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Abstract— We apply retrospective cost adaptive control
(RCAC) to a command-following problem for uncertain Ham-
merstein systems with Duhem hysteresis nonlinearities. The
only required modeling information of the linear plant is a
single Markov parameter. We numerically investigate the sense
in which RCAC achieves internal model control. The properties
of the asymptotic controller are analyzed by using phase shift
calculations.

I. INTRODUCTION

Smart materials, such as piezoelectric ceramics and shape
memory alloys, possess the ability to transform current and
heat into force and motion without discrete moving parts
and thus eliminating stiction and backlash [1]. These mate-
rials exhibit hysteretic behavior, which dissipates energy but
presents drawbacks when used for precision motion control
[1]-[4]. The challenge is thus to develop control algorithms
for mechatronic applications that can achieve precise motion
control despite the hysteretic behavior.

The most direct approach to overcoming the effects of
hysteresis in motion control is to invert a model of the
hysteresis nonlinearity. Hysteresis models include Preisach,
Prandtl-Ishlinskii, Duhem, and nonlinear feedback [5]-[8],
and extensive effort has been devoted to inverting these
models [2][4][9][10]. The ability to invert a hysteresis non-
linearity is limited by modeling errors. This uncertainty can
be addressed by using controllers that are either robust to the
uncertainty or adaptive to changes in the hysteresis [11]-[14].

In the present work we apply retrospective cost adaptive
control (RCAC) to linear systems with hysteretic input
nonlinearities. To do this, we consider SISO plants with
input nonlinearities modeled by Duhem hysteresis. Duhem
hysteresis models may be either rate independent or rate
dependent, and are used to model magnetic and friction
effects [15]-[16].

The specific problem that we consider is a command-
following problem with sinusoidal command. When the
response of the closed-loop system reaches harmonic steady
state, we can analyze the controller performance by examin-
ing the magnitude and phase of the converged controller at
the command frequency as well as at harmonics introduced
by the hysteresis nonlinearity. This analysis allows us to
determine whether RCAC converges to an internal model
controller for the command signal and its harmonics.
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II. BACKGROUND

We begin with nonadaptive control for a servo loop with
harmonic commands. For a SISO LTI plant, we choose an
internal model control law under the assumption that the
command frequency is known. Consider the linear system

x(k + 1) = Ax(k) +Bu(k), (1)
y(k) = Cx(k), (2)
z(k) = r(k)− y(k), (3)

where x(k) ∈ Rn is the state, y(k) ∈ R is the measured
output available to the controller, z(k) ∈ R is the command-
following error, u(k) ∈ R is the control, and r(k) ∈ R is the
harmonic command. The goal is to determine u that makes
z small.

The closed-loop system in Figure 1 can be represented by
the cascaded system in Figure 2, where

Gur =
Gc

1 +GcG
. (4)

Suppose that the system shown in Figure 2 is driven by
the command signal r(k) = Re

{
Are

Ωk
}

, where Ar is a
complex number. Then the harmonic control input to the
system G can be expressed as

u(k) = |Gur(eΩ)|Re
{
Are


(

Ωk+∠Gur(eΩ)
)}
, (5)

where |Gur(eΩ)| and ∠Gur(eΩ) are the gain and phase of

Gc G
ur z y

−

Fig. 1. Command-following problem for the linear plant G with the
controller Gc.

Gur G
ur zy −

+

Fig. 2. Representation of the command-following problem as a cascaded
system.
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Gur, respectively. Then

y(k) = |Gur(eΩ)||G(eΩ)|Re
{
Are


[
Ωk+∠Gur(eΩ)+∠G(eΩ)

]}
.

(6)

To regulate the command-following error z to 0 at the
frequency Ω, it follows that y is harmonic and z = 0 if
and only if

y(k) = G(eΩ)Gur(e
Ω)r(k), (7)

which is equivalent to

Gur(e
Ω)G(eΩ) = 1. (8)

The gain and phase of Gur therefore must satisfy

|Gur(eΩ)| = 1

|G(eΩ)|
, (9)

∠Gur(e
Ω) = −∠G(eΩ). (10)

Note that (9) and (10) are satisfied if and only if Gur inverts
G at the frequency Ω.

III. PROBLEM FORMULATION

Consider the Hammerstein command-following problem

x(k + 1) = Ax(k) +Bv(k), (11)
y(k) = Cx(k), (12)

v(k) = N
(
u(k)

)
, (13)

z(k) = r(k)− y(k), (14)

where x(k) ∈ Rn is the state, r(k) ∈ R is the command,
u(k) is the control, N : R→ R is the hysteretic nonlinearity,
and z(k) is the command-following error. We assume that
G is uncertain except for a limited number of Markov
parameters. The hysteretic nonlinearity is also uncertain.
The Hammerstein system is shown in Figure 3. A block
diagram for (11)–(14) is shown in Figure 4. We apply the
Hammerstein system in order to have the output y follow
the command signal r. The goal is to determine a controller
that makes z small.

N G
u yv

Fig. 3. Hammerstein system with hysteretic nonlinearity N .

IV. THE ADAPTIVE CONTROLLER

In this section we present the adaptive RCAC controller
used in this paper to formulate Gur. Let the controller of
order nc have the form

u(k) =

nc∑
i=1

Mi(k)u(k − i) +

nc∑
i=1

Ni(k)z(k − i), (15)

where, for all i = 1, . . . , nc, Mi(k) ∈ R, and Ni(k) ∈ R.
The control (15) can be expressed as

u(k) = θ(k)φ(k − 1),

Fig. 4. Adaptive command-following problem for a Hammerstein system.
The discrete-time model N is shown with the RCAC adaptive controller
and the linear plant G. We assume that measurements of z(k) are available
for feedback; however, measurements of v(k) = N

(
u(k)

)
and w(k) are

not available.

where θ(k) ∈ R 2nc

θ(k)
4
=
[
M1(k) · · ·Mnc(k) N1(k) · · ·Nnc(k)

]
is the controller gain matrix, and the regressor vector φ(k) ∈
R2nc is given by

φ(k − 1)
4
= [u(k − 1) · · ·u(k − nc) z(k − 1) · · · z(k − nc)]T.

The transfer function matrix Gc,k(q) from z to u at time
step k can be represented by

N1(k)qnc−1 +N2(k)qnc−2 + · · ·+Nnc
(k)

qnc −
(
M1(k)qnc−1 + · · ·+Mnc−1(k)q +Mnc

(k)
) .

This approach relies on knowledge of Markov parameters.
For each example we specify the initial covariance term P0

and the controller order nc of the RCAC adaptive controller.

V. DUHEM MODEL

We consider the single-input, single-output Duhem model
given by

v̇(t) = f(v(t), u(t))g(u̇(t)), (16)
y(t) = h(v(t), u(t)), (17)

where v : [0,∞) → Rn is absolutely continuous, u :
[0,∞)→ R is continuous and piecewise C1, f : Rn ×R→
Rn×r is continuous, g : R→ Rr is continuous and satisfies
g(0) = 0, y : [0,∞) → R, and h : Rn × R → R is
continuous. The properties of (16) are discussed in [8]. We
review the following properties for the Duhem model: (i) the
rate-dependence of the Duhem model, and (ii) discontinuity
of g(u̇(t)) at u̇(t) = 0.

We can show that if g(u̇(t)) = |u̇(t)| then the Duhem
model is rate-independent. Following [8], let τ be a positive
time scale. Then τ̇ > 0 and τ(0) = 0 and, thus, vτ (0) =
v(τ(0)) = v(0) = v0. Now, for all t > 0, consider

dvτ (t)

dt
= f(vτ (t), uτ (t))|duτ (t)

dt
|. (18)

Then,

dv(τ(t))

dt
= f (v(τ(t)), u(τ(t))) |du(τ(t))

dt
|,

τ̇
dv(τ)

dτ
= f (v(τ), u(τ)) |τ̇ du(τ)

dτ
|,
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and
τ̇

dv(τ)

dτ
− f (v(τ), u(τ)) |τ̇ du(τ)

dτ
| = 0.

Then,

τ̇

[
dv(τ)

dτ
− f (v(τ), u(τ)) |du(τ)

dτ
|
]

= 0. (19)

Following Madelung’s hysteresis model [18], the Duhem
model can be expressed as

v̇(t) =

{
f+(v(t), u(t))g(u̇(t)), if u̇(t) ≥ 0 increases,

f−(v(t), u(t))g(u̇(t)), if u̇(t) ≤ 0 decreases.

(20)

If g is continuous at u̇(t) = 0, f+(v(t), u(t)) =
f−(v(t), u(t)), the positive and negative curves of the Duhem
model are identical and thus the periodic input-output map
is not hysteretic. Therefore, a necessary condition for (32) to
be hysteretic is that g have a slope discontinuous at u̇(t) = 0.

A. the sampled-data Duhem hysteresis model
We consider the sampled-data Duhem hysteresis model

v̇(t) = κ1|u̇(t)|(κ2u(t)− v(t)) + κ3u̇(t), (21)

where the positive constants κ1, κ2, and κ3 determine the
shape and the area of the hysteresis loop. The model (21)
is implemented using Simulink with sampling time Ts. The
sampled-data Duhem model can be expressed as

v̇(t) ={
[κ1(κ2u(t)− v(t)) + κ3] |u̇(t)|, if u(t) increases,

[κ1(κ2u(t)− v(t))− κ3] |u̇(t)|, if u(t) decreases.

(22)

Then,

f(v(t), u(t)) ={
[κ1(κ2u(t)− v(t)) + κ3] , if u(t) increases,

[κ1(κ2u(t)− v(t))− κ3] , if u(t) decreases,
(23)

and

g(u̇(t)) = |u̇(t)|. (24)

This model presents the relationship between the magnetic
field strength and the magnetic flux density of a ferromag-
netically soft material of the isoperm type [17].

VI. THE PHASE SHIFT

In this section, we use the phase shift between the com-
mand input r(k) and the output y(k) and the command-
following error z(k) to investigate whether RCAC inverts
the Hammerstein system that consists of the linear plant
G(z) and the sampled-data Duhem hysteresis model (21).
We consider the magnitude and phase shift of the most
significant harmonic component in the output v(k). The
output of the sampled-data Duhem model hysteresis model
can be approximated by

v(k) ∼= Re
{
Aue

(Ωk+ψ)
}
, (25)

where ψ represents the phase of the most significant har-
monic component in the output v(k). Then, the harmonic
steady-state response for the Hammerstein system with the
sampled-data Duhem model hysteresis model is given by

y(k) ∼= Re
{
ArAu|G(eΩ)|e(Ωk+∠G(eΩ)+ψ)

}
. (26)

Therefore, z(k) ∼= 0 if and only if the magnitude and phase
of Gur(eΩ) satisfy

|Gur(eΩ)| ∼=
1

Ar|G(eΩ)|
, (27)

∠Gur(e
Ω) ∼= −∠G(eΩ)− ψ. (28)

To examine the phase shift between ∠Gur(eΩ) and
∠G(eΩ) +ψ, we use the fourier transform to determine the
most significant frequency component in the signal. Then,
we calculate the phase of the most significant frequency
component of the two signals. Finally, by using two periods
at steady state we compute the phase difference between the
two signals.

VII. NUMERICAL EXAMPLES

A. Closed-loop system with N (u) = u

In this section we consider the hammerstein system with-
out the hysteresis nonlinearity for the command-following
problem (1)–(3).

Example 7.1: We use the command signal r(k) =
1 sin(ωk), where ω = π

5 rad/sample. We let nc = 30
and P0 = 0.1I2nc

. We consider the linear stable plant
G(z) = 1

z−0.5 and linear unstable plant G(z) = 1
z−1.1 .

Figure 5 shows the simulation results. The results show
that RCAC stabilizes the closed-loop system and decreases
the command-following error z for the harmonic command
r. It remains to be shown that Gur obtained from RCAC
inverts the linear plants at the command frequency. The phase
shift between the control signal u(k) and the output y(k) is
3.512◦, and the phase shift between the reference input r(k)
and the control signal u(k) is −3.515◦. With G(z) = 1

z−1.1 ,
the phase shift between the control signal u(k) and the output
y(k) is 163.196◦, and the phase shift between the reference
input r(k) and the control signal u(k) is −163.018◦. �

B. Closed-loop system with G(z) = 1

In this section we consider the Hammerstein system with-
out the linear plant G(z). We consider the Duhem model
(21)

We consider command-following problem

v(k) = N
(
u(k)

)
, (29)

y(k) = v(k), (30)
z(k) = r(k)− y(k). (31)

Example 7.2: We consider the sampled-data Duhem
hysteresis model with κ1 = 1, κ2 = 2, and κ3 = 1. We use
the command signal r(k) = 4 sin(2ωk) + sin(ωk), where
ω = π

10 rad/sample to show major and minor hysteresis
loops. We let nc = 30 and P0 = 0.1I2nc

. Figure 7 shows the
simulation results. The results show that RCAC stabilizes the
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|

 

 

(e)

Fig. 5. Example 7.1. (a) and (b) shows r(k) versus u(k) with (a) G(z) =
1

z−0.5
, and (b) G(z) = 1

z−1.1
when r(k) = sin(ωk), where ω = π

10
rad/sample. (c) and (d) shows u(k) versus y(k) when r(k) = sin(ωk),
where ω = π

10
rad/sample, with (c) G(z) = 1

z−0.5
, and (d) G(z) =

1
z−1.1

when r(k) = sin(ωk), where ω = π
10

rad/sample. (e) shows the
closed-loop response with G(z) = 1

z−0.5
(dotted line), and G(z) = 1

z−1.1
(dashed line).

closed-loop system and decreases the command-following
error z for the harmonic command r. It remains to be
shown that Gur obtained from RCAC inverts the sampled-
data Duhem hysteresis model at the command frequency. The
phase shift between the control signal u(k) and the output
y(k) is 13.405◦, and the phase shift between the reference
input r(k) and the control signal u(k) is −13.671◦. In order
to consider hysteresis nonlinearity with saturation, let

f(v, u) = tanh(2u)− v (32)

and

g(u̇(t)) = |u̇(t)|. (33)

Figure 7 shows the simulation results. The results show that
RCAC stabilizes the closed-loop system and decreases the
command-following error z for the harmonic command r. It
remains to be shown that Gur obtained from RCAC inverts

the sampled-data Duhem hysteresis model with 32 at the
command frequency. The phase shift between the control
signal u(k) and the output y(k) is 8.401◦, and the phase
shift between the reference input r(k) and the control signal
u(k) is −8.124◦. �
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Fig. 6. Example 7.2. (a) shows the output of the sampled-data Duhem
hysteresis model and the command signal r(k) = sin(ωk), where ω =
π
10

rad/sample, (b) shows the relationship between the command signal
r(k) and the control signal u(k), (c) shows the evolution of the controller
coefficients θ, (d) shows the closed-loop response to the command signal
r(k) = sin(ωk), where ω = π

10
rad/sample.

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

u

y

8.401o

(a)

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1

r

u
−8.124o

(b)

0 1000 2000 3000 4000 5000
−0.04

−0.02

0

0.02

0.04

0.06

0.08

0.1

Time step k

θ

(c)

0 1000 2000 3000 4000 5000

10
−4

10
−3

10
−2

10
−1

10
0

time step k

|z
|

(d)

Fig. 7. Example 7.2. (a) shows the output of the sampled-data Duhem
hysteresis model and the command signal r(k) = sin(ωk), where ω = π

10
rad/sample, (b)shows r(k) versus u(k) with, (c) shows the evolution of the
controller coefficients θ, (d) shows the closed-loop response to the command
signal r(k) = sin(ωk), where ω = π

10
rad/sample.

C. Closed-loop system with Duhem input nonlinearity
Example 7.3: We consider the sampled-data Duhem

hysteresis model with κ1 = 1, κ2 = 2, and κ3 = 1 and
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the linear plants G(z) = 1
z−0.5 and G(z) = 1

z−1 . We use the
command signal r(k) = 4 sin(2ωk)+sin(ωk), where ω = π

10
rad/sample. We let nc = 30 and P0 = 0.1I2nc . Figure
8 shows the simulation results with G(z) = 1

z−0.5 . The
results show that RCAC stabilizes the closed-loop system and
decreases the command-following error z for the harmonic
command r. It remains to be shown that Gur obtained from
RCAC inverts the sampled-data Duhem hysteresis model at
the command frequency.

The phase shift between the control signal u(k) and the
output y(k) is 14.524◦, and the phase shift between the
reference input r(k) and the control signal u(k) is −14.437◦.
Figure 9 shows the simulation results with G(z) = 1

z−1 . The
phase shift between the control signal u(k) and the output
y(k) is 90.739◦, and the phase shift between the reference
input r(k) and the control signal u(k) is −90.591◦. �
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Fig. 8. Example 7.3. (a) shows the output of the sampled-data Duhem
hysteresis model and the command signal r(k) = sin(ωk), where r(k) =
4 sin(2ωk) + sin(ωk), where ω = π

10
rad/sample, (b) shows r(k) versus

u(k), (c) shows the evolution of the controller coefficients θ, (d) shows
the closed-loop response to the command signal r(k) = sin(ωk), where
r(k) = 4 sin(2ωk) + sin(ωk), where ω = π

10
rad/sample.

Example 7.4: We consider the sampled-data Duhem
hysteresis model with κ1 = 1, κ2 = 2, and κ3 = 1 and

f(u, v) = tanh(4u)− v, (34)

g(u̇) = |u̇(t)|, (35)

and the linear plants G(z) = 1
z−0.8 and G(z) =

z−0.7
(z−0.8)(z−0.5) . We use the command signal r(k) =

4 sin(2ωk) + sin(ωk), where ω = π
10 rad/sample. We let

nc = 50 and P0 = 0.01I2nc
. Figure 10 shows the simulation

results for the closed-loop system with G(z) = 1
z−0.8 . The

phase shift between the control signal u(k) and the output
y(k) is 24.272◦, and the phase shift between the reference
input r(k) and the control signal u(k) is −24.189◦.

Figure 12 shows the simulation results for the closed-
loop system with G(z) = z−0.7

(z−0.8)(z−0.5) . The phase shift
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Fig. 9. Example 7.3. (a) shows the output of the sampled-data Duhem
hysteresis model and the command signal r(k) = sin(ωk), where r(k) =
4 sin(2ωk) + sin(ωk), where ω = π

10
rad/sample, (b) shows r(k) versus

u(k), (c) shows the evolution of the controller coefficients θ, (d) shows
the closed-loop response to the command signal r(k) = sin(ωk), where
ω = π

2
rad/sample.

between the control signal u(k) and the output y(k) is
17.355◦, and the phase shift between the reference input
r(k) and the control signal u(k) is −17.285◦.Figure 12
shows the simulation results for the closed-loop system with
G(z) = 1

z−1.05 . The phase shift between the control signal
u(k) and the output y(k) is 172.423◦, and the phase shift
between the reference input r(k) and the control signal u(k)
is −172.439◦. �

VIII. CONCLUSIONS

Retrospective cost adaptive control (RCAC) was applied
to a command-following problem involving hysteresis non-
linearities characterized by the Duhem model. RCAC was
used with limited modeling information about the plant. The
numerical investigation in the paper shows that RCAC can
achieve internal model control of Hammerstein systems with
an unknown input hysteresis nonlinearity.
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Fig. 10. Example 7.4. (a) shows the output of the sampled-data Duhem
hysteresis model with f(u, v) = tanh(4u) − v and the command signal
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