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1. INTRODUCTION

We present an adaptive controller that requires limited model
information for stabilization, command following, and disturbance
rejection for multi-input, multi-output minimum-phase discrete-
time systems. Specifically, the controller requires knowledge of the
open-loop system’s relative degree and a bound on the first nonzero
Markov parameter. Notably, the controller does not require knowl-
edge of the command or disturbance spectrum as long as the
command and disturbance signals are generated by Lyapunov-
stable linear systems. Thus, the command and disturbance signals
are combinations of discrete-time sinusoids and steps. In addition,
the controller uses feedback action only and thus does not require
a direct measurement of the command or disturbance signals. We
prove global asymptotic convergence for command following and
disturbance rejection.

2. PROBLEM FORMULATION

Consider the multi-input, multi-output (MIMO) discrete-time
system

x(k + 1) = Ax(k) + Bu(k) + D1w(k), (2.1)

y(k) = Cx(k) + D2w(k), (2.2)

where x ∈ R
n, y ∈ R

l, u ∈ R
l, and w ∈ R

lw . Our goal is
to design an adaptive output feedback controller under which the
performance variable y converges to zero in the presence of the
exogenous signal w. Note that w can represent either a command
signal to be followed, an external disturbance to be rejected, or
both. For example, if D1 = 0 and D2 �= 0, then the objective is
to have the output Cx follow the command signal −D2w. On the
other hand, if D1 �= 0 and D2 = 0, then the objective is to reject
the disturbance w from the performance measurement Cx. The
combined command following and disturbance rejection problem
is considered when D1 and D2 are block matrices.

Next, define d to be the smallest positive integer such that

the Markov parameter βd
�
= CAd−1B is nonzero. We make the

following assumptions.

(A1) The triple (A, B, C) is controllable and observable.

(A2) If λ ∈ C and rank

[
A − λI B

C 0

]
< n+ l, then |λ| < 1.

(A3) d is known.
(A4) βd is nonsingular.
(A5) There exists β̄d ∈ R

l×l such that β̄dβ−1
d + (β̄dβ−1

d )T > I
and β̄d is known.

(A6) There exists an integer n̄ such that n ≤ n̄ and n̄ is known.
(A7) The performance y(k) is measured and available for feed-

back.
(A8) The exogenous signal w(k) is generated by

xw(k + 1) = Awxw(k), w(k) = Cwxw(k), (2.3)

where xw ∈ R
nw , and, without loss of generality, Aw is

cyclic.

(A9) For all λ ∈ spec(Aw), |λ| = 1 and λ is semisimple.
(A10) There exists an integer n̄w such that nw ≤ n̄w and n̄w is

known.
(A11) Aw and Cw are not known.
(A12) The exogenous signal w(k) is not measured.

Define the transfer function matrices Gyu(z)
�
= C(zI−A)−1B

and Gyw(z)
�
= C(zI −A)−1D1 + D2. Assumption (A1) implies

that the McMillan degree of Gyu(z) is n. In the single-input
single-output (SISO) case, assumption (A1) prevents pole-zero
cancellation when forming the transfer function Gyu(z), which
implies that the order of Gyu(z) is n.

Let Gyu(z) have a left coprime matrix-fraction description
Gyu(z) = µ(z)−1ν(z), where µ(z) and ν(z) are l× l polynomial
matrices. Without loss of generality, we assume that µ(z) is in
column-Hermite form, that is, µ(z) is upper triangular where each
diagonal entry is a monic polynomial whose degree is higher
than the degree of all of the remaining entries in its column [1,
Theorem 6.3-2]. Thus, we can write µ(z) = zmµ0 + zm−1µ1 +
· · · + zµm−1 + µm, where m ≤ n and µ0, . . . , µm ∈ R

l×l are
upper triangular. Note that the leading coefficient matrix µ0 is not
necessarily Il. However, it can be seen that there exists an l × l
upper-triangular polynomial matrix

Q(z)
�
=

⎡
⎢⎢⎢⎣

zh11 q12z
h12 · · · q1lz

h1l

zh22 · · · q2lz
h2l

. . .
...

zhll

⎤
⎥⎥⎥⎦ , (2.4)

such that the leading term of α(z)
�
= Q(z)µ(z) is zmIl. Thus, we

can write α(z) = zmIl+zm−1α1+zm−2α2+· · ·+zαm−1+αm,
where, for all i = 1, . . . , m, αi ∈ R

l×l. Furthermore, Gyu(z)
has the matrix-fraction description Gyu(z) = α(z)−1β(z), where

β(z)
�
= Q(z)ν(z), and we can write β(z) = zm−dβd +

zm−d−1βd+1 + · · ·+ zβm−1 + βm, where, for all i = d, . . . , m,
βi ∈ R

l×l. Note that α(z) and β(z) are not necessarily left
coprime. However, since µ(z) and ν(z) are left coprime, it
follows that Q(z) is the greatest common left divisor of α(z)
and β(z). Furthermore, since det Q(z) = zh11+···+hll , the pole-
zero cancellation that occurs when forming the transfer function
Gyu(z) = α(z)−1β(z) occurs only at z = 0.

Now, assuming that Gyw has a matrix-fraction description of the
form Gyw = α(z)−1γ(z), which is not necessarily left coprime,
we can write γ(z) = zmγ0 + zm−1γ1 + · · · + zγm−1 + γm,
where, for all i = 0, . . . , m, γi ∈ R

l×lw . Therefore, the state-
space system (2.1), (2.2) has the time-series representation

y(k) =
m∑

i=1

−αiy(k − i) +
m∑

i=d

βiu(k − i) +
m∑

i=0

γiw(k − i).

(2.5)

Definition 2.1. Let G be a strictly proper transfer function
matrix. Then the normal rank of G is rank G = rank G(λ) for
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almost all λ ∈ C.

Assumption (A4) implies that, for all sufficiently large λ ∈ C,
rank Gyu(λ) = l. To see this, note that Gyu(z) = z−dβd +∑∞

i=d+1 z−iHi, where Hi
�
= CAi−1B is the ith Markov param-

eter and βd is nonsingular. Thus, Gyu(z) has full normal rank,
that is, rank Gyu = l. Furthermore, rank Gyu = l implies that
rank ν = l.

Definition 2.2. Let G be a strictly proper s×t transfer function
matrix with the Smith-McMillan form

U1(z)

⎡
⎣

q1(z)/p1(z)

.
.
.

qr(z)/pr(z)
0(s−r)×(t−r)

⎤
⎦ U2(z),

where r = rank G, U1 and U2 are unimodular matrices, and
q1, . . . , qr, p1, . . . , pr are monic polynomials such that, for all i =
1, . . . , r, qi and pi are coprime and, for all i = 1, . . . , r − 1, pi

divides pi+1 and qi+1 divides qi. Then the poles of G are the
roots of p1, and the transmission zeros of G are the roots of qr .

Lemma 2.1. [2, Theorem 2.4] Let G be a strictly proper
s × t transfer function matrix with a left coprime matrix-fraction
description G(z) = P (z)−1Z(z). Then λ ∈ C is a transmission
zero of G if and only if rank Z(λ) < rank Z. Furthermore, p ∈ C

is a pole of G if and only if det P (p) = 0.

Assumption (A2) states that the invariant zeros of (A, B, C)
are contained in the open unit circle. Since (A, B, C) is a
minimal realization of Gyu(z), it follows that the invariant zeros
of (A, B, C) are exactly the transmission zeros of Gyu(z) [3,
Theorem 12.10.8]. Therefore, assumption (A2) is equivalent to the
assumption that the transmission zeros of Gyu(z) are contained
in the open unit circle. Since µ(z) and ν(z) are left coprime, it
follows from Lemma 2.1 that assumption (A2) is equivalent to the
assumption that, if λ ∈ C and rank ν(λ) < rank ν, then |λ| < 1.
Furthermore, since rank ν = l by assumption (A4), it follows that
assumption (A2) implies that, if λ ∈ C and det ν(λ) = 0, then
|λ| < 1. Consequently, since det β(λ) = det Q(λ)det ν(λ) =
zh11+···+hll det ν(λ), it follows that, if λ ∈ C and det β(λ) = 0,
then |λ| < 1.

For SISO systems, assumption (A5) specializes to the as-
sumption that sgn βd is known and an upper bound on the
magnitude |βd|/2 is known. For MIMO systems, assumption
(A5) is a generalization of this SISO assumption. In particular,
if βd is positive definite, then assumption (A5) specializes to the
assumption that an upper bound on the magnitude of λmax(βd)/2
is known. Similarly, if βd is negative definite, then assumption
(A5) specializes to the assumption that an upper bound on the
magnitude of |λmin(βd)|/2 is known. More precisely, if βd is
positive definite, then assumption (A5) is satisfied with β̄d >
λmax(βd)

2
Il, while if βd is negative definite, then assumption (A5)

is satisfied with β̄d > |λmin(βd)|
2

Il.

3. NONMINIMAL STATE SPACE REALIZATION

We use a nonminimal state-space realization of the time-series
system (2.5) whose state consists entirely of measured information.
More specifically, the state consists of past values of the perfor-
mance y(k) and the control u(k). To construct the nonminimal
state-space realization of the time series system (2.5), we introduce
the following notation. For a positive integer p, define the nilpotent

matrix

Np
�
=

⎡
⎢⎢⎢⎣

0l×l · · · 0l×l 0l×l

Il · · · 0l×l 0l×l

...
. . .

...
...

0l×l · · · Il 0l×l

⎤
⎥⎥⎥⎦ ∈ R

lp×lp, (3.1)

and define E1
�
=

[
Il

0l(p−1)×l

]
∈ R

lp×l, where the dimension p

is given by context.
Now, let nc ≥ m and consider the 2lnc-order nonminimal state-

space realization of (2.5)

φ(k + 1) = Aφ(k) + Bu(k) + D1W (k), (3.2)

y(k) = Cφ(k) + D2W (k), (3.3)

where
A

�
=

[
Nnc 0lnc×lnc

0lnc×lnc Nnc

]
+ E1C, (3.4)

B
�
=

[
0lnc×l

E1

]
, D1

�
= E1D2, (3.5)

C
�
=

[
−α1 −α2 · · · −αm 0l×l(nc−m)

0l×l(d−1) βd · · · βm 0l×l(nc−m)

]
, (3.6)

D2
�
=

[
γ0 · · · γm

]
, (3.7)

and

φ(k)
�
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(k − 1)
...

y(k − nc)
u(k − 1)

...
u(k − nc)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, W (k)
�
=

⎡
⎢⎣

w(k)
...

w(k − m)

⎤
⎥⎦ . (3.8)

The triple (A, B, C) is stabilizable and detectable. However,
(A, B, C) is neither controllable nor observable. In particular,
(A, B, C) has n controllable and observable eigenvalues, while
the remaining 2lnc − n eigenvalues are located at 0, and each of
these eigenvalues is either uncontrollable or unobservable. More
precisely, (A, B) has lnc−n uncontrollable eigenvalues at 0, while
(A, C) has lnc unobservable eigenvalues at 0. Note that in this
basis, the state φ(k) contains only past values of the performance
y and the control u.

Now, we consider the time-series controller

u(k) =

nc∑
i=1

Miu(k − i) +

nc∑
i=1

Niy(k − i), (3.9)

where, for all i = 1, . . . , nc, Mi ∈ R
l×l and Ni ∈ R

l×l. The
control can be written as

u(k) = θφ(k), (3.10)

where
θ

�
=

[
N1 · · · Nnc M1 · · · Mnc

]
. (3.11)

The control (3.10), which is dynamic output feedback in terms
of y, can be computed by recording and using nc past values of
the performance y and the control u. However, (3.10) is a full-
state-feedback control law for the nonminimal state-space system
(3.2)-(3.7). The closed-loop system consisting of (3.2)-(3.7) with
the linear time-invariant feedback (3.10) is

φ(k + 1) = Ãφ(k) + D1W (k), (3.12)

y(k) = Cφ(k) + D2W (k), (3.13)

where Ã
�
= A + Bθ. (3.14)
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4. IDEAL FIXED-GAIN CONTROLLER

In this section, we prove existence and derive properties of
an ideal fixed-gain controller of the form (3.9) for the open-
loop system (2.1) and (2.2). This controller is used in subsequent
sections to construct an error system for analyzing the closed-loop
adaptive system. We stress that the ideal controller is not intended
for implementation. An ideal fixed-gain controller consists of two
distinct parts: first, a precompensator that cancels the transmission
zeros of the open-loop system, and second, a deadbeat internal
model controller that operates in feedback on the observable states
of the precompensator cascaded with the open-loop system.

First, we demonstrate how to construct an ideal fixed-gain
controller. Consider the precompensator

u1(k) = −

m−d∑
i=1

β−1
d βi+du1(k − i) + u2(k), (4.1)

which has a minimal state-space realization of the form

x̂1(k + 1) = Â1x̂1(k) + B̂1u2(k), (4.2)

u1(k) = Ĉ1x̂1(k) + u2(k), (4.3)

where x̂1 ∈ R
n̂1 and n̂1 is the McMillan degree of Ĝ1(z)

�
=

β(z)−1zm−dβd, which is the transfer function from u2 to u1.
Note that n̂1 ≤ l(m − d). The poles of the precompensator
Ĝ1(z) are exactly the transmission zeros of the open-loop transfer
function Gyu(z). Furthermore, assumption (A2) implies that the
transmission zeros of Gyu(z), and thus the poles of Ĝ1(z), are
asymptotically stable. Therefore, the cascade Gyu(z)Ĝ1(z) =
α(z)−1β(z)β(z)−1zm−dβd = α(z)−1zm−dβd has asymptoti-
cally stable pole-zero cancellation. Let no be the McMillan degree
of Gyu(z)Ĝ1(z), and note that no ≤ lm.

Define the pseudo-input e(k)
�
= u(k)− u1(k), and cascade the

precompensator (4.2), (4.3) with the open-loop system (2.1), (2.2)
to obtain[

x(k + 1)
x̂1(k + 1)

]
=

[
A BĈ1

0 Â1

] [
x(k)
x̂1(k)

]
+

[
B

B̂1

]
u2(k)

+

[
B
0

]
e(k) +

[
D1

0

]
w(k), (4.4)

y(k) =
[

C 0
] [

x(k)
x̂1(k)

]
+ D2w(k). (4.5)

Since the poles of Ĝ1(z) cancel the transmission zeros of Gyu(z),
it follows that([

A BĈ1

0 Â1

]
,

[
B

B̂1

]
,
[

C 0
])

(4.6)

is not minimal. However, since (A, B) and (Â1, B̂1) are control-
lable, it follows that (4.6) is controllable. Thus,([

A BĈ1

0 Â1

]
,
[

C 0
])

(4.7)

is not observable. In fact, it follows from the pole-zero cancella-
tions between Ĝ1(z) and Gyu(z) that the unobservable modes of
(4.7) are exactly the poles of Ĝ1(z), all of which are asymptoti-
cally stable.

Next, let n̂2 ≥ no + 2lnw, let x̂2 ∈ R
n̂2 , and let

x̂2(k + 1) = Â2x̂2(k) + B̂2y(k), (4.8)

u2(k) = Ĉ2x̂2(k), (4.9)

be an internal model controller for the observable states of (4.4)
and (4.5) that guarantees perfect command following and distur-
bance rejection in finite time, that is, (4.8) and (4.9) is a deadbeat
internal model controller. Thus, an ideal fixed-gain controller
consists of the precompensator (4.2), (4.3) and a deadbeat internal
model controller (4.8), (4.9). Define the transfer function matrix
of the deadbeat internal model controller (4.8) and (4.9) by

Ĝ2(z)
�
= Ĉ2(zI − Â2)

−1B̂2. The following result guarantees the
existence of an ideal fixed-gain controller and provides several
useful properties associated with this controller.

Theorem 4.1. Consider the closed-loop system (3.12), (3.13)
and recall the definitions for Ã, B, and C given by (3.4), (3.6),
and (3.14). Furthermore, let nc ≥ no + 2lnw + m − d. Then
there exists a linear output-feedback controller (3.9) such that the
following statements hold.

(i) For all initial conditions φ(0) and xw(0) and all integers
k ≥ no + nc + d − m, y(k) = 0.

(ii) Ã is asymptotically stable.
(iii) For i = 1, 2, 3, . . . ,

CÃ
i−1

B =

{
βd, i = d,
0, i �= d.

(4.10)

Proof. We show that a times-series representation of the fixed-
gain controller (4.2), (4.3), (4.8), and (4.9) exists and satisfies
(i)-(iii).

First, consider the cascade (4.4),(4.5), and recall that (4.6)
is controllable but not observable. Furthermore, the unob-
servable modes of (4.7) are precisely the poles of Ĝ1(z),
all of which are asymptotically stable. Therefore, it follows
from the Kalman decomposition that there exists a nonsingu-

lar matrix T ∈ R
(n+n̂1)×(n+n̂1) such that

[
Ao 0
A21 Aō

]
=

T

[
A BĈ1

0 Â1

]
T−1, and

[
Co 0

]
=

[
C 0

]
T−1, where

(Ao, Co) is observable and Aō is asymptotically stable.

Now, defining

[
xo(k)
xō(k)

]
�
= T

[
x(k)
x̂1(k)

]
and applying this

change of basis to the cascade (4.4) and (4.5) yields
[

xo(k + 1)
xō(k + 1)

]
=

[
Ao 0
A21 Aō

] [
xo(k)
xō(k)

]
+

[
Bo

Bō

]
u2(k)

+

[
Be,o

Be,ō

]
e(k) +

[
D1,o

D1,ō

]
w(k), (4.11)

y(k) =
[

Co 0
] [

xo(k)
xō(k)

]
+ D2w(k), (4.12)

where xo ∈ R
no and

[
Bo

Bō

]
= T

[
B

B̂1

]
,

[
Be,o

Be,ō

]
=

T

[
B
0

]
, and

[
D1,o

D1,ō

]
= T

[
D1

0

]
. Note that (Ao, Bo, Co)

is a minimal realization of the transfer function matrix Go(z)
�
=

Co[zI − Ao]
−1Bo = Gyu(z)Ĝ1(z) = α(z)−1zm−dβd.

Next, we consider a deadbeat internal model controller of the
form (4.8), (4.9) designed for the observable subsystem of (4.11),
(4.12) given by

xo(k + 1) = Aoxo(k) + Bou2(k)

+ Be,oe(k) + D1,ow(k), (4.13)

y(k) = Coxo(k) + D2w(k). (4.14)
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The invariant zeros of (Ao, Bo, Co) are located at the origin and
thus do not coincide with the eigenvalues of Aw by assumption
(A9). Since, in addition, (Ao, Bo, Co) is minimal and the dimen-
sion of y equals the dimension of u, it follows from [4, Corollary
4.1] that, for all n̂2 ≥ no + 2lnw, there exists a linear discrete-
time controller (4.8) and (4.9) such that the closed-loop dynamics
matrix of (4.8), (4.9), (4.13), and (4.14), which represents the
feedback interconnection of Go and Ĝ2 and given by[

Ao BoĈ2

B̂2Co Â2

]
, (4.15)

is nilpotent, and such that, with e(k) ≡ 0, for all initial conditions
(xo(0), xō(0), x̂2(0), xw(0)) and all integers k ≥ no+n̂2, y(k) =
0. The closed-loop system (4.8), (4.9), (4.11), and (4.12) is⎡
⎣ xo(k + 1)

x̂2(k + 1)
xō(k + 1)

⎤
⎦ =

⎡
⎣ Ao BoĈ2 0

B̂2Co Â2 0

A21 BōĈ2 Aō

⎤
⎦

⎡
⎣ xo(k)

x̂2(k)
xō(k)

⎤
⎦

+

⎡
⎣ Be,o

0
Be,ō

⎤
⎦ e(k) +

⎡
⎣ D1,o

B̂2D2

D1,ō

⎤
⎦ w(k), (4.16)

y(k) =
[

Co 0 0
] ⎡
⎣ xo(k)

x̂2(k)
xō(k)

⎤
⎦ + D2w(k).

(4.17)

Since (4.15) is nilpotent and Aō is asymptotically stable, it follows
that ⎡

⎣ Ao BoĈ2 0

B̂2Co Â2 0

A12 BōĈ2 Aō

⎤
⎦ (4.18)

is asymptotically stable.
To show (i), we write the transfer function matrix of (4.8), (4.9)

as Ĝ2(z) = M̂(z)−1N̂(z), where M̂(z) = zn̂2Il + zn̂2−1M̂1 +
zn̂2−2M̂2 + · · · + zM̂n̂2−1 + M̂n̂2 , and N̂(z) = zn̂2−1N̂1 +
zn̂2−2N̂2 + · · ·+zN̂n̂2−1 +N̂n̂2 , where, for i = 1, . . . , n̂2, M̂i ∈
R

l×l and N̂i ∈ R
l×l. Therefore, (4.8), (4.9) has the time series

representation

u2(k) = −

n̂2∑
i=1

M̂iu2(k − i) +

n̂2∑
i=1

N̂iy(k − i). (4.19)

The ideal fixed-gain controller, which consists of the precompen-
sator (4.1) and the deadbeat internal model controller (4.19), is
given by (3.9) with u(k) = u1(k) and nc

�
= n̂2 + m − d, where,

for i = 1, 2, . . . , nc,

Mi
�
= −β−1

d βd+i −

i∑
j=1

M̂jβ
−1
d βd+i−j , (4.20)

Ni
�
= N̂i, (4.21)

where, for all i > m, βi = 0, and, for all i > n̂2, M̂i = N̂i = 0.
Next, consider the 2lnc-order nonminimal state-space realiza-

tion of the controller (3.9), (4.20), and (4.21) given by

φc(k + 1) = Acφc(k) + Bcy(k), (4.22)

u1(k) = Ccφc(k), (4.23)

where

Ac
�
=

[
Nnc 0lnc×lnc

0lnc×lnc Nnc

]
+

[
0lnc×lnc

E1

]
θ, (4.24)

Bc
�
= E1, Cc

�
= θ, (4.25)

and

φc(k)
�
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y(k − 1)
...

y(k − nc)
u1(k − 1)

...
u1(k − nc)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.26)

Note that Ac = A + BCc − BcC.
Therefore, the closed-loop system (3.2)-(3.7) and (4.22)-(4.25)

is [
φ(k + 1)
φc(k + 1)

]
=

[
A BCc

BcC Ac

] [
φ(k)
φc(k)

]

+

[
B

0

]
e(k) +

[
D1

BcD2

]
W (k), (4.27)

y(k) =
[

C 0
] [

φ(k)
φc(k)

]
+ D2W (k). (4.28)

The closed-loop system (4.27) and (4.28) is a nonminimal repre-
sentation of the closed-loop system (4.16) and (4.17). Furthermore,
every unobservable or uncontrollable mode of (4.27) and (4.28) is
located at zero. Thus, the spectrum of[

A BCc

BcC Ac

]
(4.29)

consists of the eigenvalues of (4.18) as well as 4lnc−n− n̂1− n̂2

eigenvalues located at 0. Therefore, since (4.18) is asymptotically
stable, it follows that (4.29) is asymptotically stable. Furthermore,
since (4.27) and (4.28) is a nonminimal representation of (4.16)
and (4.17), it follows that, with e(k) ≡ 0, for all initial conditions
(φ(0), xw(0)) and all integers k ≥ no + n̂2 = no + nc + d−m,
y(k) = 0. Thus, we have verified (i).

To show (ii), consider the change of basis[
Ã BCc

0 Anil

]
=

[
I 0
−I I

] [
A BCc

BcC Ac

] [
I 0
I I

]
,

(4.30)[
B

−B

]
=

[
I 0
−I I

] [
B

0

]
, (4.31)

[
C 0

]
=

[
C 0

] [
I 0
I I

]
, (4.32)

where Anil
�
=

[
Nnc 0lnc×lnc

0lnc×lnc Nnc

]
is nilpotent. Since (4.29)

is asymptotically stable and Anil is nilpotent, it follows from (4.30)
that Ã is asymptotically stable, verifying (ii).

To show (iii), we compute the closed-loop Markov parameters
from the pseudo-input e(k) to the performance y(k) using a state-
space realization of the closed-loop system and a transfer function
matrix representation of the closed-loop system. First, consider
the nonminimal state-space realization (4.27) and (4.28). For i =
1, 2, . . ., define the Markov parameters

Hi
�
=

[
C 0

] [
A BCc

BcC Ac

]i−1 [
B

0

]

=
[

C 0
] [

Ã BCc

0 Anil

]i−1 [
B

−B

]

= CÃ
i−1

B +

i−1∑
j=1

−CÃ
j−1

BMi−j , (4.33)
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where Mi = 0 for all i > nc.
Next, consider the transfer function matrix representation of the

open-loop system

y = Gyu(z)u + Gyw(z)w

= Gyu(z)u1 + Gyu(z)e + Gyww

= Gyu(z)Ĝ1(z)Ĝ2(z)y + Gyu(z)e + Gyww, (4.34)

which implies that the closed-loop system is y = G̃yee + G̃yw,

where G̃ye
�
= [Il − Gyu(z)Ĝ1(z)Ĝ2(z)]−1Gyu =

[Il − α(z)−1zm−dβdM̂(z)−1N̂(z)]−1α(z)−1β(z) =
[α(z)−zm−dβdM̂(z)−1N̂(z)]−1β(z) = D̃(z)−1M̂(z)β−1

d β(z),

G̃yw
�
= [Il − Gyu(z)Ĝ1(z)Ĝ2(z)]−1Gyw =

D̃(z)−1M̂(z)β−1
d γ(z), and D̃(z)

�
= M̂(z)β−1

d α(z) −
zm−dN̂(z). Notice that D̃(z) can be written as

D̃(z) = zm+n̂2β−1
d + zm+n̂2−1D̃1 + · · · + D̃m+n̂2 , (4.35)

where, for i = 1, 2, . . . , m + n̂2, D̃i ∈ R
l×l. Since the closed-

loop dynamics (4.15) are nilpotent, it follows that the poles of
G̃ye and G̃yw are located at zero; in particular, det D̃(z) =
zl(m+n̂2)det β−1

d . In fact, it follows from (4.35) that the coef-
ficients of the deadbeat controller M̂(z)−1N̂(z) can be chosen so
that D̃1 = · · · = D̃m+n̂2 = 0, and thus

G̃ye(z) =
[
zm+n̂2β−1

d

]−1

Ñ(z) = z−m−n̂2βdÑ(z), (4.36)

where Ñ(z)
�
= M̂(z)β−1

d β(z) = zm+n̂2Ñ0 + zm+n̂2−1Ñ1 +
· · · + zÑm+n̂2−1 + Nm+n̂2 , and

Ñi =

⎧⎨
⎩

0, 0 ≤ i < d,
Il, i = d,

β−1
d βi +

∑i−d

j=1 M̂jβ
−1
d βi−j , d < i ≤ m + n̂2.

Therefore, it follows from (4.20) that

Ñi =

⎧⎨
⎩

0, 0 ≤ i < d,
Il, i = d,

−Mi−d, d < i ≤ m + n̂2.

It follows from (4.36) that the Markov parameters from the
pseudo-input e to the performance y are Hi = βdÑi for i =
1, 2, . . . , m + n̂2 and Hi = 0 for i > m + n̂2, which implies

Hi =

⎧⎪⎪⎨
⎪⎪⎩

0, 0 ≤ i < d,
βd, i = d,

−βdMi−d, d < i ≤ m + n̂2,
0, i > m + n̂2.

(4.37)

Then property (iii) follows from comparing the expressions for Hi

given by (4.33) and (4.37).

5. ERROR SYSTEM

We now construct an error system using the ideal fixed-gain
controller and a controller whose gains are updated by an adaptive
law. Let

nc ≥ 2n̄ + 2ln̄w − d ≥ no + m + 2lnw − d, (5.1)

and let u∗(k) =
∑nc

i=1 M∗
i u∗(k− i)+

∑nc
i=1 N∗

i y∗(k− i) be the
ideal fixed-gain controller given by Theorem 4.1, where y∗ is the
output of the ideal system with the dynamics (3.2)-(3.7) and the
control u∗(k). Note that the lower bound on nc given by (5.1) is
known by assumptions (A3), (A6), and (A10). The ideal controller
can be expressed as

u∗(k) = θ∗φ∗(k), (5.2)

where θ∗ �
=

[
N∗

1 · · · N∗
nc

M∗
1 · · · M∗

nc

]
and

φ∗(k)
�
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

y∗(k − 1)
...

y∗(k − nc)
u∗(k − 1)

...
u∗(k − nc)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.3)

The closed-loop system consisting of (3.2)-(3.7) with the ideal
feedback (5.2) is

φ∗(k + 1) = Ãφ∗(k) + D1W (k), (5.4)

y∗(k) = Cφ∗(k) + D2W (k), (5.5)

where Ã
�
= A + Bθ∗ is asymptotically stable.

Next, consider the controller

u(k) =

nc∑
i=1

Mi(k)u(k − i) +

nc∑
i=1

Ni(k)y(k − i), (5.6)

where, for all i = 1, . . . , nc, Mi : N → R
l×l and Ni : N → R

l×l

are given by the adaptive law presented in the following section.
The control can be expressed as

u(k) = θ(k)φ(k), (5.7)

where

θ(k)
�
=

[
N1(k) · · · Nnc(k) M1(k) · · · Mnc(k)

]
.

(5.8)

Therefore, the closed-loop system consisting of (3.2)-(3.7) with
the time-varying feedback (5.7) is given by

φ(k + 1) = Ãφ(k) + Bθ̃(k)φ(k) + D1W (k), (5.9)

y(k) = Cφ(k) + D2W (k), (5.10)

where θ̃(k)
�
= θ(k) − θ∗.

Now, we construct an error system from the ideal closed-loop
system (5.4),(5.5) and the closed-loop system (5.9),(5.10). Define

the error state φ̃(k)
�
= φ(k)−φ∗(k), and subtract (5.4),(5.5) from

(5.9),(5.10) to obtain

φ̃(k + 1) = Ãφ̃(k) + Bθ̃(k)φ(k), (5.11)

ỹ(k) = Cφ̃(k), (5.12)

where ỹ(k)
�
= y(k) − y∗(k).

The following lemma shows that y(k) is linear in the estimation
error θ̃. This lemma is essential for developing the adaptive law
and analyzing the stability of the error system.

Lemma 5.1. Consider the error system (5.11) and (5.12). For
all integers k ≥ no + nc + d − m,

ỹ(k) = y(k) = βdθ̃(k − d)φ(k − d). (5.13)

Proof. Substituting (5.11) into (5.12) yields

ỹ(k)
�
=

∞∑
i=1

CÃ
i−1

Bθ̃(k − i)φ(k − i). (5.14)

It now follows from (iii) of Theorem 4.1 and (5.14) that ỹ(k) =
βdθ̃(k− d)φ(k− d). Furthermore, it follows from (i) of Theorem
4.1 that, for all k ≥ no + nc + d − m, y∗(k) = 0, that is,
ỹ(k) = y(k).
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6. ADAPTIVE CONTROLLER AND STABILITY ANALYSIS

We now present the adaptive law for the controller (5.7),
(5.8) and analyze the properties of the closed-loop error system.
Consider the adaptive law

θ(k + 1) = θ(k − d) −
β̄T

d y(k)φT(k − d)

1 + η(k)φT(k − d)φ(k − d)
, (6.1)

where η : N → (0,∞) satisfies the conditions

(C1) η(k) is bounded.
(C2) For all k ∈ N, η(k) ≥ λmax(β̄dβ̄T

d ).

Subtracting θ∗ from (6.1) yields the estimator-error update equa-
tion

θ̃(k + 1) = θ̃(k − d) −
β̄T

d y(k)φT(k − d)

1 + η(k)φT(k − d)φ(k − d)
. (6.2)

Now, we present our main result on adaptive stabilization, com-
mand following, and disturbance rejection.

Theorem 6.1. Consider the open-loop system (2.1) and (2.2)
satisfying assumptions (A1)-(A12) and the adaptive feedback con-
troller (5.1), (5.7), (5.8), and (6.1) satisfying conditions (C1)
and (C2), with the error dynamics (6.2). Then, for all initial
conditions x(0) and θ(0), θ(k) is bounded, u(k) is bounded, and
limk→∞ y(k) = 0.

Proof. Consider the positive-definite, radially unbounded

Lyapunov-like function V (θ̃(k), . . . , θ̃(k−d))
�
=

∑d

i=0 tr θ̃T(k−

i)θ̃(k − i), and the Lyapunov-like difference ∆V (k)
�
= V (θ̃(k +

1), . . . , θ̃(k−d+1))−V (θ̃(k), . . . , θ̃(k−d)). Evaluating ∆V (k)
along the trajectories of the error equation (6.2) yields

∆V (k) = tr
[
θ̃T(k + 1)θ̃(k + 1) − θ̃T(k − d)θ̃(k − d)

]

= −
φT(k − d)θ̃T(k − d)β̄T

d y(k)

1 + η(k)φT(k − d)φ(k − d)

−
yT(k)β̄dθ̃(k − d)φ(k − d)

1 + η(k)φT(k − d)φ(k − d)

+
yT(k)β̄dβ̄T

d y(k)φT(k − d)φ(k − d)

(1 + η(k)φT(k − d)φ(k − d))2

≤ −
φT(k − d)θ̃T(k − d)β̄T

d y(k)

1 + η(k)φT(k − d)φ(k − d)

−
yT(k)β̄dθ̃(k − d)φ(k − d)

1 + η(k)φT(k − d)φ(k − d)

+
yT(k)y(k)

1 + η(k)φT(k − d)φ(k − d)
. (6.3)

Note that the last inequality follows from condition (C2). Next,

Lemma 5.1 implies that, for all k ≥ ks
�
= no + nc + d − m,

∆V (k) ≤ −
yT(k)β−T

d β̄T
d y(k)

1 + η(k)φT(k − d)φ(k − d)

−
yT(k)β̄dβ−1

d y(k)

1 + η(k)φT(k − d)φ(k − d)

+
yT(k)y(k)

1 + η(k)φT(k − d)φ(k − d)
. (6.4)

Since, by assumption (A5), β̄dβ−1
d +β−T

d β̄T
d > I , it follows that,

for all k ≥ ks,

∆V (k) ≤ − W (y(k), φ(k − d)), (6.5)

where W (y(k), φ(k − d))
�
= σ ||y(k)||2

1+η(k)φT(k−d)φ(k−d)
, σ

�
=

λmin(β̄dβ−1
d + β−T

d β̄T
d − I) > 0, and ||·|| denotes the Euclidean

norm.
To show that θ̃(k) is bounded, summing (6.5) from ks

to k, where k ≥ ks, yields 0 ≤ V (θ̃(k), . . . , θ̃(k −
d)) ≤ −

∑k

j=ks
W (y(j), φ(j − d)) + V (θ̃(ks), . . . , θ̃(ks −

d)) ≤ V (θ̃(ks), . . . , θ̃(ks − d)). Thus, V is bounded. Since
V (θ̃(k), . . . , θ̃(k−d)) is positive definite and radially unbounded,
it follows that θ̃(k) is bounded. Thus, θ(k) = θ̃(k) + θ∗ is
bounded.

To show that u(k) is bounded and limk→∞ y(k) = 0, we
use the Key Technical Lemma [5, p. 181]. First, we show that
limk→∞ W (y(k), φ(k − d)) = 0. Since V is positive definite,
using (6.5) implies that the limit

0 ≤ lim
k→∞

k∑
j=ks

W (y(j), φ(j − d))

≤ − lim
k→∞

k∑
j=ks

∆V (j)

= V (θ̃(ks), . . . , θ̃(ks − d)) − lim
k→∞

V (θ̃(k), . . . , θ̃(k − d))

≤ V (θ̃(ks), . . . , θ̃(ks − d)) (6.6)

exists. Thus, limk→∞ W (y(k), φ(k − d)) = 0.
Next, we show that φ(k − d) is linearly bounded by the

performance y(k). The triangle inequality implies that

||φ(k − d)|| ≤

nc∑
j=1

||y(k − d − j)|| +

nc∑
j=1

||u(k − d − j)||

≤ nc max
0≤τ≤k

||y(τ)|| +

nc∑
j=1

l∑
i=1

∣∣∣∣∣∣eT
i u(k − d − j)

∣∣∣∣∣∣ ,

(6.7)

where ei is the ith column of Il. Next, assumption (A2) implies
that the invariant zeros of the system (2.1)-(2.3) from u to y are
asymptotically stable. Thus, it follows from [5, Lemma B.3.3] that
there exist c1 ≥ 0 and c2 > 0 such that, for all i = 1, . . . , l and
for all 0 ≤ j ≤ k,∣∣∣∣∣∣eT

i u(j − d)
∣∣∣∣∣∣ ≤ c1 + c2 max

0≤τ≤k
||y(τ)|| . (6.8)

Combining (6.7) and (6.8) implies that ||φ(k − d)|| ≤
nc max0≤τ≤k ||y(τ)||+ lnc (c1 + c2 max0≤τ≤k ||y(τ)||) = c3 +

c4 max0≤τ≤k ||y(τ)||, where c3
�
= c1lnc and c4

�
= nc + c2lnc.

Since limk→∞ W (y(k), φ(k − d)) = 0, η(k) is bounded, and
the linear boundedness condition above is satisfied, it follows from
the Key Technical Lemma [5, p. 181] that φ(k) is bounded and
limk→∞ y(k) = 0. Furthermore, since φ(k) is bounded it follows
that u(k) is bounded.
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