = —0.7191, A, = 0.2072, and A\; = —0.0149,
which implies that the fixed point (—«, /2, b, —c) of (52)
is locally asymptotically stable and hence by Theorem 2
the periodic orbit of the escapement mechanism is
asymptotically stable. An initial verge position of
fy, = 0 is chosen for all simulations. We assume that
the verge and the crown gear are in contact at the
start of the simulation, which determines the crown
gear’s initial position.

For a collection of four initial conditions, Figure 5
shows the trajectories of the system in terms of the verge
and crown gear velocities 6, and 6.. For each choice of
initial conditions it can be seen that the trajectory
approaches a periodic orbit, which is discontinuous

Verge Velocity, 6.‘,

4 I I I I I I I I
0.2 0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Crown Gear Velocity, 6,

Figure 5. Escapement phase portrait from four initial condi-
tions showing convergence to a periodic orbit. Initial
conditions are (6., 6,) = (0.5,3), (0.5,-3), (0,3), and
(0, —3). The average crown gear velocity from (39) is
plotted with a dotted line.

due to the impulsive nature of the collisions.
Numerical computation of the amplitude and period
of this orbit from the simulation data yields 0.257
rad/s and 1.63s, respectively, which agrees with the
values given by (39) and (43).

The kinetic energy time histories of the verge, crown
gear, and total system are shown in figure 6 for the
system considered in figure 5. It can be seen that the
verge kinetic energy converges, whereas the crown gear
and total system kinetic energies converge to periodic
signals.

For two values of the coefficient of restitution, figure
7 shows the time history of the crown gear velocity 6,
as it approaches the periodic orbit given by (39) and
(43). The average velocity and orbit period are 0.2449
rad/s and 1.7104 s, respectively, for e = 0.1, and 0.1354
rad/s and 3.0942 s, respectively, for e = 0.6. A full orbit
cycle appears as two consecutive saw-tooth patterns in
figure 7.

Finally, instability of the escapement mechanism
implies that the escapement mechanism gains more
energy from the rotational torque between collisions
than it loses during collisions. To illustrate that
p(J(—ay/2,b,—c)) > 1 leads to an unstable limit cycle,

2
let 7=10N-m, =005 [XL=7kg-m", I, =
0.06
£
Z 0.05F ]
&
5 0.04f .
=
53]
.2 003 .
153
£
X 0.02f q
)
=
2 oo01f ]
0 | . . . . . . .
0 2 4 6 8 10 12 14 16 18
Time, sec
0.6
g
Z
- 05 —
o0
2
1)
5 04r .
)
E 03F —
¥
5 02r 4
3
)
g 01r .
<1
(S . . . . . . . .
0 2 4 6 8 10 12 14 16 18
Time, sec
0.6
£ os
>
204
1)
=
53}
2 03
o1
g
2 0.2
E
£ o1

Time, sec

Figure 6. Verge, crown gear, and total kinetic energy time
histories starting from rest.
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Time, sec
Figure 7. Time histories of the crown gear velocity 6, starting
from rest with coefficients of restitution of 0.1 and 0.6.
The values of 6, from (39) are plotted as dotted lines.
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Figure 8. Velocity phase portrait for the unstable escape-

ment.

0.15 kg - m?, re=3m, r, =03 m and o, = 24 deg, so
that the eigenvalues of the Jacobian matrix (51) are
A1 = 1.8559, X\, =0.1775 and A; = 0.0046. Since the
fixed point (—a,/2,b,—c) of the discrete-time system
(52) is unstable, it follows from theorem 2 that the per-
iodic orbit of the escapement mechanism is also
unstable. Figure 8 shows the non-converging velocity
phase portrait of the system. Finally, figure 9 shows
p(J(—ay/2,b,—c)) versus the coefficient of restitution
e for several values of the torque 7.

8. Conclusion

In this paper we derived the equations of motion for
a verge and foliot escapement mechanism, which is a

Roup et al.

T
—1=5

% b~ 0))

pU(-

0.2 L L L L L L L L L
0
Coefficient of restitution, e

Figure 9. p(J(—ay/2,b,—c)) versus coeflicient of restitution
for different values of torque 7.

mechanical regulator in which feedback occurs through
mechanical collisions. We showed that an impulsive dif-
ferential equation can be used to model the continuous
and impulsive dynamics of this system. Using conserva-
tion of momentum and accounting for energy lost dur-
ing collisions, we obtained analytical expressions for the
period and crown gear angular velocity of a periodic
orbit of the system. Furthermore, using Poincaré maps
for impulsive dynamical systems we showed that the
resulting periodic orbits are locally asymptotically
stable.

Finally, the model of the verge and foliot clock
developed and analysed in this paper includes the
dynamics of the clock under a simplified model of colli-
sion and contact. In particular, the collision model is a
simple restitution law, while the model does not include
sliding contact and associated friction that generally
occurs in a real clock when the pallets are in contact
with the teeth. While a more realistic treatment of
these effects is outside the scope of this paper, we expect
minimal impact on the existence and nature of limit
cycles.
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Appendix

The purpose of this Appendix is to characterize the
functions f3(xy(k), x3(k), x4(k)), f3(x2(k),x3(k), x4(k))
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and f4(x,(k), x3(k), x4(k)) given in (50). For this analysis
we denote the intermediate states of G between two
consecutive upper paddle collisions as follows: (x7, x5,
x4, X4) denotes the state of G immediately after the upper
paddle collision, (x{’, x5, x4, x,) denotes the state of G
immediately before the lower paddle collision and
(x"1,x",x"3,x"4) denotes the state of G immediately
after the lower paddle collision. Hence, using (18), the
next point immediately after the initial upper paddle
collision is given by

x5 (k) 0 0 0 X, (k) X, (k)

Yg(k) =10 —rG ryGe X3(k) + XS(k)

x4 (k) 0 rG, —rG,] Lx4k) x4(k)
(60)

Since the verge moves with constant velocity and the
crown gear moves with acceleration 7/1. on the contin-
uous part of the trajectory, the next intermediate point
immediately before the lower paddle collision is given by

x5 (k) x5 (k) Xy (k) Aty (x5 (k), x3(k), x4(k))
xy(k) | = [ X5(k) | + | (7/1) Aty (xa(k), x3(k), x4(K))
x4 (k) x4 (k) 0

(61)

where At (x,(k), x3(k), x4(k)) is the time between suc-
cessive collisions of the upper and lower paddles, re-
spectively. Similarly, using (18), the next intermediate
point immediately after the lower paddle collision is
given by

o N I N R N W !(k)
¥ak) | = [0 —rGe —nGe | | k) | + | <L k)
x"4(k) 0 —r.G, —r,G,] Lxf(k) x4 (k)
(62)
Hence
k417 [x7(K)
x3(k+1) | = | x"3(k)
alk+ 1)) Lk
x"4(k) Aty ((x2(k), x3(k), x4(K))
+ | (/1) AL (K), x3k), x4(k)
0
(63)

is the state of (50) associated with the instant immedi-
ately before the next upper paddle collision, where
Aty (x5(k), x3(k), x4(k)) is the time between successive
collisions of the lower and upper paddles, respectively.
Now, using (60)—(63) we obtain

xo(k+1) x5 (k)
x3(k+1) | =A4| x3(k)
xq(k+1) x4(k)
[0 0 0
+10 —r.G., -rG,
L0 —rGy —1Gy

[ Xy(k) Aty (xa (), x3 (k) xa ()

X | (T/1) Aty (x2(k), x3(k), x4(k))

I 0
10 0
+10 1 0
00 1

[ X4(k) Aty (xa (k) x3 (k) xa ()

X | (/1) Aty (x2(k), x3(k), x4(k))
I 0

[ X"4(k) Aty (x5 (k), x3(k), x4(k))
+ | (7/1)An(xa(k), x3(k), x4(k)) | (64)

i 0
where
0 0 0 0 0 0
A=10 —-r.G. —-rG.||0 —r.G. r,G,
0o —-rG, -rG,||0 r.G, -—-rG,
[0 0 0 ]
+10 —r.G. -r,G.
10 —r.G, -1,G, |
[0 0 0 1 00
+{0 —r.G. rG. |+]0 1 0 (65)
10 r.G, -—1G,| 0 0 1

Next, we compute Az (x,(k),x3(k),x4(k)) and
Aty (x5(k), x3(k), x4(k)) as in §4. Specifically, integrating
the continuous-time dynamics after the upper paddle
collision we obtain
.

X (k) = ¥y (k) + X5 (00D + 57

At (66)

x3 (k) = xa(k) + x3(k) Aty (67)
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where x| (k) is the position of the crown gear immedi-
ately before the initial upper paddle collision. Using (21)
the condition for the initial collision involving the upper
paddle is

resin(x, (k) — mag) = ry tan (xz(k) n %) (68)

where m is the index of the crown gear tooth involved in
the collision. Furthermore, using (26), (27), (66) and (67)
yields

resin (—X1 (k) = x3(k)Ar — %Aﬁ +ma + 7+ %)
= rytan(—x(k) = ¥%(An +57)  (69)

Since sin(7 — «) = sin « and, for small angles, sin a = «,
we can rewrite (68) and (69) as

re(ai (k) —mag) =r,(x()+5)  (70)

Fe (xl (k) + x5(k)At; + LAI% — may, — %>

21, 2
= (=x() —X0An+3) (1)

Subtracting (71) from (70) yields

rely

ETAR + (rexs (k) + rxh (R) Aty + 2rx (k) — ¢ = 0

21
(72)

which further implies (see (73) bottom of page)
Using (60) it follows that

reX3(k) + 1o Xy(k) = re(=reGexs (k) + ryGexy(k) + x3(k))
+ rv(rcGVXS (k) - "VGVX4(k) + X4(k))
= (_rch +r.+ rvrch)x3(k)

+ (_rst +ry+ rcrch)x4(k)

Aty (xa(k), x3(k), x4(K))

cxa (k) + Bxg(k) 4/ (s (k) + Beg (k) + A
- re7/ 1 (76)
where A £ \(x,(k)) = (re7/1) (rea. — 4ryx5(k)). Next, it

follows from (62) that x"3(k) and x",(k) are the
velocities of the crown gear and the verge, respectively,
immediately after the lower paddle collision, and hence
the positions of the crown gear and the verge before the
successive upper paddle collision are given by
xi(k+1)

= X"y (k) + X3 (k) Aty + 5 - AT

21, o)

Xo(k 4+ 1) = x75(K) + "4 (k) Aty

where x" (k) and x"',(k) are positions of the crown gear
and the verge, respectively, immediately after the lower
paddle collision. Using a similar procedure as outlined
above, the conditions for the lower and upper paddle
collisions, respectively, are given by

resin (mac by e x"(k)) = r, tan(—

1" %
2 a0+ )

resin(x” (k) + x"3(k) Aty + — Atz —(m+ Day)

21,

= r tan (x”’z(k) X"y (k) Aty + %)
which can be approximated by

(410~ moe ) = (0 + 2 79

re(x" (k) + x"3(k) Aty + 5+ N~ (m+ o)

21

= (xa() + (R AL + ) (79)

=— k) — Bx4(k 74
axs (k) = Bxa(k) 74 Subtracting (79) from (78) gives
where
" _ " _ rCaC _ " —
a = _(_,%GC +r.+ Vv”ch), 2] A1‘2 + (’ X 3<k) ryX 4(k))Al2 2rv)C 2(k) 0
B=—(—riG, +ry+rryGe) (75) so that (see (80) bottom of page)
Thus, we obtain From (60)—(62), and (76) it follows that
(s () + 1 ¥4 () + ) (s () + 1 X4 (K)) + (rer /1) (recxe — dr,265 (k)
rCT/IC
Ar (rcxm3( - rvxw4 + \/ rc m - I’me4(k))2 + (I’CT/I )(VCO[C + 4rvxm2(k)) (80)
, =

rcT/]c
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1
¥3(k) = ((=r Gt 1P = RGurG, + (=Gt 1) (k)

C

+ (rch(_rch + 1) + rstGc - rch

+H-Get0) Jxah)

C

1
# (<G )V ian + xi <2 s1)
Similarly, from (60)—(62) and (76) it follows that
x"4(k) = (r2G.G, — r.Gy + (—1,Gy + D)r.G, — aG,)x;(k)
+ (=reGyryGe + (—ryGy + 1)* = BG, )x4(k)

~ Gy (o (k) + Bra(K))? + A (52)
Now, using (81) and (82) we obtain
rex"3 (k) — ryx"4 (k) = —yx3(k) — 6x4(k)

— v/ (axs (k) + Bra (k) + A
(83)
where

v = —(r(~=rGe +1)° = 212r,G.G, + r.Gary

+a(l+r,G, —r.G.)) (84)
b= —(—rvrgGg + 2r\2/rchGc - rv(_rva + 1)2

+B(1 +r,Gy —1.G.)) (85)
V= _(1 +rva - rch) (86>

Next, using x”» (k) = x,(k) + x4(k)At;, (60) and (76), it
follows that

X"y (k) = x;(k) + (reGyxs(k) — 1 Gyxy(k) + x4(k))

rcT/Ic

() + ) + (@l + Bl +A) (87)

Thus, equation (80) can be rewritten as
Aty(xa(k), x3(k), x4(k))

(k) 4 8x (k) + vy (axs (k) + B () + A
B )'CT/[C

2

1
—O—W ((’Yx3(k) + 6x4(k) + V\/(ax3(k) + ﬂx4(k))2 4 )\)

+4rv(rchX3 (k) - rvax4(k) + Xy (k))

12
(o + 5008+ (s )+ Bl + ) 4.1

(88)

where 1 2 1u(x;(k)) = (re7/1) (re + 4ryx,(k)). Finally,
it follows from (64) using (76) and (88) that

x(k+1) x (k)
{x;(k + 1):| =4 |:X3(k):|
(

X4(k + 1)

| (G (1r) s (k) + Ba(k) + 1/ (0xs (k) + Bra(k)® + )

~Gy(axa(k) + By (k) +\/ (axa(k) + By () + )

(U rer 1) (o), 3 (). x4 ) (ea (). 3 (K). s ()
| (1)) + 84 (K) + 04/ (s (k) + By (K) + 3)

0
0
| (1R Gealk), x5 (K), x4 (k) (89)
0

where

&(x3(k), x4(K)) = reGyxs(k) — ryGyxa (k) + x4 (k)

g(xa(k), x3(k), x4(k)) = a3 (k) + Bxg (k)

/(X (k) + Bxy (k) + A
(), x4 () = £x3() + Cxa(h)

— G/ (s (k) + Bra(K)) + A
() x4 () = s () + 64 ()

+ i/ (axs (k) + Bra () + A

+f(xa(k), x3(k), x4(k))

Fxa(k), x3(k), x4 (k) = ((vx3(k) + 6x4(k)

o (axs (k) + Bra(k))? + N
4806 0, ¥ (KB (K) 33 8. x4 (60) + 1)

£ =12G,G, — r.Gy, — aG, + (—ryG, + 1)r.G,

f(XZ (k)1 X3

f(XZ (k)1 X3

¢ = —ryG.Gy — BG, + (_r\er + 1)2
(90)

Now, using (89) we can characterize the functions

Fr(xa(k), x3(k), xa(k)), f3(x2(k), x3(k), x4(k)), and
Jfa(x2(k), x3(k), x4(k)) appearing in (50); namely
So(x2(k), x3(k), x4(k)) = G11x2(k) + diax3 (k) + dizxa(k)
+ ﬁg(«fs (k), x4(k))g(xa (k). x3(k), x4 (k))
+ ﬁj;(xz(k)a%(k)aﬂ(k)) f(x(k), x3(k), x4 (k)
o1

S3(x2(k), x3(k), x4(k)) = @21%3 (k) + anpx3(k) + dzxa (k)

+wy/(axy(k) + By () + A

o f k), (0), % (R) (92)
Ja(xa(k), x3(k), x4(k)) = a3 1% (k) + azyx3(k) + dszxq(k)
— Guyf(axs (k) + Bxy(K)) + A (93)
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where w = (v/r.) — G. + (1/r.) and a; denotes the (i, j)
component of the matrix 4 given by

0 0 0

/iZA-f— 0 a(—Gc+(1/Vc)) 6(_Gc+(l/rc))

0 —aG, -BG,
0 0 0
+ 10 ~A/re b/r. (94)
0 0 0
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