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Subspace identification for non-linear systems

with measured-input non-linearities
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This paper uses subspace methods to identify a class of multi-input multi-output discrete-time

non-linear time-varying systems. Specifically, we identify systems that are non-linear in mea-

sured data and linear in unmeasured states. Numerical examples are presented to demonstrate

the efficacy of the method.

1. Introduction

System identification is the process of constructing
models based on measured data. These identified

models can then be used for controller and observer

design, system analysis, and output prediction. Linear

system identification has been well studied (Moonen
et al. 1989, Söderstrom and Stoica 1989, Juang 1993,

Van Overschee and De Moor 1996, Larimore 1999b,

Ljung 1999, Pintelon and Schoukens 2001), while non-

linear system identification has received increasing
attention (Larimore 1988, Chen and Fassois 1992,

Greblickl 1992, 1997, Westwick and Kearney 1992,

Vincent et al. 1994, Wigren 1994, Verhaegen and Yu

1995, Westwick and Verhaegen 1996, Al-Duwaish and

Nazmul Karim 1997, Bai 1998, Johansson et al. 2000,
Lovera et al. 2000, Lacy et al. 2001, Vöros 2001, Lacy

and Bernstein 2003a, Schoukens et al. 2003)
Subspace identification methods have been applied to

linear systems in Moonen et al. (1989), Verhaegen and

Dewilde (1992a, b), Verhaegen (1993), Van Overschee
and De Moor (1994, 1995, 1996), Deistlet et al. (1995),

Viberg (1995), Ljung and McKelvey (1996), McKelvey

et al. (1996), Peternell et al. (1996), Viberg et al.

(1997), Johansson et al. (1999), Larimore (1999b),
Lovera et al. (2001), Van Gestel et al. (2001), Lacy

and Bernstein (2003b). Several of the most developed

and widely used algorithms, CVA, N4SID, DynaMod,

and MOESP, have been implemented in MATLAB

packages (Haverkamp and Verhaegen 1997, Larimore
1999a, Blaurock 2003, MARLAB 2003). These methods

are computationally tractable and are naturally applic-

able to MIMO systems. Subspace algorithms may be
used to initialize more complex prediction-error and

maximum likelihood methods (Larimore 1999a, Ljung
1999, Blaurock 2003, MARLAB 2003).

Several authors have extended subspace identification

methods developed for identifying linear time-invariant
systems to the identification of non-linear and time-

varying systems. In Westwick and Verhaegen (1996)
and Lovera et al. (2000) the authors apply subspace

methods to the identification of Wiener systems.

Hammerstein systems are studied in Verhaegen and
Westwick (1996). Subspace identification methods are

used to identify time varying systems in Verhaegen
and Yu (1995). Finally, non-linear friction characteris-

tics are investigated using subspace identification
methods in Johansson et al. (2000).

The present paper considers non-linear systems of a

particular form in which the inputs to the non-linearities
are measured, or, equivalently, that are non-linear in

measured data and linear in the unmeasured states, see

figure 1. This specialized model structure includes classi-
cal model structures such as single-input single-output

Hammerstein and non-linear feedback structures as spe-
cial cases. The literature on identifying Hammerstein

systems is generally confined to the single input case
(Greblicki and Pawlak 1989, Al-Duwaish and Nazmul

Karim 1997, Vörös 1997, Bai 1998, 2002), due in part

to the need for handling arbitrary sets of basis functions.
The system structure studied in this work includes*Corresponding author. Email: seth.lacy@kirtland.af.mil
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multi-input multi-output Hammerstein systems. The
number of basis functions increases with the dimension
of the input vector, depending on the nature of the basis
functions selected. However, the number of basis func-
tions does not vary with the dimension of the state
vector.
For non-linear systems with measured input non-

linearities we rewrite the non-linear system identification
problem as a linear system identification problem. The
overall approach consists of three steps. First, we
select a set of basis functions to approximate the non-
linearities in the system. Prior knowledge of the system
can be incorporated through the selection of these
basis functions. We use values of the basis functions as
a new set of inputs to an equivalent linear system.
Next, Theorem 1 is used to estimate the state sequence
in this equivalent linear system. Finally, the estimated
state sequence is used to identify the unknown system
parameters of the equivalent linear system using stan-
dard least squares techniques. These parameters corre-
spond to the dynamics matrix, output matrix, and the
coefficients of the non-linear basis functions of the
non-linear system. Experimental application of this
approach is presented in Lacy and Bernstein (2002).
Methods for basis function selection and optimization
are discussed in Palanth et al. (2004).
While many different subspace identification

algorithms could be applied in the second step, we
adopt the method of Moonen et al. (1989) and present
a self-contained proof, which is not available in the lit-
erature. The proof of Theorem 1 assumes that noise is
not present, which is consistent with the results given
in Moonen et al. (1989). However, the assumptions,
conclusions, and details of the proof of Theorem 1 are
different from those given in Moonen et al. (1989).
Consistency and asymptotic behaviour of several
subspace methods in the presence of disturbances and
measurement noise is discussed in Deistler et al.
(1995), Peternell et al. (1996), Jansson and Wahlberg
(1998), Bauer et al. (1999), Bauer and Jansson (2000),
Bauer (2001), Knudsen (2001), Li and Qin (2001),
Bauer and Ljung (2002), Pintelon (2002). The proof of
Theorem 1 provides the basis for analyzing the effects
of noise in future work.
This paper is organized as follows. The problem and

the notation to be used throughout the paper is

presented in x 2. The main results of the paper are
derived in x 3 in the zero noise case as in Moonen et al.
(1989). The system order and state sequence are esti-
mated in x 4. Using the state sequence estimate, the
system coefficients are calculated in x 5. Section 6 is a
summary of the identification procedure. Numerical
examples are presented in x 7.

2. Non-linear subspace identification

Here we study systems of the form

xðkþ 1Þ ¼ AxðkÞ þ Fðk, uðkÞ, . . . , uðk� bÞ,

yðkÞ, . . . , yðk� bÞÞ þ wðkÞ, ð1Þ

yðkÞ ¼ CxðkÞ þ Gðk, uðkÞ, . . . , uðk� bÞ,

yðk� 1Þ, . . . , yðk� bÞÞ þ EwðkÞ þ vðkÞ: ð2Þ

The model structure (1), (2) encompasses multi-input,
multi-output systems that depend linearly on the unmea-
sured states, but non-linearly on the time k 2 N and the
measured signals u and y. For convenience we rewrite
(1), (2) as

xðkþ 1Þ ¼ AxðkÞ þ Fðk, uðk� b: kÞ,

yðk� b: kÞÞ þ wðkÞ, ð3Þ

yðkÞ ¼ CxðkÞ þ Gðk, uðk� b: kÞ,

yðk� b: k� 1ÞÞ þ EwðkÞ þ vðkÞ, ð4Þ

where we use the notation

aði : jÞ�¼ aðiÞ � � � að jÞ
� �

, i � j, ð5Þ

b is the memory depth of N , uðkÞ 2 R
m, xðkÞ 2 R

n,
yðkÞ 2 R

p, A 2 R
n�n, C 2 R

p�n, F : N�R
m�bþ1

�

R
p�bþ1

! R
n, and G : N� R

m�bþ1
� R

p�b
! R

p. In
addition, wðkÞ 2 R

n and vðkÞ 2 R
p represent state and

measurement noise, respectively. The term EwðkÞ in (4)
models correlated state and measurement noise. This
model structure is illustrated by the block diagram in
figure 1, where the non-linear function N is given by

N �
¼

F

G

� �
, ð6Þ

and the linear system L has the form

xðkþ 1Þ ¼ AxðkÞ þ I 0
� �

N k, uðk� b: kÞ,ð

yðk� b: kÞÞ þ wðkÞ, ð7Þ

yðkÞ ¼ CxðkÞ þ 0 I
� �

Nðk, uðk� b: kÞ,

yðk� b: kÞÞ þ EwðkÞ þ vðkÞ: ð8Þ

Figure 1. Non-linear system with measured-input non-

linearities. N is a non-linear function of current and past

data, and L is a linear dynamic system. The measured signals

are u and y. The signal z is not measured.
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The model (3), (4) includes classical model structures as

special cases. For example, to capture a Hammerstein
system, where the non-linearities are functions of the
current input, we write (3) and (4) as

xðkþ 1Þ ¼ AxðkÞ þ FðuðkÞÞ þ wðkÞ, ð9Þ

yðkÞ ¼ CxðkÞ þ GðuðkÞÞ þ EwðkÞ þ vðkÞ, ð10Þ

illustrated in figure 2, where the non-linear function NH

is given by

NH
�
¼

F
G

� �
, ð11Þ

and the linear system LH has the form

xðkþ 1Þ ¼ AxðkÞ þ I 0
� �

NHðuðkÞÞ þwðkÞ, ð12Þ

yðkÞ ¼ CxðkÞ þ 0 I
� �

NHðuðkÞÞ þEwðkÞ þ vðkÞ: ð13Þ

Note that the literature for identifying Hammerstein
systems is generally confined to the single input case
(Greblicki and Pawlak 1989, Al-Duwaish and Nazmul
Karim 1997, Vörös 1997, Bai 1998, 2002), while the
system structure presented in this work encompasses

multi-input multi-output Hammerstein systems due to
the multi-input multi-output nature of subspace iden-
tification algorithms. For a non-linear feedback system,
we write (3), (4) as

xðkþ 1Þ ¼ AxðkÞ þ BuðkÞ þ FðyðkÞÞ þ wðkÞ, ð14Þ

yðkÞ ¼ CxðkÞ þDuðkÞ þ EwðkÞ þ vðkÞ, ð15Þ

illustrated in figure 3, where

NNLF
�
¼ F , ð16Þ

and LNLF represents the linear system

xðkþ 1Þ ¼ AxðkÞ þ BuðkÞ þ NNLFðyðkÞÞ þ wðkÞ, ð17Þ

yðkÞ ¼ CxðkÞ þDuðkÞ þ EwðkÞ þ vðkÞ: ð18Þ

We assume that F and G can be represented as linear

combinations of a finite set of known basis functions
fi : N�R

m�bþ1
�R

p�bþ1
! R, i ¼ 1, . . . , r, gi : N�

R
m�bþ1

� R
p�b

! R, i ¼ 1, . . . , s, and hi : N�

R
m�bþ1

� R
p�b

! R, i ¼ 1, . . . , t, with unknown matrix

coefficients B1 2 R
n�r, D1 2 R

p�s, B2 2 R
n�t, and

D2 2 R
p�t such that

Fðk, uðk� b: kÞ, yðk� b: kÞÞ

¼ B1f ðk, uðk� b: kÞ, yðk� b: kÞÞ

þ B2hðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ, ð19Þ

Gðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

¼ D1gðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

þD2hðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ, ð20Þ

where

f ðk, uðk� b: kÞ, yðk� b: kÞÞ

�
¼

f1ðk, uðk� b: kÞ, yðk� b: kÞÞ

..

.

frðk, uðk� b: kÞ, yðk� b: kÞÞ

2
6664

3
7775, ð21Þ

gðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

�
¼

g1ðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

..

.

gsðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

2
6664

3
7775, ð22Þ

hðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

�
¼

h1ðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

..

.

htðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

2
6664

3
7775, ð23Þ

and r, s, and t are the number of basis functions in each
expansion. Note that g and h are functions of past
outputs only, while f is a function of both past outputs
and the current output. If the functions F and G cannot
be exactly represented as a finite sum of basis functions,
the expansions (19) and (20) can be regarded as

Figure 2. Hammerstein system.

Figure 3. A non-linear feedback system.
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approximations. The same set of basis functions can
be used for any choice of state dimension. The number
��¼ rþ sþ t of basis functions required does not
increase with n. The basis functions in f, g, and h are
sorted according to whether they appear in the expan-
sion of F, G, or both. Specifically, f is a list of the
basis functions that appear only in the expansion of F;
g is a list of the basis functions that appear only in the
expansion of G; and h is a list of the basis functions
that appear in the expansions of both F and G.
Without this convention, ~ZZqðkÞ defined below could
not have full row rank. Methods for selecting and refin-
ing the set of basis functions fi, gi and hi are discussed in
Palanth et al. (2004).
With the notation (19), (20) we can rewrite (3) and

(4) as

xðkþ 1Þ ¼ AxðkÞ þ B1f ðk, uðk� b: kÞ, yðk� b: kÞÞ

þ B2hðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ þ wðkÞ,

ð24Þ

yðkÞ ¼ CxðkÞ þD1gðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

þD2hðk, uðk� b: kÞ, yðk� b: k� 1ÞÞ

þ EwðkÞ þ vðkÞ, ð25Þ

illustrated in figure 4, where

~NN �
¼

f
g
h

2
4

3
5, ð26Þ

and ~LL represents the system

xðkþ 1Þ ¼ AxðkÞ þ B1 0 B2

� �
� ~NNðk, uðk� b : kÞ, yðk� b : kÞÞ, ð27Þ

yðkÞ ¼ CxðkÞ þ 0 D1 D2

� �
� ~NNðk, uðk� b : kÞ, yðk� b : kÞÞ: ð28Þ

Using (24) and (25), we construct the block-matrix
equation

YqðkÞ ¼ �qxðk : kþ ‘� 2qÞ þ�q
~ZZqðkÞ þ�qNqðkÞ, ð29Þ

where q is a user-defined window length denoting the
number of block rows in (29). The number of columns
in (29) is ‘� 2qþ 1, where ‘ is a second user-defined

window length. In practice, ‘ may be taken to be the
number of measurements of u and y available for use
in the identification. In (29), we define the block-
Hankel matrix YqðkÞ 2 R

pq�‘�2qþ1 as

YqðkÞ�¼

yðk: kþ ‘� 2qÞ

yðkþ 1: kþ ‘� 2qþ 1Þ

..

.

yðkþ q� 1: kþ ‘� q� 1Þ

2
66666664

3
77777775
,

the extended observability matrix �q 2 R
pq�n as

�q
�
¼

C

CA

CA2

..

.

CAq�1

2
666666664

3
777777775
,

the block-Toeplitz matrix �q 2 R
pq�q� as

the block-Hankel matrix ~ZZqðkÞ 2 R
q��‘�2qþ1 as

~ZZqðkÞ�¼

~zzðk : kþ ‘� 2qÞ

~zzðkþ 1 : kþ ‘� 2qþ 1Þ

..

.

~zzðkþ q� 1 : kþ ‘� q� 1Þ

2
66666664

3
77777775
,

�q
�
¼

0 D1 D2 0 0 0 � � � 0

CB1 0 CB2 0 D1 D2 � � � 0

CAB1 0 CAB2 CB1 0 CB2 � � � 0

CA2B1 0 CA2B2 CAB1 0 CAB2 � � � 0

..

. ..
. ..

. ..
. ..

. ..
. ..

.

CAq�2B1 0 CAq�2B2 CAq�3B1 0 CAq�3B2 � � � D2

2
6666666664

3
7777777775
,

Figure 4. Equivalent block diagram of a system linear in

unmeasured states. In this formulation, ~NN is a non-linear func-

tion of current and past data, and ~LL is a linear dynamic system.
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the column vector ~zzðkÞ 2 R
� as

~zzðkÞ�¼

f ðk, uðk� b : kÞ, yðk� b : kÞÞ

gðk, uðk� b : kÞ, yðk� b : k� 1ÞÞ

hðk, uðk� b : kÞ, yðk� b : k� 1ÞÞ

2
64

3
75,

the block-Toeplitz matrix �q 2 R
pq�qðnþpÞ as

�q
�
¼

E I 0 0 0 0 � � � 0

C 0 E I 0 0 � � � 0

CA 0 C 0 E I � � � 0

CA2 0 CA 0 C 0 � � � 0

..

. ..
. ..

. ..
. ..

. ..
. ..

.

CAq�2 0 CAq�3 0 CAq�4 0 � � � I

2
6666666664

3
7777777775
,

and the block-Hankel matrix NqðkÞ 2 R
qðnþpÞ�‘�2qþ1 as

NqðkÞ�¼

wðk : kþ ‘� 2qÞ

vðk : kþ ‘� 2qÞ

wðkþ 1 : kþ ‘� 2qþ 1Þ

vðkþ 1 : kþ ‘� 2qþ 1Þ

..

.

wðkþ q� 1 : kþ ‘� q� 1Þ

vðkþ q� 1 : kþ ‘� q� 1Þ

2
6666666666664

3
7777777777775
:

Finally, we define the data matrix �qðkÞ 2 R
qðpþ�Þ�‘�2qþ1

as

�qðkÞ�¼
YqðkÞ
~ZZqðkÞ

� �
: ð30Þ

3. State reconstruction

In this section, we give conditions under which the state
sequence xðkþ q : kþ ‘� qÞ can be reconstructed to
within an unknown coordinate transformation using
measured data. For V 2 R

n�m let R(V) denote the
range (column space) of V. Then RðVTÞ is the row
space of V. Let VL �

¼ ðVTVÞ
�1
VT and

VR �
¼VTðVVTÞ

�1
denote left and right inverses of V,

respectively. We also define

�V
�
¼VRV ¼ VTðVVTÞ

�1
V and �?

V
�
¼ I � �V such

that V�V ¼ V and V�?
V ¼ 0.

Theorem 1: Assume the following conditions are
satisfied:

(i) rank�q ¼ n.
(ii) w(k) and v(k) are zero for all k 2 N.

(iii) rank ~ZZqðkÞ ~ZZqðkþ qÞ
� �

¼ 2q� for all k 2 N:
(iv) rank ðxðk : kþ ‘� 2qÞ�?

~ZZqðkÞ
Þ ¼ rankxðk : kþ ‘� 2qÞ

for all k 2N.
(v) rank xðk : kþ ‘� 4qÞ ¼ n for all k 2 N.
(vi) rank ðxðk : kþ ‘� 4qÞ�?

~ZZ2qðkÞ
Þ ¼ rankxðk: kþ ‘� 4qÞ

for all k 2N.

Then

q � n=p, ð31Þ

‘ � 2qð� þ 1Þ þ n� 1, ð32Þ

rank
�qðkÞ

�qðkþ qÞ

� �
¼ 2q� þ n for all k 2 N, ð33Þ

and

RðxTðkþ q: kþ ‘� qÞÞ ¼ R �T
q ðkÞ

� �\
R �T

q ðkþ qÞ
� �

for all k 2 N: ð34Þ

Proof: (31) follows directly from (i). We shall prove
(32) and (33) in the course of proving (30). To prove
(34) we first show that (35) holds with ‘‘¼’’ replaced
with ‘‘�’’. Then the left and right hand sides of (34)
will be shown to have the same dimension. Let k 2 N.

First, (ii) implies that (29) has the form

YqðkÞ ¼ �qxðk : kþ ‘� 2qÞ þ�q
~ZZqðkÞ ð35Þ

and

Yqðkþ qÞ ¼ �qxðkþ q : kþ ‘� qÞ þ�q
~ZZqðkþ qÞ:

ð36Þ

By (i) we can solve (35) and (36) for the state matrices

xðk : kþ ‘� 2qÞ ¼ �L
q ��L

q�q

� �
�qðkÞ ð37Þ

and

xðkþ q : kþ ‘� qÞ ¼ �L
q ��L

q�q

� �
�qðkþ qÞ: ð38Þ

Using (24), (37) and (ii), the state matrix
xðkþ q : kþ ‘� qÞ can also be written as

xðkþ q : kþ ‘� qÞ ¼ Aqxðk : kþ ‘� 2qÞ þ�q
~ZZqðkÞ

¼ Aq �L
q � �L

q�q

� �
�qðkÞ þ�q

~ZZqðkÞ

¼ Aq�L
q �q �Aq�L

q�q

� �
�qðkÞ,

ð39Þ

910 S. L. Lacy and D. S. Bernstein



where �q 2 R
n�q� is defined as

�q
�
¼ Aq�1 B1 0 B2

� �
Aq�2 B1 0 B2

� �
� � �

�
B1 0 B2

� � �
:

ð40Þ

Now (38) and (39) imply

R xT kþ q : kþ ‘� qð Þ
� �

� R �T
q ðkÞ

� �\
R �T

q ðkþ qÞ
� �

:

ð41Þ

Hence (34) holds with ‘‘¼’’ replaced with ‘‘�’’.
Next we show that the left and right hand sides of (34)

have the same dimension. By (iii), it follows that

rank ~ZZqðkÞ ¼ q� and thus �?
~ZZqðkÞ

exists. Multiplying

(35) on the right by �?
~ZZqðkÞ

and using ~ZZqðkÞ�
?
~ZZqðkÞ

¼ 0
yields

YqðkÞ�
?
~ZZqðkÞ

¼ �qxðk : kþ ‘� 2qÞ�?
~ZZqðkÞ

: ð42Þ

Using (42), (i), (iv), and (v) it follows that

rank YqðkÞ�
?
~ZZqðkÞ

� �
¼ rank �qxðk : kþ ‘� 2qÞ�?

~ZZqðkÞ

� �
¼ rank xðk : kþ ‘� 2qÞ�?

~ZZqðkÞ

� �
¼ rank xðk : kþ ‘� 2qÞ

¼ n: ð43Þ

Using (43), Rð� ~ZZqðkÞ
YT

q ðkÞÞ � Rð� ~ZZqðkÞ
Þ ¼ Rð ~ZZ

T

q ðkÞÞ,
~ZZqðkÞ�

?
~ZZqðkÞ

YT
q ðkÞ ¼ 0, and (iii) we can now calculate

rank ð�qðkÞÞ ¼ rank
YqðkÞ

~ZZqðkÞ

" #

¼ rank
YqðkÞ � ~ZZqðkÞ

þ�?
~ZZqðkÞ

� �
~ZZqðkÞ

2
4

3
5

¼ rank � ~ZZqðkÞ
YT

q ðkÞ þ�?
~ZZqðkÞ

YT
q ðkÞ

~ZZ
T

q ðkÞ
h i

¼ rank �?
~ZZqðkÞ

YT
q ðkÞ

~ZZ
T

q ðkÞ
h i

¼ rank ð ~ZZqðkÞÞ þ rank YqðkÞ�
?
~ZZqðkÞ

� �
¼ q� þ n: ð44Þ

Replacing k by kþ q in (44) yields

rank �qðkþ qÞ
� �

¼ q� þ n: ð45Þ

As in (43) and (44) and using (vi) we calculate

rank Y2qðkÞ�
?
~ZZ2qðkÞ

� �
¼ rank �2qxðk : kþ ‘� 4qÞ�?

~ZZ2qðkÞ

� �
¼ rank xðk : kþ ‘� 4qÞ�?

~ZZ2qðkÞ

� �
¼ rankxðk : kþ ‘� 4qÞ

¼ n, ð46Þ

to find

rank ð�2qðkÞÞ

¼ rank
Y2qðkÞ

~ZZ2qðkÞ

" #

¼ rank
Y2qðkÞ � ~ZZ2qðkÞ

þ�?
~ZZ2qðkÞ

� �
~ZZ2qðkÞ

2
4

3
5

¼ rank � ~ZZ2qðkÞ
YT

2qðkÞ þ�?
~ZZ2qðkÞ

YT
2qðkÞ

~ZZ
T

2qðkÞ
h i

¼ rank �?
~ZZ2qðkÞ

YT
2qðkÞ

~ZZ
T

2qðkÞ
h i

¼ rank ð ~ZZ2qðkÞÞ þ rank Y2qðkÞ�
?
~ZZ2qðkÞ

� �
¼ 2q� þ n: ð47Þ

Noting

~ZZ2qðkÞ ¼
~ZZqðkÞ

~ZZqðkþ qÞ

" #
and Y2qðkÞ ¼

YqðkÞ

Yqðkþ qÞ

� �

and using (47) we obtain

rank
�qðkÞ

�qðkþ qÞ

" #
¼ rank

YqðkÞ

~ZZqðkÞ

Yqðkþ qÞ

~ZZqðkþ qÞ

2
666664

3
777775

¼ rank

YqðkÞ

Yqðkþ qÞ

~ZZqðkÞ

~ZZqðkþ qÞ

2
666664

3
777775

¼ rank
Y2qðkÞ

~ZZ2qðkÞ

" #

¼ rank ð�2qðkÞÞ

¼ 2q� þ n: ð48Þ
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This proves (33). Also, since

�qðkÞ

�qðkþ qÞ

� �
2 R

2qðpþ�Þ�‘�2qþ1

it follows that 2q� þ n � ‘� 2qþ 1, which proves (32).
Finally, using (44), (45), (48), and (v) we compute the

dimension of the right hand side of (47) to be

dim R �T
q ðkÞ

� �\
R �T

q ðkþ qÞ
� �� �

¼ rank ð�qðkÞÞ þ rank ð�qðkþ qÞÞ

� rank
�qðkÞ

�qðkþ qÞ

� �
¼ q� þ nþ q� þ n� ð2q� þ nÞ

¼ n

¼ rank xðkþ q : kþ ‘� qÞ

¼ dimRðxTðkþ q : kþ ‘� qÞÞ, ð49Þ

which proves (34).
In the next result, we propose a direct computation of
the intersection of the row spaces of �qðkÞ and
�qðkþ qÞ.

Proposition 1: Let k 2 N and assume that (i)–(vi) of
Theorem 1 are satisfied. Then

Rð�TðkÞÞ ¼ R �T
q ðkÞ

� �\
R �T

q ðkþ qÞ
� �

, ð50Þ

where �ðkÞ 2 R
‘�2qþ1�‘�2qþ1 given by

�ðkÞ�¼ 2�þ
q ðkÞ�qðkÞð�

þ
q ðkÞ�qðkÞ þ�þ

q ðkþ qÞ�qðkþ qÞÞþ

��þ
q ðkþ qÞ�qðkþ qÞ, ð51Þ

see Anderson Jr and Duffin (1969). Then there exists
non-singular T 2 R

n�n such that

xðkþ q : kþ ‘� qÞ ¼ TUT
� ðkÞ�ðkÞ, ð52Þ

where U�ðkÞ 2 R
‘�2qþ1�n is defined through the singular

value decomposition

�ðkÞ ¼ U�ðkÞ U�ðkÞ
� � S�ðkÞ 0

0 0

� �
V T

� ðkÞ, ð53Þ

and U�ðkÞ 2 R
‘�2qþ1�‘�2q�nþ1, S�ðkÞ 2 R

n�n, and
V�ðkÞ 2 R

‘�2qþ1�‘�2qþ1.

The calculation of the state sequence (52), while
direct, requires forming the large matrix

�ðkÞ 2 R
‘�2qþ1�‘�2qþ1. In addition, in the presence of

noise, the row spaces of �qðkÞ and �qðkþ qÞ will gener-

ally intersect only at the origin, in which case �(k) will
have rank near zero! Therefore, when noise is present,

we would like an approximation to this intersection.

Under additional conditions, Propositions 2 and 3
below provide useful approximations to the intersec-

tions of the row spaces of �qðkÞ and �qðkþ qÞ.
The result (34) implies that, for all k 2 N, there exist

matrices M1 2 R
n�qðpþ�Þ and M2 2 R

n�qðpþ�Þ such that

xðkþ q : kþ ‘� qÞ ¼ M1�qðkÞ ¼ M2�qðkþ qÞ: ð54Þ

If either M1 or M2 were known, (54) could be used to

obtain the state sequence directly from measured data.

The goal of Proposition 2 is to estimate M1 and M2.
In the following result we suppress the dependence of

the matrices T, U11, U12, U21, U22, S11, V, Ur, Us, Sr, Vr,

and Vs on the time step k for notational convenience and

clarity. If k is taken to be 1, then the last data used in
the algorithm occurs at k ¼ ‘.

Proposition 2: Let k 2 N and assume that (i)–(vi)

of Theorem 1 are satisfied. Let M 2 R
‘�2qþ1�cM be

non-singular, and let

L ¼
L11 L12

L21 L22

" #
2 R

2qðpþ�Þ�2qðpþ�Þ,

where L11, L12, L21, and L22 2 R
qðpþ�Þ�qðpþ�Þ, and L11,

L22, L11 � L12L
�1
22 L21, and L22 � L21L

�1
11 L12 are non-

singular. Consider the singular value decomposition

L
�qðkÞ

�qðkþ qÞ

" #
M ¼

U11 U12

U21 U22

" #
S11 0

0 0

" #
V T, ð55Þ

where S11 2 R
2q�þn�2q�þn, U11 2 R

qðpþ�Þ�2q�þn, U12 2

R
qðpþ�Þ�2pq�n, U21 2 R

qðpþ�Þ�2q�þn, U22 2 R
qðpþ�Þ�2pq�n,

and V 2 R
‘�2qþ1�‘�2qþ1. Let Ul 2 R

2pq�n�n, Sl 2 R
n�n,

and Vl 2 R
2q�þn�n be defined through the singular value

decomposition

UT
12L11 þUT

22L21

� �
L11 �L12L

�1
22 L21

� ��1
U11

h
�L�1

11 L21 L22 �L21L
�1
11 L12

� ��1
U21

i
S11

¼ Ul Ue

� � Sl 0

0 0

" #
VT

l

VT
e

" #
¼ UlSlV

T
l : ð56Þ
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Furthermore, let Ur 2 R
2pq�n�n, Sr 2 R

n�n, and
Vr 2 R

2q�þn�n be defined through the singular value
decomposition

UT
12L12 þUT

22L22

� �h
L�1
22 L21 L11 � L12L

�1
22 L21

� ��1
U11

� L22 � L21L
�1
11 L12

� ��1
U21

i
S11

¼ Ur Ui

� � Sr 0

0 0

� �
VT

r

VT
i

" #
¼ UrSrV

T
r : ð57Þ

Finally, assume that

rank UT
12L11 þUT

22L21

� �
�qðkÞ

¼ rank UT
12L12 þUT

22L22

� �
�qðkþ qÞ ¼ n: ð58Þ

Then there exists non-singular T 2 R
n�n such that

xðkþ q: kþ ‘� qÞ

¼ TUT
l UT

12L11 þUT
22L21

� �
�qðkÞ

¼ T SrV
T
r 0

� �
V TM�1

¼ T SlV
T
l 0

� �
V TM�1

¼ �TUT
r UT

12L12 þUT
22L22

� �
�qðkþ qÞ: ð59Þ

Proof: First we rewrite the singular value decomposi-
tion (55) as

UT
11 UT

21

UT
12 UT

22

" #
L11 L12

L21 L22

� �
�qðkÞ

�qðkþ qÞ

� �

¼
S11 0

0 0

� �
V TM�1, ð60Þ

so that

UT
11 L11�qðkÞ þ L12�qðkþ qÞ
� �

þUT
21 L21�qðkÞ þ L22�qðkþ qÞ
� �

UT
12 L11�qðkÞ þ L12�qðkþ qÞ
� �

þUT
22 L21�qðkÞ þ L22�qðkþ qÞ
� �

2
666664

3
777775

¼
S11 0

0 0

" #
V TM�1: ð61Þ

We thus have

UT
12L11 þUT

22L21

� �
�qðkÞ

¼ � UT
12L12 þUT

22L22

� �
�qðkþ qÞ: ð62Þ

Hence, (62) and (34) imply that

R UT
12L11 þUT

22L21

� �
�qðkÞ

� �T� �
� R �T

q ðkÞ
� �\

R �T
q ðkþ qÞ

� �
¼ R xTðkþ q : k� qþ ‘Þ

� �
ð63Þ

and

R UT
12L12 þUT

22L22

� �
�qðkþ qÞ

� �T� �
� R �T

q ðkÞ
� �\

R �T
q ðkþ qÞ

� �
¼ R xTðkþ q : k� qþ ‘Þ

� �
: ð64Þ

Furthermore, (v) and (58) imply that the left and right
hand sides of (63) and (64) have the same dimension
n. Therefore,

R UT
12L11 þUT

22L21

� �
�qðkÞ

� �T� �
¼ R UT

12L12 þUT
22L22

� �
�qðkþ qÞ

� �T� �
¼ R xTðkþ q : k� qþ ‘Þ

� �
: ð65Þ

Next, note that (62) has 2pq� n rows, where
2pq� n � n by (31) of Theorem 1. Rewriting (55) we
have

Multiplying both sides of (66) by þ ðUT
12L11 þUT

22L21Þ,

taking the upper blocks, and using (56) we have

UT
12L11þUT

22L21

� �
�qðkÞ ¼ UT

12L11þUT
22L21

� �

�
ðL11�L12L

�1
22 L21Þ

�1U11S11

�L�1
11 L21 L22�L21L

�1
11 L12

� ��1
U21S11

0

2
4

3
5V TM�1

¼ UlSlV
T
l 0

� �
V TM�1 ¼ Ul SlV

T
l 0

� �
V TM�1:

ð67Þ

�qðkÞ

�qðkþ qÞ

� �
¼ L�1 U11 U12

U21 U22

� �
S11 0

0 0

� �
VTM�1 ¼

L11 � L12L
�1
22 L21

� ��1
�L�1

11 L12 L22 � L21L
�1
11 L12

� ��1

�L�1
22 L21 L11 � L12L

�1
22 L21

� ��1
L22 � L21L

�1
11 L12

� ��1

" #

�
U11S11 0

U21S11 0

� �
VTM�1 ¼

L11 � L12L
�1
22 L21

� ��1
U11S11 � L�1

11 L21 L22 � L21L
�1
11 L12

� ��1
U21S11 0

�L�1
22 L21 L11 � L12L

�1
22 L21

� ��1
U11S11 þ L22 � L21L

�1
11 L12

� ��1
U21S11 0

" #
VTM�1:ð66Þ
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Multiplying both sides of (66) by �ðUT
12L12 þUT

22L22Þ,
taking the lower blocks, and using (57) yields

� UT
12L12 þUT

22L22

� �
�qðkþ qÞ

¼ UT
12L12 þUT

22L22

� �
�

L�1
22 L21 L11 � L12L

�1
22 L21

� ��1
U11S11

� L22 � L21L
�1
11 L12

� ��1
U21S11

0

" #
V TM�1

¼ UrSrV
T
r 0

� �
V TM�1 ¼ Ur SrV

T
r 0

� �
V TM�1:

ð68Þ

Using (17), (68), and (65) we have

R UT
l UT

12L11 þUT
22L21

� �
�qðkÞ

� �T� �
� R UT

12L11 þUT
22L21

� �
�qðkÞ

� �T� �
¼ R xTðkþ q : kþ ‘� qÞ

� �
, ð69Þ

R UT
r UT

12L12 þUT
22L22

� �
�qðkþ qÞ

� �T� �
� R UT

12L12 þUT
22L22

� �
�qðkþ qÞ

� �T� �
¼ R xTðkþ q : kþ ‘� qÞ

� �
: ð70Þ

Also using (67) and (68),

rankUl
T UT

12L11 þUT
22L21

� �
�qðkÞ

¼ rank SlV
T
l 0

� �
V TM�1

¼ n

¼ rank xðkþ q: kþ ‘� qÞ, ð71Þ

rankUr
T UT

12L12 þUT
22L22

� �
�qðkþ qÞ

¼ rank SrV
T
r 0

� �
V TM�1

¼ n

¼ rank xðkþ q: kþ ‘� qÞ: ð72Þ

Thus

R UT
l UT

12L11 þUT
22L21

� �
�qðkÞ

� �T� �
¼ R xTðkþ q: kþ ‘� qÞ

� �
, ð73Þ

R UT
r UT

12L12 þUT
22L22

� �
�qðkþ qÞ

� �T� �
¼ R xTðkþ q: kþ ‘� qÞ

� �
, ð74Þ

and thus there exist non-singular Tl,Tr 2 R
n�n such that

xðkþ q:kþ ‘� qÞ ¼ TlU
T
l UT

12L11 þUT
22L21

� �
�qðkÞ

¼ �TrU
T
r UT

12L12 þUT
22L22

� �
�qðkþ qÞ:

ð75Þ

Proposition 2 shows that (54) is satisfied with

M1 ¼ UT
l ðU

T
12L11 þUT

22L21Þ and M2 ¼ �UT
r U

T
12L12 þ

UT
22L22Þ. We take L ¼ I2qðpþ�Þ and M ¼ I‘�2qþ1 in the

numerical examples that follow. Assumption (58) is

satisfied for L ¼ I2qðpþ�Þ. Different choices for L and M

select different bases for the state sequence.
Another method for computing an approximation

of the intersection of the row spaces of �qðkÞ and

�qðkþ qÞ is to compute the first n canonical vectors

(Van Overschee and De Moor 1996) as follows.

Proposition 3: Assume (i)–(vi) of Theorem 1 are

satisfied. Then

xðkþ q : kþ ‘� qÞ

¼
1

2
xclðkþ q : kþ ‘� qÞ þ xcrðkþ q : kþ ‘� qÞð Þ,

ð76Þ

where

xclðkþ q : kþ ‘� qÞ ¼ UT
1 �̂�qðkÞ�̂�

T
q ðkÞ

� ��1=2
�̂�qðkÞ, ð77Þ

xcrðkþ q : kþ ‘� qÞ

¼ VT
1 �̂�qðkþ qÞ�̂�T

q ðkþ qÞ
� ��1=2

�̂�qðkþ qÞ, ð78Þ

Uc ¼ U1 U2

� �
, ð79Þ

Vc ¼ V1 V2

� �
, ð80Þ

and U, S, and V are defined through the singular value

decomposition

UcScV
T
c ¼ �̂�qðkÞ�̂�

T
q ðkÞ

� ��1=2

�̂�qðkÞ�̂�
T
q ðkþ qÞ

� �

�̂�qðkþ qÞ�̂�T
q ðkþ qÞ

� ��1=2

, ð81Þ

where Uc 2 R
q�þn�q�þn, Sc 2 R

q�þn�q�þn, Vc 2

R
q�þn�q�þn,U1 2 R

q�þn�n, U2 2 R
q�þn�q�, V1 2 R

q�þn�n,

V2 2 R
q�þn�q�, and �̂�qðkÞ 2 R

q�þn�‘�2qþ1 and

�̂�qðkþ qÞ 2 R
q�þn�‘�2qþ1 are given by

�̂�qðkÞ ¼ UT
�qðkÞ1

�qðkÞ, ð82Þ

�̂�qðkþ qÞ ¼ UT
�qðkþqÞ1�qðkþ qÞ, ð83Þ

where U�qðkÞ1 2 R
q�þn�qð�þpÞ, and U�qðkþqÞ1 2

R
q�þn�qð�þpÞ are defined through the singular value
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decompositions

U�qðkÞ1 U�qðkÞ2

� � S�qðkÞ1 0

0 0

� � V T
�qðkÞ1

V T
�qðkÞ2

" #

¼ U�qðkÞ1S�qðkÞ1V
T
�qðkÞ1

ð84Þ

¼ �qðkÞ

U�qðkþqÞ1 U�qðkþqÞ2

� � S�qðkþqÞ1 0

0 0

� � V T
�qðkþqÞ1

V T
�qðkþqÞ2

" #

¼ U�qðkþqÞ1S�qðkþqÞ1V
T
�qðkþqÞ1 ¼ �qðkþ qÞ: ð85Þ

In Proposition 3 we had to find smaller, full rank,
approximations �̂�qðkÞ and �̂�qðkþ qÞ of the data
matrices �qðkÞ and �qðkþ qÞ in (84) and (85) and then
compute the canonical vectors in (81). In the examples
that follow, the method of Proposition 2 is used to
estimate the state sequence.

4. Noise effects

Since w(k) and v(k) are present in real systems, we apply
Theorem 1 and Proposition 2 without Assumption (ii).
The problem of rank determination is central to

estimating the order of the unknown system. The
presence of w(k) and v(k) will generally increase the
rank of

L
�qðkÞ

�qðkþ qÞ

� �
M:

For computational purposes, we use the following
heuristic technique to estimate the rank of a matrix in
the presence of noise. For P 2 R

2qðpþ�Þ�‘�2qþ1, consider
the singular value decomposition given by

P�
¼USV T: ð86Þ

Let s 2 R
minð2qðpþ�Þ, ‘�2qþ1Þ�2q�, where, for i ¼ 1, . . . ,

minð2qðpþ �Þ, ‘� 2qþ 1Þ � 2q�,

si �¼

Sði, iÞ

Sði þ 1, i þ 1Þ
,

if 2q� � i < min 2qðpþ �Þ,ð

‘� 2qþ 1Þ

and Sði þ 1, i þ 1Þ 6¼ 0,

0, else.

8>>><
>>>:

ð87Þ

Then we define

numrank P�
¼ argmax si: ð88Þ

In the zero noise case

rankL
�qðkÞ

�qðkþ qÞ

� �
M � 2q�,

so we have defined si to be zero for i < 2q�.
Referring to (33) and (59), we approximate n and

xðkþ q : kþ ‘� qÞ by

n̂n�¼numrank L
�qðkÞ

�qðkþ qÞ

� �
M

	 

� 2q�,

ð89Þ

x̂xðkþ q: kþ ‘� qÞ�¼
1
2
xrðkþ q: kþ ‘� qÞð

þx̂xlðkþ q:kþ ‘� qÞÞ, ð90Þ

where

x̂xrðkþ q : kþ ‘� qÞ�¼UT
r UT

12L11 þUT
22L21

� �
�qðkÞ, ð91Þ

x̂xlðkþ q : kþ ‘� qÞ�¼ �UT
l UT

12L12 þUT
22L22

� �
�qðkþ qÞ,

ð92Þ

and we have arbitrarily set T ¼ I in (59) to obtain (90).

T 6¼ I can be used to select a different basis for the state

sequence. We have also suppressed the dependence on

the time step k in n̂n and s.
The presence of noise causes the row space of

x̂xrðkþ q : kþ ‘� qÞ to be different from the row space

of x̂xlðkþ q : kþ ‘� qÞ. We use the mismatch between

the row spaces of these two matrices to quantify the

effect of noise, unmodelled non-linearities, and other

model fit errors. To quantify this error, we use the

principal angles between the two subspaces (see page

25 of Van Overschee and De Moor (1996). Define the

singular value decomposition

x̂xrx̂x
T
r

� ��1=2
x̂xrx̂x

T
l x̂xlx̂x

T
l

� ��1=2
¼ UrlSrlV

T
rl : ð93Þ

Then the principal cosines are the diagonal entries of Srl ,

and the vector of principal angles � 2 R
n̂n is defined as

��¼ arccosðdiagðSrlÞÞ: ð94Þ

If the row spaces of x̂xrðkþ q : kþ ‘� qÞ and

x̂xlðkþ q : kþ ‘� qÞ are equal, then the angles between

them are zero. If the principal angles are small, then

the two spaces are close to each other, whereas if the

principal angles are large, then the two spaces are not.
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6. Coefficient estimation

Now that we have the estimate x̂xðkþ q : kþ ‘� qÞ 2
R

n�‘�2qþ1 given in (90) of the state sequence
xðkþ q : kþ ‘� qÞ we proceed to estimate A, B1, B2,
C, D1, and D2 as well as the covariance matrices
Q�
¼E½wðkÞwðkÞT�, R�

¼E½vðkÞvðkÞT�, and the correlation
matrix E. Consider the cost function

JðÂA, B̂B1, B̂B2, ĈC, D̂D1, D̂D2Þ

�
¼

x̂xðkþ qþ 1 : kþ ‘� qÞ

yðkþ q : kþ ‘� q� 1Þ

� �����
�

ÂA B̂B1 0 B̂B2

ĈC 0 D̂D1 D̂D2

" #
x̂xðkþ q : kþ ‘� q� 1Þ

zðkþ q : kþ ‘� q� 1Þ

� ������
F

,

ð95Þ

which can be written as

J2ðÂA, B̂B1, B̂B2, ĈC, D̂D1, D̂D2Þ ¼ J2
1 ðÂA, B̂B1, B̂B2Þ þ J2

2 ðĈC, D̂D1, D̂D2Þ,

where

J1ðÂA, B̂B1, B̂B2Þ

�
¼ x̂xðkþ qþ 1 : kþ ‘� qÞ
��
� ÂA B̂B1 B̂B2

� �
R1ðkþ q : kþ ‘� q� 1Þ

��
F
,

J2ðĈC, D̂D1, D̂D2Þ

�
¼ yðkþ q : kþ ‘� q� 1Þ
��
� ĈC D̂D1 D̂D2

� �
R2ðkþ q : kþ ‘� q� 1Þ

��
F
,

k�kF is the Frobenius matrix norm, and

R1ðkÞ�¼

x̂xðkÞ

f ðkÞ

hðkÞ

2
64

3
75, R2ðkÞ�¼

x̂xðkÞ

gðkÞ

hðkÞ

2
64

3
75:

Proposition 4: The matrices

ÂA B̂B1 B̂B2

� �
�
¼ x̂xðkþ qþ 1: kþ ‘� qÞ

� R1ðkþ q : kþ ‘� q� 1Þþ, ð96Þ

ĈC D̂D1 D̂D2

� �
�
¼ yðkþ q : kþ ‘� q� 1Þ

� R2ðkþ q : kþ ‘� q� 1Þþ ð97Þ

minimize J1 and J2.

In practice, the generalized inverses in (96) and (97) can
often be replaced by right inverses.

Proposition 5: Let ÂA, B̂B1, B̂B2, ĈC, D̂D1, and D̂D2 be given by
(96) and (97). Then the covariance of the residuals of (95)
is given by

��
¼

�11 �12

�T
12 �22

" #
:

The corresponding estimates of E, Q, and R are

Q̂Q�
¼�11, ð98Þ

ÊE�
¼�21�

�1
11 , ð99Þ

R̂R�
¼�22 ��21�

�1
11 �

T
21, ð100Þ

where

�11
�
¼ x̂xðkþ qþ 1: kþ ‘� qÞ�?

R1ðkþq:kþ‘�q�1Þx̂x
T

� ðkþ qþ 1: kþ ‘� qÞ, ð101Þ

�21
�
¼ yðkþ q: kþ ‘� q� 1Þ I ��R1ðkþq:kþ‘�q�1Þ

�
��R2ðkþq:kþ‘�q�1Þ þ�R1ðkþq:kþ‘�q�1Þ

��R2ðkþq:kþ‘�q�1Þ

�
x̂xTðkþ qþ 1: kþ ‘� qÞ,

ð102Þ

�22
�
¼ yðkþ q : kþ ‘� q� 1Þ�?

R2ðkþq:kþ‘�q�1Þy
T

� ðkþ q : kþ ‘� q� 1Þ: ð103Þ

6. The algorithm

Here we summarize the steps in the non-linear subspace
identification algorithm.

(1) Collect input–output data, and choose the window
length q. The length of data to be used, ‘, must
be chosen less than or equal to the number of
input–output data pairs available.

(2) Select the memory depth b and basis functions
fiðk, uðk� b : kÞ, yðk� b: kÞÞ, giðk, uðk� b: kÞ,
yðk� b: k� 1ÞÞ, and hiðk, uðk� b: kÞ, yðk� b:
k� 1ÞÞ to model the system.

(3) Construct �qðkÞ and �qðkþ qÞ as in (30).
(4) Select weighting matrices L and M, where M is

non-singular, and L is block-invertible, i.e., L11,
L22, L11 � L12L

�1
22 L21, and L22 � L21L

�1
11 L12 are

non-singular.
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(5) Calculate the primary singular value decomposi-

tion of

L
�qðkÞ

�qðkþ qÞ

� �
M

in (55) and obtain n̂n in (89) as well as U11, U12, U21,

U22, and S11.
(6) Calculate the singular value decompositions in (56)

and (57) and obtain Ul and Ur.
(7) Estimate the state matrix x̂xðkþ q : kþ ‘� qÞ in (90).
(8) Estimate the system matrices ÂA, B̂B1, B̂B2, ĈC, D̂D1,

and D̂D2 in (96) and (97). Estimate ÊE and the noise

covariance matrices Q̂Q and R̂R in (98), (99), and (100).

7. Examples

In this section the non-linear subspace identification

algorithm is applied to several non-linear systems. The

validation error is defined by

e�¼
kyð1 : ‘Þ � ŷyð1 : ‘ÞkF

kyð1 : ‘ÞkF
, ð104Þ

where ŷy is the output predicted by the identified model.

For each example L ¼ I2qðpþ�Þ and M ¼ I‘�2qþ1.
The coefficients of the identified model are not

reported in the examples that follow since they can be

difficult to compare to the coefficients in the original

system. In the case where the original system does not

fall in the model class, see x 7.2–7.4, direct comparison

of coefficients is not suitable. In the case where the

system is a member of the model class, see x 7.1, some

manipulation may be required to set the basis for the

state sequence, as well as manipulating the input coeffi-

cient values relative to the non-linear basis function

coefficients. We present the validation error (104) as a

useful tool for comparing the identified model and the

system under study that has utility beyond the compar-

ison of identified models to simulated systems to the

comparison of identified models and measured data.
In the plots that follow, the variable t is related to the

discrete variable k as �k ¼ t. Where data from a continu-

ous time system and a discrete time system are displayed

on the same plot, the continuous time signal has been

sampled at the same points as the discrete time data.

7.1. Noise statistics example

Here we examine in simulation the effects of varying the

noise level. We simulate the single-input, single-output,

four-state Hammerstein system

xðkþ 1Þ ¼

0 0 0:495 0:495

0:99 0 0 0

0 0:99 0 0

0 0 0:99 0

2
6666664

3
7777775
xðkÞ

þ

1 0

0 1

0 0

0 0

2
6666664

3
7777775

uðkÞ

uðkÞ2

" #
ð105Þ

yðkÞ ¼ 0 0 0 1
� �

xðkÞ þ vðkÞ: ð106Þ

We take h ¼ u u2 u3
� �T

, q ¼ 24 ¼ 16, and

‘ ¼ 210 ¼ 1024. We take our input sequence u to be

a realization of a zero mean unit variance normally dis-

tributed random variable. We add zero mean normally

distributed measurement noise to the output, and

adjust the signal to noise ratio for each run by changing

the variance of the measurement noise, where we define

the signal to noise ratio as

S

N
�
¼

ky� vk

kvk
: ð107Þ

We simulate twenty signal to noise ratios, logarithmi-

cally spaced from 0.01 to 1000. We plot the singular

values in figure 5 and the principal angles in figure 6.

We plot the true and estimate output noise variance in

figure 7. As we increase the variance of the noise,

we see that the ratios of singular values become

less indicative of the order of the system and the

principal angles increase toward 90 degrees. The

output noise covariance estimates improve as the

variance of the noise sequence increases. This is

because the output noise is dominating the response

of the system and the covariance of the output.

Also, since the data sequences are finite, the algorithm

may attribute effects actually due to noise to the

system.

7.2. Planar articulated spacecraft

We model the planar motion of two flexible bodies

linked by a hinge. For simplicity, we model only the

first flexure mode of each link. The equations of
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motion are

€��1 ¼
sin � _��21 cos � � �2 _��

2
2

� �
��1�2 þ cos2 �

þ
ffiffiffi
2

p
�1 €��1 þ u, ð108Þ

€��2 ¼ �
sin � _��22 cos � � �1 _��

2
1

� �
��1�2 þ cos2 �

þ
ffiffiffi
2

p
�2 €��2 � u, ð109Þ

0 ¼ €��1 þ 2c1!1 _��1 þ !2
1�1 þ

ffiffiffi
2

p
�1 €��1, ð110Þ

0 ¼ €��2 þ 2c2!2 _��2 þ !2
2�2 þ

ffiffiffi
2

p
�2 €��2, ð111Þ

where �1 ¼ J1=�, �2 ¼ J2=�, � ¼ d1d2m, J1 ¼ I1 þmd 2
1 ,

J2 ¼ I2 þmd 2
2 , m ¼ m1m2=ðm1 þm2Þ is the reduced

mass, d1 and d2 are the distances from the hinge point

to the center of mass of each body, m1 and m2 are the

masses of the two bodies, � ¼ �1 � �2 is the angle

between the two bodies, �1 and �2 are the angular posi-

tions of the two bodies with respect to an inertial frame,

�1 and �2 are the fundamental flexible modes of each

body, !1 and !2 are the modal frequencies, �1 and �2
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Figure 5. The singular values used to estimate n̂n for each signal to noise ratio. The thickness of the line is proportional to S/N.

As the noise level is decreased, the singular values become a good indicator of the system order.
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Figure 6. The principal angles are used to quantify the effect of noise for each signal to noise ratio. As the noise level increases, the

subspaces become increasingly orthogonal. The thickness of the line is proportional to S/N.
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are the coupling coefficients, and u is the control torque

applied between the two bodies. We can rewrite (7.5),

(7.6), (7.7), and (7.8) as

€��1 ¼
1

1þ 2�21

 
sin � _��21 cos � � �2 _��

2
2

� �
��1�2 þ cos2 �

�
ffiffiffi
2

p
�1!

2
1�1 � 2

ffiffiffi
2

p
�1c1!1 _��1 þ u

!
, ð112Þ

€��2 ¼
1

1þ 2�21

 
�
sin � _��22 cos � � �1 _��

2
1

� �
��1�2 þ cos2 �

�
ffiffiffi
2

p
�2!

2
2�2 � 2

ffiffiffi
2

p
�2c2!2 _��2 � u

!
, ð113Þ

€��1 ¼
�1

1þ 2�21

 ffiffiffi
2

p
�1 sin � _��21 cos � � �2 _��

2
2

� �
��1�2 þ cos2 �

þ !2
1�1 þ 2c1!1 _��1 þ

ffiffiffi
2

p
�1u

!
, ð114Þ

€��2 ¼
�1

1þ 2�22

 
�

ffiffiffi
2

p
�2 sin � _��22 cos � � �1 _��

2
2

� �
��1�2 þ cos2 �

þ !2
2�1 þ 2c2!2 _��2 þ

ffiffiffi
2

p
�2u

!
: ð115Þ

Since �1�2 > 1 these equations do not have a singularity.

For the experiment, the control signal u is a realization

of a zero mean, unit variance random variable for
the first 25 seconds, and zero after 25 seconds, when

we observe the system free response. We measure

‘ ¼ 2000 data points with sampling rate 1=� ¼ 20Hz.

We take measurements of �1, �2, _��1, and _��2, and set

zðkÞ ¼ hðkÞ ¼

uðk� 1Þ

_��21ðk� 1Þ sinð�1ðk� 1Þ � �2ðk� 1ÞÞ

_��22ðk� 1Þ sinð�1ðk� 1Þ � �2ðk� 1ÞÞ

_��21ðk� 1Þ sin 2ð�1ðk� 1Þ � �2ðk� 1ÞÞ

_��22ðk� 1Þ sin 2ð�1ðk� 1Þ � �2ðk� 1ÞÞ

2
6666664

3
7777775
,

ð116Þ

a function of delayed data, with the nonlinearities

periodic in �. We obtain a fourth order model and
plot the validation data in figure 8. The validation
error is e ¼ 0:0025. The frequency of the oscillations in
_��1 and _��2 is closely matched.

7.3. Forced Van der Pol oscillator

Here we consider the system

_xx1 ¼ x2, ð117Þ

_xx2 ¼ �!2x1 þ 	! 1� 
2x21
� �

x2 þ u ð118Þ

with ! ¼ 	 ¼ 
 ¼ 1. We excite this continuous-
time system with a zero-order-held sequence of
‘ ¼ 1000 input samples with time interval � ¼ 0:05 s,
and measure ‘ samples of both x1 and x2 with sampling

rate 1=� ¼ 20Hz. Since the nonlinearities are functions
of x1 and x2, we measure both signals and identify
a discrete-time model. Inspired by the continuous-time
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u
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Figure 7. True (thin line) and estimated (thick line) noise covariance. The noise covariance estimate improves as the S/N degrades.
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system, we first choose

zðkÞ ¼ hðkÞ ¼

x1ðkÞ

x2ðkÞ

x21ðkÞx2ðkÞ

uðkÞ

2
6666664

3
7777775

ð119Þ

and identify a discrete-time model. We then continue

the input sequence as shown in figure 9 and measure

outputs of both the true continuous-time system and

the identified discrete-time model and compare the

results. The validation error is e ¼ 0:0207. See figure 9

and figure 10.
Without exploiting knowledge of the structure of

the continuous-time system, we alternatively choose

all polynomials up to third order as our basis functions,
so that

zðkÞ¼hðkÞ

¼

1 x1ðkÞ x2ðkÞ uðkÞ

x1ðkÞ
2 x2ðkÞ

2 uðkÞ2 x1ðkÞx2ðkÞ

x2ðkÞuðkÞ uðkÞx1ðkÞ x1ðkÞ
3 x2ðkÞ

3

uðkÞ3 x1ðkÞ
2x2ðkÞ x1ðkÞx2ðkÞ

2 x2ðkÞ
2uðkÞ

x2ðkÞuðkÞ
2 uðkÞ2x1ðkÞ uðkÞx1ðkÞ

2 x1ðkÞx2ðkÞuðkÞ

2
6666664

3
7777775

T

:

ð120Þ

Using the same data as before, we identify a discrete-
time model and compare the output of both the
true continuous-time system and the identified
discrete-time model. The validation error is
e ¼ 0:0672. See figure 11 and figure 12. Note that
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Figure 8. The time trace of measured and estimated variables. The vertical line indicates the end of the identification data set

and the beginning of the validation data set. The solid line indicates the signal from the true continuous-time system. The dotted

line indicates the signal from the identified discrete-time model.
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even though we have increased the number of basis
functions, the validation error has not decreased; in
fact it increased by a factor of 3.5. While we increased
the number of basis functions, and thus increased
the ability of the identified system to match the
identification data set, we have over-modelled the

data. The estimated system output matches the true
output well for the identification data set, but does
not perform as well when applied to the validation
data set. This effect can be reduced by using a
larger data set, or a better set of basis functions, see
Palanth et al. (2004).
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Figure 10. x1 vs. x2 validation signals for the forced Van der Pol oscillator with 4 basis functions. The solid line indicates the signal

from the true continuous-time system. The dotted line indicates the signal from the identified discrete-time model.
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Figure 9. The time trace of measured and estimated variables of the forced Van der Pol oscillator with 4 basis functions.

The vertical line indicates the end of the identification data set and the beginning of the validation data set. The solid line indicates

the signal from the true continuous-time system. The dotted line indicates the signal from the identified discrete-time model.
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7.4. Elliptical limit cycle

Here we consider the unforced system

€qqþ � q2 þ
_qq

!

	 
2

�a2

 !
_qqþ !2q ¼ 0, ð121Þ

with � ¼ 2, a¼ 1, ! ¼ 2. This system converges to a
sinusoidal output with amplitude a and frequency !.
We rewrite this system with x1 ¼ q and x2 ¼ _qq as

_xx1 ¼ x2, ð122Þ

_xx2 ¼ �a2x2 �
�

!2
x32 � �x21x2 � !2x1: ð123Þ
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Figure 12. x1 vs. x2 validation signals for the forced Van der Pol oscillator with 20 basis functions. The solid line indicates the

signal from the true continuous-time system. The dotted line indicates the signal from the identified discrete-time model.
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Figure 11. The time trace of measured and estimated variables of the forced Van der Pol oscillator with 20 basis functions. The

vertical line indicates the end of the identification data set and the beginning of the validation data set. The solid line indicates

the signal from the true continuous-time system. The dotted line indicates the signal from the identified discrete-time model.
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In this example there is no input to the system.

We measure a zero-order held sequence of

‘¼ 10000 outputs with time interval � ¼ 0:01 s.
As with the previous example of the Van

der Pol Oscillator, we assume access to both x1
and x2. Inspired by the continuous-time system

we choose

zðkÞ ¼ hðkÞ ¼

x1ðkÞ

x2ðkÞ

x21ðkÞx2ðkÞ

x32ðkÞ

2
6664

3
7775 ð124Þ
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Figure 13. The time trace of measured and estimated variables of the Elliptical Limit Cycle with 4 basis functions. The vertical line

indicates the end of the identification data set and the beginning of the validation data set. The solid line indicates the signal from the

true continuous-time system. The dotted line indicates the signal from the estimated discrete-time system.
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Figure 14. x1 vs. x2 validation signals for the Elliptical Limit Cycle with 4 basis functions. The solid line indicates the signal from

the true continuous-time system. The dotted line indicates the signal from the estimated discrete-time system.
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and obtain a validation error of e ¼ 0:0678. See figure 13
and figure 14. Alternatively, we choose

zðkÞ ¼ hðkÞ

¼

1 x1ðkÞ x2ðkÞ x21ðkÞ

x22ðkÞ x1ðkÞx2ðkÞ x31ðkÞ x32ðkÞ

x21ðkÞx2ðkÞ x1ðkÞx
2
2ðkÞ

2
64

3
75

T

,

ð125Þ

the set of all polynomials up to third order in the

outputs and obtained a validation error of e ¼ 0:0015.
See figure 15 and figure 16. Unlike the previous example,

the validation error decreases as we increase the number

of basis functions.
Next, we identify the system with only one measure-

ment and increase the memory depth of the non-linear

basis functions. Assuming access to only the position

variable x1 we include delayed outputs in our basis
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Figure 15. The time trace of measured and estimated variables of the Elliptical Limit Cycle with 10 basis functions. The vertical

line indicates the end of the identification data set and the beginning of the validation data set. The solid line indicates the signal

from the true continuous-time system. The dotted line indicates the signal from the estimated discrete-time system.
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Figure 16. x1 vs. x2 validation signals for the Elliptical Limit Cycle with 10 basis functions. The solid line indicates the signal from

the true continuous-time system. The dotted line indicates the signal from the estimated discrete-time system.
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functions by letting

f ðkÞ

¼

1 x1ðk�1Þ x1ðkÞ x
2
1ðk�1Þ x21ðkÞ

x1ðk�1Þx1ðkÞ x
3
1ðk�1Þ

x31ðkÞ x21ðk�1Þx1ðkÞ x1ðk�1Þ x21ðkÞ

2
64

3
75

T

:

ð126Þ

See figure 17. While the error has increased substantially

to e ¼ 0:0087, it is still less than one percent. This exam-

ple demonstrates how including functions of delayed

data can allow identification of a system that would

otherwise be difficult to identify.

8. Conclusion

We presented a subspace-based identification method

for identifying non-linear time-varying systems that are

nonlinear in measured data and linear in unmeasured

states. Our approach is to rewrite the nonlinear iden-

tification problem as a linear identification problem by

writing the system nonlinearities as a sum of known

basis functions with unknown coefficients. We then

applied the algorithm to several numerical examples.

Future work will focus on experimental applications

(Lacy and Bernstein 2002), extending the class of

identifiable systems, and methods for basis function
selection (Palanth et al. 2004).
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T. Söderström and P. Stoica, System Identification, Upper Saddle
River, NJ: Prentice Hall, 1989.

T. Van Gestel, J.A.K. Suykens, P. Van Dooren and B. De Moor,
‘‘Identification of stable models in subspace identification by using
regularization’’, IEEE Transactions on Automatic Control, 46,
pp. 1416–1420, 2001.

P. Van Overschee and B. De Moor, ‘‘N4SID: Subspace algorithms
for the identification of combined deterministic-stochastic systems’’,
Automatica, 30, pp. 75–93, 1994.

P. Van Overschee and B. De Moor, ‘‘A unifying theorem for three
subspace system identification algorithms’’, Automatica, 31,
pp. 1853–1864, 1995.

P. Van Overschee and B. De Moor, Subspace Identification for Linear
Systems: Theory, Implementation, Applications, Norwell, MA:
Kluwer, 1996.

M. Verhaegen, ‘‘Subspace model identification part 3. Analysis of the
ordinary output-error state-space model identification algorithm’’,
International Journal of Control, 58, pp. 555–586, 1993.

M. Verhaegen and P. Dewilde, ‘‘Subspace model identification part 1.
The output-error state-space model identification class of
algorithms’’, International Journal of Control, 56, pp. 1187–1210,
1992a.

M. Verhaegen and P. Dewilde, ‘‘Subspace model identification part 2.
Analysis of the elementary output-error state-space model identifica-
tion algorithm’’, International Journal of Control, 56, pp. 1211–1241,
1992b.

M. Verhaegen and D. Westwick, ‘‘Identifying MIMO Hammerstein
systems in the context of subspace model identification methods’’,
International Journal of Control, 63, pp. 331–349, 1996.

M. Verhaegen and X. Yu, ‘‘A class of subspace model identification
algorithms to identify periodically and arbitrarily time-varying
systems’’, Automatica, 31, pp. 201–216, 1995.

M. Viberg, ‘‘Subspace-based methods for the identification of linear
time-invariant systems’’, Automatica, 31, pp. 1835–1851, 1995.

M. Viberg, B. Wahlberg and B. Otterstein, ‘‘Analysis of state space
system identification methods based on instrumental variables and
subspace fitting’’, Automatica, 33, pp. 1603–1616, 1997.

T.L. Vincent, P.P. Khargonekar, B.A. Rashap, F. Terry and M. Elta,
‘‘Nonlinear system identification and control of a reactive ion
etcher’’, in Proceedings of the American Control Conference,
Baltimore, MD, 1994, pp. 902–906.

J. Vörös, ‘‘Parameter identification of discontinuous hammerstein
systems’’, Automatica, 33, pp. 1141–1146, 1997.

J. Vörös, ‘‘Parameter identification of Wiener systems with discontin-
uous nonlinearities’’, Systems and Control Letters, 44, pp. 363–372,
2001.

D.T. Westwick and R.E. Kearney, ‘‘A new algorithm for the
identification of multiple input Wiener systems’’, Biological
Cybernetics, 68, pp. 75–85, 1992.

D. Westwick and M. Verhaegen, ‘‘Identifying MIMO Wiener systems
using subspace model identification methods’’, Signal Processing,
52, pp. 235–258, 1996.

T. Wigren, ‘‘Convergence analysis of recursive identification
algorithms based on the Wiener model’’, IEEE Transactions on
Automatic Control, 39, pp. 2191–2206, 1994.

926 S. L. Lacy and D. S. Bernstein


