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1 Introduction

Although there is no precise definition of adap-
tive control, one can say intuitively that an adap-
tive controller operates by adjusting parameters in
response to the behavior of the plant. Adaptive con-
trollers can be used to achieve stabilization, distur-
bance rejection, and/or tracking objectives. The ul-
timate objective of adaptive control is to achieve de-
sired performance with minimal prior knowledge of
the plant dynamics and disturbance spectrum. Al-
though this objective is shared by robust control,
the underlying approaches are distinct. Specifically,
robust control is based entirely on prior modeling
information and thus does not incorporate learning,
while adaptive control is self adjusting in response
to measured plant behavior.

In direct adaptive control the gains are ad-
justed without explicit parameter identification. Di-
rect adaptive control algorithms have been devel-
oped for both continuous-time and discrete-time sys-
tems. Global stability for several discrete-time sys-
tems have been established [1, 2, 3, 4, 5, 6]. How-
ever, unlike the continuous-time case, the available
discrete-time results are based on RLS or LMS al-
gorithms rather than Lyapunov methods. The ap-
proach developed in [1] is based on a convergence re-
sult called the Key Technical Lemma (Lemma 6.2.1,
pp. 181-182, [7]). This approach is extended to cer-
tain classes of nonminimum phase plants in {8] and
to plants with disturbances in [9]. Extensions of
this approach to smooth stabilization with unknown
high frequency gain, were addressed in [10, 11].

In this paper, we use a new method of analy-
sis based on a modified Lyapunov technique and an
adaptive step size. We begin by considering a one-
step backward-horizon cost function, whose gradi-
ent provides an update direction for modifying the
feedback gain matrix. The step size in the gradi-
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ent direction is chosen to minimize the cost function
along that direction. An analogous step size is used
in [12]. Finally we use a modified Lyapunov tech-
nique to prove convergence of the plant states to the
origin.

We present the main results in Section 2.
Implementability issues are discussed in Section 3,
some results from simulation studies are presented
in Section 4, and Section 5 presents some conclu-
sions.

2 Adaptive Stabilization Algorithm

Consider the discrete-time system
Tp+1 = Azp + Buy, (2.1)

where z; € 8", ur € R and k = 0,1,... denotes
the time step. We assume that the pair (A, B) is
stabilizable and rank(B) = n,. Furthermore, we
assume there exists K € R« %"= such that A+ BK,
is asymptotically stable and known. However, we
assume that we do not have sufficient knowledge of
A and B to determine K. Therefore our objective
is to determine a full state feedback control law of
the form

Up = Kkl‘k (2.2)

such that the origin of the closed-loop system (2.1),
(2.2) is attractive with respect to zx. The adaptive
gain matrix K} is updated at each time step k to
yield the next gain matrix, Kgy;.

In certain cases these assumptions can be sat-
isfied with minimal knowledge of the system param-
eters. For instance, for a single input system in com-
panion form, we do not require knowledge of either
the last row of A or the magnitude of the last entry
in B. Additional details as well as a multiple input
example are given in Section 3.
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To derive an adaptively stabilizing control law,
we consider the one-step cost function
Ju(K) &

—Ek PEk, (2.3)

where &, £ Zr41(K) — 241 (K;) and z4 (K) =
(A + BK)z;, the state at time k + 1 when the gain
matrix K is used at time k. We also define
5 A
Je(K) = ||K

- Ks”%" (2'4)

Let o (A) denote the maximum singular value of A,
let I,, denote the n x n identity matrix, and let Z*
denote the set of nonnegative integers.

Lemma 1 Consider the gain update law

0Jy

Kyp1 =K — oo oK,

=K - T]kBTPEkIEk ) (2.5)
where n, € R and k € Z+.
statements hold:
i) If ex =0, then K41 = Ky for all m, € R.
it) If e, # 0, then A, given by

Then the following

Vel (2.6)
3 .
| BT Perzi ||
is positive and minimizes J (Kg41) with
> 5 | Veellz
Je(Ki1) = Je(Kp) — ———. (2.7)
|B7 Pesaf |

111) Suppose € # 0. Then jk(Kk.H) < jk(Kk) if
and only if ni € (0,24). Furthermore, Ji(Kiy1) =
Jr(Ky) if and only if either i, = 0 or np, = 2.

Let {nr}rez+ be a sequence of positive real numbers,
let Ko € R™«*"=, let {Ky}32, be the sequence gen-

erated by (2.5), and let S = {k € Z* : ¢ # 0}.
Then the following statements hold
w) If S is empty, then z — 0 as k — oo.
v) If S is not empty and
sup 72—'“ - 1‘ <1, (2.8)
keS [Tk

thenlNz — 0 as k = co.

Proof:  To prove i) let ¢, = 0. Then (2.5)
implies K11 = Ky, for all .
To prove ii), define

Ke 2 Ky - K., (2.9)

and rewrite (2.5) as

Kiy1 = Ki - BT Peyal. (2.10)
Now using (2.1), (2.2) we can write
z11(Ki) = (4s + BKy)zi, (2.11)
which implies
ex = BKyzy. (2.12)

From (2.10) and (2.12) it follows that

Je(Krs1) | K rt1]2

|\ Kk + mBT Peraf ||

Jx(Ky) + | BT PBE o} || 3n}

—2tr (BTPBkakmEKg) %

= Ju(Ki) + |BTPBEKziaf |37}
—2||NBE x| 2

= Ju(Ki) + ||BT Peyay |IEni
~2||Nek||3me
Jk(Kr) + (mi: — 20x)|| BT Pegal ||2
Je(Kk) + (e — 7x)?)|| BT PegaF |2
— 4| BT Pegay |I2. (2.13)

To minimize J;(Ky41), we proceed as follows.
By (2.12), & ;é 0 implies Kyzy # 0 and zx # 0.
Hence Kkzkxk # 0. Since BTPB and N are non-
singular and B has full column rank, it follows that
||BTPser,f||F = |BYPBKzz] |2 ;é 0. Therefore
fx can be defined by 2.6 and n; = i minimizes
Je(Ki41) with(2.7). . .

To prove 4ii) assume Ji(Kpy1) — Jp(Ki) < 0.
Then by (2.13)

(k. — 20k)|BT Pexz{ |2 < 0, (2.14)

which implies 0 < 7, < 27. Conversely, 0 <
Mk < 2 implies (2.14), which implies Jk(Kk_,_l) -
Je(K}y) < 0 by (2.13). Setting Ji(Kx41) = Je(Ki)
in (2.13) yields n; = 0 or 7 = 27.

To prove iv) let e = 0 for all k € Z+. This
implies zx41 = Agzzi for all k € Z*. Since A, is
asymptotically stable, it follows that z; — 0.

To prove v), define

v = sup (2.15)

kes | Mk

By (2.8), v < 1, hence nx € [(1 — ¥)7i, (1 + )] C
(0,27)) for all k € S. Hence 1 # 0 and ng # 27.

’#—1'.
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Furthermore, as in the proof of i), | BT Pegzy||2 #
0 and 7x < 27. Now let £ € S. Using (2.6) and
(2.13) we have

(k|| BT Perzy |3
—2[|Nexll3)

= ne(me — 20)||BT Perzy |1}
< o (2.16)

1Kkl = 1Kl

Since S is non-empty, there exists n > 0 such
that en(K,) # 0. Let 7o > n and, for all r > rg,

define the non-empty set S, = {k :0 <k <
r and g # 0}. For r > ro, it follows from (2.16)
that

IKollE > l1Kollf — 1K rsali}
T
= Y (IRuIE = 1 Kesal3)
k=0
= > m(20% — m)l|BT Perll}
kES,
> 0. (2.17)

Let r > 1o, let k¥ € S,, and consider the
quadratic function g(n) = n(27x — 1) defined on the
interval L = [(1 — )7, (1 + 7)7x]. We have

(1=")i = ming(n) = g((1-7)7) = g((1+7)7).
Since g(-) is quadratic, it follows that

(20 = 1) 2 (1 - 7*)iig
Using (2.18), we can rewrite (2.17) as

IRolf s~ Vet
1—~42 et | BT Perz X2

forallne L. (2.18)

lIVexl2

B k§, |BTPera I NTN-T||2

v

) [ Vewll3
W5, INBIIE | NerlZIl Nz |IF1V 11

v

> INexll
& INBIEINz 2N

or

z “NEk”z
INzel3 <é

where § 2 | KollZINBIZIIN-1|2/(1 - 7?). Letting
r — 00 yields
2
2] zknz

Next, define the set ' £ Z *\S and note that
er, =0forallke S Ifke S and 2 = 0 then
zr = 0 for all I > k. Hence assume that z; # 0
for all k € &'. For k € &', we have H%%ﬂ% = 0.
Therefore it follows from (2.19) that

IINekll2 _

2.20
k—o00 HN.’Ek”z ( )

Theorem 1 Assume there exists K, €
Rru X" guch that As 2 4 + BK; is asymptoti-
cally stable, let R € R™=*"= be positive definite, let
P € R"=%"= pbe the positive-definite solution to

P = ATPA, +R, (2.21)

and let N € R"=*"= satisfy NTN = P. Let the
control be given by (2.2) with the gain update (2.5)
and with {nx}rez+ satisfying (2.8). Then

lim z; =0. (2.22)
ko0

Proof: If S is empty, the result follows from
iv) of Lemma 1. Hence assume S is not empty and
consider the Lyapunov candidate V (zx) = 2} Pzy +

- A

Kellg. Let AV = V(zr41) — V(zs).
(2.21) and i) of Lemma 1, we have

Then using

AV = zp Priy1 — zp Pg + | K12 — | KllR

IN

zE_H Pzyi1 — zf Py,

(Asa:k + Ek)TP(Ast'k +Ex) — a:Esz
23 (ATPAs — P)xy + €F Pey, + 265 Py,
~x} Rzy, + €} Pey, + 26} Py

< —zi Rzy + 2|| Neg ||| N Aszil] + || Nk

= —z3 Rxy, + 2||Neg|||| NAsN I Nzy ||
+|| Neglf?

< -z Ry + 2||Neg ||| N AN V||| N
+||N6k||2

< -z TRz + 20m(NAsN™ 1)|]N61¢||||N:1:k[|
+||Nex 2. (2.23)
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Now since NTN = P, (2.21) implies

I, = ATA, + R, (2.24)

- FaN -1 A A -T -1 : .
where 4; = NAN arad R = N""RN~ is posi-
tive definite. Thus, o, (As) < 1. Therefore,

AV < —zlRxy + 2||Neg|||| Nz

+HINeg|. (2.25)

Let 6 > 0. By v) of Lemma 1, there exists ks such
that ||Negll/llzk|| < & for all k¥ > ks;. Then for
k > ks we can write

AV < -z Rxy + 20| Nz
+682|| Nz |2

< —zy(R— (26 +0%)P)z;. (2.26)

Now choose ¢ sufficiently small such that B — (26 +
8%) P is positive definite. Next, define the translated

s 3 . A
system with k = k — ks and 2; = Lotk

j"fc—H = (A+BKk):f:;c. (2.27)
Using (2.26), it follows from the discrete version of
Theorem 4.4 in [13] that for the translated system
(2.27), with initial condition £ = zx, at k = 0,
2T(R — (26 + 6%)P)2; — 0 as k — oo. It follows
that for the system (2.1), (2.2), (2.5)

lim zp =0.
k— 00

Remark 1 Lyapunov analysis for adaptive
control is difficult in discrete time because the Lya-
punov candidate cannot usually be chosen such that
the derivative is linear in the error states, which
makes it difficult to show negative definiteness. Our
analysis uses a modified Lyapunov approach which
provides convergence but not Lyapunov stability.

The following result provides an alternative
step size that guarantees decrease of the cost func-
tion Jg(Kk41). This result provides a 1-step back-
ward horizon interpretation for the gradient update
scheme.

Proposition 1 Let g # 0 and define

|B” Pex|l;
| NBBT Peya ||

*

T =

(2.28)

Then
i) my is positive and minimizes Ji(Kry1) with

o |57Pe
2||[NBBT Peyzf||5
i) Je (K1) < Ji(Kg) if and only if mi € (0, 27;).
Furthermore, Jy (K1) = Jp(K) if and only if ei-
ther ny = 0 or my = 2n;.

i) If ex, #0, then nj < .
i) If ex #0 and n, = 1, then 0} = 7.

Je(Ki41) = Je(Ki) — (2.29)

Proof: The proofs of ¢{) and i) are analogous
to the proofs of Lemma 1, parts i) and 4i). To
prove iii), let C = [ v BTPBv ]T, where v 2
(BTPB)Y/2K ;. Since det(CCT) > 0 we have

T[T (BTPB)*v] — (WT*BTPBv)? > 0. (2.30)

Since ¢4 # 0, it follows that Kz #0, z, # 0 and
v # 0. Therefore,

. vITBYPBv vTy .

M= (z¥z)vT(BTPB)?v ~ (zfxx)vTBTPBr K

(2.31)

To prove iv), let n, = 1. Then BTPB is a
scalar and (2.31) holds with equality.

Remark 2 Note that K1, is computed using
the knowledge of = and zg4, at time k + 1. The
updated gain K. is used to propagating the state
from Zpyq tO Tgo-

To compute the updated gain matrix K, we
need the gradient direction of the cost function Ji,
as well as a step size 7, to move along this direction.
Convergence of plant states is proved for an open
interval around a step size, 7 that minimizes the
norm of the distance between Kj;y; and K;. The
smaller step size 7; minimizes the one-step back-
ward horizon cost Ji(Kr+1), but convergence has
not been shown for this case.

3 Implementation

The simplest application of Theorem 1, is a
single-input system in companion form. The only
quantity that needs to be known is the sign of the
high-frequency gain.

In general, we can implement the algorithm
without knowledge of K, for systems with decou-
pled inputs. We require knowledge of the rows of A
which are not assignable by any input. We also re-
quire that B be of the form B = |b|By, where By is
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Figure 1: Two Input Example

known. An example of such a system is the double
companion form with decoupled inputs and coupled
states

i Onxl In 0nxn+1 |
ap - Oq_182
A= , B=b|
On-1x2
Onxl In 0n><n+1 01
L a2 e g
(3.1)

This system can be stabilized without knowledge of
the row vectors a1, aq, the positive scalar |b| or the
matrix K.

4 Numerical Results

In this section we consider simulation results
for a plant of the form (3.1) with 4 states and 2
inputs. A is initially stable and suddenly becomes
unstable at £k = 30, and B is scaled by a scalar.
The states are also perturbed at ¥ = 30. Only the
relative magnitudes of the various elements of B are
known to the controller. The states, step size, one
step decrement in cost and the norm of the controller
error are shown in Figure 1. The step size 7; was
used for the simulation. Though 7} has not been
shown to satisfy (2.8), the simulation results show
that i} and 7 yield nearly identical trajectories.

5 Conclusions

In this paper we derived a discrete-time adap-
tive stabilization algorithm and proved closed-loop

attractivity with respect to the plant states. An
unstable and abruptly varying plant was simulated.
Future work will focus on output feedback and dis-
turbance rejection.
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