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Dynamic output feedback compensation for linear systems with
independent amplitude and rate saturations

FENG TYANj} and DENNIS S. BERNSTEIN;

The positive real lemma provides the basis for constructing linear output feedback
dynamic compensators for multi-input plants with independent amplitude satura-
tions. Fixed-structure techniques are used to obtain full- and reduced-order feed-
back compensators along with a guaranteed domain of attraction. These results are
then applied to the problem of rate saturation. By using a feedback-type model,
rate saturation is modelled as an amplitude saturation. The closed-loop system with
amplitude and rate saturation is then treated as a system with independent
‘amplitude’ saturations.

Nomenclature

I, X ridentity matrix
"N P : . . . .
S"N''P" nx n symmetric, non-negative-definite, positive-definite mat-

rices
Apax (F ), Apin(F) maximum and minimum eigenvalues of matrix F having real
eigenvalues
|x| euclidian norm of x, i.. ||| = (xTx)'?
Re real part

()* complex conjugate transpose
diag(d,...,d;) diagonal matrix with listed diagonal elements

1. Introduction

The need for controlling dynamic systems subject to input saturation is a
widespread problem of immense practical importance in control engineering. Most
of the literature on this subject addresses constraints on the amplitude of the control
input (Campo and Morari 1990, Frankena and Sivan 1979, Fuller 1969, Gutman and
Hagander 1985, Horowitz 1983, Klai ez al. 1993, Kosut 1983, LeMay 1964, Lin and
Saberi 1993, Lin et al. 1995, Lindner ef al. 1991, Ryan 1982, Shrivastava and Stengel
1989, Sontag 1984, Teel 1995, Wredenhagen and Belanger 1994). These papers
employ a wide variety of techniques. For example, the circle criterion was used in
Kosut (1983); a Riccati equation approach was adopted in Lin and Saberi (1993); an
anti-windup technique was applied in Campo and Morari (1990); and an LQR-type
controller was constructed in Wredenhagen (1994). However, none of these papers
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provides a direct connection between the performance index and the domain of
attraction. Finally, several studies consider rate constraints on the control input (see
for example Feng et al. 1992, Hanson and Stengel 1984, Horowitz 1984, Kapasouris
and Athans 1990, and Zhang and Evans 1988.

In the present paper we begin by considering systems having independent input
amplitude saturations. Positive-real-type absolute stability analysis is applied to
provide a guaranteed domain of attraction, while optimization techniques are used
to synthesize feedback controllers that provide acceptable performance. Our
approach is based upon LQG-type fixed-structure techniques which characterize
both full- and reduced-order linear controllers. A similar technique was applied to
the control saturation problem in Tyan and Bernstein (1995a, 1995b) for a radial-
type amplitude saturation, where the direction of control input is preserved by the
saturation nonlinearity. A key aspect of the approach of the present paper, as well as
of Tyan and Bernstein (1995a, 1995b), is the guaranteed subset of the domain of
attraction of the closed-loop system. In Lin and Saberi (1993) and Teel (1995), local
or global stability is based upon « priori assumptions that the initial conditions and
states of the system lie in a predefined compact set and, in turn, the control input lies
in a bounded region. However, our approach does not require such assumptions. In
fact, our main result, Theorem 2.1, assumes instead that the initial condition lies in a
prescribed region which is a subset of the domain of attraction. The resulting control
signal is thus free to saturate during closed-loop operation without loss of stability.
The specified subset of the domain of attraction thus provides a guaranteed region of
attraction, which is not provided by qualitative local results.

To model rate saturation, we adopt a position-feedback-type system with a
saturation nonlinearity inside the loop as in Feng et al. (1992), Kapasouris and
Athans (1990) and Zhang and Evans (1988). In these studies, only unity gain is used
before the saturation nonlinearity, and thus the rate saturation model may be
inaccurate when the control input has high frequency components. To remedy
this, the unity gain is now replaced by a larger gain, which is shown to yield
improved results.

With this rate saturation model, the closed-loop system with amplitude and rate
saturation can be treated as a system with ‘amplitude’ saturations only. We then
generalize the independent amplitude saturation methodology to characterize
optimal linear dynamic compensators. This generalization is required by the
feedback loop of the rate saturation model, which yields a closed-loop system
involving a feedthrough term, which does not appear in the amplitude saturation
problem.

The contents of the paper are as follows. In § 2 we present the first main result
(Theorem 2.1) which guarantees stability with a specified domain of attraction for a
system with independent amplitude saturations. In § 3 fixed-order optimization is
applied to Theorem 2.1 to construct full- and reduced-order dynamic compensators
along with optimal performance and a guaranteed domain of attraction. In §4 we
adopt a rate saturation model and give a corresponding closed-loop system
realization of a system with independent amplitude and rate saturation. This section
also contains the second main theorem (Theorem 4.1), which is based upon the
amplitude and rate saturation model used in the previous section. In § 5 the fixed-
structure optimization technique, based on Theorem 4.1, is again used to derive full-
and reduced-order dynamic compensators. Finally, Propositions 3.1 and 5.1 are
applied in § 6 to an example given in Rodriguez and Cloutier (1994).
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2. Analysis of systems with independent amplitude saturation nonlinearities
In this section we consider the closed-loop system

A1) = Ax(1) + Blo(u(r)) - (1)), 0)= X (2.1)
ut) = Cx(1) (2.2)

where ¥ €R”, u €R”, 4, B,C are real matrices of compatible dimension, and
o: R” 5 R” is a multivariable saturation nonlinearity. We assume that o(-) is an
independent symmetric saturation function, that is, G(u)é [cl(ul) e csm(um)]T,
where, for each saturation level u; >0,

G[(u[)é saty; (u,-), i= 1,. .,m (2.3)
where

saty (u,) = u, |u,| < Z?,'
= sgn (u,-)z?,-, |u,| > 17,'
For m > 2 the saturation function 0(') may change the direction of control input,

that is, o(u()) is not necessarily in the same direction as u is (see Fig. 1).
Equivalently, G(u) can be written as

o(u) = Blu)u (2.4)

where B(u)= diag (B(u),...,B,(u4,)), and the function ; : R — (0, 1], i=1,...,m
is defined by
Biui) = 1, || < w
= 2.5
- > )
Jea|?

The closed-loop system (2.1), (2.2) can be represented by the block diagram shown in
Fig 2.

The following result provides the foundation for our synthesis approach. For
convenience, we define

ROE dlag (R01,~ .. ,R()m), ﬂ0=* dlag (ﬂ01,~ .. ,ﬂOm)

Tlletlrem 21: Let RieN. R, &P By E[O,l], i=1,...,m, and assume that
(4, C) is observable. Furthermore, suppose there exists P €P" satisfying

o(u)

L

Figure 1. Independent amplitude saturation nonlinearity.
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o(u) —u . . u

u = ofu) |

Figure 2. Closed-loop system with a deadzone nonlinearity in negative feedback.

0= A"P+ PA+ Ri+ C'"RC+3[B'P- RI- Bo)C|'R;'[B'P- RolI- Bo)C]
(2.6)

Then the closed-loop system (2.1), (2.2) is asymptotically stable with Lyapunov
function V()Nc) = )~CTP)~C, and the set

F- {3 eR": V(%) <V} (2.7)
is a subset of the domain of attraction of the closed-loop system, where
Vo= min {ii; (BIC:P'C):i=1,...,m} (2.8)

C; is the ith row ofC’, i=1,...,m and
B~ max {O,é[l + Bomax - w - ﬂ()max)2 + 2Amm(R2R(_) l)]}

ﬂOmaxé max {ﬂ(}[: i= 1,...,1’}/1}

Proof:  The procedure of the proof is similar to that providing absolute stability, see
for example, Haddad and Bernstein (1991). For details, see the Appendix. O

Remark 2.1:  As in Tyan and Bernstein (1995a) Theorem 2.1 can be viewed as an
application of the positive real lemma of Anderson (1967) to a deadzone non-
linearity. To see this, define

LT - (B'P- R(I- B))"C2R) ' (Ri+ C"RC)'\PJy, W= [(2R))' 0]V
where V1V = I. It is easy to check that the equations

0=A"P+PA+L["L

0=PB- C'(I- By)Ry+ "W

0=2Ry- W'W
are satisfied and are equivalent to the Riccati equation (2.6). It thus follows that @(s)

is positive real, where
- A B
~ - O
&) [Ro(l- Bo)C Ro]

Remark 2.2: The small gain theorem can be viewed as a special case of the
application of Theorem 2.1. This can be verified by using a simple loop shifting
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technique. First, note that the closed-loop (2.1), (2.2) can be written as
K1) = (4- 1BOX1) + Blo(ud?)) - 3ulz)), %0)= % (2.9)
1) = Cx(t) (2.10)
and it is easy to check that the nonlinearity o ( 1) - %u(t) is bounded by the sector
[ 31 -LI] Next, by choosing ) = 0, Ry = 2I, R, = 0, R, = 0, equation (2.6) can be
reduced to the Riccati equation

0= (- 1BO) P+ M- 1BE)+ T'C+ 1 PBE P (2.11)
which implies that

z (2.12)

3. Linear controller synthesis for systems with independent amplitude saturation

In this section, we consider linear controller synthesis based upon Theorem 2.1.
Consider the plant G(s) with the realization

x(t) = Ax(7) + Bo(u()), 0)= xo (3.1)
ROENe:0) (32)

where x €R”, u €R”, y €R’, (4, B) is controllable, (4, C) is observable, and let the
dynamic compensator Gc(s) have the form

)50([) = Acxc(t) + ch(t), xc(O) = X (3.3)
u(t) = chc(t) (3.4)

Where x. €R™ and n, < n. Then the closed-loop system can be written in the form of
(2.1), (2.2) with

[ [z} #[i ) ) e

Our goal is to determine gains A, B;, C; that minimize the LQG-type cost
J(A4c, B, C.) = tr PV (3.5)

V _ Vl O
P satisfies (2.6), and V; €N"and 1, cP are analogous to the plant disturbance and
measurement noise intensity matrices of LQG theory, respectively. Furthermore, let

oo

where

0 O

where R; €N,

We first consider the full-order controller case, that is, n, = n. The following
results are obtained by minimizing J(AC,BC, Cc) with respect to Ac, B, C.. These
necessary conditions then provide sufficient conditions for closed-loop stability by
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applying Theorem 2.1. For convenience define
S 4B+ By)Ro+3(1- Bo)Ro(I- Bo)| '(1+ By)B', o= 4BR;'B',
S.Cslc

Propo/s\ition 3.1:  Let nc = n, suppose there exist n X n non-negative-definite matrices
P, Q, P satisfying

0=A"P+ PA+ R - P(Z - Z,)P (3.6)
0=(4- 05 +=,P)"P+ MA4- QS +5,P)+ PP+ PSP (37
0=[A4+Zy(P+ PO+ Q[a+=o(P+P)| + V- 050 (3.8)

and let A, B, C. be given by

A.= A+1B(I+ B))C.- B.C+ 2P (3.9)
B.=0C"V5! (3.10)
Co= - 3[R+ 3(I- B)R(I- ) (I + Po)B"P (3.11)

Furthermore, suppose that (Z, ~) is observable. Then

A A
~ P+P -P
= A A

-P P

satisfies (2.6), and (Ac, B., Cc) is an extremal of J (ACN2 B., Cc). Furthermore, the closed-
loop system (2.1), (2.2) is asymptotically stable, and 9 defined by (2.7) is a subset of the
domain of attraction of the closed-loop system.

Proof:  The proof is a special case of the proof of Proposition 3.2 below with . = n
andl = G'=1=1 O

Next we consider the reduced-order case n. < n. The following lemma is
required.

Lemma 3.1 (Bernstein and Haddad 1989)  Let ﬁ,é be nx n non-negative-definite
matrices and suppose that rank QP = nc. Then there exist n. X n matrices G,I'" and an
ne X ne invertible matrix M, unique except for a change of basis in R™, such that

AN
QP=GMr, IG" =1, (3.12)

Furthermore, the n X n matrices
G, e l,-T (3.13)

A
are idgmpotent and have rank n. and n- ne, respectively. If, in addition, rank Q =
rank P = n., then N .

1O=0, Pr=p (3.14)

Propo/s\iti/gn 3.2 Let nc < n, suppose there exist n X n non-negative-definite matrices
P,0, P,Q satisfying



Dynamic output feedback compensation for linear systems 95

A"P+ PA+ R - P(Z - Z¢)P+T[PEPr| (3.15)
(A4- 05 +2,P)" P+ H(4- 0 + =,P)+ P= P+ P=P- t[PSPr| (3.16)
[4+2, P+P]Q+ Q[+ =o(P+ P)] + V- 050+ 10507 (3.17)

(3.18)
(3.19)

0
0
0
0=[4- (5 - )P0+ 0[4- (Z-ZOP] +030- 10507]

rank Q = rank P = rank éﬁ = ne
and let A, B, C. be given by

A. =T AG" + I B(I + B))C. - B.CG' + [ £,PG" (3.20)
B.=Toc"vs! (3.21)
G = - 3[R+ 3(I- Bo)R(I- By)] (1 + fy)B" PG (3.22)
Furthermore, suppose that (Z, ~) is observable. Then
~ [P+ P - ﬁGT
-GP GPG"

satisfies (2.6), and (Ac, B., Cc) is an extremal of J (ACJ B., Cc). Furthermore, the closed-
loop system (2.1), (2.2) is asymptoticdlly stable, and ¥ defined by (2.7) is a subset of the
domain of attraction of the closed-loop system.

Proof: The result is obtained by applying the Lagrange multiplier technique to (3.5)
subject to (2.6) and by partitioning P and Q as

= w)osla @
Here, we show only the key steps. First, define the lagrangian
Z=trPV + trQ[(Z- LB(7- )TV P+ P(A- 1B(I- B)D) + R,
+ C'(Ry +3(I- Bo)RolI - fo))C +3 PBR;'B' P
Taking derivatives with respect to A, B., C. and P, and setting them to zero yields
az

0=3%= 2APLO, + P0y) (3.23)
0= gf; = 2P,B.V> + 2PLO, + P,OL)C (3.24)
0= gf = 2R +3(1= Bo)Ro(I - By)|CeQs + (I + Bo) BT (P1Q1 + P@>)  (3.25)
0= 3% = [A- 4B~ )C+1BR' FPD

+Q[4- 4B - ﬂ0)6+ 1BRy'BR|" + 7 (3.26)

Next, define P, Q,P I, G,M by

A

-1 pT . A A, -1 AT
P P - P, P= PPy P, 0=01- 0, 0=010> 0n
G'= 003!, M= QP T2 - P3'Pl
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Algebraic manipulation of equations (3.24) and (3.25) yields B. and C; given b
(3.218 and (3.22). The expression (3.20) for A, is obtained by combining the (1,2%
and (2, 2) blocks of equation (2.6) or (3.26) using (3.23). Equations (3.15) and (3.16)
are obtained by combining the (1,1) and (1,2) blocks of equation (2.6). Similarly,
(3.17) and (3.18) are obtained by combining the (1,1) and (1,2) blocks of (3.26). See
Bernstein and Haddad (1989) for details. o

Remark 3.1: Suppose xo = 0 and consider initial conditions of the form
Xo= [xo O] Then, since P1 = P+ P the set 7' x {O} where ¥ is defined by

9= {X() ERn : X()(P+ P)X() < V()} (327)

is a subset of & with Vj given by (2.8), and thus & x {O} is a subset of the domain of
attraction. O

4. Analysis of systems with amplitude and rate saturation nonlinearities

Consider the nth-order plant G(s) shown in Fig. 3 subjected to both amplitude
saturation 05(') and rate saturation csrs(') given by

(1) = A1) + Bor(oy(ul1))) (4.1)
A1) = C{1) (4.2)

with the controller 3.3), (3.4). For convenience, we use the shorthand notation u(7)
to denote Grs o,(u(1))). The amphtude saturation shown in Fig. 3 is defined asin § 2,
so that o u)— [051 (ul) “ Osm um)] where

Gs,'(u,')i sat;,,. (u,-), i= 1,. NG (43)

and uy,. .., uy, are the independent amplitude saturation levels. The rate saturation
function o(*) in (4.1) is given in more detail in Fig. 4, where u; €R”, v €R”,
s €R”, K = diag(K,...,K,), K >0, i=1,...,m, 6(v)= [o(v1) *Gumlvm)]',
and

Gr[(v,')é Sat;,-(v,'), = 1,. .oam (4.4)

where v; >0 is the rate saturation level, i = 1,...,m. The rate saturation model
shown in Fig. 4 is a closed-loop position-feedback-type model with dynamics

Z;rs,'(l) = sat;,.(K-[us,-(t) - urs,-(t)]), urs,-(O) = Ursoi, = 1,. ..,m (45)

where u'rs,-(t) = Gr[(V[(t)), us,-(t)é css,-(u,-(t)), and sat;, enforces the rate saturation.
The rate saturation model (4.5) has two interpretations. First, it can be
interpreted as a limitation on the speed of a servomechanism which is determined

Os s
Y u Ug u,, Y
G ds) ,% > == G
controller amplitude rate plant

saturation saturation

Figure 3. Closed-loop system with control amplitude and rate saturation nonlinearities.
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us K v ; O, %I Urs .

satv (v)

Figure 4. Rate saturation model ons(-).

by the choice of K. In this case, the matrix K depends on the servo used so that K is a
design parameter.

Alternatively, this model can be viewed as a continuous-time version of the
discrete-time rate saturation model used by Kapasouris and Athans (1990) which is
also closely related to the rate limiter model in Simulink (Mathworks 1993). B
choosing K > I, the rate saturation model (4.5) coincides with the rate limiter model
of Simulink. However, there is a discrepancy between these models when K = [ as in
Kapasouris and Athans (1990). The simulations given in Figs 5 and 6, show that as
the gain K increases, the output from the rate saturation model (4.5) converges to the
output of the rate limiter model of Simulink.

The saturation function inside the rate saturation loop can be extracted from the
overall closed-loop system and written as shown in Fig. 7. This configuration has the

closed-loop system realization
)+ Bo(@(1)) - (1)), 0)=% (4.6)
() Cx() + Dlo (u( )) 0] (4.7)

15 T T T T
- —— input signal :
1k R S A S R rate limiter of SIMULINK o
ok / . :
BN ¢ , r( -—-- rate saturation model 3
Dok N
A oL ! R o
0.5+ _:_l M o 5 ] ' ’ t o
] ! ¢ 0 £ o - ]
N § i t o ; : ! I
B . i b i El : f]
¥ i ; ! i : ! s !
: i H \ ; \ : 1 :
. of i : ; i ! / 1 !
1 1 j ! ! ! i ! i : i
. . 3 ! A : K ( ! !
5 \ 1 b ! - [ 1 t A !
i i L 5ol Lo T
—ost | A S A Gt
\ j A AR NN o
\ { Ty FA A HAT R
t A 4 R I [ VI
v vk AN th R Ik
. N vE \E ok
1k \‘\ : \ \F N
1 L i —L
-15
0 5 10 15 20 25

t (sec)

Figure 5. Comparison of the output of the rate limiter model of SIMULINK and the rate
saturation model of Fig. 4 (65(1(0)) = 0, vinax = 2, K = 1).
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1.5 T T T T
; 7 ——— input signal ;.
1k P T rate limiter of SIMULINK /]
! ‘l ! 1 ‘=~ rate saturation model
1 B
! l (’ l 1 H ‘ l '
! : ; i : i i d i
0.5+ | ! ! i ! i i ' i
i ! oo fo j ! j
P . N i !
A S I A R VAR A R N
i i 1 i ‘ j 5 : s
= 0 ! i i | . \ ! ! [
= i : ! : ; } :
@ ! : ) ; ! ! : !
5 | ) Lo Lo b N
: ! . i i ! | i ! )
| y \ ! ! i H : \ ’
-0.5¢ ! : ; 1 i i i . [
i i P T L L
' i ! ! ; ! ! ; !
! ! . i | : | i ‘ I
-pt v i i I A
i N i ! !
15 . , . .
0 10 15 20 25
t (sec)

Figure 6. Comparison of the output of the rate limiter model of SIMULINK and the rate
saturation model of Fig. 4 (6:5(140)) = 0, vnax = 2, K = 10).

O (V)

Os(u)

Figure 7. Closed-loop system with extracted amplitude and rate saturation nonlinearities.

where

X
X
u N N 0
s X=| Us |, Xo=| Us0
)4
Xc Xc0
os1(u)

Gsm( um)

Grl(VI)

Grm.(Vm)
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and
4 B0 00 0 0 C 0 0
As| o -k KC.|, B:| K I|, C=[O x ch]’ D=[K 0]
BC 0 A 0 0

With the rate saturation model given in Fig. 4, we have thus rewritten the system
involving both amplitude and rate saturation nonlinearities as a system with
amplitude saturation only. However, this transformation gives rise to a feedthrough
term D, which did not appear in § 3. Because of this term, the stability analysis of the
closed-loop system becomes more complicated than the case of pure amplitude
saturation nonlinearity. We thus require the following result which is an extension of
Theorem 4.1. For notational convenience, define

Ry Rou L ﬂOu 0
[ Rz‘] Ro= 19 Ro]’ ﬂ°=[o ﬂo‘,]

Ro= Ro+3[D"(1- Bo)Ro+ RolI - fo)D)

R-

where
Ry, = diag Ry, .. RZum) Ry, = diag Ro,1,. .. ,Rva)

( (
Rou = dlag (R()ul ROum) RO‘ = dlag (RO‘ ly- - ROvm)
ﬂOu = dlag (ﬂOul ﬂ()um) = dlag (ﬂo‘ ly- ﬂOvm)

Theorem 4.1: Ler Ry eN"" K= diag (K1 ,Kn), and K;>0, Ry > 0
Roi >0, Rui >0, Ro,i >0, B €[0,1], Pos €]0,min {1,5:/2Ka)], i = 1,.

In addition, assume that Ry is positive definite and (A ( C) is observable. Furthermore
suppose there exists P €P satisfying

0=A"P+ PA+ R + C'R,C+ %[ETF’- Ry(I- ﬂo)C]Tf%a'[ETf’- Ry(I- ﬂo)ﬁ]
(4.8)

Then the closed- loog system (4.6), (4.7) is asymptoticdlly stable with Lyapunov
function V(%) = X' PX, and the set

F= % eR™™: V(%) < Vo, |unsod| < tyi = 1,,... ,m} (4.9)
is a subset of the domain of attraction of the closed-loop system, where
Vo= min {; (BLCP'Cl):i=1,...,m}
6’,- is the ith row ofC’, i=1,...,m and
By max {0,3[1+ Bou - {(1- Bou)’ + 2ReuiR5§ 7},
Proof:  For the proof see the Appendix. O

Theorem 4.1 requires that Ry be positive definite which places a constraint on the
relationship between K, By and Ry. In particular

Ry, 1K(I- By,)Ro,
IRy (I- By )K Ry,

implies that Ry, - $K(I - By, )Ro,(I - By,)K > 0. However, note that equation (4.7)

Ry = >0
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can be written in detail as
u(t) = chc(t)
W(1) = - Kugs(1) + Klol(ut)) - 1))

which indicates that the size of K is not constrained by equation (4.7)

5. Linear controller synthesis of systens with independent amplitude and

rate saturation
determine gains A, B, C. that minimize the LQG-type cost
J(A4c,B.,C.) = tr PV

Vi 0
0  B.JV,BT

7= [
P satisfies (4.8), and VV; €N"" and V, €P' are analogous to the plant disturbance

In this section, we consider the closed-loop system (4.6), (4.7), and apply the same
and measurement noise intensity matrices of LQG theory, respectively. Further-

technique as in § 3 to obtain linear dynamic compensators. Again our goal is to

where
s _| R0
0
G=[C 9

R =

more, let

where R; €N For notational convenience, we define
0 ,

] BaE [Bdl d2]

oft A s fi) o
A efi} ok
R~ CY(Ro+ R)O

0
Ci= [ 0
Ry= g(z ﬂo)RoRO (1- By),
0= SB.Ry'BY, = C'V;'Gy, == BpR:'B}
and N ~
Ap= Ay - $B.R;\(I- Bo)Ci, Bp= Bu - 1B.R;(I- By)G
Cp= (R + Ru)Ci, Ap= Ap+ ZoP- BeR3(BEP+ Cp)
We first consider the full-order case
PI'OPOSIUOU 5.1:  Let n. = n, suppose there exist n X n non-negative-definite matrices
P,0, p satisfying
0= APP+ PAP + R+ CF(RQ + Rz())cl + PX ()P
(BSP+ Gp) R (BEP + Cp)
(Ap- O + =oP) P+ PAp- Q5 + =,P) + P5,P
(5.2)

0=
(BEP+ Cp)"R3. (BEP + Cp)
0=[dp+Zo(P+ ﬁ)]Q+ Qlap+=o(P+ P + V- 050
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and let A, B., C. be given by

Ac= Ap+ ZyP+ BpC. - B.C, (5.4)
B.= 0CTv3! (5.5)
C.= - Ry (BbP+ Cp) (5.6)

Furthermore, suppose that (Z, C’) is observable. Then

A A
~ P+P -P
= A A

-P P

satisfies (2.6), and (Ac, B., Cc) is an extremal of J (ACJ B, Cc). Furthermore, the closed-
loop system (2.1), (2.2) is asymptoticdlly stable, and ¥ defined by (4.9) is a subset of the
domain of attraction of the closed-loop system.

Proof: The proof is similar to the proof of Proposition 5.2 below with nc = n and
r = GT =T1=]. U]

Next we consider the reduced-order case n; < n.

Propo/s\iti/?n 5.2 Let n. < n, suppose there exist nx n non-negative-definite matrices
P,Q, P, Q satisfying

0= ALP+ PAp+ R + Cl(Ry+ Ry)Ci + PZoP- (BbP+ Cp)' R3(BEP+ Cp)

+ T[(BEP+ Gp)'R3 (BEP+ Cp)Ty. (5.7)
0= (dp- OF +ZP)' P+ PAp- QS +Z,P)+ PSP
+(BbP+ Gp) R (BEP+ Gp) - TI(BSP+ Gp) RN (BEP+ o)) (5.8)
0=[dp+Zo(P+ PO+ Qap+ Zo(P+ P + 11 - S0+ m0fo  (59)
O:/%Q+@A5+Q5Q-(&£Qﬂ: (5.10)
and let A, B., C. be given by
Ac=T(4p+ X P)G" + T BpC. - B.C,G" (5.11)
B.=TQG V3! (5.12)
Ce = - R3(BEP+ Gp)G" (5.13)

Furthermore, suppose that (Z, ~) is observable. Then

A A T
P+ P -PG
A A
-GP GPG"

satisfies (2.6), and (Ac, B., Cc) is an extremal of J (ACJ B, Cc). Furthermore, the closed-
loop system (2.1), (2.2) is asymptoticdlly stable, and ¥ defined by (4.9) is a subset of the
domain of attraction of the closed-loop system.

Proof: The proof is analogous to the proof of Proposition 3.2. O
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6. Numerical examples

In this section, we consider the example given by Rodriguez and Cloutier (1994)
to demonstrate the ability of the full-order compensators given by Propositions 3.1
and 5.1 to address amplitude and rate saturation. To solve the synthesis equations
(3.6)3.8) and (5.1)«5.3), we utilize the iterative method given in Tyan and
Bernstein (1995 a) initialized with LQG gains. Starting with the solution P of (3.6)
or (5.1), we then solve (3.7)+3.8) or (5.2)«5.3) iteratively until convergence is
achieved. Although guarantees of convergence are not available, this algorithm has
been shown to work effectively in practice.

Example 6.1: To demonstrate dynamical controllers given by Proposition 3.1
dealing with independent input saturation nonlinearities, we consider the asympto-
tically stable open-loop system Gp(s) with realization

Jép(t) = Apxp(t) + ch(u(t)), xp(O) = Xpo (6-1)
y(t) = Cpxp(t) (6.2)

where

side slip (deg)

ettt M et MU (e
roll rate (deg s™ ') g y g
- 0-818 -0-999 0-349 0147 0012 Do o
Ay =| 8029 -0-579 0009 |, By=| - 1944 3761 |, Cp:[o ! 0]
-2734  0-5621 -2-10 - 2176 -1093

and the saturation nonlinearity cs(u(t)) = [cl(ul(t)) ox(u(1 ] given by
G,'(u,'(l)) = satg(u,-(t)), i= 1’2

To track step input commands, we consider the closed-loop-system configuration
shown in Fig. 8. For design purposes, we interchange (1/s)l, and the saturation
nonlinearity so that we have the pseudo-equivalent configuration given in Fig, 9.
Next we consider the realization of the augmented plant Gp(s) /s with the step input

command 7 iven by
()L L] oo [a]- 2]
()= 1]_3(1’))] (64)

+

r e u u 0 (u; [J Yy
Gels)— —153 > _4l/— > Golsf—T1 >
_ amplitude
saturation

Figure 8. Closed-loop system for Example 6.1.
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Augmented Plant

lr

e u o (u Y Y

Ge(s)—> == —¥ Gpl(s| 2o LT |———>0—
amplitude
saturation e 5

Figure 9. Pseudo-equivalent configuration of Example 6.1.

where e(t) = r- y(¢). The dynamic controller has the realization
)éc(t) = Acxc(t) + Bce(t), xc(O) = X
u(t) = chc(t)

Choosm% = diag|l 1 1 5000 50000J R=D5LV = Rl, Vy=bh, By= 08D,
and RO = 10°1, yields the linear controller (3.3), (3.4) with gains (3.9)«3.11) given by

-7-718%- 01 -9-8460e- 01  3-498%- 01  5963le- 02  3-1160e+ 00]
1-7445%¢ + 01 -2:0643e+01 -1-0077e+00 7-4092e+00 1-0762e+ 03

A= -33860e+03 - 19503+ 02 -1-7863+01 67207 +02 50822+ 03
- 1-0000¢ + 00 0 0 ~ 70712+ 01 -4-5657e- (2
0 - 1-0000¢ + 00 0 - 4-565Te- 02 -2-2714e+ 02
[ -7-5317e- 02 - 3-3186e+ 00
- 1-0280e + 01 - 7-9633¢+ (2
B.=| -3-5658¢+01 -2-2879% + 03

7-0712e+ 01  4-5657e- (02
4:5657e- 02 2.2714e+ (02

= 3-5629%- 01  1-11%4e- 01 6-:5137e- 03 -7-9496e- 02 - 1-5710e+ 00
] -38233- 02 -2-154le- 02 3-256%- 03 -49678- 01  2-513%- 01
To 111ustrate the closed loop behaviour, let the initial conditions of the closed-loop
system be %) = [xg xool where xQTT Lxgo 6’0] = [les ], xe = Osy1, with the step
input comman r=142 - 42 y applying Remark 3.1, 4 is given by
@ = {xo: s (P+ Py <4-1615x 10°}, where
[ 1:8880c+ 03 2:98Me+00 -4:1954e- 01 - 1-5664c+ 02 - 6:9950e+ 02|
2:9894e+ 00 7-2237e+01  1:6531le+00  8414d4e+01  3-4613e+ 01
P+ P -41954e- 01 1-6531e+00 2:9270e- 01 -7-7307e+00 61835+ 00
-1:566d4e+ 02 84144e+01 -7-7307¢+00 2:6946e+04 1-153le+ 02
-6:9950e+ 02 3-4613¢+01 61835 +00 1-1531e+02  5-112le+ 03
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6 T T T T T T T T T
4+ —— side slip (deg) —
----- yaw rate (deg/s)
2k — — rudder (deg) 4
-—-- aileron (deg)
O e o e e e e e e e e I I - _—-A
l.
!
=-2H 4
3 1
s )
—4k SR A
[
-6k ! 4
!
|
-8F ! B
!
\.
SA0F N e o
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time (sec)

Figure 10. Response (side slip, yaw rate) of system (6.1), (6.2) and control effort u (rudder,
aileron) using the LQG controller for Example 6.1 without amplitude saturation present.

Note that x¢ (P + ﬁ)xo = 56143 % 10°, so that x; is not an element of . Figure 10
shows the output of the system and control effort using the LQG controller without
saturation. As can be seen in Fig. 11, the response of the closed-loop system
consisting of the saturation nonlinearity and the LQG controller designed for the
‘unsaturated’ plant is unacceptable. Figure 12 shows the saturated input of the LQG
controller. However, the controller designed by Proposition 3.1 provides an
asymptotically stable closed-loop system (see Fig. 13). Since (1/s)I and the
saturation nonlinearity were interchanged, the side slip of y exhibits steady-state
errors. Finally, Fig. 14 shows the saturated input o(u(¢)) for the controller obtained
from Proposition 3.1. As shown in the figure, the controller is free to saturate during
closed-loop operation without loss of stability. O

Example 6.2: To demonstrate Proposition 5.1 involving rate saturation, we
consider the configuration shown in Fig. 15, where the asymptotically stable open-
loop system G(s) has the same realization (6.1), (6.2) as in Example 6.1. To track
step input commands, we let our dynamic compensator be Gc(s) /s. Again, for design
purposes, we interchange (1 /s)Iz with both the amplitude and rate saturation
nonlinearities inside the feedback loop, so that we have the pseudo-equivalent
configuration given by Fig. 16. The rate limited actuator is modelled as a position
type feedback system

u.rs[(t) = sat;[(K}[us,-(t) = urs[(t)]), ursi(o) = Urs0i, i= 1,2

with rate saturation level v{ = v, = 4, and the actuator constant K; = K> = 10.
We first consider the controller Ac, B., C. obtained from Example 6.1 in the
presence of a rate-limited actuator. As can be seen in Fig. 17, this controller does not
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20 T T

P T T T T T T
h

151 ] 4

- sideslip B
= - yawrate

_10 1 1 It 1 1 A L i 1
4] 2 4 6 8 10 12 14 16 18 20

time(sec)

Figure 11.  Output of system (6.1), (6.2) using the LQG controller for Example 6.1 with
amplitude saturation present.

1 T T T T T T T T T

----- sigma(rudder) 8
= - sigma(aileron)

-8

_g 1 1 i L 1 1 1
time(sec)

Figure 12. Saturated input c(u) of the LQG controller for Example 6.1 with amplitude
saturation present.
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Figure 13. Response of system (6.1), (6.2) using the controller given by Proposition 3.1 for

Figure 14. Saturated input c(u) of the controller given by Proposition 3.1 for Example 6.1

F. Tyan and D. S. Bernstein

o}

-3

=T

-5

=T

..... side slip
<= - yaw rate

5 g U UG QU

F

-6

2 4 6 8 10 12 14 16 18 20
time(sec)

Example 6.1 with amplitude saturation present.

slgma(u)

-5}

—-6F

=7

S : sigma(rudder)
A - - sigmafaileron)

1 1 L I

-8

2 4 8 8 10 12 14 16 18 20
time(sec)

with amplitude saturation present.
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rate limited actuator

r e u = |u jo,u, ) v ~|C:tv| X | Yo
Ge(s) = Z'C > K S

Figure 15. Closed-loop system of Example 6.2.

augmented plant

e u G ) v G| T
G:(s)“*‘:!C - K 7‘4 ( e

Figure 16. Pseudo-equivalent closed-loop system of Example 6.2.

e e side slip
=2it 4
e c=-- yawrate

-
-

t 5 1 L

0 2 4 6 8 10 12 14 16 18 20
time(sec)

Figure 17. Response of system shown in Fig. 15 using controller given by Proposition 3.1
for Example 6.1 with amplitude and rate saturation present.
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give satisfactory transient yaw rate due to the rate saturation. We thus apply
Proposition 5.1 to account for this eﬁect As in Example 6.1 we consider the
realization of the augmented plant G /s plus the step input command r given by

[]-[e o 4] e
)= [o 1][
and the saturation nonlinearity cs(u(t)) = [Gsl(ul(t)) ot ] given by
csi(u;(t)) = satlo(u,-(t)), i= 1’2
Furthermore, the dynamic controller has the realization
Xe = Aoxe + Bee
u= Cex¢

Choosing R; = diag|{1 1 1 5000 50000 1 11 R=D5L, Vi=R, Vo=5h, By=
diag(1 1 0-9 0O- 9L Ry = dlag[ 10" 10" 10° 06] yields the linear controller (3.3),
(3.4) with gains (5.4)5.6) given by

[ -8:1800e- 01 -9:9900e- 01 ~ 3-4900e- 01 ~ 3-361le- 03  2:9873e- 02  1:4700e- 01  1:2000e- 02
8:0290e+ 01 - 5:7900e- 01 ~ 9-:0000e- 03  9:9509e- 02  6:1532e+ 01 -1-9440e+ 02  3-7610e+ 01
-2:7340e+ 03 5:6210e- 01 -2-1000e+ 00  1-8607e- 01 ~ 1:7597e- 02 =-2:1760e+ 03 - 1:0930e+ 03
Ac = -1-0000e+ 00 0 0 -7:0711e+ 01 -4-3919¢- 04 0 0
0 - 1:0000e+ 00 0 -4:3919e- 04 -2:2388e+ 02 0 0
1:7962e- 01  5:7856e- 01  1:755le- 02 -4-4626e- 02 -3:2023e+ 00 -1-7352e+ 01  4-2455¢- 01
- 1:0654e- 01 -2:3269e- 02 -3-1276e- 04 -9:4996e- 01  1:4357e- 01  4:2455e- 01 -9-4300e- 01

[ -3-3611e- 03 -2:9873e- 02
-9:9509- 02 - 6-1532e+ 01
-1:8607e- 01 - 1:7597e+ 02
BC = 7-0711e+ 01 4:3919%e- 04
4:3919- 04  2:2388e+ 02
7-0980e- 04  2:0554e- 01
2:3058e- 03 -4'6952e- 03

C, =[ 18960e- 02 €1070c- 02 1'8526e- 03 -463S6e- 03 -3'1632e- 01 -8:3160c- 01 4-4813c- oz]
- 1'1246e- 02 - 2:4561e- 03 -3:3014e- 05 - 1:0003e- 01 14659~ 02 44813~ 02 9-0046e~ 01
To illustrate the closed loo behav1our let the 1r11t1al conditions of the closed-
loop system be Xy = xpo e(O urso xco] = [leg r O 01><7] where the step
input command r = [4:2 - 4-2|". For convenlence define xo = [xgo e(O)T o]
Us1ng Remark 3.1, 7' is glven by 9 {xo xo(P+ P)xy <1:023%X 10° } Note that
xo(P + P)xo =4 025 x 10°, so that xp is not an element of &. Also, ) correspond-
ing to rate saturation is chosen to be diag(0-9,0- 9) whose diagonal elements are
10
2x 10x 4|
shows the response and control signals of the closed-loop system using the
LQG controller without amplitude and rate saturation present. Figures 19, 20
illustrate the output and saturated input o(u(7)) for the LQG controller with both
amplitude and rate saturation present. However, as shown in Fig. 21 the controller
designed by Proposition 5.1 provides an asymptotically stable closed-loop system.

larger than the value By,, €| 0 i = 1,2, given by Theorem 4.1. Figure 18
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Figure 18. Response (side slip, yaw rate) of system (6.1), (6.2) and control effort « (rudder,
aileron) using the LQG controller for Example 6.2 without amplitude and rate saturation

present.

Il It 1

-5 !

0 2 4 6 8 10 12 14
time(sec)

20

Figure 19. Output of system (6.1), (6.2) using the LQG controller for Example 6.2 with both

amplitude and rate saturation present.
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Figure 20. Saturated input o(u(7)) of the LQG controller for Example 6.2 with both ampli-
tude and rate saturation present.

-2

-3t .

_5 i 1 i i 1 1. N A A
0 2 4 6 8 10 12 14 16 18 20
time(sec)

Figure 21. Output of system (6.1), (6.2) using the controller given by Proposition 5.1 for
Example 6.2 with both amplitude and rate saturation present.
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2F v 4

sigma_rs(u)

A sigma_rs(rudder)
"\ -— - sigma_rs(aileron)

10+ N e e e+ e ]

0 2 4 6 8 10 12 14 16 18 20
time(sec)

Figure 22. Saturated input o(1(7)) of the controller given by Proposition 5.1 for Example
6.2 with both amplitude and rate saturation present.

Figure 22 shows that this controller tends to reduce the rate of the control signal u(r)
so that u( t) does not reach the rate limit boundary during the entire process.

7. Conclusions

In this paper, we developed full- and reduced-order linear dynamic compensators
based upon Theorem 2.1 and Theorem 4.1, which account for independent input
saturation and rate saturation nonlinearities, respectively. Theorem 4.1 extends
Theorem 2.1 to address the more involved feedthrough term. A guaranteed domain
of attraction is provided by means of a positive-real-type Riccati equation. Although
the domain of attraction provided by this paper is conservative, we can treat the
matrix A as a design parameter. By decreasing the value of the diagonal elements of
By, we can improve the system response for larger plant initial conditions xj.
However, the lowest possible values of S are constrained by the open-loop system.
Controller gains were characterized by Riccati equations that were obtained by
minimizing an LQG-type cost. The synthesis approach was demonstrated by nu-
merical examples involving full-order dynamic compensators. From these examples,
it was seen that smaller B, tends to let the saturation occur later. A numerical
algorithm based upon Greeley and Hyland (1988) was adopted for solving the
coupled design equations. More sophisticated algorithms based upon homotopy
methods can also be developed, as in Ge et al. (1994), however, this approach is
beyond the scope of this paper. Future research includes improving the guaranteed
domain of attraction and the analysis of the necessary conditions of the existence of
the non-negative-definite solutions P, Q, P, O in those design equations. Finally, a re-
formulation of design equations in terms of linear matrix inequalities may help to
ensure the existence of solutions to the design equations.
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Appendix
Proof of Theorem 2.1:  First note that by using (2.1) and (2.2), ) can be
written as

S " -A"P- PA PB X

V(x(1) = - [¥(2) ¢T(u(t))][ Pz H ))]

where ¢(u)= u- o(u). Adding and subtracting 2[ () - Bo)- ¢ (uz) ]Roti)
and using (2.6) yields

V(x(1))
= -[F1(0) #T(u0))]

N Ri+ C"RyC+3(PB- C"(Ln - Bo)Ro)Ry (B P~ Ro(In - Bo)C) PB- C™(Lu- By)Ry
BTP- Ry(In- Bo)C 2R

x ¢<f53>>]' 2 (0 1)) = o) Roll = Bl 1))

= - 3[(B"P- Ro(£n- Bo)O)x(1r) + 2Ro9(ud1))|" Ry '[(BTP- RolL- Bo)C)(1) + 2Ro8 (u(1))]
- TR - " OAB0) - BR( - Bul)) + Rl (A1)
To guarantee that V(Tc(t)) <0, we need to show that Q(ﬂ(u(t)) - ﬂo)x
Ro(1,, - B(u(1))) + Ry is positive definite for all #> 0. Since B(u(t)), 5, Ry are
diagonal matrices, the proof is equivalent to proving that ﬂ(u(t) > BiI,. To do
this, note that for all # e[O o) it follows that

b

2(ﬂ(u(t)) - ﬂO) (Im - (u(t))) + R

2R (B 1)) - )T - Blud) + 4R Ry | RS
2RI[(= Bul1)) + Bl ) + Bd1))Bo - Po+ 3Amin( R RoRe )
-'-R(') 1/2R R; 12 _ J'Amin(R(-) l/zR R(') 1/2)Im]R(l)/2

If Bomax < 3 Amin( ROI/ZR R; 1/2 =3 An( RzRo , which is equivalent to f; = 0, it is
easy to check that 2(8 3 ﬁo)(2 1- Ro + Ry, >0 for all  €|0 oo) Thus,
V(1)< Oforallz e o o). If V(X t)) = 0 for all £ > 0, it follows from (A 1) that
u(t) = Cx(t = 0, which gives x(t) = exp (Al)xo, and thus CN(t) = Cexp (Al)xo = 0.
Since (A4, C) is observable, the invariant set consists of ¥ = 0. It thus follows that
V(Tc(t)S —0 as 1 — oo and the closed-loop system (2.1), (2.2) is asymptotically
stable.

On the other hand, suppose that Bpmax >3Amin( R2RG ) In this case
(1- ﬂ()mdx) h 2Amm(R2R0 ) 91 + Bomax ) and thus fB/= l[l + Bomax -
{(1 - Bomax 2+ 2 i ( RRG }l ] Furthermore, we have the identity
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2[Alult)) - ﬂo]Ro[Im- (u(2))] + Ry

= R0/2 {2[ ﬂllm][ [1+ ﬂOde + { 1- ﬂOmdx) + 2Amm RZR }l/z]lm ( ))]
+ R01/2R2R01/2 _ Amin(Rol/ZRzROI/Z)Im
+ 2(ﬂ0max1m - ﬂO)(Im - ﬂ(u(t))}R(l)/z (A 2)

Also note that for all Bomax e[O, 1] it is easy to check that
31+ Boo) + {(1 = Bomax)* + 24in RoRG )} ) > 1

For all ¢ ELO oo) our goal is to show that ﬂ(u(t)) > Bi1,, so that
lzg 1)) - Bo)Ro(Z,, - ﬂ(u(t)))+ R, >0, and V(%)) < 0. Let =0 and X €5.
If 47(0) >, i = 1,...,m, then by (2.5) and (2.7)
~T XT3 =T 5-
1 1(0) _HECGx _ o GOF G 1
B2u0)) ~ u? i i B
so that B,(u(0 )) >p;, i=1,...,m and hence V(TC(O)) < 0. If, on the other hand,
U; (O) < i= 1,...,m, then ﬂ,-(u(O)),: 1. In this case we also have V(TC(O)) < 0.
Two cases, that i 1s V(TC(O)) <(and V(TC(O)) = 0, will be treated separately.
First consider the case V(TC(O)) <0. Suppose on the contrary there exist
T, >T >0 such that V(%(r)) <0 for all 1 e[O T), V(XT)) = 0, and V(X(r)) >0,
tel(T, Tl]. Since V(X(1)) <0, 1 €[0 T) there exists T, satisfying T <T)< Tl and
sufficiently close to T such that % ( )Px( ) V(x( )) < V(xo) = 5P, t € O T 2]
and thus
2 = ~T %
u;_{(%t < %T(I)Px(t)clg% G X()PXQC%[C ﬂi[z’
tejO Tz] Hence, Bi(uf1))>B, i=1,...,m, t€[0,Ts]. Since, by assumption,
t3 >O te(T Tl], it follows from (A1) and A2) that ﬂ,-(u,-(t)) <B,
z— 1 ,m, (T, T Therefore, Bu(T>)) <B, i = ,m, which is a contra-
dlctlon As a result ( X )) < 0, for all = 0. Again, usmg the assumption that
(4, C) is observable, we conclude that the closed-loop system (2. 1), (2.2) is
asymptotlcally stable.
Next, cons1der the case V(¥ 0))=0. It follows from (A1), (A2) and
B(10)) > By, i=1,...,m, that u(0) = 0, that is, u"(0)u(0) = 0. Since, for >0,
also by (A1), V(Tc(t)j >0 implies that there exists i & {1,...,m} such that
ﬂ,-(u,-(t)) <1, that is, uT(t)u(t) > 2. For ¢ sufficiently close to 0, if this is the case,
it will violate the continuity of u(t) It follows that there exists Ty > 0 sufficiently
close to 0 such that V(X(¢)) < 0 for all ¢ €(0, Ty|. Using similar arguments as in the
case V(TC(O)) <0, it can be shown that V(Tq(t) # 0 for all te(O, T 0]. Therefore,
V(Tc(t)) <O0forall ¢ e(O, T 0]. In particular, V(X(T, 0)) < 0. Hence we can proceed as
in the previous case where V(%(0)) <0 with the time 0 replaced by Tj. It thus
follows that V(?c(t)) —0 as t—oo and the closed-loop system (2.1), (2.2) is
asymptotically stable. O

i=1,...,m

The following lemma will be used in the next theorem.

Lemma A.l: [eric {1 m} assume that |us, )| < u; forall t> 0, and let urs[(')
satisfy (4.5), with |usoi| < @i Then Jussi( )| < uj forall t > 0.
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Proof: Define V(uri(z)) = 12(t) and note that
V.(ursi(t)) = 2urs[(t)u.rsi(t) = 2ursi(t) satF,-(K;'[usi(t) = ursi(t)])

It follows that for all 7> 0

<0, otherwise

. = O, urs[( ) 0 or us[( ) ursz(t)
V(urs,-(t)) > O, 0< urs,-(t) < us,-(t) or us,-(t) < urs,-(t) <0

Hence, if V(urso,)< i and |us, )| < u; for all > 0, it is easy to check that
V(urs,(t))< u; or |urs, )| <y forallz> 0. O

Proof of Theorem 4.1:  First note that by using (4.6) and (4.7), V V(x( 1)) can be
written as

[ ) - ABf;P PA PBH ]
where ¢( ) - ﬁ) Recalling that u(t) (1)), we have
2 (N1 - Bo) = o7 (a(1))| Roo (1))
= X" (1)CT(1 - Bo)Rod (1)) + ¢ (ud 1) Ro(1 - ﬂo)éx(t)
- ¢"(@(0))2Ro + D™(I - Bo)Ro + Ro(I - Bo)D]o(&(1))
and
()T R,CH) = (1) + Do(a0)) Rl 1) + Do (i1)))
= (z)" [1+Dl B t)))]T [1+Dl Bl 1)) 1)
Adding and subtracting [ﬁ (I- Bo)- ¢™(ilz)) ]Roti) ) and using (4.8) yields
V(x(1))
B - (ZT13+ PA) PB- C"(I- Bo)Ro (1)
= [ o ][ BTP- R(I- By)C 2Ry + D™(I- By)Ro+ Ro(I- Po)D ¢(a(z))]

- 26" (2)(Bi(1)) - Bo)Ro(I - Bii(z)))iz)

= - 3[(B"P- Ro(I- fo)O)x(1) + 2Roo (i)' B '[(BTP- Ro(I - ﬁo)c)x(;)+ 2Ry0 (il 1))]
F()Rx(1) - X(£)CTRCX(1) - 20" (2)(B(i(z)) - ﬁo)Ro i(t)))i(t)
= - 4[(B"P- Ro I- By)O)x(1) + 2Ro¢ (1)) Ry '[ R(I - ﬁo)c)x(z)+ 2Ro (alt ))]
- @ (){2(B(@(1)) - Bo)Ro(I - B(@(1)))+ 1+ D(1- B@(0)))|" Ro| T + D(1 - B(i2)))]
()R, x( t) (A )

where Ry= Ry +3[D"(I- By)Ry+ Ro(I- By)D]. To guarantee that V (1))< 0,
we need to show that 2(B(il(¢))- Bo)Ry(I - Bli (%) )+ I+D - Blit) ;\)X
Rz[l + D(I - ﬂ(ﬁ(t)))] is positive definite for all > 0. For convemence B ¢)) is

decomposed as ﬂ(~( )) _ ﬂu(u(t)) 0
1)) = [ 0 ﬂv(V(l))]
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then it follows that

2AB((1)) - Bo)Ro(I - Bl1)) + 1+ D(1 - B@(1)))|" Ro|T + D(1 - B(i(1))]
— 2(ﬂtt(u(t)) = ﬂOu)ROu(I' ﬂu(u(t))) + R2u 0
0 2AB((2)) - Bo.)Ro.(1 - ﬂv(v(t)))]

(1- Bul2))) KR, K(I - Bud1))) (I- Buud)))KRa,
Rz‘vKU- ﬂu(u(t))) Ry,

Hence it is sufficient to have 2(B,(i(r))- Bo,)Rou(I- Bi1)))+ Ry, >0 and
B,(+(¢)) - By, = 0 to ensure V(%(r))< 0 for all 7> 0. It then follows the same
procedure as in Tyan and Bernstein (1995a), that if V(Tco) <V, then
2Bul1)) - Bou)RoulI - Bu(1d1))) + Ry, > 0. Tt follows from Lemma A.1 that for
i= 1,...,1’}’1, if |(5r5[(u,'(0 |S 1_4,', and |05,-(u,-(0 )l < 1_4,', then |(5r5,'(u[(l))| < 1_4,', for all
t> 0. As a result, |v,-(t)| < 2Ku;, and B, (v; 1) = v J2Kw;), i= 1,...,m, for all
t> 0. Therefore, if ), €|0,min {1,5;/(2&17,-)} then ﬂv,.(v,-(t)) > By, i=1,...,m,
for all > 0. Hence V(X(¢ )s Oforallz> 0. 0

+
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