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Fixed-structure synthesis of induced-norm controllers

R. SCOTT ERWIN+TY, DENNIS S. BERNSTEIN} and DAVID A. WILSON§

This paper proposes a fixed-structure technique for synthesizing controllers that are optimal with respect to various
operator norms. An optimal control problem is developed for each of these operator norms, and necessary conditions for
sub-optimal performance are derived. Mixed-norm optimal control problems are also formulated. A continuation algor-
ithm using quasi-Newton corrections is used to compute approximate solutions of the necessary conditions for a
sequence of problems whose solutions approach an optimal controller. Optimal controllers with respect to each of the
operator norms are synthesized for a 4th-order mass-spring-dashpot system.

1. Introduction

While the H, system norm is a convenient and
widely used criterion for optimal controller design, it is
not an induced operator norm relating classes of input
and output signals. Therefore, the H, norm may not be
an appropriate objective function for certain perform-
ance specifications and classes of disturbances. In
Wilson (1989), expressions were developed for convolu-
tion operator norms induced by various combinations of
input/output signal norms. An alternative characteriza-
tion of system input—-output properties is the Hankel
operator, which provides a mapping from past inputs
to future outputs (Glover 1984).

One practical application of induced norms to the
design of control systems is the problem of actuator
saturation. The induced norm from £, to £, provides
a system gain between energy- and peak-excursion-type
signal norms. Hence, if a bound is known for the energy
of the disturbance applied to systems at rest (zero initial
conditions), this induced norm can be used to bound
state amplitude or actuator excursion (saturation).

Controller synthesis using induced norms for
systems as performance measures has been considered
in Beran (1996 a,b) utilizing a linear matrix inequality
(LMI) approach. The approach taken is that of defining
a feasibility problem, where a controller of fixed-order
that yields a closed-loop system with an induced norm
bounded by a chosen value is computed based on the
solution to two coupled LMI problems. The numerical
technique used in computing a solution employs an
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alternating projection/semidefinite programming
approach. As noted in Beran and Grigoriadis (1996),
this algorithm is not guaranteed to converge to a
solution, although numerical studies have shown the
algorithm to be effective on practical problems.

Unfortunately, the results of Beran (1996 a,b), while
allowing reduced-order control system design, do not
allow the designer complete freedom in choosing the
control architecture. An alternative approach to LMI-
based synthesis methods is provided by fixed-structure
techniques. Such techniques have been considered in
Erwin et al. (1998) as a generic approach to practical
control system design. The approach is amenable to a
large class of practical control architectures, such as the
application and tuning SISO PID control loops to a
multivariable plant, as well as reduced-order controllers
for high-dimensional plants. The core of this approach
is a decentralized static output feedback framework for
problem definition. This framework can represent the
varied class of control architectures described above
within a unified framework. The resulting problems
are then amenable to solution via a numerical solution
technique such as the continuation algorithm used in
Erwin et al. (1998).

In the present paper we use fixed-structure tech-
niques for synthesizing controllers that are optimal
with respect to three induced norms applied to the
closed-loop system. After reviewing signal norms and
defining notation in §2, we introduce differentiable
approximations for three operator norms in §3.
Section 4 reviews the decentralized static output feed-
back framework, which is then used in §5 to define a
fixed-structure optimal control problem for each of the
norms as well as mixed-norm optimal control problems.
Section 6 presents a continuation algorithm using quasi-
Newton updates for computing approximate solutions
of the optimal control problems. Finally, §7 presents
synthesis results for each of the operator norms using
a 4th-order model of a lightly damped mass-spring-
dashpot system.
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2. System norms

In this section we review the definitions of several
norms for linear, time-invariant systems. Throughout
this section let

G(s) ~ (1)
C 0

be an / x m asymptotically stable rotational matrix
transfer function and let g:(—o0,00) — R be the
corresponding impulse response matrix given by

0, t<0
=1 (2)
Ce™B t>0

We define the r-norm of x € R" as

n 1/r
Z|xi|r] ) 1 Sr < o0
l[xI, = [ ! (3)

=

max |x;/,
1<i<n

r = o0

and the (p,r)-norm of a measurable function f: (a,b) —
R" by

[ b 1/p
e <
Fllpy &4 Vo

sssupllfl, p=ox

a<t<b

(4)

We also define the space
LP(a,b) & {f:(a,b) — R™: f is measurable and
11, < oo} (5)
Next define the convolution
G: LV (—00,00) = LT(—00,00) by
A0 =(Gn(0 & | dr—rn(r)an,

t €(—o00,00) (6)
and the Hankel operator I'g: £77(0,00) — L£9%(0,00) by

1) = (Fgw)(1) & J:Og(l—&-T)w(—T)dL £ €(0,00)

where z(7) € R™ and w(7) € R". Induced norms for G
and I'; can then be defined as

||G(s>||(q,v)7(p,r) A ! §Hup—] ||G}V||q,v (7>

pr

operator

for the convolution operator and

1G(5)lln =

sup ||FGW||2,2 (8)

HW |z_z:1

for the Hankel operator.
It was shown in Wilson (1989) that

1602 = M| st e
= Al COC] (9)

1G5 s ey 22) = At U: g(ng'(1) dt]

= duaxlCOCT) (10)

where \.x denotes the largest eigenvalue, d,,,x denotes
the maximum diagonal entry, and Q satisfies the matrix
Lyapunov equation

0=A4Q +QA4" +BB' (11)
Furthermore, in Glover (1984), it was shown that

”G(s)”H = )\max(PQ) (12)

where Q satisfies (11) and P satisfies the matrix
Lyapunov equation

0=A"P+PA+C'C (13)
Finally, recall that the H, norm of G(s) is defined as

6l = 5=

where Q satisfies (11). Note that for multi-input, multi-
ouput systems, the H, norm of a system is not defined as
an induced norm.

o0

tr[G( jw) G (Jw)] dw = tr COCT (14)

Remark 1: It follows from the Cauchy interlacing
theorem (Stewart and Sun 1990, p. 198) that

dimax( COCT) < Apax(COCT) < trCQC™  (15)

Hence (Rotea 1993), for multi-input, multi-output
systems

1G(3) | so00) 22) S NG (502 22) S 1G]l (16)
while, for single-input, single-ouput systems

G0l s000)22) = G (502) 22) = 1G], (17)

3. Approximation of the convolution and Hankel
operator norms

Throughout this section let G(s) be an asymptoti-
cally stable rational matrix transfer function with reali-
zation (1) and impulse response matrix (2). To develop a
differentiable approximation to [|G(s)|(y 2 22, note
that

trCOCT ="\ (18)
=1
where Q satisfies (11) and ); is the ith largest eiéenvalue

of COC™. Since A! is an eigenvalue of (COCT)", where
k>0 € R, it follows that
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[(coc™) Z A (19)
Thus
Jim (tr[( oD = xps(COCh)  (20)

In addition, the sequence is monotonically decreasing.
Defining

T1i(G) & (ir[(coch) (21)
where Q is the solution to (11), it follows that
]}1_{210 Jix(G) = ||G(S)||(Zoo,z),(z,2) (22)

Next, to develop a differentiable approximation to

[G(5) (56 o0) (2.2)» DOte that
di(10 cQC")] = (d{Io cOC")*  (23)

where o denotes Hadamard (entry-by-entry) multiplica-
tion, d; stands for the ith diagonal entry, and k > 0 € R.
Hence it follows that

lim (tr[(70 CQCH D = dpn(COCT)  (24)

Defining
T24(6) & (tr[(1o CQCTY ) (25)
where Q satisfies (11), it follows that
kll_{Iolc T21(G) = ||G(S)||(2oo,oc),(z,z) (26)
Finally, it can be seen that
Jim (tr[PQ)']) " = Anes(PQ) (27)

where Q satisfies (11), P satisfies (13) and k > 0 € R.
Defining

T34 G) & (w[(PO) " (28)

where Q satisfies (11) and P is the solution of (13), it
follows that

Jim 754(G) = 16(5)lI5 (29)

4. The decentralized static output feedback framework

This section reviews the decentralized static output
feedback framework for fixed-structure controller
synthesis. As demonstrated in Erwin ef al. (1998), this
framework captures a large class of fixed-structure
synthesis problems in a single format, thus permitting
the use of a single computational algorithm. In particu-
lar, a given fixed-structure controller synthesis problem
is recast as a decentralized static output feedback syn-
thesis problem that yields the same closed-loop system.

d ——— I ]

G
K’

u; ! i
uy K2 y2
.’

Uy, m Ym

Figure 1. Decentralized static output feedback framework.

For the (m +2)-vector-input, (m + 2)-vector-output
decentralized system shown in figure 1, define

up 1
u=1|: |, y=1: (30)

Un Ym

Here w and d represent exogenous inputs to the system,
and e and z represent performance signals. Let G(s) have
the realization

G(s) ~ |- |-- 2% Amm e oo (31)

which represents the linear, time-invariant dynamic
system

x=Ax +Bu+B,d + B,w (32)
= Cyx + Dyt +Dygd + Dy (33)
e=Cux +Doyu~+Doyd~+D,,w (34)
z=C.x+D.u~+D.;d +D.,w (35)

To represent decentralized static output feedback
control with possibly repeated gains, we consider

u; = Kiyi, i=1,....m (36)

where the matrices K are not necessarily distinct.
Reordering the variables in (36) if necessary, we can
rewrite (36) as



1440 R. S. Erwin et al.

u=Ky (37)
where K is an element of the set

U= {K: K =block-diag (I, @ Ky,..., I, ® K,)}

(38)
v is the number of distinct gains K; € R"™ and ¢, is the
number of repetitions of gain KC;. Note that Ky,... K,
are not necessarily square matrices and that
Z;yzl @i =m.
For convenience, define
Lx&I1-D,K (39)

Assuming that Ly is non-singular, the closed-loop
dynamics are given by

X = Ax+ Byd +B,w (40)
e=Cy+Doyd +Doyw (41)
z=C.x+D.yd +D.,w (42)

where

AL A+BKLK'C,, Bs&B;+BKL('D,,

Bw & B, +BuK:LIEIIDywa Cz & C. +DzuICLIEIC}7
D~zd & Dzd +DZMICL’EID}’da D~zw & Dzw +DzuK:LIE1Dyw
Ce £ Ce +DeuICLIEIC}’a D~ed £ Ded +,DeuK:LIEIIDyd

D~€W é Dew +D€MICL’E1D}’W

The closed-loop transfer function G.,(s) therefore has
the realization

(43)

while the closed-loop transfer function G.4(s) has the
realization

(44)

This paper will be concerned only with synthesis of
centralized, strictly proper dynamic compensators. The
equivalent decentralized static output feedback system
for this fixed-structure control problem is given in
Appendix A.

5. Optimal control problems

In this section we consider optimal control problems
corresponding to each of the induced norms discussed in
§2. The £, ,-to-L,, »-optimal control problem is

r]gellr/{l || sz( S) ||(oo,2) 7(2 2) (45>
the £;,-to-L, »-optimal control problem is
i ||sz(s)||||(ocpc) (22) (46)
and the Hankel-norm optimal control problem is
1"516111/{1 || sz( S) ||H (47>

Given the realization (43) for G.,(s), assuming that
A is asymptotically stable, and using the approximations
(21), (25) and (28), the optimal control problems (45),
(46) and (47) can be rewritten as

Lo = A ATE Lk
1”516111/{1 kh—>nolo (tI‘ [( zsz z ) ]) (48>
.. ~ A ATNKN LK
II?EIZI/(] kh—>nolo (tr[( Io zsz z ) ]) (49>
. . ~ ~ ki 1/k
min lim (tr( P,0-.)"]) (50)

respectively, where k > 0 € R, and the matrices Q.,, and
P., satisfy

0 = AvQZW +Q~Zl1’AVT +BWB:{; (51>

0=A"P,, +P.,Ad+CIC. (52)

respectively. Analogously, the fixed-structure H,-
optimal problem is defined as

min [| G, (5)I1 (53)

Given the realization (43) for G.,(s), where /I~is asymp-
totically stable and the feedthrough term D, =0, it
follows from (14) that

|| GZW( s) || | |§ = tr CZQZW ~ZT‘ ( 54)

where Q.,, satisfies (51).

Next we consider several mixed-norm optimal con-
trol problems where the objective function is a convex
combination of one norm (H, or induced) applied to the
system between input w and output z and another norm
applied to the system between d and e. This mixed norm
problem allows the synthesis of controllers satisfying
multiple objectives, such as providing H, performance
while ensuring that actuator saturation constraints are
not exceeded. Specifically, we consider mixed-norm opti-
mal control problems involving the H, norm and one of
the operator norms described in § 2. Specifically, we con-
sider the mixed H,/ L5,-to-L, , control problem

%1612 o sz(s) ”2 +( 1 - a) l Ged(s> ||(oo72)7(272) (55)
the mixed Hy/L;,-to-L,, ,, control problem

rl?ellr/(] a||sz(s>|2 +(1 - a>||Ged(s>”(oo7oc)7(272) (56>
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and, finally, the mixed H,/Hankel control problem
%1612 aHsz(S)”z +(1 - a>||Ged(s>||(oo7oo)7(272) (56>
and, finally, the mixed H,/Hankel control problem
i 1 —0a)|G 5
min af| G, (5)lly +(1 =)l Geals) I (57)

In (57), the parameter « €[0,1] plays the role of a
weight in determining the relative importance of the
'H, and Hankel portion of the control problem.

Using (54) and (21), (25) or (28), the mixed-norm
optimal control problems (55), (56) or (57) can be
rewritten as

%1612 khm atr Czsztf'C;r +(1 - a)(tr[CeQedCZ)k])l/k (58>

min lim atr C.Q., Cr
Keld k—oo

H(1 = a)(tr[(To C.0.CHVE (59)

min lim atr C.0.,C7 +(1 - a)(tr[(Pu@e) D (60)
where k >0 €R, Q., solves (51), and Q,; and P,
satisfy

0= QA +QuA" +B,Bj (61)
0=A"P,y +PuA+C.C, (62)

Lagrangian functions and the resulting necessary
conditions for optimality for each of the optimal con-
trol problems discussed in this section are given in
Appendix B.

6. Algorithm description

To solve the non-linear optimization problems repre-
sented by (48)—(50) and (58)—(60), a continuation algor-
ithm employing a general-purpose BFGS quasi-Newton
correction (Dennis and Schnable 1983) is used. The line-
search portions of the quasi-Newton correction were
modified to include a constraint-checking subroutine
that decreases the length of the search direction vector
to ensure that the closed-loop system remains stable.
Numerical experience indicates that this subroutine is
usually invoked during only the first few iterations of
a synthesis procedure.

The use of a continuation strategy is suggested by
the relationship of the approximate cost functions (21),
(25) and (28) with the standard H,-optimal control
problem. For example, noting that the approximate
cost functions (21) and (25) reduce to the closed-loop
‘H, norm for k = 1 naturally suggests the exponent k be
used as a continuation parameter for convolution-norm
optimal control problems. The quasi-Newton corrector
is initialized with the H,- optimal controller for the

approximate cost function for k =2. The resulting
controller is then used to initialize the next problem,
where k = 3, etc. The resulting sequence of optimization
problems, defined by an increasing sequence of values
of k, can be solved until no further decrease in
1Ga() o2 22) OF 1Ga(9) ]l ) (22) 15 Obtained by
increasing k.

Alternatively, a continuation can be performed
utilizing the weighting parameter « in any mixed-norm
optimal control (45)-(47). To see this, we note that
the mixed norm problem reduces to the standard H,-
optimal control problem if the system matrices are
chosen such that d = w and e = z, with a = 1. The con-
tinuation parameter « is then adjusted towards zero,
and the quasi-Newton correction is applied to the H,-
optimal controller. A second smaller value of « is then
chosen, and the correction applied again, etc. As o — 0,
it can be seen from (58)—(60) that the resulting controller
approaches the optimal induced norm controller. This
continuation approach is particularly useful for
approaching the synthesis of purely Hankel-norm opti-
mal controllers (47), since the H,-optimal controller is
not a solution of the approximate Hankel-norm cost
function (28) for any value of the exponent k.

7. Numerical results

The example considered involves a lightly damped
single degree-of-freedom mass-spring-dashpot system,
as shown in figure 2. We let the velocity of the mass
be the measured signal, which is corrupted by an exo-
genous noise signal v. For performance, we wish to
bring the cart to rest without utilizing excessive control
effort. The equations describing this system are then
given by

Figure 2.

Mechanical system.
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% 0 0 1 0 X
X 0 0 0 1 X
Xy - —(ky +ka)/my kafmy —(ey +e)/my ea/my X
X ky/m, —ky/m, ¢y /my —cy/my | | X,
0 0 0
0 0 0w
+ u+ { } (63)
0 1/my Of[v
1/my 0 0
X1
X2

y=[1 0 0 0 +[0 1]{11 (64)

%y

X

z_r 0 0} K +{ " } (65)

00 0 0 X 0.01
%

The numerical values used for controller synthesis are:
k] =k2=4,m1 =m2=2and C1 :C2:0.01.

7.1. Lro-to-L 2-optimal synthesis

Utilizing the exponent k as the continuation par-
ameter (as discussed in §6), we begin with the H,-opti-
mal controller, yielding the optimal solution for (21)
with k = 1. The continuation is then described by a
sequence of quasi-Newton corrections corresponding
to increasing values of k using the approximate cost
function J,; given by (21). As indicated by (9), one
would expect the maximum eignevalue of cr 0C. to
decrease during this continuation. Figure 3 displays
the minimum and maximum eigenvalues of ct 0C. ver-
sus the continuation parameter k for the resulting
closed-loop systems, showing that this is indeed the case.

Figure 4 presents a parametric tradeoff curve show-
ing the values of the || G.,(s)|5 versus Gou(9) (0 2) (22 at
each value of the continuation parameter k, demonstrat-
ing the loss of H, performance as the H,-optimal con-
troller evolves during the continuation process towards
the £,,-to-L,,,2-optimal controller.

7.2. Lyo-t0-L -optimal synthesis

As in §7.1, beginning with the H,-optimal controller
(k =1), a continuation using increasing values of k was
formulated as described in §6, this time with the quasi-
Newton corrections aimed at the approximate cost func-
tion 7, given by (25). Again, as indicated by (10) we
expect the maximum diagonal element of C 0C. to
decrease during the continuation on k, and figure 5
demonstrates that this is indeed the case. Figure 6

k

Figure 3 Minimum and maximum values of the eigenvalues
of CTQC. versus k for £, ,-to- -L . c-optimal synthesis.

0-59 ! ! ! ! ! ! ! !

0.588

0.586

”(oq 2.(2,2)

0.584

le., s

0.582

0.58

0.578 i i i i i i i i
058 06 062 064 066 068 07 072 074 076

.. olly

Hézw( )HZ versus Hém( )H 00,2) 22) for 522 to-
L »-optimal synthes1s

Figure 4.

shows the gain in £;,-to-£L, ., performance at the
expense of H, performance as the controller evolves
from the original Hj-optimal during the continuation
on the exponent k.

7.3. Hankel-norm optimal synthesis

For Hankel-operator norm synthesis, a mixed-norm
optimization problem was used to obtain the optimal
Hankel-norm controller as discussed in §6. Defining
the system matrices such that d = w and e = z, a con-
tinuation employing the weighting parameter o« was
employed as described in §6, with the H,-optimal con-
troller providing the initial solution for a = 1. The
continuation is then described by a sequence of quasi-
Newton corrections for a decreasing sequence of values
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R ! ! ! ! ! ! ! !

Figure 5. Mmlmun} and maximum values of the diagonal
elements of G1QC. versus k for £,,-to-L. . -optimal
synthesis.

0.59 T T T T T

a i
g 0.585
8
=
L
0.58
0.55 0.6 0.65 0.7 0.75 0.8 0.85
” G zw (S)”2
Figure 6. Hézw( )H (00,00),(2,2) VeTsus 1G-.( )Hg for £,-to-

-optimal synthesis.

of the continuation parameter « using the mixed-norm
cost function (60). Figure 7 presents the parametric
tradeoff curve showing the values of ||G_7W(S)||§ Versus
|G.s(s)|| ;4 for each value of the continuation parameter
a. The exponent k£ = 10 was held constant for all values
of a.

7.4. Mixed-norm optimal control

As a final example, we now consider synthesis of
controllers that are optimal with respect to a mixed
Hy/Lr5-to-L, ., performance measure. Assume the
actuator for the mass-spring-dashpot example described
above saturates at |u| = 1, and furthermore suppose the
measurement noise signal v satisfies v, , < 1. Defining
the system matrices such that e = u and d = v, the prob-

e

H

] T SRS S A T S ——

o ...l

lo., ol

Figure 7. || Gz,(s) |l versus || G.,(s)||3 for Hankel-norm
optimal syntheis.
4; T T T T T T T
U OOt O SONORURE SO SO S i

" Ged (v)" (00.00).(2.2)

0 :
0.59 0.595 0.6 0.605 0.61 0.615 0.62 0.625 0.63
le.. oMl

|Geal's M (00,00 )(22) Versus G-,(5)]|, for mixed-norm
optimal control.

Figure 8.

lem then is to determine a controller which minimizes
| G-(5)l, subject to ||Ged(s)|||(oc,oo),(z,z) < 1. Note that
the H,-optimal controller in this case yields
||GZW(S>||2 = 05900) while ||Ged( )” (00,00)(22) — =3. 9287
and thus is not a feasible solution to the problem We
also note that the open-loop value of ||G.,(s)|, =
2.7386.

Mixed-norm controllers were synthesized for 20
values of the weighting variable « €(0,1). Figure 8
shows the resulting tradeoff curve between |/G.,(s)|,
and IIGed( Msose)(22) @ @ moves from 1 -1 to
1 x 10_ At o= 0. 94544 ||Ged( )”(00700)7(272) = 08367,
and therefore the design specification is met. This design
yields ||G.,,(s)|l, = 0.5948. A triangle pulse disturbance
was input to the system as the measurement noise signal
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= H,-Optimal Controller
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Magnitude (dB)

===: Mixed-Norm Controller, o= 0.9454

Time

Figure 9. Unsaturated actuator signals for H,-optimal con-
troller and mixed H,/L;,-to-L,, ., optimal controller
(a=0.94544).

y. The maximum amplitude of the pulse is v/6 and its
duration is 0.25, and therefore v, = 1.

Figure 9 shows the resulting unsaturated actuator
signals for both the Hj,-optimal controller and the
mixed Hp/Lsp-to-L, ., ~ optimal controller for
a = 0.94544. We see that the H,-optimal controller vio-
lates the actuator saturation constraint of u < 1 for this
particular disturbance, while the mixed-norm optimal
controller keeps the control signal within the saturation
limit. To examine the loss of H, performance incurred
by the mixed-norm controller, figure 10 presents the
closed-loop frequency response plots from the exogen-
ous plant disturbance w to the performance variable x;.
As shown in the plot, very little performance in terms of
frequency response was sacrificed in order to satisfy the
actuator constraint.

8. Discussion

In this paper we have presented differentiable
approximations for two convolution operator norms
and the Hankel operator norm for linear time-invariant
dynamic systems. Using these approximations we
defined optimal control problems for each of the system
norms, and also introduced several mixed-norm optimal
control problems. The decentralized static output feed-
back controller synthesis framework for fixed-structure
synthesis was used to formulate Lagrangian functions
for the optimal control problems. Necessary conditions
for optimality were derived, and a continuation algor-
ithm employing quasi-Newton updates was used to
compute approximate solutions to these equations for
a 2nd-order mass-spring-dashpot example. The results
of a mixed H,/L,,-to-L,, ., optimal control problem
for this example demonstrated the applicability of

Phase (Deg.)

= Open-Loop
=== H,-Optimal Controller

== Mixed-Norm Controller, o. = 0.9454

10" 10° 10
Frequency (rads/sec)

Figure 10. Closed-loop frequency response from w to x for
H,-optimal controller and mixed H,/L,-to-L
optimal controller (« = 0.94544).

these operator norms to the problem of actuator satura-
tion.

Numerical experience with LMI-based approaches
to the L£;,-to-L ,-optimal synthesis problem (Beran
1996 a,b) yielded optimal closed-loop systems with the
minimum and maximum eigenvalues of C,TQ C. of equal
values. Although the authors know of no theoretical
results that proves this is always the case, figure 3
shows the values approaching a fixed bias with respect
to each other, potentially indicating that a local mini-
mum has been reached and is being tracked during the
continuation. This could be an indication that the inte-
ger values of k chosen for the continuation represented
too coarse a grid, for example. In addition, the con-
tinuation algorithm approach utilized here does not pro-
vide any a priori bounds on how many continuation
steps must be used to obtain the true optimal controller
using this approach, although in practice the algorithm
will iterate until a performance level is obtained.

In view of this, this paper’s introduction of the dif-
ferentiable approximations to the various induced
system norms allows many numerical algorithms that
rely on differentiable objective functions to be applied
to the problem solution while keeping the decentralized
static output feedback problem formulation intact.
Probability-one homotopy algorithms (Ge et al. 1994,
Collins et al. 1997), for example, have demonstrated
excellent numerical robustness when employed to solve
such non-convex optimal-control problems. The decen-
tralized static output feedback problem formulation
provides a convenient interface between specific fixed-
structure problems and more generic numerical solution
algorithms.
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An interesting future line of inquiry would be a com-
parison of the computational burden, accuracy, and
numerical stability of these various algorithms (includ-
ing the alternating LMI approach) on benchmark prob-
lems. Some reports on the required computational
burden for the continuation algorithm used in this
work can be found in Erwin et al. (1998). Recent
research into the use of randomized algorithms
(Vidyasagar 1997, 1998) for attacking non-convex opti-
mization problems have produced some promising
initial results, and could also be amenable to the sol-
ution of the induced-norm problem.
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Appendix A. Decentralized static output feedback
realization of centralized, strictly proper
dynamic compensation problem

Consider a plant of the form

X, = Ax, + Bii + Fyw (66)
$ = Cx, +Dii + Fyw (67)
z = E]Xp —‘rEzl:i —‘rE()H/ (68)

in feedback with an n.th-order strictly proper compen-
sator having the realization

XC = AC'XC +BC)/}

1= C.x,

(69)
(70)
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- ! -
4 000 B' F
0 0 I I 0 : 0
o 7|00 0, 0
Gs)~|C 0|0 0 D | F (72)
O _L_[0_0_0_'__0
O._0_L 0_0_0 _:__Q
EL 0|00 E ., E
and K denoting the block-diagonal matrix
K = block-diag (4., B, C,) (73)
This yields
I 0 0
Lc= |0 I —DC, (74)
0 0 1

which is non-singular.

Appendix B

Note that a matrix C € U as given by (38) can be
written as

A realization for the closed-loop system consisting of
(66)-(68), (69), and (70) is given by

A BC, F,

N B.C A.+B.DC. | B.F
G(s) ~ (71)
0 0 0

E; E,C, Ey

This system can be written as decentralized static output
feedback with m =v =3, ¢; = ¢, = ¢3 = 1, G(s) given
by

v @i
K= Z OL;KiOrj (75)
i=1 j=1
where Q1 ; and Qg are defind as
— - - T
0r1</)1><ri 0‘71</)1><Ci
0rz</)z><ri 002</)z><0i
Ori—l(/)i:lxri 00i71</)i71><("i
Orj-1)xr, Oc j-1)x
Quj = Orjj = (76)
I I,
Ori((/)i-j)xri 05i(</)i_./)><‘7i
0ri:1</)i+1 XF; 00i+1</)i+1 X¢;
L 0rv</)v><ri . L 0"’v</)v><"'i

B.1. Ha norm ||G(s)]

2

The partial derivatives of
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[’(i)zwanwaK:i) =ftr 7Q7wC

+tr P.,[AD., +0.,4" +B,BY] (77)

._]

are

oL _ -~ 5 T T

— = A ow + 7wA +BuBu 78
OP.,, Q: Q: (78)
aic = ~Ti)zw —"_Pzw/I + ~:7F ~z (79>
aQZlV

oL _, 3 [+D), L' K"

a_ICi - /z:l: QLl}( + K )

x [D},C.0.,C, + B, P.,.B,D),

yw

+BEPZWQZWC_E]L’ETQEﬁ (8())

B.2. Convolution operator norm ||G(5)l|(, 2 (22
The partial derivatives of

= (tr[(€.0., €N
+tr P.,[AD., +0.,A" +B,BY] (81)

[,( Pzw s sz 5 ICZ)

are
oL ~ <
=4 A + 7wA +B\tB\t 82
T 0., +0 (82)
oL T = L O _
~ = ATPZl’V +le'17A +(tr [( ZQZI/V })k]>l/k 1
X C;F( ~zsz ~:7F>k—1 Cz (83>
oL _, 3 LI +D}, LK"Y {B, P.,,B, D},
+BEP7WQ~ZWC;F +(tr [( CZQ~2H7CZ ) ])1/k 1
X D;Fu( ~zsz ~_;F>k_l CZQZWCE}LIETQE;‘/' (84)
B.3. Convolution operator norm ||G(s)|| (. ») (22)

The partial derivatives of

L(Poy, 0.0, K0) = (tr](T 0 €.0.,EN)

+ tr Pzw[/iQZW

+Q~ZW/IT +BWB:E:| (85>

are
oL ~ 5T
- = + 7wA +B\tBM 86
9P A0, +0 (86)
L T~ -~ ~ ~
O — ATPoy +Poyd +(te[(10 €0, CTY
00,
X C;F(Io Czsz ~:7r>k_1(~jz (87>
ok _, 3 (I+D},Li'K"){B,P.,B,D,,
a_K:i - /z:l: QLz} K Zw w

+BLP.,0.,C) +(tr[(To C.0.,CH !

x DI o C.0.,CH)* ' C.0.,CI L Ok, (88)

B.4. Hankel operator norm || G(s)| g
The partial derivatives of

[’(}33 Q apzwanwaK:i>

+U‘ P[ Q +Q~7W/IT +B\tl}}:]
+tr Q[ + ~zw/I + ~:71“(’12]
(89)
are
oL “ ~T T
— =4 ow 7wA Bu Bu 90
oP Qa0 * (%0
8[1 ~T & = ~ ~T
—=4"p, +P.,A+CIC. 91
50 oy Py A+ C (91)
0L _ 46+ GAN(tr[(Poy0o) ) !
oP.,
X (szPzw)k_IQZW (92)
Y S - -
= AP+ PA +(tr|(P.,0.,)])" !
anw
X PZl’l’(QZl’l7ﬁZl'l7>k_l (93>

oL o T ;T T\ 2T p T
a_/C,_Z;QL” (I +D;,Lc K")[B,PB,D},
“V‘D;FuézQ_C}: +BE}3Q~sz}: +BEPZWQ-C}:]LIETQEU'

(94)

B.5. Mixed H>/L22-t0-Ly, » control
The partial derivatives of
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E(Pzw Q ch7 ) - atr[ézQNzwé;r]
+(1=a)(tr[(CQea CH*
+trﬁzw[/iQ~zw +Q~ZWA~T +Blté}t‘

N tr P APog + Pogd +ByBY] (95)

arc
oL ~ X 5 ST | 5 T
— =4 ow + zwA +Bwa 96
aPzw Q_ Q ( )
O 1" +P. A+allé. (97)
00,
oL
=40,y + QA" + BB (98)
8Ped
oL ~
= A Py + Pogd +(1 = a)(tr[(C.0.aCo) !
aQed
CHC0.C) ' C, (99)

Pi
=23 " 0ly(I + Dy L' K") {aD2,C.0.,C)
=1

+BTP7WB D;Fw +BEPZWQ~ZWC_E +szedBdD}:d
+B1Pei0uCy +(1 = a)(tr[(C0ea D!
X Dif C0aCe) ™ CluCiILE Oy (100)

B.6. Mixed H>/L22-t0-Ly, o control
The partial derivatives of

L(P.y,0:,Ped:Qea:Ki) = atr[C.0.,C] +(1 — )

% (tr[To C0uCTY )k

+trP.,[A0., +0.,4" + B, B}

+trped[/1ped +Ped/l +Bdé§]

(101)
are

OL 40 +0., A" + BB (102)

aPzw
oL _ =A"P., +P.,A+aClC. (103)

8Q7W

oL -~ ~ - .

= AQ,y +0uA" +B,B} (104)

OPyy

oL

= — /ITf)ed +1~)ed1‘1 +(1 - a)
aQed

x (tr[(To C.0u €)'V
x C(Io COL4CL)'C, (103)
Pi
=2 0L + Dy L K1) {aD2,C.0.,C)
=
+BTP7WB D;Fw +BTP7WQ~ZWC_E +Bzﬁedgdp}jd

FBLPoy0uCh +(1 = a)(tr[(To Co0uC)H) <!

X Dol 0 Co00aCl) ' Co0uCi}Li Ok (106)

B.7. Mixed H»/Hankel control
The partial derivatives of

(pz Q ~€daQ~edapedaQ-edaICi)
= atr(C.0.,C1) +(1 — a)(tr[(PoyQos) D"
+U‘ i)zw(/Isz + QZW/IT +Bul}}:)
+tr Ped[/IQed +Q~ed/IT +Bdl}§]
+tr Q-ed[/ITped —"_i)ed/I + C;Fée] (107>
arc
8[: A e 7T 5 ol
— = AQ., wA +B,B,, 108
SF = AQa+0: (108)
O _ 4" i+alTé. (109)
00,
L  ps s
—=A P,y +Puyd+C,C, 110
90, d + PegA+ (110)
oL - o~ -~ - -~
— = A0,y +Q.4A" + B4Bj (111)
OP,y
oL - - . = -
— = 4001 + 0 A" +(1 = a)(tr[Pog Q)]
aPed
X (Qedped>k_1Qed (112>
oL - - = -
oo APy + Pogd +(1 — a)(tr [(Pog Qo) ])
ed

Ped(Qed[)ed>k_l (113>
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oL o T, T,T T A5 AT
a_K:i: 2/2:1: QLii(I +DyuLIC K >{aDzuCzszCy

+BE}SZWBWD_EW +BE}SZWQ~ZWC_E +szedBdD}:d

+ D;FuéeQ-edC}: + BzﬁedQedC}:

+B,PaQuCy YLK QR (114)
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