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A b s t r a c t  

One of  t h e  major d i f f i c u l t i e s  i n  des ign ing  
implementable a c t i v e  c o n t r o l l e r s  f o r  d i s t r i b u t e d  
parameter  systems such a s  f l e x i b l e  space  s t r u c t u r e s  
i s  t h a t  such systems a r e  i n h e r e n t l y  i n f i n i t e  dimen- 
s i o n a l  w h i l e  c o n t r o l l e r  dimension i s  s e v e r e l y  con- 
s t r a i n e d  by on- l ine  computing c a p a b i l i t y .  Subopti- 
mal approaches  t o  t h i s  problem u s u a l l y  e i t h e r  s e e k  
a  d i s t r i b u t e d  parameter  c o n t r o l  law o r  des ign  a  low- 
o r d e r  dynamic c o n t r o l l e r  f o r  a n  approximate high- 
o r d e r  f in i t e -e lement  model. This  paper  p r e s e n t s  a  
more d i r e c t  approach by d e r i v i n g  e x p l i c i t  o p t i m a l i t y  
c o n d i t i o n s  f o r  f in i t e -d imens iona l  s t e a d y - s t a t e  f ixed-  
o r d e r  dynamic compensation of  i n f i n i t e - d i m e n s i o n a l  
systems.  I n  c o n t r a s t  t o  t h e  p a i r  o f  o p e r a t o r  R i c c a t i  
e q u a t i o n s  f o r  t h e  " fu l l -o rder"  LQG c a s e ,  t h e  op t imal  
f ixed-order  dynamic compensator i s  c h a r a c t e r i z e d  by 
four o p e r a t o r  equa t ions  (two modif ied R i c c a t i  equa- 
t i o n s  and two modif ied Lyapunov equa t ions )  coupled 
by a  p r o j e c t i o n  whose rank  i s  p r e c i s e l y  equa l  t o  t h e  
o r d e r  of  t h e  compensator and which de te rmines  t h e  
op t imal  compensator ga ins .  The coup l ing  r e p r e s e n t s  
a g raph ic  p o r t r a y a l  of  t h e  demise of  t h e  c l a s s i c a l  
s e p a r a t i o n  p r i n c i p l e  f o r  t h e  reduced-order c o n t r o l -  
ler case .  The r e s u l t s  ob ta ined  app ly  t o  a  semigroup 
fo rmula t ion  i n  H i l b e r t  space  and t h u s  a r e  a p p l i c a b l e  
t o  c o n t r o l  problems invo lv ing  a  broad range  o f  
s p e c i f i c  p a r t i a l  and h e r e d i t a r y  d i f f e r e n t i a l  equa- 
t ions .  

1. I n t r o d u c t i o n  

Numerous t echn iques  have been proposed f o r  t h e  
problem of  des ign ing  a n  op t imal  f in i t e -d imens iona l  
f ixed-order  dynamic compensator f o r  a n  i n f i n i t e -  
dimensional  system. General ly  speaking,  most of  
t h e s e  methods c a n  be  d iv ided  i n t o  two main ca tegor -  
ies. The f i r s t  ca tegory ,  l a r g e l y  a s s o c i a t e d  w i t h  
t h e  eng ineer ing  l i t e r a t u r e ,  c o n s i s t s  of  methods t h a t  
f i r s t  r e p l a c e  t h e  i n f i n i t e - d i m e n s i o n a l  system w i t h  a  
d i s c r e t i z e d  and t r u n c a t e d  model and then seek  a  rel- 
a t i v e l y  low-order c o n t r o l l e r  based upon t h e  approxi-  
mate model. A su rvey  of  des ign  t echn iques  proposed 
f o r  t h i s  l a t t e r  s t e p  can  b e  found i n  Ref. 2; s e e  
a l s o  Ref.  3. Methods of  t h e  second ca tegory ,  
a s s o c i a t e d  w i t h  t h e  mathematical  l i t e r a t u r e ,  i n i t -  
i a l l y  seek a  c o n t r o l  law f o r  t h e  i n f i n i t e -  
dimensional  system of  a  cor respond ing ly  i n f i n i t e -  
dimensional  n a t u r e  . l , 9 , 1 0  P r a c t i c a l  implementa- 
t i o n  i n  t h i s  c a s e  r e q u i r e s  subsequent  ap~fox ima-  
t i o n  by a  f in i t e -d imens iona l  c o n t r o l l e r .  

A more d i r e c t  approach 18'23 i s  t o  b o t h  r e t a i n  
t h e  in f in i t e -d imens iona l  model and f i x  t h e  o r d e r  of  
t h e  f in i t e -d imens iona l  compensator. Although t h i s  
i d e a  is  concep tua l ly  t h e  most appea l ing ,  p rogress  
i n  t h i s  d i r e c t i o n  h a s  undoubtedly been impeded by 
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t h e  l a c k  of o p t i m a l i t y  c o n d i t i o n s  such a s  a r e  a v a i l -  
a b l e  f o r  t h e  i n f i n i t e - d i m e n s i o n a l  c o n t r o l l e r  c a s e ,  
i.e., t h e  o p e r a t o r  R i c c a t i  equa t ions .  The purpose 
of  t h i s  paper  i s  t o  make s i g n i f i c a n t  p rogress  i n  f i l -  
l i n g  t h i s  gap by p r e s e n t i n g  new, e x p l i c i t  c o n d i t i o n s  
f o r  c h a r a c t e r i z i n g  t h e  op t imal  f in i t e -d imens iona l  
f ixed-order  dynamic compensator f o r  a n  i n f i n i t e -  
dimensional  system. I n  c o n t r a s t  t o  t h e  p a i r  o f  
o p e r a t o r  R i c c a t i  e q u a t i o n s  f o r  t h e  LQG c a s e ,  t h e  
op t imal  s t e a d y - s t a t e  f ixed-order  dynamic compensator 
is  c h a r a c t e r i z e d  by f o u r  coupled o p e r a t o r  equa t ions  
(two modif ied R i c c a t i  equa t ions  and two modif ied 
Lyapunov e q u a t i o n s ) .  This  coup l ing ,  by means of  a  
p r o j e c t i o n  (idempotent) o p e r a t o r  whose rank  is  pre- 
c i s e l y  equa l  t o  t h e  o r d e r  of t h e  compensator,  r ep re -  
s e n t s  a  g raph ic  p o r t r a y a l  o f  t h e  demise of  t h e  c l a s -  
s i c a l  s e p a r a t i o n  p r i n c i p l e  f o r  t h e  f in i t e -d imens iona l  
reduced-order c o n t r o l l e r  c a s e .  The op t imal  g a i n s  and 
compensator dynamics m a t r i x  a r e  determined by t h e  
s o l u t i o n s  o f  t h e  modif ied R i c c a t i  and Lyapunov equa- 
t i o n s  and by a  f a c t o r i z a t i o n  o f  t h e  product  o f  t h e  
s o l u t i o n s  o f  t h e  p a i r  of  modif ied Lyapunov equa t ions .  
Considerable  i n s i g h t  i n t o  t h e  compensator s t r u c t u r e  
is  ob ta ined  s i n c e  t h e  p r o j e c t i o n  o p e r a t o r  determines  
c o n t r o l  and o b s e r v a t i o n  subspaces .  Because of  t h e  
u s e  o f  a  p r o j e c t i o n  i n  t h e  form o f  a  s t a t e - t r u n c a t i o n  
o p e r a t i o n  i n  r e l a t e d  model-reduction schemes,21 t h e s e  
equa t ions  have been termed t h e  "opt imal  p r o j e c t i o n  
equations1' .17 I n  t h i s  r egard  i t  i s  b r i e f l y  po in ted  
o u t  i n  t h i s  paper  t h a t  t h e  mathematical  s t e p s  involved 
i n  c h a r a c t e r i z i n g  t h e  p r o j e c t i o n  a r e  analogous t o  t h e  
model-reduction method o f  Ref. 21. An in-depth in-  
v e s t i g a t i o n  i n t o  t h i s  t o p i c  is rese rved  f o r  Ref. 17.  

It should be  s t r e s s e d  t h a t  a n  important  problem 
which is  beyond t h e  scope o f  t h e  p r e s e n t  paper is  
s t a b i l i z a b i l i t y ,  i . e . ,  t h e  e x i s t e n c e  o f  a  dynamic 
compensator of  a  given o r d e r  such t h a t  t h e  c losed- loop 
system i s  s t a b l e .  Our approach is  t o  assume t h a t  t h e  
s e t  of  s t a b i l i z i n g  compensators i s  nonempty and then  
c h a r a c t e r i z e  t h e  op t imal  compensator should i t  e x i s t .  
We n o t e  t h a t  s t a b i l i z i n g  compensators do e x i s t  f o r  
t h e  c l a s s  o f  problems considered i n  Refs .  4,  8 and 27. 

It i s  impor tan t  t o  p o i n t  o u t  t h a t  t h e  r e s u l t s  of  
t h i s  paper can  b e  immediately adapted t o  f i n i t e -  
dimensional  systems. One need on ly  s p e c i a l i z e  t h e  
H i l b e r t  space  c h a r a c t e r i z i n g  t h e  dynamical system t o  
a  f in i t e -d imens iona l  Eucl idean space .  Then a l l  
"dense domain'' c o n s i d e r a t i o n s  can  b e  ignored ,  a d j o i n t s  
can  be  i n t e r p r e t e d  a s  t r a n s p o s e s  and o t h e r  obvious 
s i m p l i f i c a t i o n s  can b e  invoked. The on ly  mathemati- 
c a l  a s p e c t  r e q u i r i n g  a t t e n t i o n  i s  t h e  t r ea tment  of  
whi te  n o i s e  which, f o r  convenient  hand l ing  of  t h e  
in f in i t e -d imens iona l  c a s e ,  is  i n t e r p r e t e d  accord ing  
t o  Ref. 1. For t h e  f in i t e -d imens iona l  c a s e ,  however, 
t h e  s t a n d a r d  c l a s s i c a l  n o t i o n s  s u f f i c e  and t h e  
r e s u l t s  go through w i t h  v i r t u a l l y  no modi f i ca t ions .  
The f in i t e -d imens iona l  c a s e  has  been d i scussed  i n  
Refs.  14-16. P roofs  o f  t h e  r e s u l t s  i n  t h e  p r e s e n t  
paper can  b e  found i n  Refs.  5 and 6 .  



2. P r e l i m i n a r i e s  and Problem Statement  

Le t  H and H' deno te  r e a l  s e p a r a b l e  H i l b e r t  
spaces  w i t h  i n n e r  product  <-,.> and l e t  B(H,H1), 
B1(H,H1) and B (H,Hf) denote ,  r e s p e c t i v e l y ,  t h e  
spaces  of  bounied,  t r a c e  c l a s s  and Hilbert-Schmidt 
o p e r a t o r s  f  om H i n t o  ~ ' . 1 * 1 3 , 1 9 , 2 5  I f  H = H' then x w r i t e  B(H) = B(H,Hf ),*eke. Gf a d j o i n t  of  
L E B(H,Hf ) i s  L*, L = (L*) and p(L) deno tes  
t h e  rank of L. L E B(H) i s  nonnegat ive d e f i n i t e  i f  
L = L* and <Lx,x> 2 0, x E H. With r e s p e c t  t o  f i x e d  
or thonormal  bases  i n  Eucl idean spaces  we i d e n t i f y  
~ R ~ ~ ~ ~ ; ~ B  ( R ~ ,  n m )  . The ranspo e s  of x  E 5 

n 
f' -T 3 ?"dl 

M E 7R a r e  denoted by x and M and M - (M ) . 
I i s  t h e  nxn i d e n t i t y  m a t r i x  and IH is  t h e  i d e n t i t y  
n  

o p e r a t o r  on H. 

We cons ide r  t h e  fo l lowing  s t e a d y - s t a t e  f ixed-  
o r d e r  dynamic-compensation problem. Given t h e  con- 
t r o l  system 

des ign  a  f ixed-order  dynamic compensator 

t o  minimize t h e  performance c r i t e r i o n  

The fo l lowing  d a t a  a r e  assumed. The s t a t e  x  i s  
a n  element of a  r e a l  s e p a r a b l e  H i l b e r t  space  H and 
t h e  state d i f f e r e n t i a l  e q u a t i o n  i s  i n t e r p r e t e d  i n  
t h e  weak sense  ( s e e ,  e.g. ,  Ref. 1, pp. 229, 317).  
The c losed ,  dense ly  d e f i n e d  o p e r a t o r  A: D(Altc H -+ H 
g e n e r a t e s  a  s t r o n  1 cont inuous semigroup e  , t ' 2  0.  
The c o n t r o l  u  E R',YB E B ( R m , ~ )  and t h e  o p e r a t o r  
R1 E B (H) and t h e  m a t r i x  R E lRmxm a r e  nonnegat ive 
d e f i n i i e  and p o s i t i v e  definite, r e s p e c t i v e l y .  w( - )  
i s  a  " s t andard  w h i t e  n o i s e  process"  i n  L2((0,m),H1) 
( s e e  Ref. 1, p.  314) ,  where H' i s  a  r e a l  s e p a r a b l e  
H i l b e r t  space,  H E B (HI ,H) , H2 E B(H, lRR) and " E" 

1 denotes  e x p e c t a t l o n .  2 ~ e  assume t h a t  H H* = 0,  i .e.,  
1 2  

t h e  d i s t u r b a n c e  a n  measurement n o i s e s  a r e  indepen- 
den t ,  and t h a t  V2 8 H H* i s  p o s i t i v e  d e f i n b t e ,  i . e . ,  

2  2 a l l  measurements a r e  noisy.  Note t h a t  V = H H* is  
t r a c e  c l a s s .  The o b s e r v a t i o n  y  E R L  and 

1 1 1  

C E B(H, R'). The dimension of  t h e  compensator 
s t a t e  x- i s  of  f i x e d  o r d e r  n- and t h e  o p t i m i z a t i o n  
is  perf8rmed over  t h e  m a t r i c g s  A , B and C 
Under t h e s e  and t h e  fo l lowing  aszumpfions,  is 
independent  of  x(0)  and q (0) .  

I n  o r d e r  t o  guaran tee  t h e  e x i s t e n c e  of  
J(A ,B , C  ) we c o n f i n e  (A ,B , C  ) t o  t h e  set of  
s t a 6 i l ? z i k g  compensators c c c - 

A A = { (A , B , C ) : eAt i s  e x p o n e n t i a l l y  s t a b l e } ,  
C C C  

where 

i s  a  c l o s e d ,  dense ly  de f ined  o p e r a t o r  on 
n  . - A .  

D(X) e D ( A )  x R  c E a n d  H = H $ P  is  a  
s e p a r a b l e  H i l b e r t  space  w i t h  i n n e r  p roduc t  

r e a l  

- - T - 
<x1,x2> = a l , x  > + x , x  2 ,  x .  !2 (x. , X  ) Since  
t h e  v a l u e  o f  J  2s indg iensen t  6f  t h e l i n & n a l  r e a l -  
i z a t i o n  of t h e  compensator,  we can  f u r t h e r  r e s t r i c t  
(Ac,Bc,Cc) t o  

A !2 { (Ac,Bc,C ) E A :  (A ,B ) i s  c o n t r o l l a b l e  
3. 

andc (C ,A ) i$ ogservable}.  
C C 

3. C h a r a c t e r i z a t i o n  of  t h e  Optimal P r o j e c t i o n  
and Symmetrized Equat ions  

I n  o r d e r  t o  state o u r  main r e s u l t  we r e q u i r e  a  
f a c t o r i z a t i o n  lemma (Lemma 3.3) concerning t h e  pro- 
d u c t  of  two f i n i t e - r a n k  nonnega t ive -def in i t e  opera- 
t o r s .  S i n c e  t h e  e x i s t e n c e  of  such a  f a c t o r i z a t i o n  
i s  c r u c i a l  t o  Theorem 3.1, we f i r s t  d i s c u s s  s imul-  
taneous d i a g o n a l i z a t i o n  of  p a i r s  o f  m a t r i c e s  and 
then  g e n e r a l i z e  t o  t h e  c a s e  o f  f i n i t e - r a n k  o p e r a t o r s .  
It should be  noted t h a t  s i n c e  H is  a  r e a l  H i l b e r t  
space  we r e s t r i c t  o u r  a t t e n t i o n  t o  m a t r i c e s  w i t h  
r e a l  e n t r i e s .  

Le t  U E~R"'". We s h a l l  s a y  U is  p o s i t i v e  ( r e s p . ,  
nonnegat ive)  d iagona l  i f  U i s  d iagona l  w i t h  p o s i t i v e  
( r e s p . ,  nonnegat ive)  d iagona l  e lements .  U i s  semi- 
s imple  (Ref. 24, p.  1 3 ) ,  o r  nondefec t ive  (Ref. 22, 
p. 375),  i f  U h a s  n  l i n e a r l y  independent e i g e n v e c t o r s  
( i . e . ,  U h a s  a  d iagona l  Jordan canon ica l  form over  
t h e  complex f i e l d ) .  C a l l  U real ( resp . ,  p o s i t i v e ,  
nonnegat ive)  semisimple  i f  U i s  semisimple w i t h  r e a l  
( r e s p . ,  p o s i t i v e ,  nonnegat ive)  e igenva lues .  Note 
t h a t  U i s  r e a l  ( r esp . ,  p o s i t i v e ,  nonnegat ive)  semi- 
s imple  i f  and on ly  i f  t h e r e  e x i s t s  nxn i n v e r t i b l e  
@ such  t h a t  @u@-' is  d iagona l  ( r e s p . ,  p o s i t i v e  
d iagona l ,  nonnegat ive d iagona l ) .  

The f o l l o w i n  terminology concerns  s imultaneous 
d i a g o n a l i z a t i o n .  2f Le t  nxn U, V be  symmetric m a t r i c e s .  
Then U and V a r e  c o g r e d i e n t l y  d i a g o n a l i z a b l e  i f  t h e r e  

e x i s t s  nxn i n v e r t i b l e  Q such  t h a t  bo th  @ u @ ~  and @V@ 
T 

a r e  d iagona l .  U and V a r e  c o n t r a g r e d i e n t l y  d iagona l i z -  
a b l e  i f  t h e r e  e x i s t s  nxn i n v e r t i b l e  @ such t h a t  both 

T 
@U@ and Q-~vo-'  a r e  d iagona l .  S ince  t h e s e  two s i t u a -  
t i o n s  c o i n c i d e  when @ i s  or thogona l ,  we s h a l l  say i n  
t h i s  c a s e  t h a t  U and V a r e  o r thogona l ly  d i a g o n a l i z a b l e .  

The fo l lowing  lemma g i v e s  s u f f i c i e n t  c o n d i t i o n s  
under which symmetric U, V a r e  c o g r e d i e n t l y  and 
c o n t r a g r e d i e n t l y  d i a g o n a l i z a b l e .  Although t h i s  
r e s u l t  goes beyond our  needs,  i t  s e r v e s  t h e  u s e f u l  
purpose of b r i n g i n g  t o g e t h e r  r e l a t e d  r e s u l t s  from 
t h e  l i t e r a t u r e  and hence p l a c e s  i n  p e r s p e c t i v e  t h e  
r e s u l t s  we a c t u a l l y  r e q u i r e  ( s e e  Ref. 22, p. 428 and 
Ref. 24, pp. 122-123). 

Lemma 3.1. Suppose t h a t  U, V E lRnXn a r e  symmet- 
r i c .  Then i f  e i t h e r  i )  one of  U and V is  p o s i t i v e  
d e f i n i t e  o r  i i )  b o t h  U and V a r e  nonnegat ive d e f i -  
n i t e ,  then  U and V a r e  c o g r e d i e n t l y  and con t ragred-  
i e n t l y  d i a g o n a l i z a b l e .  

Coro l l a ry  3.1. Suppose U, V E lRnxn a r e  nonneg- 
a t i v e  d e f i n i t e .  Then UV i s  nonnegat ive semisimple. 

I n  g e n e r a l i z i n g  t h e  preceding r e s u l t s  t o  t h e  
c a s e  i n  which U and V a r e  f i n i t e - r a n k  s e l f a d j o i n t  
o p e r a t o r s  on H, we s h a l l  make use  of t h e  ( i n f i n i t e - )  
ma t r ix  r e p r e s e n t a t i o n  o f  a n  o p e r a t o r  w i t h  r e s p e c t  t o  
a n  or thonormal  b a s i s .  Note t h a t  a l l  m a t r i x  repre -  
s e n t a t i o n s  given h e r e  w i l l  c o n s i s t  o f  r e a l  e n t r i e s  
s i n c e  t h e  H i l b e r t  s p a c e s  a r e  r e a l .  Also, r e c a l l  t h a t  
every s e l f a d j o i n t  o p e r a t o r  has  a  d iagona l  m a t r i x  
r e p r e s e n t a t i o n  w i t h  r e s p e c t  t o  some orthonormal b a s i s .  



Since orthogonal transformations correspond to 
a change in orthonormal basis, let us say, in anal- 
ogy to the matrix case, that U, V E B(H) are orth- 
ogonally diagonalizable if there exists an ortho- 
normal basis for H with respect to which both U and 
V have diagonal matrix representations (Ref. 12, 
p. 181). Also in analogy to the finite-dimensional 
case, call U E B(H) semisimple (resp., real semi- 
simple, nonnegative semisimple) if there exists 
invertible L E B(H) such that LUL-I is normal 
(resp., selfadjoint, nonnegative definite). This 
implies that LUL-I has a complete set of orthonor- 
ma1 eigenvectors and, in the real-semisimple or 
nonnegative-semisimple cases, has real or nonnega- 
tive eigenval es Furthermore, we shall say that 
self-adjoint 8, 1 r B(H) are contragrediently 
diagonalizakle if the& e ists invertible L E B(H) 
such that LQL* and L BL-? are orthogonally diago- 
nalizable. Cogredient diagonalization is not needed 
and hence will not be discussed in the sequel. The 
next result is based upon Lemma 3.1 and upon Theo- 
rem 2.1, p. 240 of Ref. 12. 

Lemma 3.2. Suppose 4, fi E B(H) have finit 
rank and are nonnegative definite. Then 8 and 5 
are contragrediently diagonalizable. 

We now have the following generalization of 
Corollary 3.1. 

Corollary 3.2. Suppose 8, $ E B(H) haveA 
ite rank and are nonnegative definite. Then Q is 
nonnegative semisimple. 

Bin- 
The next result is a straightforward conse- 

quence of Corollary 3.2. 

Lemma 3.3. Suppose 8, fi E B(H) Q ve finite 
rank, are nonnegative definitenand p (~6) = nc. 

Then there exist G, r E B(H, 1R ') and ncXnc posi- 
tive-semisimple M such that 

n 
We shall refer to G, r E B(H, R ') and n xnc 

positive-semisimple M satisfyi (3.1) and (3y2) 
as a (G,M, F)-factorization of 48. Also, define 
the notation 

and 

Main Theorem. Suppose (Ac,Bc,C ) c A+ solves 
the steady-state fixed-order dynamicEcompensation 
probley. Then there exist nonnegative-definite 
Q, P, Q, $ E B1(H) such that Ac, Bc and C are 
given by 

Ac = .(A - Qy - EP)G*, (3.3) 

-1 Bc = FQC*V2 , (3.4) 

-1 Cc = -R2 B*PG*, (3.5) 

for somg (G,M, r)-factorization of afi, and such that 
with T = G*r the following conditions are satisfied: 

0 = A*P + PA + R1 - PEP + -c;PEPrl, (3.10) 

0 = (A - Qy)*$ + @(A - Qy) + PEP - TTPEPT~. (3.12) 

Remark 3.1. When H is finite dimensional and 
n = dim H (i.e., he full-order case), the (G,M,r)- 
f&t2 ization of is given by G = r = 1 and 
N = 98. Since r = IK, and thus r = 0, (3.9) and 

1 
(3.10) yield the farmliar Riccati equations. 

Remark 3.2. Replacing x by Sx , where S is 
invert ble, yiel s the "equiv%entf' $ompensa tor f -!? (SA S' ,$B ,C s . Since J(A ,B ,C ) = J(SA S-I, 
SB f~ S- )'on$ w~ul~~expect thf &inCTheorem fo 
ap$lycalso to (SA S , SBc, C S ) . This is indeed the 
case since transfgrmation 0% the compensator state 
basis corresponds to the alternative factorization 

Next we give an alternative characterization 
of the optimal projection r by demonstrating how it 
can be exprg sed in teX s of the Drazin pseudo- 
inverse of QB. Since QF has finite rank, its Drazin 

x sts (s e Theorem 6, p. 09 of R f. 20). :Z::":$$ = G:M51, and hence ~(68) = ~({fi), the 
"index" of Q$ is 1. In this case the Drazin 
inverse is traditiog y called the group inverse 

or Ref. 26). 
and is denoted by (Q (see, e.g., Ref. 7, p. 124, 

Proposition 3.1. Let 4, @ and T be as in 
Theorem 3.1. Then 

Proof. It is easy to verify that the condi- 
tions char terizing the Drazin inverse2' for-fhe 

has index 1 are satisfied by G*M r. 
~:~:et:&''= and (3.2) yields the desired 
result. 0 

The next result is useful in making connec- 
tions with Ref. 21. 

A 
Proposition 3.2. Suppose Q, @ E B(H) and 

n 
G, r E B(H, R ') and n xn real-semisimple M satisfy 
(3.1) and (3.2). Thencth&e exists invertible 
L E B(H) and an orthonormal basis for H with respect 
to which 

G*. = L-I I] L ,  

A where A = diag(A l,...,A ) and A1, ..., An are the n 
eigenvalues of M. c c 



W e  can now p o i n t  o u t  some i n t e r e s t i n g  s imi la r ;  
i t i e s  between t h e  t echn ique  used t o  o b t a i n  r from Qfi 
and c e r t a i n  methods appear ing  i n  t h e  model-reduction 
l i t e r a t u r e .  I n  Ref. 21, f o r  example, t h e  p o s i t i v e -  
d e f i n i t e  c o n t r o l l a b i l i t y  and o b s e r v a b i l i t y  gramians, 

m T 
A At T A t  - T 

W = j e BB e d t ,  Wo I eA h T c e A t d t ,  
0 0 

a r e  c o n t r a g r e d i e n t l y  d iagona l i zed ,  i . e . ,  Q, i s  - 
T chosen s o  t h a t  @-'w Q,-T and Q, W o I  a r e  bo th  p o s i t i v e  

d iagona l .  I f  Q is  Ehosen s o  t h a t  t h e s e  m a t r i c e s  
a r e  a l s o  equa l ,  t h e  r e s u l t i n g  model is  s a i d  t o  b e  
" i n t e r n a l l y  balanced". The magnitudes of  t h e  diag- 
o n a l  components a r e  then used a s  a gu ide  f o r  d e t e r -  
mining a s u i t a b l e  reduced-order model. S p e c i f i -  
c a l l y ,  t h e  o r d e r  of  t h e  reduced model i s  chosen t o  
b e  t h e  number of " large"  e igenva lues  i n  t h e  product  
o f  t h e  Gramians and t h e  reduced model i s  ob ta ined  
by app ly ing  t h e  p r o j e c t i o n  

i n  t h e  t ransformed ("balanced") b a s i s .  Note t h a t  
P r o p o s i t i o n  3.2 shows t h a t  o u r  "optimal" p r o j  ec- 
t i o n  T i s  indeed t h i s  form i n  t h e  b a s i s  w i t h  
r e s p e c t  t o  which i s  d iagona l  (and which may 
very  w e l l  be d i f f e r e n t  from t h e  b a l a n c ~ d  coo 
n a t e s ) .  Hence one would s u s p e c t  t h a t  Q and Bd:;e 
somehow analogous t o  W and Wo'. Indeed, s i n c e  t h e  
o r d e r  of  t h e  reduced & d e l  i s  chosen such t h a t  
(3.6) is ,  i n  a sense ,  approximately  s a t i s f i e d ,  i t  
i s  n o t  s u r p r i s i n g  t h a t  i n  t h e  op t imal  model- 
r e d u c t i o n  p r ~ b l e m , ~ W ~  a n  can  be shown17 t o  b e  
approximat ions  t o  Q and 

S ince  Theorem 3.1 a p p l i e s  t o  c losed- loop 
dynamic compensation w i t h  q u a d r a t i c  o p t i m i z a t i o n ,  
f u r t h e r  comparison w i t h  t h e  model-reduction l i t e r -  
a t u r e  i s  n o t  f e a s i b l e .  It  i s  important  t o  p o i n t  
o u t ,  however, t h a t  because of  t h e  demise o f  t h e  
s e p a r a t i o n  p r i n c i p l e  a s  g r a p h i c a l l y  por t rayed  by 
t h e  p resence  of  r i n  a l l  f o u r  e q u a t i o n s  (3.8)- 
(3.12),  i t  should n o t  be  expected t h a t  e i t h e r  a n  
LQG d e s i g n  f o r  a reduced-order model o r  a reduced- 
o r d e r  LQG c o n t r o l l e r  would correspond t o  a n  
op t imal  f ixed-order  dynamic compensator a s  char- 
a c t e r i z e d  by Theorem 3.1. 
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