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This paper considers direct adaptive stabilization of multi-input non-linear time-varying
systems with full-state feedback and state-and-time-dependent uncertainty. The novel result of
this paper is a single-parameter adaptive controller that yields a Lyapunov-stable closed-loop
system. We demonstrate the controller on a non-linear spring-mass-damper, a three-degree-
of-freedom Mathieu equation, and a 4th-order non-linear time-varying system.

1. Introduction

Adaptive stabilization of linear time-invariant plants
under full-state feedback has been considered in
Narendra and Annaswamy (1989), Astrdm  and
Wittenmark (1995), Ioannou and Sun (1996) and Hong
and Bernstein (2001) using Lyapunov-based gradient
update laws. These methods require that the state-space
parameterization of the plant (4, B) have matched
uncertainty. In the case of linear time-invariant plants,
matched uncertainty implies that there exists K, such that
Ay 24+ BKj is known and asymptotically stable.
Lyapunov-based adaptive stabilization has been
extended to linear time-varying systems and non-linear
time-invariant systems. In Roup and Bernstein (2004),
a variation of the controller presented in Hong and
Bernstein (2001) is shown to stabilize a class of scalar
second-order linear time-varying systems. In particular,
the adaptive controller of Roup and Bernstein (2004)
can stabilize the scalar time-varying system mg(¢)+
g(q(t) + f(H)g(t) = bu(t), where f(-) and g(-) are piece-
wise continuous and bounded but otherwise unknown.
In Roup and Bernstein (2001), an alternative version
of the controller presented in Hong and Bernstein (2001)
is shown to stabilize a class of scalar second-order non-
linear systems with partial-state-dependent uncertainty.
In particular, the adaptive controller of Roup and
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Bernstein (2001) can stabilize the scalar non-linear
system  mq(t) + g(q(0)q(t) + flq(1)q(1) = bu(r), where

() and g(-) are lower bounded but otherwise unknown.

The results of Roup and Bernstein (2001) are extended
in Chellaboina et al. (2003) and Haddad er al
(submitted 2005) to stabilize vector second-order non-
linear time-varying systems with partial-state-and-time-
dependent uncertainty.

Parameter-monotonic (or high-gain) adaptive control
of non-linear time-varying systems with matched uncer-
tainty has been considered in Ryan (1991) Corless and
Ryan (1993) and Ilchmann and Ryan (2003). Specifically,
Corless and Ryan (1993) and Ilchmann and Ryan (2003)
consider output feedback adaptive control for classes of
non-linear time-varying systems where known functions
bound the unknown non-linear dynamics. In Ryan
(1991), full-state feed-back adaptive control is considered
for single-input nth-order non-linear time-varying sys-
tems where the system is modelled as a differential
inclusion. In particular, the adaptive controller of Ryan
(1991) guarantees asymptotic convergence for the scalar
non-linear time-varying system ¢"(r) + g(z, x(¢)) = bu(t)
where x 2 [¢"D ¢"=2 ... §4], and there exists @ > 0
and a known function g:[R" — [0,00) such that, for
almost all 1> 0 and for all xeR", |g(¢, x(1))| < ag(x(?)).

The results of Ryan (1991), Corless and Ryan (1993)
and Ilchmann and Ryan (2003), guarantee that the
state (or output) of the closed-loop adaptive system
asymptotically converges to zero. However, they do not
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prove Lyapunov stability for the closed-loop system.
Lyapunov stability of a closed-loop adaptive system
provides information about the system’s transient
performance and prevents small perturbations (such as
noise) from driving the system far away from the
equilibrium before the asymptotic behaviour returns the
system to the equilibrium. In fact, without verification
of Lyapunov stability, the nomenclature ‘“adaptive
stabilization” is arguably a misnomer.

In the present paper, a full-state-feedback adaptive
controller is used to stabilize multi-input nth-order non-
linear time-varying systems with matched state-and-
time-dependent uncertainty. In the case of bounded
state-and-time-dependent uncertainty, the adaptive
controller requires no additional information concern-
ing the system non-linearities or time dependence. If the
state-and-time-dependent uncertainty is unbounded,
then additional bounding functions are required.
Whereas the results of Roup and Bernstein (2001,
2004), Chellaboina et al. (2003), and Haddad et al.
(submitted 2005) stabilize 2nd-order systems with
matched partial-state-dependent and time-varying
uncertainty, the adaptive controller presented herein
stabilizes nth-order systems with full-state-and-time-
dependent uncertainty. In contrast to the results of
Ryan (1991), Corless and Ryan (1993) and Ilchmann
and Ryan (2003), the results of this paper guarantee that
a continuum of equilibria of the closed-loop system are
Lyapunov stable. In addition, Ryan (1991) considers
only single-input systems whereas this paper considers
multi-input  systems. Notably, the present paper
differs from Ryan (1991), Corless and Ryan (1993),
Roup and Bernstein (2001, 2004), Ilchmann and Ryan
(2003), Chellaboina et al. (2003) and Haddad et al.
(inpress 2007), in both method of proof and resulting
parameter-monotonic adaptive law. More specifically,
the current paper’s proofs utilize new tools presented
in appendix A, and the current paper’s parameter-
monotonic adaptive law incorporates an exponentially
decaying factor, which has no counterpart in Ryan
(1991), Corless and Ryan (1993), Roup and Bernstein
(2001, 2004), Chellaboina et al. (2003), Ilchmann and
Ryan (2003), and Haddad er «l. (submitted 2005).
Nevertheless, the present paper and the previous work
(Ryan 1991, Corless and Ryan 1993, Roup and
Bernstein 2001, Chellaboina et al. 2003, Ilchmann and
Ryan 2003, Roup and Bemstein 2004, Haddad et al.
(inpress 2007), both require the assumption of matched
uncertainty. The problem of adaptive stabilization of
non-linear time-varying systems with unmatched uncer-
tainty is open.

In §2, we introduce the notation used in this
paper. In §3, an adaptive controller is derived for
nth-order non-linear time-varying systems with
bounded uncertainty. In §4, an adaptive controller is

provided for non-linear time-varying systems where the
state-and-time-dependent uncertainty is unbounded.
Examples are given in §§5-7, and conclusions are
given in §8.

2. Notation

A® B Kronecker product of 4 and B
A@® B Kronecker sum of 4 and B
vec A vector formed by stacking the
columns of 4
Jmax(4) maximum eigenvalue of 4
diag(4,,...,A4; block-diagonal

A, 0
matrix .
0 Ay

Iy
Om(n—l)xm

3. Parameter-monotonic adaptive stabilization for
non-linear time-varying systems

1>

E;

In this section, we consider parameter-monotonic
adaptive stabilization for the nth-order vector non-
linear time-varying system

") + M1 (4", 4, q) " V()
+ M, (", 4. q)g" ()

+ et + Ml (la q(n_l)a oo >Q> Q)Q(l)
+ Mo(f, q(n71)7 R qa Q)Q(Z)
= Bo(1,4" ..., ¢, q)u(v), (D

where ¢eR", ueR", Bj:[0,00) x R™ — R"™"  and
for i=0,....,n—1, M;:[0,00) x R™ — R™"  We
make the following assumptions.

(A1) My(),...,M,_1(-), and By(-) are locally Lipschitz
in ¢V, ..., ¢, q and piecewise continuous in .

(A2) My(),...,M,_1(-) are bounded. That is, there
exists u > 0 such that, for all i=0,...,n—1, for
all ¢" Y, ...,¢4, geR"™ and for all >0,
|Mi(t,q"V,....4,¢)|| <pn. The bound p need
not be known.

(A3) By(:) is globally invertible.

(A4) There exists a  positive-definite  matrix
HeR™™ such that F,q"D,....¢,q) 2
By'(t,q"Y,...,¢,q)H is known.

(AS) The full state ¢,q,...,q"" " is available for
feedback.



Downloaded By: [University of Michigan] At: 15:35 1 July 2007

874 J. B. Hoagg and D. S. Bernstein

Assumption (A3) restricts our attention to systems with
matched uncertainty. Assumption (A4) requires limited
knowledge of the mapping By(-). Specifically, in the
single-input linear time-invariant case, B, is a constant
scalar and Assumption (A4) is equivalent to the assump-
tion that the sign of the high-frequency gain is known.

If My(-),...,M,_i(-) and By(-) are constant maps,
then (1) is a multi-input linear time-invariant system.
Furthermore, Assumptions (A1)—(AS) are satisfied if B,
has full rank and there exists a positive-definite matrix
H e R™" guch that F 2 By'H is known.

The system (1) can be written in the state-and-time-
dependent block controllable canonical form

X(1) = A(t, x(2))x(1) + B(1, x(1)u(1), (2)
where

M1 (t,x) —M,a(t,x) -+ —Mi(t,x) —Mo(1,x)

[ﬂl 0 O 0

A(l,)(f)é 0 Im 0 0

0 0 I, 0
(3)
B@@é[BW“)} )

m(n—1)xm

2 [g g g g (5)

We now present a high-gain-stabilizing controller for
the non-linear time-varying system (2)—(4).

Lemma 1: Consider the non-linear time-varying system
(2)—(4). Let g(s) be the Hurwitz polynomial
g E g H g+ g, (6)

where g,y > 0. Define G(1,x) 2 [g1 g2 - &]®
F(t,x), and consider the feedback

u(t) = —kG(1, x(0))x(1), (7

where k€ R. Then, there exists ks > 0 such that, for all
k >k, the origin of the closed-loop system is globally
exponentially stable.

Proof: The system (2)—(4) with the feedback (7) is
x(1) = [Ay(k) + Ey A1, x(0)]x(0),

where
_kgn—lH _kgn—ZH _kng _kgOH
I, 0 0 0
A= 0 L 0 0 | ®
0 0 S 0

and A(1,X) 2 [~ M,_1(t,x) - - - —Mo(1, x)] € R™""

Lemma A.3 implies that there exists k; > 0 such that,
for all k>k;, the matrix Ay k) is asymptotically
stable. Let Q > 0 and, for all k>k;, let P(k) be the
positive-definite solution to the Lyapunov equation

AT(k)P(k) + P(k)As(k) = —(Q + 1) ® L.

Furthermore, let P;(k) denote the first m columns of
P(k). Next, for k >k, consider the Lyapunov candidate

V(x) 2 xT P(k)x.

Taking the derivative along a closed-loop trajectory
yields

V(x) = xT[ AL (k) P(k) + P(k)As(k) + AT (1, x)ET P(k)
+ P(k)E1 A(t, x)]x
= —x"[(Q+ 1) ® Lu]x
+ xT[AT(t, x)E] P(k) + P(k)E1 A(t, x)]x.
©)
Note that
1 T
0< (ﬁp(k)ElA(z, x) -5 )
x (ﬁP(k)E1 A(1,x) — }21>
and thus
AY(t, x)E] P(k) + P(k)E; A(t, x)
<+ 2AT(t, x)Ef PA(k)E, A(t, x). (10)
Combining (9) and (10) yields
V(x) < —x"[(Q + 1) ® Iy ]x

1
+x" [EI + 2071, X)E] P(k)EV AL, X)]x

f _XT(Q ® Im)x - %XTX
+ 2xT[AT (1, x)P] (k) P1 (k) A(t, x)]x. (11)

Since Lemma A.3 implies that Pi(k) - 0 as k — oo,
let ks > ki be such that, for all k> k,

PHP®) = 5l (12)

where v £ sup,o ;g Amax(AT(, X)A(1, x)). Note that v
exists since A(z, x) is bounded by assumption (A2).
Therefore, for all k > kg, it follows from (11) and (12) that

V(x) < —xT(Q ® L)X — %xTx

n le |:AT(I, X)A(t, x)

2

) i|x < —x"(Q ® Iy)x.
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Hence, for all k > kg, the origin is globally exponentially
stable. Ll

Now we present the main result of this paper,
namely, Lyapunov-stable adaptive stabilization of
a class of nmth-order vector non-linear time-varying
systems.

Theorem 1: Consider the non-linear  time-varying
system (2)—(4). Let g(s) be the Hurwitz polynomial (6)
where g, > 0. Define G(1,x) 2 g1 gu2 .- 2] ®
F(t, x), and consider the adaptive feedback controller

u(t) = —k(t)G(t, x(1))x(1), (13)
k(1) = e OxT(1)(R @ L,)x(7), (14)

where R e R"™" is positive definite and o > 0. Then, there
exists kg > 0 such that, for all k,> ks, the equilibrium
solution (0, k,) of the closed-loop system (2)—(4) and (13)
and (14) is uniformly Lyapunov stable. Furthermore, for
all initial conditions x(0) and k(0), lim,_, o k() exists and
lim,_, o, x(7) = 0.

Proof: The dynamics (2)—(4) with the feedback (13) is

X(1) = [As(k) + E1A(2, x)]x(2), (15)
where A¢k) is given by (8) and A(z,x) 2
[_Mn—l([» X) . —M()(l, X)] c Rmxmn.

Lemma A.3 implies that there exists k; such that, for
all k> ky, Ay(k) is asymptotically stable. Let Q > 0 and,
for all k> ky, let Py(k) be the positive definite solution to
the Lyapunov equation

AJ (R)Py(k) + Py(k) As(k) = —(Q + 1,) © L.
Let P (k) = Ps(k)E, denote the first m columns of Py(k).

Since Lemma A.3 implies that P (k) — 0 as k — oo,
let ks >k, be such that, for all k> k,

PLL(R)P (k) < 451 (16)
where v 2 sup,.o v cg Amax(AT(1, Y)A(L, x)). Assumption
(A2) implies that v is finite.

_Let k.>k,, define 4, 2 As(k,), and define
k(1) £ k. — k(1) so that (15) can be written as

x=A,x+ lgEII-AIx + Ey A(t, X)X,

where H 2 [gn—1 ... g0l ® H. Define P, 2 Py(k,), and
consider the Lyapunov candidate

V(x, /€) 2 xTPex + /€2,

where V': R™ x D — [0, 00) and the domain D C R will
be specified later. The derivative of V(x,k) along a
trajectory of the closed-loop system is

Vix, k) = xT[AT P, + PoA]x
+ xT[AT (1, x)E] Pe + P,E1 A1, x)]x
+kxT [ﬁTElTPe + P.E, F]]x —2kk
< —xX"[(Q+1,) ® L)x

1
+xT [51 +2AT(t, x)E] P2E1 A(t, x)]x
+ éxT[ﬁTElTPe + PEH -2 R 1,,,)]x

< x"0®I,)x— %xTx
+ 2xT[AT(t, x) Py 1 (ko) Py, 1 (ko) A(t, x) ] x
AT [FITEITPe 4+ PEH-2%R® Im)]x.
(17)
Since k, > kg, it follows from (16) and (17) that

1t [AT(I, X)A(t, x)i|
2" v ~

iy [ﬁTElTPC +PEH -2 %R® Im)]x
= _XT(Q ® I)x
+ExT[ATET P, + P =20 (R® 1) |

V(x, lg) < _XT(Q ® Im)x — %XTX +

To show that V~ is negative semi-definite, we first
consider the case k > 0, in which

Ve, k) < —xXT(0 @ Ly)x + kxT [I:ITEITPe + P.E, Fl]x

IA

—"(Q ® L) + kx| 1+ HYET P2E A ¢

_XT(Q ® Im)x + ];0—1 XTX,

IA

where o1 2 Amax(I + PAITElTPgEll-AI). Let & satisfy
0 <é < Amin(Q®1,). Then, for all k such that
0 =< k = (;Lmin(Q X Im) - 81/01)9

V(x, k) < —x"(Q ® Ln)x
T <}~min(Q®Im) _81> T T

o1X X < —&1X X.
o]

Now, consider the case k< 0, in which
V(x,k) < —x"(Q @ I,)x
- lng[—ﬁTElTPe — PEH+2R® Im)]x
< —x"(Q®I,)x
. [1 + HETP2E H + 2R ® Im)]x

< _XT(Q ® Im)x - éGZXTxa



Downloaded By: [University of Michigan] At: 15:35 1 July 2007

876 J. B. Hoagg and D. S. Bernstein

where 03 = Anax(I + H'ETP2E H + 2(R® ;). Let &>
satisfy 0 < &2 < Amin(Q ® I,,). Then, for all k such that
_((imin(Q & Im) - 82)/02) = k =< 0,
V(x,k) < =x"(Q ® I)x
j-min ]m -
n < (O ® 1) 82) T

XX < —erx T x.
02

Define the domain

;Lmin(Q ®Im) —& - j-min(Q‘gIm) —€ }
<k< .
(op) o]

Dé{IEGR:—

Thus, for all xeR™ and all keD, V(x,k)<-—
min(e;, 2)x " x, and thus the solution (0, k,) is uniformly
Lyapunov stable.

Next, we show that k(r) converges. Lemma A.3
implies that there exists k; > 0 such that, for all k> ky,
Aq(k) is asymptotically stable. For k> ky, define

Volx, k) £ e~ xT P(k)x,

where, for k > k;, P(k) is the positive definite solution to
the equation

AL (k)P(k) + P(k)As(k) = —(R ® I,,).

Taking the derivative of Vy(x,k) along a trajectory
of (14) and (15) yields

Vo(x, k) = —e X" (R ® Iy)x
+ e XT[AT (1, x)E] P(k) + P(k)E) A(t, x)]x
aP(k)

_ ek T el
ke " x |:05P(k) % :|x.

Lemma A.3 implies that there exists k> > k; such that,
for all k>k,, aP(k)— (0P(k)/dk)> 0. Thus, for all
k > k29

Vo(x, k) < —e ™ xT(R® I,)x
+ e~ *xT[AT(t, x)E] P(k) + P(k)E1 A(t, x)]x.
(18)

Since
T
0< {\E(R ® )" = V2R ® L))" Pk)E1 A1, X)]

x [\@(R ® I)"? = V2AR® I,,)'* P(k)E A1, X)}

it follows that
AY(t,x)E] P(k)+ P(k)E| A(t,x)
< %(R ® 1,)+2AT (1, x)ET
x P()(R® I,)"' P(K)E1A(t,x).  (19)

Combining (18) and (19) yields

Vo(x,k) < —e * xT"(RQI,)x+ %e*“kxT(R QI,)x+ 2% xT
x [AT(t,x)E] P(k)(R®I,,) " P(k)E1 A(,x)]x
< —%e_"‘kxT(R QI,)x~+2e % xT
x [AT(6,x)PT(x)(R® 1)) Pi(k)A(t,x)]x,  (20)

where P;(k) denotes the first m columns of P(k). Since,
by Lemma A.3, limy_.. Pi(k) =0, it follows that
there exists k3>k, such that, for all k>ks,
PTUO(R ® L)™' Pi(k) < Cunin(R ® L,,)/8V)L,,.  Then, it
follows from (20) that, for all k > k5,

Vo(x, k) < —%e*“"xT(R ® Ly)x = —%Ié. 1)

Since (2)—(4) and (13)—(14) are locally Lipschitz in (x, k)
and piecewise continuous in ¢, it follows that the
solution to (2)—(4) and (13)—(14) exists and is unique
locally, that is, there exists 7, > 0 such that (x(7), k(7))
exists on the interval [0, 7,). Note that it follows from
(14) that if at least one component of x(7) diverges to
infinity at 7,, then k() diverges to infinity at ¢,. To prove
that (x(-), k(-)) exists and is unique on all finite intervals,
suppose that (x(z), k(7)) diverges to infinity at #,. Then
k(t) diverges to infinite at 7., and there exists #3 < 7, such
that k(z3) = k5. Let ¢ €13, ). Integrating (21) from 5 to ¢
and solving for k(¢) yields

k(1) < k3 + 4Vo(x(13), k3) — 4Vo(x(2), k(1))
< k3 + 4Vo(x(13), k), (22)
for ¢ €[t3, t.). Hence k(¢) is bounded on [0, #,), which is a
contradiction. Therefore, the solution to (2)—-(4) and
(13)—(14) exists and is unique on all finite intervals.
Now integrating (21) from ¢3 to ¢ yields (22) for all
t €[t3,00). Therefore, k() is bounded on [0, c0). Since
k() is non-decreasing, k 2 lim,_, o k(?) exists.
Next, we show that x(-) is bounded. Taking the
derivative of

Vi(x) 2 xTx
along a trajectory of (15) yields
Vi, k) = xT[Al (k) + AT(1, 0)ET + Ay(k) + E\ A(t, x)]x.

Since k(f) converges and A(-,-) is bounded, there exists
n > 0 such that

Vl (x, k) < nxT(R ® I)x = ne“kk.

Integrating the above from 0 to 7 and solving for V(x(?))
yields

Vi(x(1) < T gkt 4y, (x(0)) — N k)
o o
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Since k() is bounded, we conclude that 77(-) is bounded.
Thus, x(-) is bounded.

Next, we show that lim,_, x(#) = 0. The dynamics
(15) implies

X < (AR + NET TAE XD X (23)

Since lim,_, , k() exists, A4(-) is bounded. Furthermore,
A(-,-) is bounded. Since A (), A(-,-), and x(-) are
bounded, it follows from (23) that x(-) is bounded.
Therefore,

d

i d —ak(t
< [k(t)] = S [T ONTOR @ 1,)x(0)]

— k() (—ak'(z)xT(z)(R ® Ln)x(1)
+2xT((R® Im)x(t))»

is bounded, and thus k(-) is uniformly continuous. Since
k(-) is uniformly continuous and lim,_ o fot k(t)dtr =
koo —k(0) exists, Barabalat’s lemma implies that
lim, o k(#) = 0. Therefore, lim, XT(O(R ® I,)x(t) =
lim,_, o k()" = (lim,_, o, k(1))(lim,_, o, ) = 0, and
thus lim,_, o x(7) = 0. ]

4. Parameter-monotonic adaptive stabilization for
non-linear time-varying systems with unbounded
non-linearities

Assumption (A2) in §4 requires that My(-), ..., M,_1(-)
be bounded. In this section, we weaken this assumption
for systems where additional information about the
non-linearity is available. Specifically, we make the
following alternative assumption.

(A2b) For i=0,...,n—1, there exists a known map
M :[0,00) x R™ — R”™" such that M(-)—
Bo(-)Mi(-) is bounded. That is, there exists
>0 such that, for i=0,...,n—1, for all
g™V, ... q,qeR" and for all 1>0,

HMi(ts q(n—])’ cee »C']a q)

—Bo(t.q" V... q. ) Mi(t. 4"V, .. 4. C])H < fi.

The bound & need not be known.
For example, consider the Duffing equation with
control

§(1) + c19(1) + [eo + dg*(D]q(1) = u(d), 24)

which is also given by (1) where M;=c,
My(q)=co+dqg*, and By=1. The controlled Duffing
equation (1) does not satisfy Assumption (A2) because

the function My(-) is not bounded. However, if we let
M, =0 and define the known function Mo(q) 2 dq?,
then (24) does satisfy Assumption (A2b).

The following corollary to Theorem 1 addresses

non-linear time-varying systems with unbounded non-
linearities.
Corollary 1: Consider the non-linear time-varying
system (2)—(4) satisfying assumptions (A1), (A2b), and
(A3)—(AS). Let g(s) be the Hurwitz polynomial (6), where
gn_1 > 0. Define

G(t.x) = [gu1 guo g0 | ® F(1, x),

M(t.x) 2 [ M, 1(t.x)  M,a(t, %) Mo, )]

and consider the adaptive feedback controller

u(t) = —k(D)G(t, x(D)x(1) — M(t, x(1)x(2), (25)

k(1) = e~ OXT())(R ® I,,)x(1), (26)

where R € R™" is positive definite and a > 0. Then, there
exists kg > 0, such that, for all k,.> ks, the equilibrium
solution (0,k,) of the closed-loop system (2)—(4) and
(25)—(26) is uniformly Lyapunov stable. Furthermore, for
all initial conditions x(0) and k(0), lim,_, - k(t) exists and
lim, o x(7) = 0.

Proof: The dynamics (2)—(4) and (25) can be written as

X(1) = A(t, x(0)x(1) + B(r), (27)
where
- _)171(Z7x) _Mn72(tax) _Ml(lrx) _MO(Zax)
[}’H 0 0 0
/‘I(Z,X) é 0 Im 0 0
0 0 o, 0
(28)
(1) & —k(DG(t, x(1)x(1), (29)
and, for  i=0,....n—1,_  M{t,x) 2 M{t,x)—

Bo(t,x)Mi(t,x).  Since  Mi(),...,M,_1(-)  are
bounded, the system (27)—(29) satisfies Assumptions
(A1)—(AS5), and the result follows immediately from
Theorem 1. O

5. Example: non-linear spring-mass-damper

In this section, we consider the non-linear spring-
mass-damper

mi(t) + &q(0) + k(g(1)) = u(r), (30)
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where

qa2 | (+5)i0 lol<s
i) + sen(@o)d, g = 5,
(a0+5). a0 =3
fan 2 { o, g0 <2,

h h
a0 -5). a0 =5

and 68,c¢,d, h,ky > 0. The function ¢(-) is a continuous
approximation of Coulomb friction plus linear damping
and satisfies assumption (7). The function k(-) is a linear
spring with a deadzone. This non-linear system is shown
in figure 1. Note that the uncontrolled system has a
continuum of equilibria, each of which is Lyapunov
stable and semistable, but not asymptotically stable; for
the definition of semistability, sce Bhat and Bernstein
(2003). For this example, the mass m =3 kg, the viscous
friction ¢=2kg/s, the Coulomb friction d=20N, the
spring stiffness ko =2kg/s?, the deadzone gap h=10m,
and §=0.1m/s.
The system (30) can be written as

Ap e kA
i+ S8 it + [n(j;((?))} o) = ),

where the functions [¢(¢)/mq] and [kA(q)/mq] are locally
Lipschitz and bounded. Thus the system (30) satisfies
Assumptions (A1)—(AS5) and the adaptive controller
presented in Theorem 1 can be used to stabilize the
origin. This controller is given by

u() = k(D[ 21 go][ZEg] 31)
. T .

. _ak(,)[qa)} R[qm} .

W= a0 ] Law 42

where go > 0,g; > 0, > 0, and R is positive definite.
We choose the controller parameters go=11, g;=7,
a=0.1, and R=1. The system (30) with the adaptive
controller (31) and (32) is simulated with the initial
conditions k(0)=0, ¢(0)=-25m, and ¢(0) = 10m/s.
The time histories of the position ¢(¢) and velocity ¢(7)
for the open-loop and closed-loop systems are shown in
figure 2. Since the open-loop system has a continuum of
semistable equilibria, the velocity converges to zero and
the position converges, with a limiting value of
approximately —15.6m. The adaptive controller stabi-
lizes the (0, 0) equilibrium so that both the velocity and
position converge to zero. Time histories of the adaptive
parameter k(f) and the control signal u(f) are shown

<— u()

q(@)

Figure 1. Non-linear spring-mass-damper with Coulomb
friction plus linear damping and a deadzone in the spring
stiffness.

Time (s)

Figure 2. The open-loop (dashed) and closed-loop (solid)
time histories for the position and velocity of the mass. The
open-loop system has a continuum of semistable equilibria,
and the adaptive controller stabilizes the origin.

in figure 3. The adaptive parameter converges to
approximately 42.3.

6. Example: Mathieu equation

Consider the forced three-degree-of-freedom Hill
equation

1) 4+ [C = 2Dp()]y(1) = u(D), (33)
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where yeR’ ueR} CeR¥™ DeR™3and p(r) is
a periodic function. The forced three-degree-
of-freedom Mathieu equation is a special case of the
Hill equation (33) with

p(t) = cos2t. (34)

In this section, we use the forcing term u(¢) to adaptively
stabilize the Mathieu equation (33) and (34). The
unforced Mathieu equation (33) and (34) with u(/)=0
can exhibit either stable or unstable behaviour
depending on the coefficients C and D. For more

60

40

20

2000

1500
£ 1000

500 [

0 1 2 3 4 5 6
Time (s)

Figure 3. Time histories of the adaptive parameter k(f) and

the control signal u(f). The adaptive parameter converges to

approximately 42.3.

x 10%
2

information on the unforced behaviour of a Mathiecu
equation, see D’Angelo (1970) and Tondl et al. (2000).
For this example, we choose

1 -2 3
C=D=| -2 3 -4
3 —4 5

so that the origin of the unforced system is unstable.

Since C—2Dp(t) is piecewise continuous in ¢ and
bounded, the linear time-varying system (33) and (34)
satisfies Assumptions (Al)—(A5) and the adaptive
controller presented in Theorem 1 can be used to
stabilize the origin. This controller is given by

o =-ko(s wlont0] 69

i — ok [ IO R g [ 7O 3

where gy > 0, gy > 0, « > 0, and F and R are positive
definite. We choose the controller parameters go=1,
gi=1, a=10, F=I1, and R=1,. The system (33)
and (34) with the adaptive controller (35) and (36)
connected in feedback is simulated with the
initial conditions k(0)=0, y(0)=[-5 —10 1]%, and
y(0)=[—7 8 2]. The time histories of y(z) and y(7)
for the open-loop and closed-loop systems are shown in
figures 4 and 5. The origin of the open-loop system is
unstable, and the adaptive controller stabilizes this
equilibrium. Time histories of the adaptive parameter
k(t) and the control signal u(7) are shown in figure 6.
The adaptive parameter converges to approximately 6.2.

10000

5000 |

-5000
0

Time (s)

Figure 4. The open-loop time histories for the Mathieu equation. The origin of the open-loop system is unstable.
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10

5 /3/3
y(t) of

0 Y1

-5 \il/z

-10 .
0 1 2 3 4 5 6
Time (s)

Figure 5. The closed-loop time histories for the Mathicu
equation. The adaptive controller stabilizes the origin.

8
6 -
k) 4|
2
0 L
0 1 2 3 4 5 6
50 T
<—u2
of Uy
U(t) \\//
-50 F Y\u3
-100 !
0 1 2 3 4 5 6
Time (s)

Figure 6. Time histories of the adaptive parameter k(7) and
the control signal u(7). The adaptive parameter converges to
approximately 6.2.

7. Example: 4th-order non-linear time-varying system

Consider the 4th-order non-linear time-varying system

X (1) 4+ m3(t) X(2) + mo(x)x(1) + m (1, ¥, X)X(1)

+ my(1)x(t) = bu(1), (37)
where
my(t) = 10 sgn(sin(rt)), (38)
my(t, X, x) = 2 cos(167¢) sin(10Xx), (39)
(i) = 13308 (40)
X
m3(t) = N(t) — 10, (41)

30

20

—20

0 2 4 6 8 10
Time

Figure 7. The random signal N(7) that varies between —30

and 30.

b= —%, and N(¢) is a random signal that varies between
—30 and 30, as shown in figure 7.

The functions my(z), m(t, X, X), my(X), ms(¢) are locally
Lipschitz in X, x, piecewise continuous in ¢, and bounded.
Thus, the system (37)~(41) satisfies Assumptions
(A1)—(AS5). Consider the adaptive controller

0
W)= kg & @ %] ;8 L@
0
O X0
el | Lo
k(f) = e () R o | (43)
0 0

where go, 21,822,235 €R, @ > 0 and R is positive definite.
To satisfy the assumption of Theorem 1, the controller
parameters are chosen to be gg=1, g1=3, g2=3, g3=1,
a=0.1, and R=1. The system (37)-(41) with the
adaptive controller (42) and (43) connected in feedback
is simulated with the initial conditions £(0) =0, x(0) =6,
x(0) =4, x(0) = =2, and x(0) = 3. The time history of
the state is shown in figure 8. The adaptive controller
stabilizes the origin. Time histories of the adaptive
parameter k(¢) and the control signal u(7) are shown
in figure 9. The adaptive parameter converges to
approximately 40.0.

8. Conclusions
In this paper, we presented a parameter-monotonic

adaptive controller for a class of vector non-linear
time-varying  systems  with  full-state feedback.
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o0 [ : : : : 1
=B)(t) 0
20} i
0 2 4 6 8 10
2@ OF
-5 i
1 , , , ,
% 2 4 6 8 10
5 ; . . :
(1)
) 2 4 6 8 10
10 .
(t) 5 g
ot . . : ;
0 2 4 6 8 10
Time (s)

Figure 8. Time histories for the states of the 4th-order non-
linear time-varying system with the adaptive controller (42)
and (43). The origin of the open-loop system is unstable, and
the adaptive controller stabilizes the origin.

-500

—-1000

Time (s)

Figure 9. Time histories of the adaptive parameter k(f) and
the control signal u(f). The adaptive parameter converges to
approximately 40.0.

The adaptive controller was proven to stabilize nth-
order vector non-linear time-varying systems with state-
and-time-dependent uncertainties. Future research
includes extensions to 2nd-order vector non-linear
time-varying systems where the non-linear maps are
only required to be lower bounded. In addition,
adaptive stabilization of non-linear time-varying systems
with unmatched uncertainty is an important open
problem.

Appendix A: preliminary results

In this appendix, we provide several useful results
regarding matrices in controllable canonical form and

block controllable canonical form. The following result,
given in Betser et al. (1995), concerns the solution to
the Lyapunov equation for a matrix in controllable
canonical form.

Lemma A.1: Consider the controllable canonical form

=y —dyp - —dy —dp

1 0 0 0

AL 0 1 0 0
0 0 1 0

and assume that A is asymptotically stable. Let P € R""
be the positive-definite solution to the Lyapunov equation
ATP 4+ PA = —Q, where Q e R™" is positive definite. Let
p1 denote the first column of P. Then p; satisfies

2DH Dp; = q,
where

[ d,_ 1 0 0 0 0]

dn73 dn72 dnfl 0 0

dn—S dn—4 dn—3 dn—Z 0 0

H A di7 dis dios dyg 0 0

0 0 0 0 ceedy dy
L0 0 0 0 - 0 d]

is the Hurwitz matrix of the characteristic polynomial of
A, D 2 diag(1, —1,1,—1,...), and

Y (=D7'0, ]
1<i,j<n,i+j=2 _
> (=)0,
q A | 1=ij=nitj=4 ) (A.1)
Y (=D
L 1<i,j<n,i+j=2n _

The following lemma provides asymptotic properties for
a matrix in controllable canonical form whose entries
depend linearly on a real parameter k.

Lemma A.2: Let g(s) 2 g1 g g
be a Hurwitz polynomial, where g,_; > 0, and define

—khgn-1  —khgn— -+ —khg —khgo
1 0 0 0
Ay(k) 2 0 1 0 0 |,
0 0 1 0

wherek e Randh > 0. Then, the following statements hold.
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(1) There exists ki > 0 such that, for all k >k, A|k) is
asymptotically stable.

(ii) For every positive-definite Q € R™", there exists
P:R — R™" such that each entry of P is a real
rational function, and for all k >k, P(k) is positive
definite and satisfies

AL (k)P(k) + P(k) Ay(k) = —Q. (A.2)

(ii1) Let pi(k) denote the first column of P(k). Then
lim—, o p1(k) = 0.

Proof: Define the Hurwitz matrix associated with the
characteristic polynomial of 44(k) by

[ khg, 1 0 0 0 0
khg,_3 khg,_» khg,_ 1 e 0 0
khgn—s khg, 4 khg, 3 khg,—> --- 0 0
H(k)é khgn—7 khgn¢ khg,-s khg,—4 --- 0 0
0 0 0 0 khgl khgz
| 0 0 0 0 0 khg()_

The Hurwitz stability conditions for the characteristic
polynomial of A4(k) are polynomials in k given by

Av(k) 2 khg, 1 > 0,

N khg,— 1
Ax(k) = >0,
khgn—3 khgn—Z
khgnfl 1 0

As(k) 2 | khg, 3 khg, o khg, 1| >0,

khgn—S khgn—4 khgn—3

As 0
An(k) 2 > 0.
khgs
0 - 0 khg

For sufficiently large k, the Hurwitz conditions are
satisfied since g(s) is Hurwitz with positive leading
coefficient. Therefore, there exists k; > 0 such that, for
all k>k;, the matrix Ay(k) is asymptotically stable.
Then, for all k> ki, (A2) has the unique solution

P(k) = —vec™'[(AL (k) @ AT (k)" vecQ]

00
_ / AT QAW 7.
0

Then the entries of P(k) are real rational functions, and
for all k> k;, P(k) is positive definite.

Now, we consider the asymptotic properties of p;(k).
For all k> k;, the inverse of the Hurwitz matrix exists

and can be expressed as
1

- .
" (k)_det(H(k))
[H(:, 1 —[H®L, - (D)HE,,
—[HE®)]; » [HK)L, o (=)"P[H(K),
X >
(™ HO, (D™PIHEL, - [HE),,

where [H(K)];; is the (i,j)th minor of H(k). The
determinant of H(k) is a degree n polynomial in k,
while [H(k)];; is a polynomial in k of degree not
exceeding n — 1. Therefore,

klim H'(k)=0.
Using Lemma A.l we obtain
1
lim p(k) = lim =D '"H '(k)D"'¢g =0,
k—o00 k—002
where ¢ is determined from Q using (A.1) of Lemma

Al U

The next result, which is an extension of Lemma A.2,
provides asymptotic properties for a matrix in block
controllable canonical form whose entries depend
linearly on a real parameter k.

Lemma A.3: Let g(s) 2 g1 g g
be a Hurwitz polynomial, where g,—; > 0, and define

_kgn—lH _kgn—ZH ce —kng —kgoH
Ly 0 0 0
Ayk) & 0 Ly 0 0
0 0 L, 0

where k€ R and H e R™"™ is positive definite. Then, the
following statements hold.

(1) There exists ky > 0 such that, for all k> ky, Ay(k) is
asymptotically stable.

(ii) For every positive-definite Q € R™", there exists
PR — R™ ™ such that each entry of P is a real
rational function, and, for all k >k, P(k) is positive
definite and satisfies

A{(R)P(k) + P(R)As(k) = =0 ® L. (A.3)

(ii1) Let Py(k) denote the first m columns of P(k). Then
limy_, o P1(k) = 0.

(iv) For every a > 0, there exists k> > ki such that, for all
k > ks, aP(k) — (3P(k)/0k) is positive definite.
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Proof: First, we show properties (i) and (ii). Since H is
positive definite, there exists U € R"™ ™ such that

H=U'AU, (A.4)
where UT=U""!, A édiag(h],hz,...,h,,,), and hy,...,
h,, > 0.

Fori=1,...,m, define
—khign—1  —khigno --- —khigy —khigo
1 0 0 0
Adk) 2 0 1 0 0
0 0 1 0

Lemma A.2 implies that, for i=1,...,m, there exists
k; > 0 such that for all k > k;, /I,«(k) is asymptotically
stable. Furthermore, for all positive-definite Q,
Lemma A.2 implies that for i=1,...,m, there exists
P;: R — R™ such that each entry of P; is a real
rational function, and, for all k > k;, }N’i(k) is positive
definite and satisfies

AT(k)Pi(k) + Py(k)A (k) = —O.

Next, define A(k) 2 diag(4;(k), ..., An(k)), P(k) =
diag(P1(k), ..., Pu(k)), and Kk £ max(ky, ..., ky).
Therefore, for all k >k, A(k) is asymptotically stable
and satisfies

AT () P(k) + P(k)A(k) = —1,, ® Q. (A.5)

For i=1,2,....mn, define ¢ 2 011 1 01xom_n]'-
For i=1,...,n, define

A
V= [6,‘ Citn  €i12n Cit(m—1)n ],

and define the permutation matrix
VE[ . V.

Note that yt=yp-1 Also note that
V1, @ Q)V =0 ® I
Now consider the similarity transformation

Ay 2 VAV
—kgna A —kgpaA - —k@iA  —kgoA
Ly 0 0 0
_ 0 Iy 0 0
0 0 .. 1, 0
(A.6)

Pre-multiplying (A5) by ¥' and post-multiplying by V
yields

AT (k)P(k) + P(k)A(k) = =0 & I, (A7)
where P(k) 2 VIP(k)V.

Next, defining Wé_ I, ® U, it follows from (A.4)
and (A6) that WTA(k)W = Ay (k). Therefore, pre-
multiplying (A7) by W' and post-multiplying by W
yields

AT P(k) + P()A(k) = —Q ® L., (A.8)

where P(k) & WTP(k)W.

Therefore, for all k >k, Ay(k) is asymptotically stable
and there exists P : R — R™ such that each entry of
P is a real rational function, and for all k >k, P(k) is
positive definite and satisfies (AS).

Next, we show property (iii). For i = 1,...,m, write

[ pin(k)  pia(k)  piis(k) Di, (k)]

Dii2(k)  pina(k)  pias(k) -+ piaa(k)

Pk) = | Piis(k) pios(k)  pisa(k) - piaa(k)
L pi,1n(k)  Pi2n(k)  Pi3n(k) Di,nn(k) |

Since  P(k) = diag(Py(k), ..., Pu(k)) and  P(k) =
VTP(k)V, it follows that,

Pi(k) Ppk) -+ Piu(k)
_ - Pip(k) Pxn(k) -+ Pau(k)
P(k) = VT P(k)V = . ) ,
[_)ln(k) [_)211(k) e Isnn(k)
(A.9)
where, for i=1,....n and j=1,...,n,

P,/(k) é diag(ﬁl’g/(k),];; i/(k), N ,ﬁm, ,/(k)) Lemma A.2
implies that, for /=1,...,m and j=1,...,n, lim;_

pij(k) =0.  Therefore, for j=1,....n, limp.e
P(k) =0. )

Since P(k) = WTP(k)W, it follows from (A9) that
UTPL(k)U U'Pp(k)U UTP(k)U
UTP(kU  UTPu(k)U U P, (k)U

P(k) =
UTPln(k)U UTPZn(k)U UTPnn(k)U
(A.10)

Since, for j=1,...,n, limy_.« Pj(k) = 0, it follows from
(A10) that limy_ o Pi(k) =0, where P;(k) denotes the
first m columns of P(k).

Next, we show property (iv). Let « > 0. Multiplying
(A3) by —e* yields

—e " AT(k)P(k) — e~ P(k) As(k) = e~ (Q & I,,).
(A.11)
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Differentiating (A11) with respect to k yields

ATV B(k) + P A(K) = O(K), (A.12)
where
P £ ap(hy - T,
O() 2 —a(Q ® I,) + ATETP(k) + P(R)E A, (A-13)
AE[—gH - —gH]
Since

T

0< \/E(Q ® In)'* — \/z(Q ® L) PP E A
X \/%(Q & Im)l/z - \/%(Q & Im)_l/ZP(k)ElA 5

it follows that

ATETPU) + POEA £5(Q® 1)
F2ATEIPOQ@ 1) POEA. (ALY

Combining (A13) and (A14) yields

A

00) = ~5Q® 1) + 2 ATETPUNQ @ )™ PIOE A

IA

IA

~20® L)+ ATFIQ® 1) PR,

Since limg_ Pi(k) =0, let ky>k; be such that,
for all k> k-,

2ATHI Q@ ) PA < S0 ® 1),

and thus, for all k> k», Q(k) is negative definite. Then,
it follows from (A12) that, for all k> k»,

AT () P(k) + P(k) (k) < 0.

Since Ag(k) is asymptotically stable, ﬁ(k):ozP(k)—
(0P(k)/ok) is positive definite. O
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