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1. Introduction

Polynomial matrix and state-space models provide alternative and complementary parametric
representations for multivariable linear systems, with transfer function models providing an easy-
to-work-with link between the two [1,18,22,23]. Similarly, frequency response models and Markov
parameter models provide additional, albeit nonparametric, representations for the same systems
[16,24].

The subject of realization theory then, is to transform one type of model into another [1,10,19].
For example, the transformation from a state-space model (;\, B, C, D) to a polynomial matrix model
(E, F) is given by E(p) = det[pl — A]l and F(p) = Cadj[pl — A]B + D, and the transformation from
a Markov parameter model to a state-space model is well established by the Ho-Kalman algorithm
[1,7,9]. Furthermore, several of these transformations turn out to be operator-invariant. For instance,
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the Markov parameters of the state-space model (;\, B, C, D) in the differentiation operator d/dt are the
same as the Markov parameters of the state-space model (17\, B, C, D) in the forward shift operator q,
even though the input-output behavior will in general depend greatly on the operator involved. As we
show later, this “operator”-invariance property will hold for the transformations between polynomial
matrix models and Markov parameters, and vice versa. This allows us to define the transformations
with respect to an arbitrary operator p, which may aid in the analysis of MIMO models in nonclassical
operators (those which are not polynomic in either d/dt or q) such as 6-domain [14] or fractional-order
models [24].

However, although many of these transformations are theoretically understood, some, such as trans-
formation from a state-space model to a polynomial matrix model, may not be easy to compute, and
numerical (rather than symbolic) algorithms are needed. To this end, [9] provides a robust numerical
link between the Markov parameter and state-space models in the form of the eigensystem realization
algorithm, which utilizes the singular value decomposition and Ho-Kalman algorithm to construct a
minimal state-space model from a sufficient number of Markov parameters. Similarly, other authors
have developed numerical approaches to realization theory, such as [21], although most of the avail-
able literature tends to fall into the broad class of system identification, that is, numerical algorithms
for transforming input/output data into a given model type [3,12,16,20].

The goal of the present paper is to develop the numerical and theoretical link between polynomial
matrix and Markov parameter models, so as to provide a complete picture of the interrelationships be-
tween different linear system representations. Furthermore, this work is important in several modern
control areas, such as adaptive control [6,8] and model predictive control [4,13,15], where the use of
polynomial matrix models is still preferred over state-space models and where system identification
may only yield Markov parameters of the system and not the polynomial matrix system directly [3,17].

The development of the numerical and theoretical link between polynomial matrix and Markov
parameter models is carried out entirely within the context of polynomial matrices without the use of
rational functions; consequently, rational transfer functions do not appear. This approach removes the
need to explicitly discuss poles and zeros, singularities, and cancellations, thus allowing us to focus
on the essential algebraic structure of the problem in terms of polynomial matrices. Furthermore, the
algorithms that we develop do not depend on symbolic computations, but rather are entirely numerical.
This approach circumvents possible ill-conditioning that can arise in symbolic computations that
depend on exact cancellation of the coefficients of operator powers.

The contents of the paper are as follows. First, we present the necessary preliminaries concerning
polynomial matrices. Next, after introducing the problem statement, we discuss the theoretical rela-
tionship between polynomial matrices and Markov parameters. Finally, we present several numerical
algorithms for transforming Markov parameter models into polynomial matrix models and vice versa,
followed by numerical examples, and our conclusions.

2. Polynomial matrices

In this section, we introduce polynomial matrices in an arbitrary operator p, employing the standard
notation

p’y(t) = plply®]Il,

and so on, where p [y(t)] represents the signal that results from p operating on the signal y. For
a complete treatment of matrices, polynomial matrices, and realization theory, refer to any of the
excellent books [2,5,11,23].

Remark 2.1. Alternatively, throughout the paper, one could view p as an indeterminate. However, in
this case, definitions such as that of a causal system (Definition 2.23) have no physical meaning.

We begin by introducing infinite polynomial matrices, or polynomial matrix expansions, since
polynomial matrices can be viewed as a special case of infinite polynomial matrices.
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Definition 2.2. Let Gy, Gy, G, ... € RP*™ and
o0
. .
G(p) =D Gip'. (1)
i=0

Then we denote G € Rggm[p]. Furthermore, by convention, G(p) = Opxnm if and only if G; = Opxm
foralli > 0.

Definition 2.3. Let Cy, Cy, ..., Cs € RP*™ and

C(p) = Co+Crp+ -+ Cp'. (2)

Then we denote C € RP*™[p]. Furthermore,

(i) We say that C(p) is diagonal if m = pand Cy, . . ., Cs are diagonal. If, in addition, there exists
n € R[p] such that C(p) = n(p)I,, then C(p) is quasi-scalar.
(ii) We say that G is the trailing coefficient of C(p) if G is nonzeroand Cp = - - - = Gi—1 = Opxm.

If, in addition, m = p and C; is nonsingular, then we say that C(p) is regular. If, in addition,
G; = I, then we say that C(p) is comonic.

Remark 2.4. Given F € RP*™[p] or F € RE™[p], we sometimes refer to F; without explicitly
defining a form for F(p) such as (1) or (2). It should be clear that F; refers to the ith coefficient matrix
of F(p), that is, the coefficient matrix which multiplies p'.

Next, note that for all C € RP*P[p], the determinant and adjugate of C(p) can be computed
with addition, subtraction, and multiplication operations. Hence det [C(p)] € R[p] and adj [C(p)] €
RP*P[p].

Definition 2.5. Let C € RP*P[p]. Then C(p) has full normal rank if det [C(p)] # O.

Fact 2.6. Let C, E € RP*P[p]and F(p) = C(p)E(p). Then F(p) has full normal rank if and only if C(p)
and E(p) have full normal rank.

Proof. det[F(p)] = det[C(p)]det[E(p)]. O

Fact 2.7. Let C € RP*P[p] have full normal rank and let G, H € RES™[p]. Then C(p)G(p) = Opxm if
and only if G(p) = Opxm. Furthermore, C(p)G(p) = C(p)H(p) if and only if G(p) = H(p).

Proof. First, note that det[C(p)] is nonzero since C(p) has full normal rank. Also, let ¢; be the trailing
coefficient of det[C(p)].
Next, let C(p)G(p) = Opxm. Then

F(p) = adj [C(p)]C(p)G(p) = det[C(p)]G(p) = Opxm.

and hence F; = «;Go = 0,x,. However, since ; is nonzero, Gg = Opxm. Furthermore, since Go =
Opxm. it follows that Fi1 = «;G; = 0pxm, and therefore G; = 0,x ;. Hence, by induction we have
that G; = 0px, foralli > 0, thatis, G(p) = Opxm.

Third, let G(p) = Opxm. Then C(p)G(p) = Opxm follows immediately. Similarly, if G(p) = H(p),
then C(p)G(p) = C(p)H(p).

Finally, let C(p)G(p) = C(p)H(p). Then

C(P) [G(P) - H(P)] = 0p><m7
and hence, as we already showed, G(0) — H(p) = Opxm, thatis, G(p) = H(p). O
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Fact 2.8. IfC € RP*P[p] is regular, then C(p) has full normal rank.

Proof. Let G be the trailing coefficient of C(p) and let C(p) £ 0/C’(p) where

() £ G+ Grip+ - + G

Next, since C(p) is regular, Gj is nonsingular. Hence
det [c’(O)] = det [Gj] # 0,

and thus C'(p) has full normal rank.
Finally, since 0’ has full normal rank, from Fact 2.6, we have that C(p) has full normal rank. O

Fact 2.9. IfC € RP*P[p] is nonzero and quasi-scalar, then C(p) has full normal rank.

Proof. Since C(p) is nonzero and quasi-scalar, C(p) is regular. Hence, from Fact 2.8, C(p) has full
normal rank. [

Definition 2.10. Let C € RP*P[p]. Then C(p) is unimodular if there exists E € RP*P[p] such that
E(p)C(p) = Ip.

Remark 2.11. Equivalently, from Definition 2.10, we have that C(p) is unimodular if and only if
det [C(p)] is a nonzero constant.

Definition 2.12. Let C,L € RP*P[p]and D € RP*™[p]. Then

(i) L(p) is a left factor of (C, D) if there exist E € RP*P[p] and F € RP*™[p] such that C(p) =
L(p)E(p) and D(p) = L(p)F(p).
(ii) L(p) is a greatest left factor of (C, D) if L(p) is a left factor of (C, D) and, for every left factor
L'(p) of (C, D), there exists U € RP*P[p] such that L(p) = L' (p)U(p).
(iii) L(p) is a greatest quasi-scalar factor of (C, D) if L(p) is a quasi-scalar left factor of (C, D) and,
for every quasi-scalar left factor L'(p) of (C, D), there exists n € R[p] such that L(p) =

L'(p)n(p).
(iv) (C, D) is left coprime if every left factor of (C, D) is unimodular.

Analogous definitions apply for right factors, greatest right factors, and right coprime.

Note that, when referring to a pair (C, D), we drop the argument p, for conciseness. Also, note that
for every (C, D), there exist greatest left and right factors of (C, D) [22].

Fact 2.13. Let C € RP*P[p] and D € RP*P[p]. The zero polynomial is a left factor of (C, D) if and only if
C(p) and D(p) are both zero.

Proof. First, let L(p) = Opxp be a left factor of (C, D). Then there exist C' € RP*P[p] and D’ €
RP*™M[p] such that C(p) = L(p)C'(p) and D(p) = L(p)D’'(p). However, since L(p)C'(p) = 0pxp and
L(p)D'(p) = Opxm forevery C' € RP*P[p]and D" € RP*™[p], it follows that C(p) and D(p) are both
zero.

Second, let C(p) and D(p) both be zero. Then for every C' € RP*P[p]and D' € RP*™[p], C(p) =
[0pxp]C’(0) and D(p) = [0pxp]D'(p). Hence L(p) = Oy is a left factor of (C, D). O

Fact 2.14. Let C € RP*P[p]and D € RP*P[p], where C(p) and D(p) are not both zero. Then the greatest
comonic quasi-scalar factor of (C, D) is unique.
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Proof. First, since C(p) and D(p) are not both zero, then from Fact 2.13, the zero polynomial is not a
left factor of (C, D). Hence greatest quasi-scalar factors of (C, D) are nonzero.

Next, let L, L' € RP*P[p] be greatest comonic quasi-scalar factors of (C, D). Then L(p) and L' (p)
are nonzero, and from Definition 2.12, there exist n, u € R[p] such that L(p) = L'(p)n(p) and
L'(p) = L(p)u(p). Furthermore, n(p) and 11 (p) are nonzero since L(p) and L'(p) are nonzero.

Third, note that L(p) = n(p)u(p)L(p). Furthermore, since L(p) is nonzero and quasi-scalar, then
from Fact 2.9, L(p) has full normal rank, and from Fact 2.7, it follows that n(p)u(p) = 1. Hence
n, ueR.

Finally, since L(p) and L’(p) are both comonic, it follows that (p) = u(p) = 1, thatis, L(p) =
L'(p). Thus the greatest comonic quasi-scalar factor of (C, D) is unique. O

Definition 2.15. Let C € RP*P[p] and D € RP*™[p]. Then the principal factor of (C, D) is I, if
C(p) = Opxp and D(p) = Opxm. Otherwise, the principal factor of (C, D) is the greatest comonic
quasi-scalar factor of (C, D).

Definition 2.16. Let C € RP*P[p] and let D(p) € RP*P[p] be the principal factor of
(adj [C], det[C]I,). Then E(p) is the minimal adjugate of C(p) if adj[C(p)] = D(p)E(p), and B(p)
is the minimal determinant of C(p) if det [C(p)]I, = D(p)B(p). Specifically, we write
adj [C(p)] = D(p)madj [C(p)],
det [C(p)]I, = D(p)mdet [C(p)].

Fact 2.17. Let C € RP*P[p]. Then the minimal adjugate and minimal determinant of C(p) are
unique.

Proof. Let D(p) be the principal factor of (adj[C], det[C]I,) and suppose that E, F € RP*P[p] are
both minimal adjugates of C(p). Then adj[C(p)] = D(p)E(p) = D(p)F(p). Furthermore, since
the principal factor D(p) is defined to be comonic, it is nonzero. Therefore, from Fact 2.9, D(p) has
full normal rank, and it follows from Fact 2.7 that E(p) = F(p), that is, the minimal adjugate is
unique.

Similarly, if 8, ¥ € R[p] are both minimal determinants of C(p), thendet [C(p)]l, = D(p)B(p) =
D(p)y (p), and from Fact 2.7, B(p) = y (p), that is, the minimal determinant is unique. [

Remark 2.18. det[C(p)] = mdet[C(p)] = 0 if and only if C € RP*P[p] does not have full normal
rank.

Example 1. Let o, B, ¥ € R[p] be nonzero, let ; be the trailing coefficient of «(p), and let (8, y)
be left coprime, that is, 8(p) and y (p) have no common zeros. Finally, let

Blp) 0 }

E(p) = a(p)
) [ Y(p)

Then

(1) The determinant of E(p) is given by

det[E(p)] = o*(0)B(p)y (0).
(2) The adjugate of E(p) is given by

. y() O
dj[E(p)] = a(p) .
adj [E(p)] ap{o ﬁ(p)}
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(3) The principal factor of (adj [E], det[E]lp) is given by

2 Jeon

i
(4) The minimal determinant of E(p) is given by

mdet [E(p)] = aia(p)B(p)Y (p).
(5) The minimal adjugate of E(p) is given by

y(p) 0

0 B(p)

madj [E(p)] = o

Definition 2.19. Let C,E € RP*P[p] and D,F € RP*™[p]. Then (E, F) is a multiple of (C, D) if
there exists L € RP*P[p] with full normal rank such that E(p) = L(p)C(p) and F(p) = L(p)D(p).
Furthermore,

(i) (E, F) is a comonic multiple of (C, D) if E(p) is comonic.
(ii) (E, F) is a quasi-scalar multiple of (C, D) if E(p) is quasi-scalar.

Remark 2.20. A quasi-scalar multiple is analogous to a transfer function representation of a MIMO

system since the system can be written as a rational polynomial matrix. For instance, if (alp, F) is a
quasi-scalar multiple of (C, D), where & € R[p] and

fii(@) -+ fim(p)
Fio) & | L | e RPMp],
fp1(P) -+ fom(p)

then a transfer function representation of the system (C, D) would be

[fia(e)  fim(e) ]
a(p) a(p)

fp,](p) o fp,m(p)
L a(p) a(p)

Note however, that we have made no definition of the meaning 1/p, and one must be particularly
careful in defining rational functions of operators since in general, an operator is not a one-to-one

mapping.

Definition 2.21. Let C € RP*P[p] and D € RP*™[p]. Also, let s be the smallest nonnegative integer
such that C(p) is of the form (2). Then the degree of C(p) is s if C(p) is nonzero, and —oo if C(p) is
zero. Finally, let s be the degree of C(p) and let t be the degree of D(p). Then the degree of (C, D) is
max(s, t).

Next we show that the minimal adjugate provides us with a quasi-scalar multiple (C*, D*) of
(C, D) with the lowest possible degree, where C *(p) is the minimal determinant of C(p).
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A

Proposition 2.22. Let C € RP*P[p] have full normal rank, D € RP*™[p], E(p) = madj[C(p)],
B(p) = mdet [C(p)], and B; be the trailing coefficient of (). Then

(C*,D*) £ (EC/Bi, ED/B) = (B/Bilp. ED/By)

is the unique comonic quasi-scalar multiple of (C, D) of the lowest degree.

Proof. First, since C(p) has full normal rank, 8(p) # 0. Hence, from Fact 2.9, B(p)I, has full normal
rank. Furthermore, since 8(p)I, has full normal rank and E(p)C(p) = B(p)Ip, then from Fact 2.6,
E(p) also has full normal rank. Hence (EC, ED) = (pI,, ED) is a quasi-scalar multiple of (C, D).

Next, from Fact 2.17, the minimal adjugate is unique. Hence (FC, FD) is a quasi-scalar multiple
of (C, D) if and only if there exists a nonzero © € R[p] such that F(p) = w(p)E(p). Further-
more, if the degree of i (p) is greater than zero, the degree of (FC, FD) is greater than the degree
of (C*, D*). Hence (C*, D*) is the unique comonic quasi-scalar multiple of (C, D) of the lowest
degree. [

Definition 2.23. Let C € RP*P[p] and D € RP*™[p]. Also, assume there exists G € RA; "'[p] such
that

C(p)G(p) = D(p).
Then (C, D) is causal, G(p) is a Markov parameter polynomial of (C, D), and G; is an ith Markov parameter

of (C, D).

Remark 2.24. In Section 8, we show that this definition of Markov parameters is consistent with the
usual state-space definition of Markov parameters.

Remark 2.25. Whether or not a system

Cp)y(t) = D(p)u(t) (3)

is causal in the sense that y(t) is a function only of u(t) for T < t, is dependent on the operator p. For

P £ q71, this sense of causality and Definition 2.23 are equivalent. However, for P £ d/dtor P £gq
the two definitions are not equivalent. For these operators, one would say that a system (3) is causal

in the classical sense if there exists G € ]Rgg(m[p] such that
C(1/p)G(p) =D(1/p).

Fact 2.26. Let C,E € RP*P[p]and D, F € RP*™[p]. Also, let (E, F) be a multiple of (C, D). Then (E, F)
is causal if and only if (C, D) is causal.

Proof. First, since (E, F) is a multiple of (C, D), there exists L € RP*P[p] with full normal rank such
that (E, F) = (LC, LD).
Next, let (E, F) be causal. Then there exists G € RS "[p] such that
E(p)G(p) = L(p)C(p)G(p) = L(p)D(p) = F(p).

Hence from Fact 2.7, C(p)G(p) = D(p), that is, (C, D) is causal.

Finally, let (C, D) be causal. Then there exists G € RES™[p] such that C(0)G'(p) = D(p).
Hence

L(p)C(p)G'(p) = E(p)G'(p) = F(p) = L(p)D(p),

and therefore, (E, F) is causal. [J
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Fact 2.27. Let E € RP*P[p] be comonic, let F € RP*™[p], and let
E(p) = Ipp" + Ecs1p"™ + - + Esp’,
F(p) =Fy+Fip+---+Fp’,

where 0 < € < s. If (E, F) is causal, then Fp = --- = Fg_1 = Opxm and the Markov parameter
polynomial of (E, F) is given later in Theorem 4.1.

Proof. Since (E, F) is causal, there exists G € Rggm[p] suchthatE(p)G(p) = F(p).Hence, computing
the product E(p)G(p), it follows that Fg = - - - = Fp—1 = Opxm. O

Fact 2.28. Let C € RP*P[p] have full normal rank, let D € RP*™[p], and let (C, D) be left coprime and
causal. Then Cy is nonsingular.

Proof. First, from Proposition 2.22, there exists a comonic multiple (E, F) = (LC, LD) of (C, D). Fur-
thermore, from Fact 2.26, since (C, D) is causal, (E, F) is causal. Hence, letting E; denote the trailing
coefficient of E(p), from Fact 2.27 we have that Fp = --- = Fy_1 = Opx. Therefore pZIp is a left
factor of (E, F).

Next, since (C, D) is left coprime, L(p) is a greatest left factor of (E, F). Hence there exists L' €
RP*P[p] such that L(p) = p‘L’(p).

Finally, letting (E, F') £ (L'C, L'D), we have that Ej = I, Furthermore, since Ej = LyCo = Iy, it
follows that Cy is nonsingular. O

Fact 2.29. Let C € RP*P[p] have full normal rank and let Cy € RP*P be nonsingular. Also, let
B(p) = mdet [C(p)] = Bo + B1p + - + Bsp’.
Then By is nonzero.

Proof. Let D(p) = p(p)I, denote the principal factor of (adj[C], det[C]I,), where i € R[p]. Then
det[C(p)] = u(p)B(p). Furthermore, since Cy is nonsingular, we have that

0 # det[Co] = det [C(0)] = £(0)B(0).

Hence Bo = B(0) is nonzero. O

3. Problem formulation

Consider the linear time-invariant system

A(p)y(t) = B(p)u(t), (4)
where p is an operator, A € RP*P[p] has full normal rank, B € RP*™[p], y € RP is the output,
u € R™ is the input, (A, B) is left coprime and causal, and (4) holds for all t € T. Also, let (A*, B*) be
the unique comonic quasi-scalar multiple of (A, B) given by Proposition 2.22, and let

A(p) £ Ag+A1p+ -+ Anp",

B(p) £ Bo+Bip+ -+ Bpp",
A*¥(p) 2 1y 4+ a¥lpp + -+ aelpp™,
B*(p) 2 BX +BXp+ -+ BNp",

where a}", e, an** € RR. This notation is assumed for the rest of the paper.
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Throughout the paper, we have two objectives in mind, namely

(1) Given a not necessarily coprime multiple of (A, B), compute the Markov parameters of (A, B).
(2) Given a sufficient number of the Markov parameters of (A, B), compute a multiple of (A, B).

We show how to obtain both of these objectives numerically.

Remark 3.1. The trailing coefficient of A* (p) is the identity as a result of Proposition 2.22, Fact 2.28,
and Fact 2.29.

Remark 3.2. Let (C, D) be a multiple of (A, B). Since A(p) has full normal rank, then from Fact 2.6,
C(p) also has full normal rank.

4. Markov parameters

In this section, we develop Markov parameters algebraically from polynomial matrices. Further-
more, we show that the Markov parameters of (A, B) and the Markov parameters of every multiple of
(A, B) are equal and unique.

Theorem 4.1. Let (E, F) be a comonic multiple of (A, B) given by
E(p) £ Ip" + Ecs1p™ ' + - + Esp’,
F(p) £ Fo+Fip+ - +Fp?,

where 0 < £ < s. Also, let H(p) £ > Hipi, where, foralli > 0,

min(s—2,i)

Hi £ Fpi— Y., EeHio, (5)
=1

and F; = Opxm forj > s. Then H(p) is the Markov parameter polynomial of (A, B) and every multiple of
(A, B).

Proof. First, from Proposition 2.22, there exists a comonic multiple of (A, B). Furthermore, recalling
that (A, B) is causal, Fact 2.26 implies that (E, F) is also causal. Hence, from Fact 2.27, Fp = --- =
Foqg = Opxm‘

Next, let G(p) = E(p)H(p). Then for i > 0, we have that

min(s—¢,i)
Gevi=Hi+ D EeyHioj. (6)
j=1
Hence from (5) and (6), it follows that

Fi, L<i<s,
G = )
Opxm,  otherwise,

that is, G(p) = F(p). Therefore E(p)H(p) = F(p), and thus H(p) is a Markov parameter polynomial
of (E, F).

Next, since (E, F) is a multiple of (A, B), there exists L € RP*P[p] with full normal rank such that
E(p) = L(p)A(p) and F(p) = L(p)B(p). Hence

E(p)H(p) = L(p)A(p)H(p) = L(p)B(p) = F(p),
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and from Fact 2.7, A(p)H(p) = B(p). Thus H(p) is a Markov parameter polynomial of (A, B). Further-
more, if H” € RP*™[p] is also a Markov parameter polynomial of (A, B), then A(p)H” (p) = B(p),
and hence A(p)H(p) = A(p)H"(p). Thus from Fact 2.7, H'(p) = H(p), and it follows that H(p) is
the unique Markov parameter polynomial of (A, B).

Finally, for every multiple (A", B') of (A, B), there exists M € RP*P[p] with full normal rank such

that A’(p) = M(p)A(p) and B'(p) = M(p)B(p). Hence A(p)H(p) = B(p) implies M(p)A(p) =
A'(p)H(p) = B'(p) = M(p)B(p), and it follows that H(p) is a Markov parameter polynomial of
(A’, B'). Furthermore, if H” € RP*™[p] is also a Markov parameter polynomial of (A, B), then
A'(p)H" (p) = B'(p), and hence A'(p)H(p) = A'(p)H"(p). Thus from Fact 2.7, H” (p) = H(p), and
it follows that H(p) is the unique Markov parameter polynomial of (A’, B'). O

Theorem 4.2. Let C € RP*P[p] have full normal rank, let D € RP*™[p], and let H € RE;"[p] be the
Markov parameter polynomial of (A, B) and (C, D), that is,

A(p)H(p) = B(p),
C(p)H(p) = D(p).
Then (C, D) is a multiple of (A, B).

Proof. Let Cg € RP*P[p] be a greatest right factor of (A, C). Then there exist A, € RP*P[p] and
C, € RP*P[p], such that

A(p) = AL(p)Cr(p),

C(p) = CL(p)Cr(p).

Furthermore, since A(p) and C(p) have full normal rank, from Fact 2.6, we have that A; (p), C;(p), and
Cr(p) have full normal rank.

Next, let E(0) = madj[A.(0)] and B(p) = mdet[A.(p)]. Since A(p) = Ar(p)Cr(p), then
E(p)A(p) = B(p)Cr(p), and hence

CL(P)E(p)A(p) = CL(p)B(p)Cr(p) = B(P)C(p).
Third, since C(p)H(p) = D(p), then

B(P)C(p)H(p) = B(p)D(p) = CL(p)E(p)A(p)H(p) = CL(p)E(p)B(p),

and hence (C EA, C.EB) = (BC, BD).

Next, since (A, B) is left coprime and C;(p)E(p) has full normal rank, C (p)E(p) is a greatest
left factor of (C;EA, C;EB). Furthermore, since B(p)I, is also a left factor of (C;EA, C;EB), it follows
that there exists F € RP*P[p] such that C,(p)E(p) = B(p)F(p) and hence (BFA, BFB) = (BC,
BD).

Finally, since A (p) has full normal rank, 1, has full normal rank. Thus from Fact 2.7, F(p)A(p) =
C(p) and F(p)B(p) = D(p). Furthermore, since C;(p)E(p) has full normal rank and C;(p)E(p) =
B(p)F(p), from Fact 2.6 it follows that F(p) has full normal rank. OJ

5. Numerical manipulation of polynomial matrices

In this section, we introduce notation and definitions that we use to numerically manipulate poly-
nomial matrices.

Definition 5.1. Let F € RP*™[p] have degree n and be given by

F(p) £Fo+Fip+---+Fpp"
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Thenfors > 0andt > 0,
0 (F) A [FO Fn} c Rpxm(nﬂ)’

6 (F) 2 [Fo - Fy | € RPXMOHD),

c Rp(s+1) xm(s+t+1)

c R(p+m)(s+1)xm(s+t+1)

Fpb F --- Fs
T. (F) 2 Opsxm € RPGHDXm+D)
Fy
_0p><m 0p><m FO_
[ Fo Fi -+ F Fepq oo Fope |
0p><m
Tt (F) £
F B
_Op><m Opxm FO F] Ft _
N T;.¢(F)
Ks,t(F) ==
L [Im(erl) Om(s+l)xmt]

Ks((F) £ [O(m[S+1]+pS)><p I(m[5+1]+p5)]

Ky ((F) € RmIst114ps)xm(s+t+1)

where F; = Opxp foralli > n, and we drop the argument p for conciseness.

793

Remark 5.2. Note that 6 (F) = 6, (F) and K ((F) is obtained by removing the first p rows of /s ¢ (F).

Fact 5.3. Let E € RP*™[p] be of degree n and let C € R™*![p] be of degree s. Then the first n + 1 matrix

coefficients of the product D(p) £ E(p)C(p) are given by
6 (D) =0 (E) 7o (C) ,

and all of the n + s + 1 matrix coefficients of D(p) are given by

6 (D) =6 (E) Tns (C) .

Proof. Foralli =0, ..., n+ s, we have that
min(n,i)
D; = Z EiG—j,
j=max(0,i—s)

from which Fact 5.3 follows. [

l .
Fact 5.4. Let E € RP*™[p] be of degree n, F € R.*'[p], and t > 0. Then the first n + t + 1 matrix

coefficients of the product G(p) = E(p)F(p) are given by
Onte (G) = 0 (E) Tn¢ (F) .
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Proof. Foralli =0, ..., n+ t, we have that

min(n,i)
G = Z EjFij,
j=0
from which Fact 5.4 follows. [
Remark 5.5. Let D € RP*™[p] be given by
D(p) £ [di(p) -+ dm(p) ],

where ds, ..., d, € RPX1[p]. Then

[ di(p)
vec[D(p)] £ | | e RP™p],
| dn(p)
[ D(p)
I; @ D(p) = € RPSX™[p].
D(p)

Fact 5.6. Let C € RP*™[p] and D € R™¢[p]. Then
vec[C(p)D(p)] = [1e ® C(p)|vec[D(p) .

Proof. See [2]. O

6. Numerical algorithms for computing the Markov parameters

Here we demonstrate how to compute the Markov parameters of (A, B) from a multiple of (A, B)
numerically. Since Theorem 4.1 is constructive given a comonic multiple of (A, B), first we present two
methods of computing a comonic multiple of (A, B) numerically.

Proposition 6.1. Let (C, D) be a multiple of (A, B). Then there exists a nonnegative t such that

rank [ [Oppe 1y ] } = rank [Tt © ] (7)
7: (O)
Furthermore, let U € RP*PU+1) pe g solution of
[ Opspe Ip | = UT (O, (8)
and let L € RP*P[p] be the polynomial matrix of degree t such that
6 (L) = U.
Then (E, F) = (LC, LD) is a comonic multiple of (A, B) and (C, D).
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Proof. From Proposition 2.22, there exists a comonic multiple (E’, F') = (L'C, L'D) of (A, B) and
(C, D). Hence, letting E,, be the trailing coefficient of E'(p), we have that

Oy (E') = [ 0pspy 1y |

where, from Fact 5.3, it follows that

0y (E) = 0ppy I | =0 (L) T, (O).

Thus there exists a nonnegative t such that (7) holds.
Finally, since there exists a nonnegative ¢t such that (7) holds, there exists a U € RP*PU+1 sych
that (8) holds (6;(L") being one such U). Hence,

0 (L) T; (C) = O0(E) = [ Opscpe I |

that is, E(p) is comonic. Therefore (E, F) is a comonic multiple of (A, B) and (C, D). O

Algorithm 6.2. Let (C, D) be a given multiple of (A, B) of degree s. The following algorithm yields a
comonic multiple (E, F) = (LC, LD) of (A, B), as described in Proposition 6.1.

(3) u = rank [Tt ©) ]

[ Opsxpt Ip ] }

(4) v = rank [
7 (€)

(5) Ifu < v, go to Step 2. Otherwise, continue.

(6) (L) = [Opxpt I } 7}+ (C), where (-)* denotes the Moore-Penrose generalized inverse.
(7) 0 (E) =0 (L) Tt s (C).

(8) 0 (F) =6 (L) Tt s (D).

Next, we present an alternative method for computing a comonic multiple of (A, B). Specifically,
we show how to compute a comonic quasi-scalar multiple of (A, B) from an arbitrary multiple (C, D)
of (A, B).

Proposition 6.3. Let (C, D) be a multiple of (A, B) of degree s and let
L(p) £ In ® C'(p),
M(p) £ vec[D(p)]".
Then there exists a nonnegative t such that
nullity (WtT) >1, 9
where
Te,s (M)

Tr,s (L)
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Furthermore, let U € R®™ DD pe g nonzero vector in the nullspace of WtT, and let y' € R[p] and
F' € RP*™[p] be the polynomial matrices of degree t such that

It 41
0 (y/) £ yT ,
0pm(t+1)><t+1
AT\ & T 0t+1><pm(t+l)
9(vec [F] ):—U

Iom(+1)

Then y’(p) is nonzero. Finally, let y; be the trailing coefficient of y'(), and let y (p) £ y'(p)/y; and
E(p) =S F'(p)/yi. Then (y1p,, F) is a comonic quasi-scalar multiple of (A, B).

Proof. First, letting E(p) £ madj [C(p)] and B(p) £ mdet [C(p)], it follows that
C(p)E(p)D(p) = B(p)D(p).

Hence, from Fact 5.6, we have that

[Im ® C(p)]vec [E(p)D(p)] = B(p)vec[D(p)],

where B(p) is nonzero since C(p) has full normal rank. Thus, letting 7 denote the degree of (8, ED),
from Fact 5.3 we have that

0 (vec [ED]") Ty 5(L) = 0(B)T; s(M).

Thus there exists a nonnegative t such that (9) holds.
Next, since there exists a nonnegative t such that (9) holds, there exists anonzero U € Rem+DE+D)
in the nullspace of WtT. Furthermore, from the definition of ' (p) and F'(p), it follows that

6 (vee [F]")Tes(L) = 6(y") T (M),

and hence from Fact 5.3, we have that C(p)F'(p) = y'(p)D(p).

Next, suppose that y’(p) is zero. Then C(p)F'(p) = 0pxm and therefore, since C(p) has full normal
rank, from Fact 2.7, F'(p) = Opxm. However this contradicts the fact that U is nonzero. Hence y'(p)
is nonzero.

Finally, letting H € RP*™[p] denote the Markov parameter polynomial of (A, B) and (C, D), it
follows that

C(p)H(p) = D(p),
C(p)y(p)H(p) = y(p)D(p) = C(p)F(p).

Therefore from Fact 2.7, y (0)H(p) = F(p). Furthermore, since y (p)I, is comonic and quasi-scalar,
from Fact 2.9, y (p) has full normal rank. Therefore, from Theorem 4.2, (y I, F) is a comonic quasi-
scalar multiple of (A, B). O

Algorithm 6.4. Let (C, D) be a given multiple of (A, B) of degree s. The following algorithm yields a
comonic quasi-scalar multiple (y1,, F) of (A, B), as described in Proposition 6.3.

(1) t=—1.
(2) L(p) =In ® CT(p).
(3) M(p) = vec[D(p)]".



M.S. Holzel, D.S. Bernstein / Linear Algebra and its Applications 437 (2012) 783-808 797

4 t=t+1.
(5) Compute the singular value decomposition of

W | T |
Tis (L)
(6) If nullity (WIT) = 0, go to Step 4. Otherwise, continue.

(7) Choose a nonzero vector U € RPM+DE+D) jp the nullspace of W, and scale U such that the
first nonzero component is 1.

<8>e(y>=uT[ fe }

0pm(t+1) xt+1

(9) 0 (Vec [F]T) — _UT 0I+1><Pm(t+1) :|
Ipm(t+1)

Remark 6.5. Proposition 6.1 and 6.3 provide two alternative ways of obtaining a comonic multiple of
(A, B) numerically, with the main difference being that Proposition 6.1 provides a comonic multiple
of both (A, B) and (C, D), while Proposition 6.3 provides a quasi-scalar comonic multiple that is only
guaranteed to be a multiple of (A, B). Typically, Proposition 6.1 will provide a comonic multiple of
lower degree than Proposition 6.3, due to the quasi-scalar requirement in Proposition 6.3, however
this is not always the case. One of the benefits of Proposition 6.3 is that quasi-scalar multiples exhibit
a direct link to transfer function, and thus state-space, models, as shown in Section 8, albeit at the
expense of increased computational complexity.

Now that we have shown how to compute a comonic multiple of (A, B) numerically, Theorem
4.1 can be used to compute the Markov parameters of (A, B) algebraically. Specifically, we have the
following Proposition:

Proposition 6.6. Let (C, D) be a multiple of (A, B) and let (E, F) be a comonic multiple of (A, B) computed

using either Proposition 6.1 (Algorithm 6.2) or Proposition 6.3 (Algorithm 6.4). Then the Markov parameters
of (A, B) are given by (5).

7. Numerical algorithms for computing a multiple of (A, B)

Here we present two methods of computing a multiple of (A, B) numerically from the Markov
parameters of (A, B).

Proposition 7.1. LetH € REX™ [p] be the Markov parameter polynomial of (A, B) and let i >> n*. Then
for all nonnegative t,

rank [/cm* (H)] = rank I:/Ct’ﬁ(H)}, (10)

rank [Kt’n* (H)] = rank [E,E(H)}. (11)
Furthermore, there exists a nonnegative s < n* such that

rank [ﬁs,n* (H)] = rank [ICS’H* (H)]. (12)

Finally, letting (12) hold, letting E € RP*P[p] have full normal rank, letting F € RP*™[p], and
[6EB) —0 (F) | Kea(H) = Opumisntn), (13)
then (E, F) is a multiple of (A, B).
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Proof. First, since (A%, B¥) is a quasi-scalar multiple of (A, B), then
A*(p)H(p) = B*(p).
Furthermore, from (5), for allj > 1 we have that
afHj+ -+ @ Hyxy iy + Hpx g = Opm,
where, since af', . . ., an** eR,
HjaXe + -+ + Hyx i 105 4 Hyxyj = Opem. (14)

Next, suppose that i = n* + 1. Then from (14), the columns of K¢, 7(H) beginning with Hy x4
are in the column space of the previous mn* columns, specifically,

Hi 14
t+ Hppp* Hepnx 4
a4t : a¥ + : = 0(p+m)(t+1)xm-
y Hpx Hpx 14
1
- Om(t+1)xm Om(t+1)xm

Similarly, for all] 1, the columns of K; ;1 j(H) beginning with H_ ;+_; are in the column space of

the previous mn* columns. Hence, by induction, we have (10). Furthermore, (11) follows directly from
(10) since K¢ 7 (H) is obtained by removing the first p rows of K¢ 7 (H).
Next, since (A*, B¥) is a comonic quasi-scalar multiple of (A, B), from Fact 5.4, we have that

O/(A*)Tow x (H) = g (B¥) = [ 0(B%) Oprepurs |
and hence
[Q(A*) _9(3*) ] ’Cn*,n* (H) = 0p><m(2n*+1)v

where, since A¥ () is comonic with A¥ = I, we have (12).
Finally, let E(p) have full normal rank and let (13) hold. Then from (10), for all j > 1, we have that

[6E) =6 (F) | Ksati(H) = Opmis-rigsn)-
and hence
00 Teisi(H) = [ 6(F) Opmars |-
Therefore, from Fact 5.4, E(p)H(p) = F(p), and from Theorem 4.2, (E, F) is a multiple of (A, B). O

Algorithm 7.2. Let 71 be a known upper bound for n*, that is, i > n*. Also, let H(p) be the Markov
parameter polynomial of (A, B), and let Hy, ..., H2n+1 be given. Then following algorithm yields a
comonic multiple (E, F) of (A, B), as described in Proposition 7.1.

0.

s+ 1.
rank [Ks 7 (H)].

rank [KCs 7 (H)].

Ifu<v,goto Step 2. Otherwise, continue.

W =045 (H)ICS’n(H), where (-)* denotes the Moore-Penrose generalized inverse.

M) s
(2)s
(3) u
4)v=
(5)
(6)

6
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ot ]
7N OE =1, W _
Om(s+1)><ps

(8)0(F)=wW [Opsxm“*” }

Im(s+1)

Next, we present an alternative method for computing a comonic multiple of (A, B). Specifically,
we show how to compute a comonic quasi-scalar multiple of (A, B) from the Markov parameters of
(A, B).

pxm

Proposition7.3. LetH € RE; ™[ p] be the Markov parameter polynomial of (A, B), i > n*,and H* (p) £
vec [H(p)]T. Then for all nonnegative t,

rank [ICM* (H*)] = rank I:,Ct’ﬁ(H*)]. (15)
Furthermore, there exists a nonnegative s < n* such that
nullity[Kin* (H*)] > 1. (16)
Finally, letting y € R[p] be nonzero, D € R'*P™[p], and
[0(y) =0(D) | Ksa(H*) = Orspmsiien)s (17)
F(p) £ unvec[D (p)],
then (yl,, F) is a quasi-scalar multiple of (A, B).
Proof. First, since (A*, B¥) is a quasi-scalar multiple of (A, B), then
A*(p)H(p) = B*(p).
Hence letting E*(p) £ vec [B(p)]T, from Fact 5.6, we have that
a* (p)H* (p) = B* ().
Therefore, from (5), for allj > 1 we have that
QW HX + -+ HYe g+ Hie = Otpm,
where, since af, .. ., an*,, e R,
Hfage + -+ Hs 103 + Hie = Ot

Thus (15) follows directly from the proof of Proposition 7.1.
Next, since (A*, B¥) is a comonic quasi-scalar multiple of (A, B), from Fact 5.4, we have that

e(a*)%*,n* (H*) = Oypx (E*) = [0 (E*) 0, xpmn* } ’
and hence
[6(@*) 6 (B*) | Ko ux (H*) = Ot pmant 41

where, since a* (p) is comonic with aa' = 1, we have (16).
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Finally, let ¢ (p) be nonzero and let (17) hold. Then from (15), for allj > 1, we have that
[e(y) —6(D) ] /Cs,ﬁ+j(H*) = 01xpm(s+ii+j+1)s
and hence
0(y)Tonri(H*) = [ 0(D) O1xpm@at) |-
Therefore, from Fact 5.4, ¥ (0)H* (p) = D(p), and from Fact 5.6,
Y (P)H(p) = F(p).

Furthermore, since y (p) is nonzero and quasi-scalar, from Fact 2.9, y (p)I,, has full normal rank. Hence,
from Theorem 4.2, (yIp, F) is a multiple of (A, B). [

Algorithm 7.4. Let i1 be a known upper bound for n*, that is, i > n*. Also, let H(p) be the Markov
parameter polynomial of (A, B), and let Hy, ..., Hi4+1 be given. Finally, for alli = 0, ...,2n 4+ 1,

let Hi* £ vec [H,~]T. Then the following algorithm yields a quasi-scalar comonic multiple (yIp, F) of
(A, B), as described in Proposition 7.3.

)s=0.

)s=s+1.

) Compute the singular value decomposition of K, 2(H™).
)

)

4) If nullity (Kgﬁ(H*)) = 0, go to Step 2. Otherwise, continue.

5) Choose a nonzero vector U € R ®Pm+DG+D) i the left nullspace of K 5 (H*).

6) 6 () = U[ E }

0pm(s+1) X (s+1)

(
(
(
(
(

(7) 6 (D) = —U O(s+1)xpm(s+1)
Ipm(s+1)

(8) F(p) = unvec [DT(p)}.

Remark 7.5. Asin the previous section, Proposition 7.1 and 7.3 provide two alternative ways of obtain-
ing a comonic multiple of (A, B) numerically from the Markov parameters, with the main difference
being that Proposition 7.1 provides a comonic multiple, while Proposition 7.3 provides a quasi-scalar
comonic multiple. Proposition 7.1 will always provide a comonic multiple of degree less than or equal
to Proposition 7.3, due to the quasi-scalar requirement in Proposition 7.3. However, one of the bene-
fits of Proposition 7.3 is that quasi-scalar multiples exhibit a direct link to transfer function, and thus
state-space, models, as we demonstrate in the following section, albeit at the expense of increased
computational complexity.

Remark 7.6. In both Algorithm 7.2 and Algorithm 7.4, it is required that an upper bound 7 for n* is
known. However, in practice, this may be difficult or impossible to ascertain. In this case, we would
advise the reader to take an initial guess of for the upper bound, say ny, and run the algorithms as
proposed. If in Algorithms 7.2 and 7.4, the rank conditions are not satisfied for s < ny, then increase
ny, provide more Markov parameters, and run the algorithms again.

8. Connection with state-space models

Here we consider the connection between polynomial matrix models, state-space models, and
Markov parameters. Specifically, we review the well-known method of obtaining a polynomial matrix
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model from a state-space model, and then show that, using the Markov parameters of the state-space
model, we can obtain the same polynomial matrix model using the algorithms in the present paper,
particularly Proposition 7.1. Furthermore, we show that all of the same rank properties presented in
Proposition 7.1 still hold when the Markov parameters are generated from a state-space model, where
n* is replaced by the order of the state-space model which generates the Markov parameters.
Proposition 8.1. Consider the state-space system

x(t) = p]\x(t) + pBu(t),
y(&) = Cx(t) + Du(t),

where A € R B e R™™M C e RP*M and D € RP*™ x e R" is the state, u € R™ is the input, and
y € RP is the output. Also, let

A(p) £ det [In — p?\] :
E(p) £ adj [In — pA].
B(p) £ pCE(p)B + A(p)D.
Then A(p)y(t) = B(p)u(t).
Proof

A(p)y(t) = CAGP)X(D) + A(p)Du(t) = C [E(p) pBu(t)] + Ap)Du(t) = B(pyu(). O

Definition 8.2. LetA € R™" B e R™™ C € RP*" and D € RP*™, Also, fori > 1, let
HO é b; Hl é 6&, H2 = 6AE’ cee Hi é CAi_lB.

Then H; is the jth Markov parameter of (A, B, C, D), and
o0
R .
H(p) = > Hip
=0

is the Markov parameter polynomial of (A, B, C, D).
Proposition 8.3. Consider the controllable state-space model
x(t) = pAx(t) + pBu(t),
y() = Cx(&) + Du(o),

where A € R™" B € R™™ C € RP*" and D € RP*™ x € R" is the state, u € R™ is the input, and
y € RP is the output. Furthermore, letn > nand letH € R‘;me[p] be the Markov parameter polynomial
of (A, B, C, D). Then for all nonnegative t,

rank [/ct,n(H)] — rank [zct,ﬁ(H)], (18)

rank [K[’n(H)] = rank [E,ﬁ(H)]. (19)
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Furthermore, letting

A(p) £ det[I, — pA],

E(p) £ adj [In — pA].

B(p) = pCE(p)B + A(p)D,
then

[9n (Alp) —6n (B) ] Kn.i (H) = Opxm(ntii+1)» (20)
and there exists a nonnegative s < n such that

rank [ES’H(H)} = rank [ICS,,,(H)]. (21)

Proof. First, note that from Definition 5.1 and Definition 8.2, for alln > nand t > 0, we have that

T.(H) O (Z\, E) Ca (Z\, B) }

Im(t—i—l) 0m(t+1)><mﬁ

o (A C) 2 L(CAt) (~) 6TT,

Ci (A.B) £ [BAB --- A" 'B],

Kea(H) = |:

where O, (7\, f) is the reordered observability matrix of (A, C), and C, (7\, B) is the controllability

matrix of (/7\, E). Furthermore, since (;\, B, C , 5) is controllable, then for all n > n, C; (;\, E) has full
row rank. Hence for all n > n, it follows that

rank [(’)t (17\, ff) Cn (A, B)] = rank [Ot (A, E’) Cr (/7\, B’)] = rank [Ot (]\, f)] <n,
that is, the final m(n — n) columns of K 7 (H) are in the column space of the previous mn columns and

therefore (18). Similarly, we have (19).
Next, note that

B(p)—A(p)H(p)=pCE(p)B+A(p)D—A(p) (15+Z 57\1"15'0") =pC <E(p)—A(p)ZA"p"> B

i=1 i=0

Furthermore, since
~ & ~ .
[In - pA] ZAIPI = In,
i=0
it follows that
~ & ~ : ~
[In - pA] E(p) —A(p) D>_A'p'| = det [In - pA] — A(p) = Opxn,
i=0
where, since [ pA] is regular, from Fact 2.8, [ pA} has full row rank. Hence, from Fact 2.7,

00
E(p) — A(p) ZAIPI = Onxn,
i=0
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and therefore
B(p) — A(p)H(p) = pC(Onxn)B = Opsm.

thatis, A(p)H(p) = B(p).

Finally, note that A(p) has degree less than or equal n from the definition of the determinant, and
from the definition of the adjugate in terms of the cofactor matrix, it follows that E(p) has degree less
than or equal n — 1. Hence B(p) has degree less than or equal to n. Therefore, since (A, B) has degree
less than or equal n, and A(p)H(p) = B(p), we have (20). Furthermore, since

A(O):det[ln—0xA]=1=A0,

we have (21). O

9. Numerical examples

In the following, we illustrate Algorithm 6.2, Algorithm 6.4, Proposition 6.6, Algorithm 7.2, and
Algorithm 7.4 with a low-degree example for conciseness. Let

Je+rm G+
A(p) & : (22)
LG+p) T+p)

B(p) £ (23)

[+p @+p) (3+p)}
L @+p) G+p) 6G+p) |

I+p) @C+p
N(p) , (24)
B+p (6+p)

1>

and (C, D) £ (NA, NB). Then (C, D) is a multiple of (A, B), and

[12+10p + 20> 17+ 13p + 2p>
Clp) = , (25)
| 36 +16p +2p> 51+ 19p + 2p°

9+8p+20%> 12+10p+2p% 15+ 12p + 2p?
| 27+ 14p +2p* 36+ 16p +2p*> 45+ 18p +2p°

Furthermore,
12 17(10 13|12 2
0(C) = .
36 51(16 19|12 2
9 12 15| 8 10 12|12 2 2
0(D) = ,
27 36 45/14 16 18|2 2 2

where we insert vertical lines in 6 (-) to separate coefficients.
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Example 2. Let C(p) and D(p) be given by (25)and (26), respectively. The following example illustrates
Algorithm 6.2.

First, the following table displays the normalized singular values (&; £ o; /omax) of 7;(C) and

o=l s]

7.(0)

fort = 0 and t = 1. Since the ranks both equal 3 for t = 1, we move to Step 6.

o [T (O)] o [Z:(O)]
t 5’2 63 54 62 5’3 5’4
0| 62x107" 0.015
1 0.65 3.7x107% | 20x107%' | 065 | 1.2x107% | 1.6x10~"

Next, from Step 6, we have that

1 3
-07 -21|

and from Step 7 and 8, we have that

—255 85
18 —6

o(L) =

e ell el 24 36 | 8 8
0(E) = ,
& el 1|-166 —25/-56 5.6
(e, e |5 1 -3|16 24 32 | 8 8 8
0(F) = ,
& & @|-3 & 3 |-11 -166 -222|-56 -56 56
where

1.1369 x 10713,

€1

€ £ —5.6843 x 10714,

€3 £9.9476 x 10714,

€42 —2.8422 x 1071,
Therefore, we can see that the multiple (E, F) = (LC, LD) = (LNA, LNB) is comonic.

Example 3. Let C(p)and D(p) be given by (25)and (26), respectively. The following example illustrates
Algorithm 6.4.

First, we begin by constructing L(p) = I3 ® CT(p) and M(p) = vec [D(p)]T. Then, examining the
following table, which displays the inverse condition number of W; for t = 0 and t = 1, we see that

nullity (WtT) >0fort =1.

t | Omin [WtT] /Omax I:WtT:I
0 8.8x1074
1 8.9x10°"
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Hence, proceeding to Steps 7-10 with t = 1, we find that
o) =[1]-1].

5 1 -3 —1 —1 —1
O(F) = .
-3 5x107% 3 ]-9x10™™ -5x10"® —4x107"
Next, we would like to verify that (y I, F) is indeed a multiple of (A, B). To accomplish this, note
thatif H € R2X3[p] is the Markov parameter polynomial of (A, B), we should have that
A(p)H(p) = B(p),
Y (p)H(p) = F(p),
and therefore

v (P)A(p)H(p) = A(p)y (p)H(p) = A(p)F(p) = v (p)B(p).

Thus, to compare the accuracy of our computed quasi-scalar comonic multiple, let &1 (p) e A(p)F(p)—
¥y (p)B(p) and &2(p) & A(p)F(p). Then one type of percent error metric is
|0
l0(e2) |
where || - || denotes the Frobenius norm of (-), and this type of percent error is meant to give us some

indication of how far the product y (p)B(p) is from A(p)F(p). Since this number is small, numerically
we have that A(p)F(p) = y(p)B(p).
Finally, since A(p)F(p) = y (p)B(p), we have that
Y (0)B(p) = A(p)F(p) = A(p)y (0)H(p),
and hence from Fact 2.7, it follows that y (p)H(p) = F(p). Furthermore, since y (p) is nonzero and
quasi-scalar, from Fact 2.9, y ()1 has full normal rank. Hence from Theorem 4.2, (y I, F) is a comonic
quasi-scalar multiple of (A, B).

= 1.018 x 10714,

Remark 9.1. The comonic multiple of (A, B) generated in Example 2 has a higher degree, 3, than the
quasi-scalar comonic multiple of (A, B) generated in Example 3, which has a degree of 1. While this
may seem counterintuitive since the constraint of generating a quasi-scalar comonic multiple appears
to be more restrictive, the reason lies in how the multiple is generated. Specifically, in Algorithm 6.2
(Proposition 6.1 and Example 2), we search for a comonic multiple of (C, D). Hence the degree of
the multiple generated by Algorithm 6.2 will always be greater than or equal to the degree of (C, D).
However, in Algorithm 6.4 (Proposition 6.3 and Example 3), we search for a quasi-scalar multiple of
(A, B) directly, that is, the quasi-scalar comonic multiple (y, F) of (A, B) is in general not a multiple
of (C, D).

Example4. Let C(p)and D(p) be given by (25)and (26), respectively. The following example illustrates
Proposition 6.6.

First, we compute the Markov parameters of (A, B) using the multiples of (A, B) generated in Ex-
amples 2 and 3. For both multiples we find that

5 1 -3
HO = )
|:—3 0 3 :|

4 0 -4
H = )
|:—3 0 3 :|

and H; = H; foreveryi > 1.
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Next, computing the error £(p) £ A(p)H(p) — B(p), we find that
169 () Il
16 (B)Il¢

Hence numerically, we find that A(p)H(p) = B(p), that is, the Markov parameters are indeed the
Markov parameters of (A, B).

=1.191 x 10713,

Example5. Let C(p)and D(p) be given by (25)and (26), respectively. The following example illustrates
Algorithm 7.2.

First, assume that i = 4 is an upper bound for n*. Then, since i = 4, we use the first 9 Markov
parameters from Example 4.

Next, the following table displays the third through eighth normalized singular values (o;
0i/0max) of K5 7(H) and K5 7(H) for s = 0 and s = 1. Since the ranks are equal for s = 1, we
proceed to Step 6.

L

o [Ksta(H)] o [Ks+a(H)]
s| 63 | 64 |-+ | 07 o8 o3 | 04 s G5 | o7 o8
0] 1 0.04 | 0.04 | 8x10716
1]005|005|---|004|8x107 | 005 | 0.05 0.03 0.03 | 0.03 | 3x10°P

Next, from Steps 6-8, we have that

[1 0|—4/13  12/13 }
O(E) = )
0 1|/+3/13 —9/13

+5 +1 -3
0(F) =
-3 —5x10"% 43

—4/13  —4/13 —4/13
+3/13  +3/13  +3/13 |

Furthermore, letting

12/13 16/13
L(p)é%[ /13 16/ }

12/13  16/13
it follows that (E, F) = (LA, LB). Hence (E, F) is a comonic multiple of (A, B).

Example 6. Let C(p) and D(p) be given by (25)and (26), respectively. The following example illustrates
Algorithm 7.4.

First, assume that i = 4 is an upper bound for n*. Then, since i = 4, we use the first 9 Markov
parameters from Example 4. Furthermore, for every i € [0, 8], we construct H,.* = vec [H;]", that is,

=[5 -3 1 0 -3 3]
HY=[4 -3 0 0o -4 3]

and so on.
Next, examining the following table, which displays the inverse condition number of Ks)ﬁ(H*) for

s = 0and s = 1, we see that nullity [ICSTJI(H*)} > Ofors = 1.
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S | Omin I:]Cs,ﬁ(H*):I /Omax I:/Cs,ﬁ(H*):I
0 0.042
1 29%1071

Hence, proceeding to Steps 5-8 with s = 1, we find that

o) =[1|-1],

5 1 -3 —1 —1 —1
0(F) = —16 —13 -17 -13 |’
-3 5x10 313x10 8 x 10 —3x 10

which is similar to the quasi-scalar comonic multiple (y I, F) generated in Example 3 up to rounding
erTors.
Finally, as in Example 3, we should find that A(p)F(p) = y(p)B(p). Thus, letting &1(p) &

A(p)F(p) — v (p)B(p) and &2(p) = A(p)F(p), we find that
10 (eD)llF
16 (e2) I

and hence, numerically we have that A(p)F(p) = y (p)B(p). Furthermore, as in Example 3, we find
that this implies that (yI,, F) is a comonic quasi-scalar multiple of (A, B).

=2.041 x 1071,

Remark 9.2. As evidenced by the previous examples, all of the proposed algorithms require, at some
point, one to determine the rank of a matrix, which is always a very delicate task, even for these
small examples. Furthermore, we do not suggest rigid guidelines for choosing tolerances for rank
conditions, since presumably these choices would be motivated by the problem at hand, specifically
the conditioning of the problem. For instance, suppose that a row or column of the Markov parameter
polynomial was significantly smaller than the others. Then the results would be influenced by the
practitioner’s determination whether the row or column in question is due to round-off errors or not.

Remark 9.3. In the examples presented here, access to the original system allows us to ascertain the
accuracy of the computed object. However, this is not possible for the practitioner, who may need to
develop reliability tests. These should be motivated by how the end object is to be used. For instance,
if the practitioner has access to the Markov parameters of a system, and computes a multiple of (A, B)
from the Markov parameters, one could save the final x Markov parameters, that is, not include them
in the algorithms, then check how small A(p)H(p) — B(p) is using the saved Markov parameters.
However, if one is interested in the accuracy of the spectral content of the system (A, B), then some
other test may be required.

10. Conclusions

We have considered polynomial matrix representations of MIMO linear systems and their con-
nection to Markov parameters. Specifically, we have developed theory and numerical algorithms for
transforming polynomial matrix models into Markov parameter models, and vice verse. We have also
provided numerical examples to illustrate the given algorithms.
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