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Initial Gonditions

In Time- and
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IMPLICATIONS OF THE SHIFT
OPERATOR VERSUS THE Z AND
DISCRETE FOURIER TRANSFORMS

his article has two main objectives. The first objective is to demon-
KHALED F. ALJANAIDEH strate that, unlike frequency-domain models, time-domain mod-
and DENNIS S. BERNSTEIN els exactly account for the effect of initial conditions without an
explicit expression for the free response. Although this property is
obvious in state-space models, it has been the subject of confusion
and misconceptions within the context of input-output models. In contrast
to time-domain models, frequency-domain models (not to be confused
with Laplace-domain and Z-transfer-domain models, which separately in-
clude the free response) do not account for initial conditions.
Digital Object Identifier 10.1109/MCS.2017.2786419 The second objective is to demonstrate the ramifications of this defect
Date of publication: 16 March 2018 for frequency-domain identification in the form of spectral leakage. Spectral
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leakage is the error in the estimated frequency response
function that arises from nonperiodic data, which may be
due to the initial conditions, a nonperiodic input, or, if the
response is periodic, the use of a noninteger number of
periods. Although spectral leakage and leakage-remedia-
tion techniques are discussed in [1], the role of initial condi-
tions in contributing to this effect is not considered. This
article illustrates various techniques for ameliorating spec-
tral leakage due to initial conditions. Spectral leakage does
not arise in time-domain identification.

To demonstrate the effect of initial conditions, we use
least-squares techniques for both time-domain and para-
metric frequency-domain identification as well as spectral
analysis for nonparametric frequency-domain identifi-
cation. All models in this article are single-input, single-
output. Although one of the key challenges in system
identification is the effect of noise, all data are assumed to
be noise-free to focus on the effect of the initial conditions.

As discussed in “Summary,” this article is intended as a
tutorial for students interested in system identification as
well as those engaged in related research, and an overview
of the types of models that play a role in discrete-time
system identification in both the time and frequency domains
is included.

Time-Domain, Laplace-Domain,

and Frequency-Domain Models

The duality between time-domain and frequency-domain
models is an immensely powerful aspect of systems theory.
The connections between these types of models are both
deep and subtle, and understanding these connections is
challenging for students of systems and control theory.
Time-domain models in the form of state-space models are
relatively easy to comprehend, and their analysis entails
eigenvalues, eigenvectors, invariant zeros, and related con-
cepts from matrix theory. At the other end of the “spec-
trum” lie frequency-domain (Fourier transform) models
and their associated Bode plots, which illustrate the har-
monic steady-state gain and phase shift of a system with
harmonic inputs. Between state-space models and fre-
quency-response plots lie transfer function models, which
make poles and transmission zeros evident from their
numerator and denominator polynomials. For a transfer
function with a minimal state-space realization, the poles
and eigenvalues coincide, as do the transmission zeros and
invariant zeros.

Within the full range of system models are those that are
time domain in character but are not state-space models. Here
we are referring to input—output models, where higher-order
derivatives of the input and output appear without an internal
state. Although input—output models do not have a standard
name in systems and control literature, they include the
autoregressive-moving-average, autoregressive-moving-average
with exogenous terms, Box-Jenkins, and related models
used extensively in economics and statistics literature [2]-[4].

Summary
Athough initial conditions play a visible role in state-
space models, their presence is less obvious in input—
output models. In particular, a transfer function written in
terms of the Laplace variable represents only the forced
response and thus assumes zero initial conditions. By re-
placing the Laplace variable with the differential operator,
a time-domain input—output model has the same appear-
ance as the Laplace transfer function but accounts for both
the free and forced responses. In the case of the forward
shift operator and the Z transform, the analogous observa-
tion clarifies misconceptions in the literature. For time-do-
main identification, nonzero initial conditions can enhance
persistency due to the spectral content of the transient re-
sponse. However, for frequency-domain identification, the
free response and resulting nonperiodic behavior due
to nonzero initial conditions cause spectral leakage, which
degrades the accuracy of frequency-domain estimates.
To overcome this effect, this article proposes an averag-
ing technique for improving the accuracy of nonparametric
frequency-domain identification.

System identification methods have been extensively
developed in both the time domain and frequency domain,
and the time-domain methods developed in [5]-[9] natu-
rally account for initial conditions due to the model struc-
ture. For time-domain input-output models, however, the
manner in which the initial condition is encoded in an
input-output model may be puzzling at first glance. For
example, the discussion of this encoding in [10]-[12] and
[13, p. 522] erroneously states that an input-output model
requires an additional input in the form of an impulse to
compensate for nonzero initial conditions, which leads to
n+1 additional parameters in the model. However, that
discussion tacitly assumes that input-output models are
indistinguishable from trans-
fer functions, which in effect
have zero initial conditions.
The key to overcoming this
confusion is to carefully '
distinguish between the 4! .
Z transform variable z -.
and the forward shift 1 I
operator q. This dis- 4
tinction is discussed Ll
in “Why p Is Not s and q
Is Not z.” In this article, a clear
distinction is made between transfer
functions that depend on the Laplace variable s
and input—output models that can be written as trans-
fer operators that depend on the forward shift operator q.
Although these models are superficially similar, they are, in
fact, distinct in terms of their treatment of initial conditions.

APRIL 2018 <« IEEE CONTROL SYSTEMS MAGAZINE 81



Why p Is Not sand q Is Not z
he dynamics of a mass-spring-dashpot model are naturally
cast in the form

mq () +cq () +kq (t) = £(t), (1)

where the position g of the mass is the output. Taking the La-
place transform of (S1) yields

(ms +¢)q(0) + mq(0) 1

ms?+cs +k * msz+cs+kf(s)’ (S2)

q(s)=

which captures both the free response and the forced re-
sponse. In the special case where g(0) =0 and g(0) =0,
(S2) becomes

_ 1 £
~ el S (=5

q(s)
Since (S3) is the forced response, it is incorrect for nonzero
initial conditions.

Although (S2) captures both the free response and the
forced response of (S1), an alternative approach that accounts
for initial conditions without a separate term involving the initial
condition is to avoid the Laplace transform entirely. Instead,
by letting p denote the differential operator d/dt, (S1) can be
written as

mp?q(t) +cpq (t) +kq (t) = £(0). (S4)
Since (S4) is an exact rewriting of the ordinary differential
equation (S1), it accounts for both the input f and the nonzero
initial conditions. The next step is to rewrite (S4) formally (that
is, not rigorously) as

qlt) = ——— ().

- mp?+cp +k (58]
Since the operator G (p) = 1/(mp? + cp + k) in (S5) has exactly
the same form as the transfer function G(s) = 1/(ms?®+cs +k)
in (S3), it is tempting to suggest that G(p) has the same

DISCRETE-TIME STATE-SPACE AND

INPUT-OUTPUT MODELS

This section considers discrete-time state-space and input—
output models. Whereas state-space models have an internal
state as well as input and output signals, input-output
models have no internal state but only input and output sig-
nals. It is thus necessary to relate the initial condition of the
state-space model to the input and output signals by express-
ing the initial condition of the state-space model in terms of
the initial values of the input and output signals, and vice
versa. It should be stressed that this section is confined to
time-domain models and does not consider Z-transforms
or transfer functions.
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meaning as G(s). However, this is not the case since, as al-
ready noted, (S5) accounts for both the free response and
the forced response, whereas (S3) accounts for only the
forced response.

Resistance to the use of G (p) instead of G(s) tends to arise
from the fact that G (s) is a rational function of a complex vari-
able, whereas G (p) may seem unnatural. In fact, it is possible
to develop a rigorous mathematical framework for G (p); this is
precisely the Mikusinski operational calculus [S1]. As noted in
[S2, p. 135], “the effect of the Mikusinski differential operator is
that the function f is differentiated but that, in addition, the ini-
tial value of the function is taken into account. If the function f
takes the value 0 at t = 0 then s corresponds exactly to Heavi-
side’s differential operator p.” This distinction is discussed in
[S3] within the context of teaching classical control.

This distinction also arises in the theory of behaviors [S4],
where polynomial models in p are used but without distin-
guishing between input and output signals. As stated in [S4,
p. 46] for U € RI*9[£], “For U~'(£) may have a proper meaning
as a matrix of rational functions, but it need not be polynomial,
and therefore U~'(d/dt) has no meaning in general. (What is
the meaning of (1+ (d/df))/(2 + (d/dt)?)?)” The answer to this
rhetorical question appears to reside in the operational calcu-
lus [S1]-[S3].

The distinction between q and z is analogous to the dis-
tinction between p and s. A discussion of the relationship be-
tween q and z is given in [S5, Ch. 2].
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Consider the nth-order discrete-time state-space model

x(k+1) = Ax (k) + Bu (k), (1)
x(0) = xo, )
y (k) = Cx (k) + Du k), @)

where x (k) € R" is the state, u (k) € R is the input, y(tf) e R
is the output, A € R"”*",Be R",Ce R"*", D€ R, and k > 0.
We assume that (A, B, C) is controllable and observable.
Solving (1) and (2) for x (k) yields

x (k) = A*xo+ i AT Bu(k—i), @

i=1



Whereas state-space models have an internal state as well as input
and output signals, input-output models have no internal state
but only input and output signals.

and thus y is given by

y (k) = Yfree (k) + Yforced (k)/ (5)

where the free response yuee due to the initial condition xo
is given by

Ytree (k) = CAkXO (6)

and the forced response yforea due to the input u is given by

k k
yforced(k) = Z Hk*iu(i) = Z Hiu(k - 1)/ (7)
i=0 i=o0
where
~ [D, i=0,
Hi= {CAHB, = ®)

Using the forward-shift operator q, (1) can be expressed as
qx (k) = Ax (k) + Bu (k), ©
that is,

(ql — A)x (k) = Bu (k). (10)

Multiplying (3) by det(ql — A) yields the difference equation

det(ql — A)y (k) = Cdet(ql — A)I.x(k) + Ddet(ql — A)u (k)
=[Cadj(ql —A)B+ Ddet(ql — A)]u(k).
11

The difference equation (11) is a discrete-time input-
output model whose input is u and output is y. Note
that (11) is obtained without dividing by the forward-
shift operator q. Moreover, note that the state x does not
appear in (11).

Define

P(q) = Cadj(ql —A)B+ Ddet(ql — A) € R[q],
Q(q) = det(q - A) € R[q],

12)
(13)

where R[q] denotes the set of polynomials in q with real
coefficients. Then, (11) can be written as

Q(@y k) = P(qu(k). (14)

For convenience, define

(15)

where R(q) denotes the set of rational functions in q with
real coefficients, and rewrite (14) as

y(k) = G(@u k). (16)
Since (A, B, C) is controllable and observable, it follows that
P and Q are coprime.

Since division by Q(q) in (15) is not meaningful, (16) is
only a convenient representation of the difference equation
(14). Furthermore, although (15) has the form of a transfer
function, (16) is a time-domain relationship. In fact, unlike
a transfer function, which captures only the forced res-
ponse, (16) includes both the free response due to xo and
the forced response due to u. To illustrate this, let

P(q):qun+blqn71+"'+bn71q+bn, (17)
Q@ =q"+mq" '+ +ai1q+an (18)
Then, for all k= 0, (14) can be expressed as
q'y(k)+arq "y (k) + - +an-1qy (k) + any (k)
=boq"u(k) +b1q" *uk) + - + bu_1qu k) + buu (k).
19)
That is,
yk+n) =—ayk+n—-1)— - —ap1y(k+1) —a.y (k)
+bou(k+n)+biuk+n—-1)+--
+bucau(k+ 1)+ bau(k). (20)
From (6) it is shown that, for all k = 0, ysee satisfies
yfree(k)
ree (K + 1
Yok D 4,0 a0, 1)

Yiree (kK +1—1)
where O(A,C) is the observability matrix. Therefore, if A is

nonsingular, then

Yfree (k)

yfree (k + 1)

x0o=A"0(A,0)" 22

]/free(k +n— 1)
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Time-Domain Least-Squares Identification of Discrete-Time, Input-Output Models

For the discrete-time, input—output model (20), define

¢(k) =[-yk+n=1) - —y(k) uk+n) - u(k)]

= R1 ><(2n+1)’ (86)
©=[a; - an bo - by € R, (S7)

Then, (20) can be written as
y(k+n) = ¢(k)O. (S8)

Next, define

Ww=[y(n) -y e R ", (S9)
q)Né[(PT(O) ¢T(N_n)]TER(N—n+1)><(2n+1)_ (810)

Then, (S8) implies that

Yy =PyO, (S11)

which has at least one solution 6. A least-squares solution
On € R of (S11) satisfies

¥y —nOn Il < min | ¥y — OrOlk, (S12)

where |l-lr denotes the Frobenius norm. A minimizer exists be-
cause (S11) has a solution. If, however, the data are corrupted

Setting k = 0 in (22) yields

Ytree (0)

yfre? (1)

x0=0(A,0)" 23)

yfree (7’1 - 1)

Both (22) and (23) relate the initial condition xo of the state-
space model (1)=(3) to Viree(0), Yiree(1), ..., Yiree(n — 1), and
vice versa.

Next, if u = 0, then v = ysree, and thus it follows from (20)
that the free response yee satisfies

Yivee (kK +1) =—a1Ytee(k + 1 —1) — -+ — An-1Ytree (k + 1)
— AnYiree (k). (24)
The data needed to solve the nth-order difference equation
(24) is Yrree(0), Yiree (1), ..., Ysree(n — 1), which, in the case
u =0, also defines the initial condition xo of (1) according
to (23). Alternatively, if xo =0, then y = Yfored, and thus it
follows from (20) that the forced response yrorced satisfies

yforced(k + 1’1) :_alyforced(k +n— 1) — ﬂn—l]/forced(k + 1)
— AnYiorced (k) + bou(k+n) +bru(k+n—1)+ -
+buru(k+1) + buu (k). (25)

For time-domain least-squares identification of dis-
crete-time input-output models, see “Time-Domain
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by noise and (S11) does not have a solution, then a minimizer
still exists because the function
f(©0) =¥y — DOl (S13)
is quadratic in ©o and has a positive-semidefinite Hessian,
along with the fact that there exists at least one solution to
f'(Bo) = 0. If u is persistently exciting of order 2n+1 [5, p.
412], then @y is left invertible. In this case, (S11), which has at
least one solution, has the unique solution
On = (D D) O] Pn. (S14)
If u is not persistently exciting of order 2n+ 1, then @y is not
left invertible, and thus (S12) has infinitely many minimizers. In
this case, the minimum-norm minimizer is given by
On = O ¥, (515)
where @} is the pseudoinverse of ®y. If @y is left invertible,
then (S15) is the unique minimizer and ®y is given by

OF = (PyDn) ' DR (S16)

Least-Squares Identification of Discrete-Time, Input-
Output Models.”

Z-TRANSFORM OF DISCRETE-TIME

INPUT-OUTPUT MODELS

Consider the state-space models (1)—(3). Using the Z-trans-
form defined by

©

) =Z =X x(k)z " (26)
k=0
(1) can be written as
zXx (z) —zx(0) = AX(z) + Bii(z), 27)

where X and @ are the Z-transforms of x and u, respec-
tively, and z is the complex Z-transform variable. Therefore,

%(z) = (zI — A) ' Bii(z) + z(z — A) " x(0). (28)
Using the Z-transform, (3) can be expressed as
iJ(z) = Cx(2) + Dii(z), (29

where 7 is the Z-transform of y. Using (28), (29) can be
expressed as

7(2) = G(2)il(z) + zC(z — A) 'x(0), (30)



The discrete Fourier transform arises from the harmonic steady-state
response of a linear system driven by a periodic input.

where

G(z) =C(zI-A)'B+D. (31)

If x(0) = 0, then (30) becomes 7(z) = G(z)ii(z).

Next, consider the input—output model (19). Forall i > 1,
the Z-transform of the shifted sequence (f(k+1i))i=o is
given by

Z{(fk+i)izo) = Z{q' (f(K) =0}
=2'f(z) = Z'f(0) — 2" 'f() — - —2f(i— 1)

LA li] . . .
=2f@) - 227 (32
j=0
Therefore, for all i = 1, (19) implies
n_i—=1 o
E"+arz" Ntz an) Y (@) - 2 D an-iz Ty ()
i=1j=0
n_i—1 o
= (boz"+ b1z" '+ o+ buoaz+ ba)it(z) — D D bu-iz' T u(j),
i=1j=0
(33)

where a9 = 1. Solving (33) for j(z) yields

—-

i—

o . n i—1 i .
an-iz' Ty () = 20 20 bz u())

M

2.

~ _ ~ i=1j=0 i=1j=0
y(Z)—G(Z)”(Z)+ Z'Z+alz"_1+-~-+a”71z+an 4
34
where
n n—1
Gz) = boz"+ b1z +--+ b1z + by (35)

2" az" e rapiza,

Note that (34) contains the initial conditions of u and y.
In particular, G(z)ii(z) represents the forced response of
the system, while the additional term represents the
free response. Setting y(0) =y(1)=---=y(n—1)=0 and
u(@)=u(l)=--=um—-1)=0 in (33) yields the forc-
ed response

¥(2) = G@@)u(2). (36)
The second term of the right-hand side of (34) determines
the free response.

FREQUENCY-DOMAIN IDENTIFICATION OF
DISCRETE-TIME, INPUT-OUTPUT MODELS
This section presents several parametric and nonpara-
metric frequency-domain identification methods. For

parametric identification, least squares is considered, where,
for nonparametric identification, the D-transforms of the
input and output signals and spectral analysis are used.
The discrete Fourier transform arises from the harmonic
steady-state response of a linear system driven by a peri-
odic input; see “Harmonic Steady-State Response for Dis-
crete-Time Systems.” Moreover, the distinction between the
Z-transform and the D-transform is discussed in “Rela-
tionship Between the Z-Transform and 9D-Transform.”

Parametric Identification
In this section, N samples of 1 and y are used to identify
G. Since u and y consist of N samples, the discrete Fourier
transform (a truncation of the D-transform) of u and y is
equivalent to their D-transforms. Consider the parametric
frequency-domain model

J(e) = G () + To(e™), 37)

where 6; = Zie (—z,2] and i=—N+1,...,N. Then, (37)
can be expressed as

D(e”) () = N(e*)t(e”) + Nr(e), (39)

where

2 NE™)
- D"’

2 Nr (@)

0 j0i
G(e’ Tc(e™) = D™

©9)

Note from (S29) and (37) that Tc captures the effect of non-
zero initial conditions. Let

N (™) = boe”" + b1e/ "V + ... + by, (40)
D(E”) ="+ a0V + ... +4,, @1
N1 (™) = coe®®" + c1e” "V + ... + ¢, @2
Using (40)—(42), (38) can be expressed as
eje,ny(ejei) —_ (alejei(nfl) 4o a,,)y(ej"")
+ (boe™" + - + ba) it (™) + coe®" + --- + cn. (43)
Dividing (43) by /" yields
g(ejet) =— (ale’f"‘ 4o ane’jef”)g(ef"‘)
+(bo+ -+ bue ")™Y+ cot -+ cue ", (44)
which can be written as
(") =™, (45)
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Harmonic Steady-State Response for Discrete-Time Systems

T he following result characterizes the response of a discrete-
time, asymptotically stable, linear, time-invariant system to
a harmonic input with an arbitrary initial condition.

Theorem S1

For k=0, consider the discrete-time, linear, time-invari-
ant system (1)—(3), where A is asymptotically stable. Let
u(k) = Reuoe™* = Aysin(0ok + §), Where uo=—Aje’ eC,
A, and ¢ are real numbers, and 6o € (—7,7z]. Then, x(k) is

given by
x (k) = A¥(xo — Re[(e"/ — A) ' Buo])

+Re[ (eI — A)~'Buoe’*]. (817)
Moreover,
Y (K) = Yurans (k) + Ynss (K), (518)
where
Vans (k) = CAX(x(0) — Re[(e// — A) ™' Buo)), (S19)
Yhss (k) = Re[G (™) uoe™™ ] = M Aysin(6ok + ¢ +7), (S20)

M =1G(e*)), and y = 2G (/).

The signals ywans and ynss are the transient and harmonic
steady-state components of the output y, respectively. If 6o is
a rational number, then it follows from (S20) that ynss is har-
monic with the same frequency as u. Moreover, |G (/) is the
amplification of ynss relative to u, and 2G(e’) is the phase
shift of yhss relative to u. The plots of IG(e®) and 2£G (/)
versus 6o are the magnitude and phase Bode plots, respec-
tively. If 6o is irrational, then ynss is an almost periodic se-
quence [S6], [S7].

Next, for all k= 0, it follows from (S19) that

Yitrans (k) = Yitree (k) + Vitrans, forced (k)y (821)
where yiee is given by (6) and
where
P ™) Z[—i(®ye - — i) e " () -
il(eje,)e—je,n 1--- e—je,n] = Rlx(3n+2)/ (46)
©=[ar - an by -+ by co -+ cu] ' ERM (47)
Next, define
LN 2 []A/(ejen) 9(616N71)]T c RN, (48)
Dy L [¢T(ej90) ¢T(ej9N—1)]T = RNX(3n+2)‘ (49)
Then, (45) implies that
¥, = dyo. (50)
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Virans, forced (K) =— C A* Re[(e’e“l —A) - BUO] . (S22)

It follows from (5), (S18), and (S21) that, for all k> 0,

Viree (k) + Vtorced (k) = Ytrans (k) + Vhss (k)
= Viree (k) =+ Vitrans, forced (k) + Vhss (k),

that is,

Viorced (k) = Ytrans,forced (k) + Yhss (k) . (823)

If the initial condition x(0) has the special value

x(0) = Re[(e"1— A) ' Buo], (S24)

then, for all k>0, yuans(k) = 0 and thus y (k) = yhss (k).
Finally, if A is asymptotically stable, then it follows from
(S19) that

‘!Lrn Yitrans (k) = }!Lrn Viree (k) = }!Lrn Y trans, forced (k) =0, (825)

and thus

Jim[y (k) = ynss (k)] = 0. (526)

The following result provides the Z-transform of ynss.

Proposition S1
For all k>0, let u(k) = Reuoe™™ = Aysin(6ok + $), where
uo=—Ajje’, A, and ¢ are real numbers, and 6, € (—7,7],

and define M =1G (/) and y = 2G (e’”). Then, forall z # e*/*°,

A, e%z(z—e7)G(e™)—e?z(z—e™)G(e ™)

Vhss(2) = 2j z°—2cos (60)z+1
(527)
_ sin(¢+Y)22+Sin(¢+Y_9°)z)
=AM 22— 2c0s(00)z + 1 ' (529
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A least-squares solution Oy € R¥*? of (50) satisfies

| ¥x — @nOn; = min | ¥n—@x6|. (51)

Nonparametric Identification

This section presents nonparametric frequency-domain
identification using the D-transforms of the input and
output signals.

Identification Using the Discrete Fourier Transforms

of the Input and Output Signals

Let N = 1. For all 6 € (—x, 7], consider the discrete Fourier
transforms



Relationship Between the Z-Transform and D-Transform

Setting z=e" in (30) yields

y(€”? =G@Ee®)uEe®) +ePCe®lI-A)""x(0), (S29)
where
J(e°) = DY} 2 Zoory 2 3 y k)™, (S30)
k=0
0(e”) = DU} £ Zoeorfu} 2 3 uk)e ™™, (S31)

k=0

are the D-transforms of y and u, respectively, and G(e”) is
the discrete-time, frequency-response function. However, note
from (S30) and (S31) that if y and u are sinusoidal signals,
then neither of the summations in (S30) and (S31) converges.
Therefore, to consider harmonic signals, a more general defini-
tion of the D-transform based on analytic continuation of the
Z-transform is needed. If x(0) = 0, then (S29) becomes

7(e?) = G(e?)i (e, (S32)

which is a specialization of (36) with z=e”. In this case, the
frequency response function G (e®) can be written as
) (e
G(e?) = %

Consider a transfer function G with the state-space realiza-
tion (A,B,C,D), where A is asymptotically stable. For all k > 0,
let u (k) = Reuoe’™ = Aysin(6ok + ¢). The Z-transform of u is
given by

(S33)

A e’zz—e ™) —ez(z—e"
u

u (Z) = 21 (Z — e/sg) (Z _ ef/'eo) ’ (834)
LA N-1 .
in(e”) = Onful = D uk)e ™, (52)
k=0
InE”) = Onfyy = 2 y(ke™, (53)
k=0
where
gl\] (Eje) = yfree,N (eje) + gfﬂl‘ced/N (eje)/ (54)
L N-1 )
:gfree,N(eje) = -Z)N {yffee} = Z }/free (k) eijek/ (55)
k=0
:lA/forced,N(eje) = Z)N {yforced} = z Yforced (k)e jek. (56)
k=0
Note that
. N-1 X .
lim iin(e?) = lim D u(k)e ™ =i (e”), 57)
N—oo N-oo it
. N-1 . X
lim fn(e”) = lim > y(k)e ™ = § ("), (58)
N-o N-o k=0
. N-1 . .
Illifl; Ytorced N (") = 11]13}0 kZ:(] Yforced (k)e_jek = Ytorced ). (59

Define

which is valid for all z e C\{e*®}. Setting z=e” in (S34)
yields the D-transform of u given by

A, €6 (el — g% — g it gl (g1 — gif)

a(e”) = o ©"—e™) (e —e ™)

(S35)

It follows from (S27), which is valid for all z € C\ {*/*}, that the
D-transform of ynss is given by

}A/hss (e’g)
_ A eltel® (ele — e—leo) G (9/90) —egitel® (e/‘G — 6/90) @ (e—/90)
- 2] (ejo _ e/eo) (e/'9 _ e—/oo) .

(S36)

Note that (S34)—(S36) are defined for all 6 € (—z, 7]\ {£60}.
Moreover, note from (S35) and (S36) that the D-transforms
0 (e”) and ynss(e) of u and ynss have frequency content for all
6 € (—z,7]. Dividing (S36) by (S35) yields

}7hss (eie) B eltel® (eie _ e—/oa) @ (elﬂu) _gielt (e/'9 _ 91'90) @ (ef/'é)a)

(e et el (gl — g0 _ g it ol (g0 — g0
hen ( ) ( ) (S37)
Note from (S37) that
j8oy — [i yhss(eje) — i yhss(eie)
GE™) = Jim "aem = oM o) (S38)
ooy _ o nss(€”) _ Vs (€7°)
G(e ) GIJrT(LE a(eje) 0——65 a(el'g) ) (839)
and thus, by continuity, (S37) holds for all 6 € (-7, 7).
Gu(e 2 V) (60)
N I:lN(eje) ’

Using (54) and (57)-(59), for all 6 € (—z, 7], (60) implies

. lim yfree,N (eje)
. joy _ N—oo ,
11]11'1; GN(E ) Allifn‘le(Eje)

+G(e). ©1)

Note from (61) that, if ymee(k) =0 for all k=0 and thus
Pee(€®) =0 for all 6 € (—z,7], then limy—«iseen(e?) =0
and thus, Gn(e”) is a consistent estimator of G(¢/’). That
is, as the number N of samples used to obtain Gn(e?)
increases, Gn(e”) converges to G(e”). Moreover, if
Yiee is nonzero and G is asymptotically stable, then
limy - o Jiree, v (%) exists. Therefore, if imy -« ity (¢?) | = oo,
then Gn(e”) is a consistent estimator of G(¢’’). The exam-
ples below show that if u is an impulse or a sinusoidal
signal with a frequency 6o # 6, then limy | v (e) | is
finite, and thus Gn(e) is not a consistent estimator of
G (¢”). However, if u is white noise or a sinusoidal signal
with a frequency 6o =6, then limNﬂm‘ﬁN(e]e) ‘ = oo, and
thus Gn(e”) is a consistent estimator of G (¢).
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Nonparametric Frequency-Domain Identification Using Spectral Analysis

An alternative approach to nonparametric frequency-domain
identification is to use (S33) with spectral analysis to
estimate the discrete-time frequency response function at
a set of frequencies. Consider the system (1)—(3). For all
6 € (—z,x], define

Sy(e’) £ i K)e ™ = (e’ (e, (S40)
Sw(e®) 2 i (ke ™ =|aEe?F, (S41)
Syreeu(€”) Z oo (K) €77 = Prree (€)1 (€77), (S42)
Syiomedll Z ymn:edll(k)e 1o *yiofced(el) ( 71.9): (843)
where
ra(k) = 2 u()u(i—k), ruk) = Z (Nu(i—k) (S44)
i=0 i=0
Iyeeu (k) = Z free(l)U(l ), I’y.amedu(k) Z Viorced I)U(I— )
e (S45)
Next, let N > 1 and define
N ) Nzt
Suwn(€®) = 2 ru(k)e™, Sun(e”’) = 3 ruk)e ™. (S46)
k=0 k=0
Using (5) yields
. N-1 .
Syun(e”) = 3 ru(k)e ™
k=0
N-1 )
=2 2 ylulk—ie™
k=0i=0
N-1 )
= Z 1ree(i)u(k*i)e_/ek
k=0i=0
N 1 o )
Z Viorced (i) U (K — I')eilek
k=0i=0
N=1 ) N=1 )
= z Fyteeu (k)97/9k+ z rymrcedu(k)eilek
k=0 k=0
= Sy«eeU,N(el )+ Sylon:edll,N(eie), (S47)

For nonparametric frequency-domain identification using
spectral analysis, see “Nonparametric Frequency-Domain
Identification Using Spectral Analysis.”

Using Averaging to Improve Nonparametric Frequency-
Domain Estimates of Transfer Functions

In practice, it is often the case that u is a realization of a
random process. In this case, numerical experiments show
that the estimate of the transfer function obtained using
(60) is not smooth [5]. The accuracy of the estimated trans-
fer function can be improved by averaging the estimates of
the transfer function obtained from running multiple
experiments with different excitation signals [5]. Suppose
that Gu,i(e) is the estimate of the transfer function at fre-
quency 6 € (—x, 7], obtained from the ith experiment for
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where

SyﬁeeUN el = Z yvreeu(k)e Iek, Syvovceuu N(el ) - z ryromeau(k)e lek

k=0 k=0

(548)
Moreover,
P N-1 ) B
lim Su,n (€)= lim > ru(k)e ™ = Su (e, (S49)
N=oo N==¢ o
Jim SyuN(e’ ) = lim Z ru(k)e ™ = Sy, (e”), (S50)
N—
Jim SyneeuN(eI ) = lim Z Fyroou (K) €7 = Syou(€),  (S51)
) N-1 . )
Bim Syocaun(€) = M 3 s ()& = Sycuu(€”),  (852)
o ~%=0
Syieeu(67) = Jrree (€7) U (€7), (S53)
Sycon:euu(e ) = yforced (e"’)u(e"e)
=a@eM|aE"f
= G(e")Suw(e”). (S54)
Finally, defining
Syun(e”)
jey & y N
Gu(e”) = (&)’ (S55)

and using (S41)—(S43), (S47), (S53), and (S54), it follows from
(S55) that

l\lllm yfree,N(eje)

fim Gn(e?) = +G(e”), (S56)

P——T
Allmou;v(e )

which is identical to (61).

i=1,...,M. For all 6 € (—x,7], the averaged estimate of the
transfer function is given by

A~ . M A~ .
Gavg,M,N (6]6) é ﬁ Z GN,i (6]6) . (62)
i=1
It thus follows from (62) that, for all 6 € (—7, 7],
. o i _ i ?free,i (eje)
lim Gui(e”) = G(e") + @ (63)

where tree,i(¢”) and ii(e”) are the D-transforms of the free
response and input from the ith experiment. It then follows
from (63) that, for all 6 € (—z, 7],



Spectral Leakage Effects in Frequency-Domain Identification

pectral leakage is the error in the estimated frequency-

response function that results from using either a periodic
input with a noninteger number of periods or a nonperiodic in-
put. As shown in [13, p. 185], leakage errors depend on the
initial and final conditions of the system, that is, the state x (k)
at k=0 and k=N, where N is the number of samples used
for identification. Example 2.7 in [13, p. 59] shows that leakage
errors can be interpreted as a transient effect due to nonzero
initial conditions. Theorem 2.6 in [13, p. 59] shows that, if the
magnitude of the discrete Fourier transform of the input ap-
proaches infinity as the number of samples increases without
bound, then the leakage error converges to zero, and thus the
frequency response function estimate is asymptotically unbi-
ased. However, the leakage error may be nonzero for each fi-
nite data set.

Leakage error can be avoided by using periodic excita-
tion and measurements over an integer number of periods in
nonparametric frequency-domain identification. However, in
many applications, the excitation signal cannot be specified,
and thus leakage errors are unavoidable. Various approach-
es have been introduced to mitigate the effect of spectral
leakage in nonparametric frequency-domain identification.
These include the local polynomial approach (that is, semi-
nonparametric identification) [13, Ch.7], [S8], [S9]; Welch’s
method, which is a weighted average of the estimated fre-
quency response functions [S10]; and the Hanning window
[13, p. 41].

On the other hand, parametric frequency-domain identifica-
tion helps to obtain a more accurate estimate of the frequency-

o1&
AIAIEI’LM;}}EI;GNz(el)
— i LS joy 1. Ysrei ()
_Al/flamM;(G(e ) + (")
M e ()
_ jo Tk L ]/free,l(? )
G(e") &WlA4Z; (")
M
=G(") + hm—z CE®I—A) " x0i— ( 7
io jo 1 13 1
= G(o T — A)! lim ——
G®) +C(’I-A) AlAlngxo,l P (64)

where xo; is the initial condition for the ith experiment.
Suppose that (xo,)iZo is a realization of the random process
Xo. Moreover, suppose that (1 / iti(e”)) o is a realization of
a random process U whose expected value is finite. Since
Xo and U are uncorrelated, for all 6 € (—z, 7], (64) becomes

ﬁf} im Gi(e) = G(e?) + C (eI - A) 'E[Xo] E[U].
(65)

i=1

response function than nonparametric frequency-domain iden-
tification. Consider [13, p. 59]

7" = G(e?)i(e?) + Ta(e™) 5 (e"), (S57)
where G is the transfer function, 6 € (— 7, 7] is the frequency in
rad/sample, and & and y are the discrete Fourier transforms of
the input u and the output y of G, respectively. Furthermore,
Ts, which is the transfer function from a fictitious impulse input
5 (where §(e”) = 1forall 6 € (— 7, 7]) to the output y, captures
the effect of nonzero initial conditions and spectral leakage in
the case of nonzero initial conditions and either a periodic input
with a noninteger number of periods or a nonperiodic input [13,
p. 185]. Estimation of T is thus required [10]-[12]. Since Tg
has the same denominator as G, the additional parameters
needed to estimate Te are the coefficients of its numerator.
Therefore, if G is of order n, then 3n parameters must be es-
timated to obtain exact estimates of the parameters of G. Ex-
amples are shown in [10] and [11].
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If Xo is a zero-mean random process, then (65) implies that,
forall 6 € (—z, 7],

ﬁf} lim Gui(e?) = G(e"). (66)

That is, averaging the estimates of the transfer function
obtained from multiple experiments can help to remove the
effect of nonzero initial conditions on the estimate of the
transfer function. This is illustrated by a numerical exam-
ple in the next section.

EFFECT OF INITIAL CONDITIONS ON ESTIMATING
THE FREQUENCY RESPONSE FUNCTION

In this section, we investigate the effect of nonzero initial
conditions on the estimate of the transfer function obtained
using nonparametric frequency-domain methods. This
effect is analogous to spectral leakage, which arises due to
the use of a noninteger number of periods of a periodic
response. For details, see “Spectral Leakage Effects in
Frequency-Domain Identification.”
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The first example considers the case where the input u is
an impulse or white noise, and the consistency of the esti-
mate of the transfer function is considered under zero and
nonzero initial conditions. The second example shows that
the accuracy of the estimated transfer function can be
improved by averaging the estimates of the transfer func-
tion obtained from running multiple experiments with dif-
ferent excitation signals. The last example compares the
estimate of the transfer function obtained using frequency-
domain and time-domain methods in this case where the
excitation signal is white noise.

0 7/5 27/5 37/5 47/5 T
Frequency 6 (rad/Sample)
— G(eff) y(e”) Veo(€”?)
(el (el

FIGURE 1 Example 1. The magnitude of G(e”), y(e”)/i(e”), and
Viee (%) /U1 (€7). Since the free response is not zero, G(e”) and
y(e®)/a(e®) are not equal.

10°

/4)|

100 L

) — éN(e/'n'

1075}

10—10 L

|G(ej7r/4

10—15 L
10! 102 103
Number of Samples N

—x,=[00]" — x,=[0.001 0.001]"
—x=[11]T — x,=[100 100]"

FIGURE2 Example 1. Aplotof | G (e — Gn(e™*)| as N increases,
where u is given by (72), and for the initial conditions xo=[0 0],
Xo=[0.001 0.001]", xo=[1 1], and xo =[100 100]". Note that
Gn(e™™) is a consistent estimator of G(e™), only in the case
where xo=[0 0], thatis, the case where yiee (k) = 0 forall k > 0.
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Example 1
Consider the discrete-time system G with the state-space
realization and initial condition given by

13 —0.4 1 1
a=|"2 704 B=[g] c=n -1 =0 x=|;]
67)
Then,
G(e®) =C(”1-A)"'B+D= e’ -1 (68)

€% —13e+ 04’

and the free response is given by

— k
Yiree (k) = CAFxo =[1 —1][1i3 8'4] m = %(O.5k—0.8k).

©9)
The Z-transform of Ve is given by
oV _ 1 k k
Z{(yfree (k))k:O} - 2{5(05 —0.8 )}
- l( 1 1 ) _ —-0.1
31z-05 z-08/ z*-13z+04"
(70)
Replacing z by e’ in (70) yields the D-transform
- jy—__ —0.1
Vi) = 0 13671 04" @y
Suppose that
1, k=0,
u) = {0, k> 0. 72)
Then, i (e”®) = 1 for all 6 € (—,z]. Therefore,
ioea (€) = G )it (0) = oL 73)
(e —0.5)(e"-0.8)"
Moreover,
7(e”) oy, ree(e)
il(eje) G(E ) il(eje)
| __ 01
e —13e°+04 ¥ —13e°+04
jo
_ e’—1.1 (74)

e — 13 +04"

The numerators of (68) and (74) are different. Figure 1 shows
the magnitude of G(e), §1(¢/)/i1(e”), and Jswee () /it ().
Since the free response is not zero, it follows that G (¢’’) and
1(e”) /i(e”) are not equal.

Next, let u be identical to (72), and let N = 1. For all
0 (—xx], #(e®) =1 and, for all N =1, iin(e®) = 1. It fol-
lows from (60) that G (e”®) = i (¢”’). Figure 2 shows the dif-
ference | G(e//*) — Gn(e™%)| as N increases for the initial
conditions xo=1[0 0]7, x0=1[0.001 0.001]%, xo=1[1 1]7,
and xo=[100 100]". Note from Figure 2 that Gn(e/™*) is
a consistent estimator of G (e/™%) only in the case where
xo=1[0 0]7, that is, the case where yee(k) =0 for all k> 0.



Next, let u be a realization of a stationary white random
process with distribution N(0,1). Using (60), it follows that,
for all N =1, Gn(e™*) = iin(e”*) /itn (e”™*). Moreover, for
all N>1, (60) implies that Gu(e/™®) = i (™) /iin (e/™°).
Figure 3 shows the difference | G(e/”*) — Gn(e™/%) | aver-
aged over 1000 experiments as N increases with the ini-
tial conditions xo = [0 0], xo=[1 1]7, xo=[10 10]%, and
x0=[100 100]". As shown in Figure 3, a white noise input
yields consistent estimates of G(e) for all frequencies
0 € (—z,n] and all initial conditions xo. |

Example 2

Consider the discrete-time system G with the state-space
realization (67). Let u be a realization of a stationary white
random process with distribution N(0,1). First consider
zero initial conditions and use (60) with 100 different real-
izations, each of which contains N = 107 samples of u and
y to obtain the estimator Gn(e”*) of G(e/™*). Figure 4
shows the error | G(¢/”*) — Gn(e/*)| as a horizontal line.
Since the free response is zero, the difference between
G(e"™*) and Gn(e/™*) is due to truncating the D-transforms
it(e™* and i(e”’*) of u and v, respectively, to obtain the
estimator G (e//%) of G(e/%).

Next, consider the initial condition xo = [100 100]" and
use (60) with 100 different realizations, each of which contains
N =107 samples of u and y to obtain the estimator G (e/"'*)
of G(¢/™%). Figure 4 shows the error |G (¢//*) — Gn(e/™%)| as a
horizontal line. The difference between G (¢/*/%) and G (e/*/%)
is due to the free response of G as well as truncating the D
-transforms i (¢/”/*) and §(e”’*) of u and v, respectively, to
obtain the estimate G (¢//%).

Consider the initial condition xo=[100 100]T and 100
different realizations, each of which contains N = 107 sam-
ples of u and y. For each realization, partition the N = 107
samples into M =1000 parts, each of which contains
N, = 10* samples. Then, use (60) with the input and output
samples from the kth partition for all k=1,...,M to obtain
the estimator G, «(e/”/*) of G(¢/*/%). The estimates obtained
from the first i partitions are then averaged using

Gavgin, (e/1) 2 %Z G i(e'D), (75)

k=1
where i = 1, ... ,M. Figure 4 shows the error | G (e/”*) —
Gavg,i,N,,(ej”/4)| for all i=1,...,M. The error in this case
decreases as the number of partitions used for averag-
ing increases. u

Example 3
Consider the discrete-time asymptotically stable system
(1)-(3) with the state-space realization

05 0.2

- 4
A =[ 0 0.7], B= [1], C=[125 -3], D=0. (76)
Let x(k) € R? be the state vector with the initial state x(0).

Let uo € R"*Y be a realization of a stationary white random

10!

100 |

|G(e[ﬂ/4) _ éN(e/'ﬂM)I

1078 . :
102 10° 104 10°
Number of Samples N
—Xx=[00T — x=[11]"
—Xy=[1010]" — x,=[100 100]"

FIGURE 3 Example 1. A plot of | G (/™) — Gn(e/™)| averaged over
1000 experiments as N increases, where u is a realization of a
stationary white random process with distribution N(0,1) and the
initial conditions xo=[0 0]", xo=[1 1], xo=[10 10]", and
Xo=[100 100]". Note that Gn(e’™) is a consistent estimator of
G (e’ for both zero and nonzero initial conditions.

100

_.
<

Error in the Estimate
of the Transfer Function

0 100 200 300 400 500 600 700 800 900 1000
Number i of Partitions
over Which the Average Is Computed

—— Xp=[100 100]"
Average over the First i Partitions
N, = 10* Samples for Each Partition
— — Xxp=[100 100]"
N =107 Samples
— = %=[00]"
N =107 Samples

FIGURE 4 A plot of the estimation error | G (/) — Gn(e"™) |, where
the estimate Gw(e/™) is obtained using 107 samples of the input
and output data with zero initial conditions (dashed blue line), 10”
samples of the input and output data with the initial condition
Xo=1[100 100]" (dashed red line), and averaging the estimates
obtained from the first i partitions each with 10* samples and
i=1,...,1000.

process with the Gaussian distribution N(0,1). Define the
input u = [uo uo) € RV, that is, u is formed by repeat-
ing 1. Consider zero initial conditions, thatis, x(0) =0,
and define y(k) = Cx(k). We partition y € R™? into two

APRIL 2018 << IEEE CONTROL SYSTEMS MAGAZINE 91



y(k) = y(k+ N)

15 20 25 30 35 40 45 50
Time Step (k)

FIGURE 5 A plot of the difference y (k) —y(k + N) for the system
(1)—(8) with the realization (76), where k=0,...,50, N =500,
u = [uo uq] is the input, and x(0) = 0 is the initial state. This plot
shows that the difference y (k) — y(k + N) is not zero because x (k)
is not zero when data collection begins at time k= N.

108

100

107°

€, N, ¢)

10710

10_15 ' ' I o
10° 10! 102
Time Step to Begin Collecting Data ¢

Parametric Frequency-Domain
Identification (N'= 20, n,=5)

Nonparametric Frequency-Domain
Identification (N =10,000)

Nonparametric Frequency-Domain
Identification (N = 100,000)

Parametric Frequency-Domain
Identification (N = 20, n, = 8)

— Time-Domain Identification (N = 20, n, = 5)

FIGURE 6 A plot of em,n, obtained using time-domain identification
and parametric frequency-domain identification with N = 20 samples,
and nonparametric frequency-domain identification with N = 10,000
and N = 100,000 samples, ( varies from 1 to 1000, and M = 100
experiments. The unknown initial condition is x(0) = [200 200]".

halves, where the first half of y is the response of (1)-(3)
due to the input uo and the zero initial condition x(0),
while the second half of y is the response of (1)—(3) due to
the input uo and the possibly nonzero initial condition
x(N). Figure 5 shows the difference y (k) —y(k + N), where
k=0,...,N—1and N =500 time steps for a given realiza-
tion uo. Although x(0) = 0, the difference y (k) —y(k + N) is
not zero, due to the fact that x (k) is not zero when data col-
lection begins at time k = N.
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Next, define Y = [y(0)) --- y(@+N—1)] € RN, Uy, =
[u(0) - u(t+N-1)]e RN and Fyv =2, where p is the
smallest integer such that 2 > N. For all k=1, ..., Fx, let
G (") be the frequency response of (1)-(3) at 6x. Moreover,
forall k=1,..., Fx, let

M
Gavg,M,N,ﬂ(ejek) = ﬁz GN,ﬂ,i(ejek)r (77)
i=1

where M is the number of experiments and Gnoi(e) is the
estimated value of G (¢/™) obtained from the ith experiment
using either frequency-domain or time-domain identifica-
tion. For nonparametric frequency-domain identification,
GN,ﬂ,i(ejek) is obtained by finding the ratio of the cross-power
spectral density of Y, and Un, to the power spectral den-
sity of Un, for the ith experiment. For parametric fre-
quency-domain identification, GN,Q,i(ejsk) is obtained from
the frequency response of the model constructed using
least-squares identification with the frequency-domain data
Uni(e®) and Ywi(e®), where 6 € (—z,7], with Tc in (37)
either estimated or set to zero. For n = 2, the parametric
frequency-domain model (37) has 31 + 2 = 8 parameters.
However, setting Tc =0 implies that (37) has 2n+1=5
parameters. For time-domain identification, (A}N,a,i(eﬂ’k) is
obtained from the frequency response of the estimated
model constructed using least-squares identification with
the time-domain data Un: and Yn,e. The time-domain
model (20) has 2n + 1 = 5 parameters. Moreover, in the time-
domain and parametric frequency-domain models, bo =0,
which is justified by the one-step delay in the output data.

Next, define the error

Fn . R ) 1/2
EM,N,0 = <z ’ G (™) — Gavgmn,e (%) ‘2) , (78)

k=1

and let n, be the number of parameters in the model
used for identification. Let the unknown initial condition be
x(0) = [200 200]". Figure 6 shows ey, using time-domain
identification and parametric frequency-domain identifica-
tion with T is either estimated or set to zero, N = 20 sam-
ples, and { varies from one to 1000. Moreover, Figure 6 shows
emnN, obtained using nonparametric frequency-domain
identification with N = 10,000 and N = 100,000 samples as
( varies from one to 1000. Note from Figure 6 that the fre-
quency-response function estimates obtained using time-
domain identification with 7, =5 parameters and parametric
frequency-domain identification with 71, = 8 parameters are
much better than those obtained using nonparametric fre-
quency-domain identification and parametric frequency-
domain identification with n, =5 parameters. Moreover,
although noise-free data is used, Figure 6 shows that waiting
for the free response to decay can improve the accuracy of the
frequency response function estimates obtained using non-
parametric frequency-domain identification, but it does not
yield exact estimates. This is due to spectral leakage effects
and the effect of nonzero initial condition x (), which occurs



Leakage error can bhe avoided by using periodic excitation and
measurements over an integer number of periods in nonparametric
frequency-domain identification.

at the instant that data collection begins and thus corrupts
the estimates obtained using finite data sets. On the other
hand, Figure 6 shows that the frequency response function
estimates obtained using time-domain identification and
parametric frequency-domain identification with T¢ esti-
mated are not affected by the nonzero initial conditions.
Finally, to obtain an exact estimate of G using parametric
frequency-domain identification, it is necessary to estimate
Tc, which results in 7 + 1 more parameters than the number
of parameters required by time-domain identification to
obtain an exact estimate of G. |

For the definition of spectral leakage and approaches to
avoid it, see “Spectral Leakage Effects in Frequency-
Domain Identification.”

CONCLUSIONS

The first objective of this article was to emphasize a key
distinction between time-domain and frequency-domain
models, namely, time-domain models (including both state-
space and input-output models) fully account for the initial
conditions. Next, the effect of initial conditions on the accu-
racy of time-domain and frequency-domain models obtained
by system identification were investigated. Specifically, it was
discussed if, within the context of frequency-domain identi-
fication, the effect of nonzero initial conditions can be
removed or mitigated by either 1) discarding data collected
near the beginning of the experiment or 2) using a suffi-
ciently large data set. Finally, it was shown that, by partition-
ing the data set and averaging the frequency response
estimates, the bias can be removed. Alternatively, semi-non-
parametric frequency-domain identification methods [13,
Ch. 7] can address leakage errors and the effect of nonzero
initial conditions. These methods assume that the frequency
response of the system can be locally approximated by a low-
order polynomial [13, p. 226].
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