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Abstract— We address the state-estimation problem for linear
systems in a context where prior knowledge, in addition to the
model and the measurements, is available in the form of an
equality constraint. First, we investigate from where an equality
constraint arises in a dynamic system. Then, the equality-
constrained Kalman filter (ECKF) is derived as the solution
to the equality-constrained state-estimation problem and com-
pared to alternative algorithms. These methods are investigated
in an example. In addition to exactly satisfying an equality
constraint on the system, ECKF produce more accurate and
more informative estimates than the unconstrained estimates.

I. INTRODUCTION

The classical Kalman filter (KF) for linear systems pro-
vides optimal state estimates under standard noise and model
assumptions [7]. In practice, however, additional information
about the system may be available, and this information
may be useful for improving state estimates. Technically
speaking, it is not possible to improve estimates from KF
since these are optimal. Instead, a scenario we have in mind
is the case in which the dynamics and the disturbances are
such that the state of the system satisfies an equality or
inequality constraint. For example, in a chemical reaction,
the species concentrations are nonnegative [13], whereas in
a compartmental model with zero net inflow [4], mass is
conserved. Likewise, in undamped mechanical systems, such
as a system with Hamiltonian dynamics, conservation laws
hold. In the quaternion-based attitude estimation problem, the
attitude vector must have unit norm [5]. Additional examples
arise in optimal control [6], parameter estimation [1], and
navigation [2,14]. In such cases, we wish to obtain state
estimates that take advantage of prior knowledge of the states
and use this information to obtain better estimates than would
be provided by KF in the absence of such information.

Various algorithms have been developed for equality-
constrained state estimation. One of the most popular tech-
niques is the measurement-augmentation KF (MAKF), in
which a perfect measurement of the constrained quantity is
assumed to be available [2, 14]. In addition, estimate [12]
and system [8] projection methods have been considered.
Regarding inequality constraints, moving horizon techniques
[9], Kalman-based algorithms [13], and probabilistic meth-
ods [10] have been developed.
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In the context of equality-constrained systems, three con-
tributions are presented in this paper. First, we investigate
how a linear equality state constraint arises in a linear system
and present necessary conditions on both the dynamics and
process noise for the state to be equality constrained. In [8],
this problem is stated in the opposite way, that is, given
that a system satisfies an equality constraint, the goal is to
characterize the process noise. In these cases, we show that
an equality-constrained linear system is not controllable from
the process noise and that additional information regarding
the initial condition provided by the equality constraint is
useful for improving the classical KF estimates.

Second, we derive the equality-constrained KF (ECKF)
as the solution to the equality-constrained state-estimation
problem.

Finally, we prove the equivalence between ECKF and
MAKF and show the connections of the former with the
estimate and system projection approaches mentioned above.
We compare these four algorithms using a compartmental
model in which the disturbances are constrained so that mass
is conserved.

II. STATE ESTIMATION FOR LINEAR SYSTEMS

For the linear stochastic discrete-time dynamic system

Ty = Ap_1Tp—1+ Brp_jup—1 + Gr_1wi—1, (2.1)
YUk = (2.2)

where A,_1 € Rnxn, Br_1 € RnXp, Gr_1 € Rnxq,
and C), € R™*™ are known matrices, the state-estimation
problem can be described as follows. Assume that, for all
k > 1, the known data are the measurements y; € R™,
the inputs ui_; € RP, and the statistical properties of
Z9, wig—1 and vg. The initial state vector zg € R" is
assumed to be Gaussian with mean Z( and error-covariance
Pyt 2 E [(:ro — &0) (20 — f;O)T] . The process noise wy,_; €

Cry + vg,

R?, which represents unknown input disturbances, and the
measurement noise v, € R™, concerning inaccuracies in the
measurements, are assumed white, Gaussian, zero mean, and
mutually independent with known covariance matrices Qx—1
and Ry, respectively. Next, define the cost function

J(xi) £ p(arl (s - -, yk), (2.3)

which is the conditional probability density function of the
state vector z;, € R™ given the past and present measured
data yy, ..., yr. Under the stated assumptions, the maximiza-
tion of (2.3) is the state estimation problem.

The recursive solution Zj, to the state-estimation problem
is given by the Kalman filter (KF) [7], whose forecast step
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is given by
Tpp—1 = Ap13Tp1+ Broaug—1, 2.4
kk—1 = Aj1 PP Ay + GroaQro1Gy_ 1, (2.5)
Orie—1 = Crlkjr—1, (2.6)
Plg\gjcfl = Ckpl?ﬁc—lcl: + Ry, 2.7
Pljﬁcq = l?ﬁc—lcl;rv (2.8)
where P, £ E [(zk — Tgpp—1) (K — fik\k—ﬂT},
Pl 2 E [(yk — Unfr—1) (Y — @k\kfl)T}, and
Pl:.\lllc—l 2 E [(xk — Tpph—1) Yk — Z}qu)T}, and whose

data-assimilation step is given by

K, = P,ff,’gil(P,fﬁ%l)‘l, (2.9)

Ty = Tgpgr + Ki(ye — Orpp—1),  (2.10)
YT, T

PE* = Pl - KePJY_ Ky, @.11)

where PF* £ B |(xp — @) (2 — a?k)T and K;, € R™*™
is the Kalman gain matrix. The notation Zj;_; indicates
an estimate of z; at time k based on information available
up to and including time k£ — 1. Likewise, 2; indicates an
estimate of z at time k using information available up to
and including time k. Model information is used during the
forecast step, while measurement data are injected into the
estimates during the data-assimilation step.

II1. STATE ESTIMATION FOR EQUALITY-CONSTRAINED
LINEAR SYSTEMS
In (2.1), assume that rank(Gi_1) = ¢ < n, and define
r 2 n —gq, where 1 < r < n. The case r = n indicates that
Gj_1wy_1 is absent. Therefore, there exists Fj,_; € R™*"
such that rank(Fj_1) = r and

Ej1Gr_1 = Opxq. 3.1)

T -1
] S
Ey }
R"™ ™ is invertible. For example, we can choose T} j—1
G,_,. Multiplying (2.1) by T yields

Let Th -1 € R™® =X be such that Ty_; 2 {

Ty k-1 _ Ty k—1Ak—1
Ty, k—1Br-1 Tik—1Gr_1
[ Er-1Bk-1 ] Yk—1F { Orxgq } Wh—1-
Hence, for all k£ > 1,
Ex_1z) = eg—1, (3.3)

where ej_1 = Ek—l(Ak—l-Tk—l + Bk_luk_l). Note that
er—1 1s not constant even if system (2.1)-(2.2) is time-
invariant. Since rank(Gy_1) < n, Gi_1wg—1 has singular
covariance Gk_le_le_l [6, 8].
Let s be an integer satisfying 1 < s < r, and let Fy_1
a | Pre—
Dy
RU=)*" and Dy_; € R**". 1t thus follows from (3.1) that

Dkflefl :Osxq- (34)

be partitioned as Ej_1 = , where Fy ;1 €
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Note that (3.4) holds, for all D_; € R**", if r = n.
Proposition 3.1: Assume that

Dr_1Ap 1 D1, (3.5)
Dy_1Bx_1ux—1 = 0sx1, forall k>1. (3.6)

Then, for all £ > 1,
Dy 17 = dp_1, (3.7

where

di—1 % Dp_175-1. (3.8)
Proof. It follows from (3.3) that Dp_jx, =
Dy—1(Ak—1@k—1 + Br—1up—1) = Dp_1xp—1 = dp—1. O

Corollary 3.1: 1f (2.1)-(2.2) is time-invariant and (3.4)-
(3.6) hold, then, for all £ > 1,

Day, = d, 3.9)

where d £ Duxy.

Note that the case s = r = n is not of practical interest
because it indicates x;, = D,;_lldk_l.

The next result shows that, if (2.1) is equality constrained,
then it is not controllable from the process noise.

Proposition 3.2: Assume that (3.4)-(3.6) hold, then

(Ag—1,Gk_1) is not controllable.

Proof. Multiplying the controllability matrix

K(Ak-1,Gr-1) 2 [ Gror Ak1Gra Azl | a0

by Dy yields
Dy 1K(Ag—1,Gr-1) = [ Dp—1Gr—1 Dp_1A45-1Gr—1
Dy A} Gy
=[ Osxq Dr—1Gr—1
= Osan» O
Assuming that, for all k¥ > 1, Dj_; satisfies (3.4)-(3.6)
and dj_1 is known, the objective of the equality-constrained

state-estimation problem is to maximize (2.3) subject to
3.7).

D1 A}Z3G |

IV. EQUALITY-CONSTRAINED KALMAN FILTER

In this section we solve the equality-constrained
state-estimation problem to obtain the equality-constrained

Kalman filter (ECKF). ) )
Lemma 4.1: &}, maximizes J given by (2.3) if and only
if £, minimizes

T —
T(@r) = |(@n = &ke—1) (Piic) ™ @k — rp 1)+

(yk — Cran) " (Bi) ™" (g — Chan)| @n

where Zz_1 and Plfﬁ%fl are given by (2.4) and (2.5).

Proof. See [7, pp. 207-208]. O
Theorem 4.1: Let i} denote the solution of the

equality-constrained state estimation problem and define the

error covariance P, P £ E [(mk — &) (xp — :%E)T} . Also let
Zp|k—1 and P,fi_l be given by
Tpp—1 = Ap1@)_y + Br_iug—1, 4.2)
T T T
k=1 = Ap PN AL+ G Q1 Gy .(4.3)
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Define

dy—1 2 Dy_1y, (4.4)

P £ Dy PFD,_, (4.5)

prd & prep (4.6)

Ky & PP 4.7

where 2y, is given by (2.10) and P” is given by (2.11).
Then 2} and P, P are given by

i+ KP(dy_y — di_1), (4.8)

PP = pre KPPgdKP . 4.9)
Proof. Usmg Lemma 41 let >\ € RS and define the
Lagrangian L £ J(z) + 22" (Dg—12, — dg—1). The
necessary conditions for a minimizer £}, are given by

sP
T, =

OL _ pow - . T D T
oar =P @R —@ki—1) — OBy (W —Cr@R)+ Dy _ A = 0px1(4.10)
oL
Sy =Dro18} —dioa = O @.11)
It follows from (4.10) that
PEL )7+ O Ry NCR)(ED — @ -
((Pgje—1)" +Cp Ry Cr)(@L — Exjk—1) =
T R T
Ck Rkl(ykfckxk\k—l)ka—lA‘ (4.12)

From (2.11), using (2.7)-(2.9) and the matrix inversion
lemma [3], we have

T
P = PG~ KxPYL_ Ky
., T _ 5
= Plflﬁc—l_PMk—le (CkPE2,Cy + Ri) ™ Cr Py
xw — T - -
= ((PHi_) 'O RO @.13)

Furthermore, from (2.9), using (2.7)-(2.8), we have

Ky = P (PUL_ )7 = P, Cp (kP 1 Cp + Ri) ™!

= PEE(PE) VP Oy (CuPEe Oy + Ri) ™

= PEP(Cp Ry YO + (PR ) P 1Oy (ChPEG_ Oy + Ri) ™t
= P;IC:RZI(CkPIf@AC: + Rk)<ckpkz\a;c—lc);r + Ri) "

zw T H—1
= P"C, R;". (4.14)

Substituting (4.13) and (4.14) into (4.12) and multiplying
by P7* yields
A~ A 2, T T
:EZ = Tglk—1+ Ki(yr — Ckfrk‘k_l) — P*D,_ ). (4.15)
Substituting (4.15) into (4.11) yields
dg—1=Dr-1Zp|p—1 + Dk:—lp)ng:R;I(yk — Crigp—1) —
Dy 1 PI"Dy A,
which implies
A= (Dk—lP]:;L‘D:71)71(Dk—li'k|k71 —dg_1) +
"Dy 1 Kk (yr — Cr@pjp—1)-

Likewise, substituting (4.16) into (4.15) yields

T —
(Dr-1P;"Dy,_1) (4.16)

&) =&nik—1 + K (Yr — Crlpn—1) —
T ww T )
P"Dy_1(Dk—1P." Dy, _4) I(Dk:—lzklk—l —di_1) —
2 T v T )
Pt Dy (Di—1Pi™Dy y) ' D1 Ki(yn — Crdpr—1)
A N e T zo T (-1
=& k-1 + Ki(ye — CkZrik—1) — Py Dy_1(Dk—1P; "Dy _q) " X

(Dr—1Zkk—1 — de—1 + Di—1 Kryr — Di—1 KiCrpjk—1)
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T T
=&npk—1 + Ki(yk — Chgpr1) + Py*Dy_y (D1 PE*D,_) 7' x
[di—1 — D1 (&g -1 + Kr(yr — Cadrip—1))] - (4.17)

Now using (4.4)-(4.7), (2.9)-(2.11), we obtain

S
zp, =

. T e T _
Erin—1 + Kk — Grjr—1) + PE" Dy (De_ 1 PE"Dy )™}
[dik—1 — D1 (&g -1 + Ki(yk — Jujp—1))]

= g1 + Ke(yr — Grpp—1) + KR (de—1 — dx—1)

= @+ KP(dk—1 — dr—1),

which proves (4.8).

Given (2.11) and the symmetry between (4.8) and (2.10),
it follows that P, "" is given by (4.9). O

Note that ECKF is expressed in three steps, namely, the
forecast step (4.2)-(4.3), (2.6)-(2.8), the data-assimilation
step (2.9)-(2.11), and the projection step (4.4)-(4.9), where
the updated estimates are projected onto the hyperplane
defined by the equality constraint (3.7).

Lemma 4.2: Let N(Dy_1) denote the null space of

Dy._1, let W € R™*™ be positive definite, and define

A T T _1
Pr(Di_1) = Inxn — WD,,_1(Dk—1WDy_1)" Dy_1.4.18)

Then Par(p,_,) is an oblique projector with range N'(Dj_1).
For the following two results, let &; given by (2.10)
and P7* given by (2.11) denote the updated estimate and
updated error covariance of ECKF. Also, let Z} given by
(4.8) and P given by (4.9) denote the projected estimate
and projected error covariance of ECKF.
Proposition 4.1: Set W = P7* in (4.18). Then, the
projection step (4.4)-(4.9) is equivalent to

(4.19)
(4.20)

Prnpe_ )k + di-1,
PN(Dk 1)szzv

~P

Ly,
zTp
P, =

where Ek—l s PkIsz 1(Dk 1PkIsz 1) 1dk_1.

Proof. Using Lemma 4.2 and substituting (4.4)-(4.7) into

(4.8) and (4.9) yields (4.19)-(4.20). a
Proposition 4.2: Assume that (2.1)-(2.2) is time in-

variant. Also, assume that D in (3.9) satisfies (3.4)-(3.6).

Furthermore, assume that, for a given k—1, Diﬂgfl =d and

DP!™ = 0sxy. Then Diy, = d, DPF* = Ogxp, Lh = &k,

and Pmp PrE.

Proof. Multiplying (4.2)-(4.3) by D yields

Dégx_1 = DAZY | + DBuy_1 = D&% | + 0,51 = d, @21)
p . T T
DPfy_, = DAPI™A + DGQj_1G
T
= DP‘”’A 4+ 0sxqQr— 1G =0sxnA =0sxn. (422)

With (2.8) and (4.22), multiplying (2.9) by D yields

DKy = DPk\k 1(P15\J1c )

With (4.21) and (4.23), multiplying (2.10)-(2.11) by D
yields

e T

)T = 0 (4.23)

Dz = DZpp—1+ DKi(yx — Jrjp—1) = d, (4.24)

T
DP{* = DPJ_, — DEWPYY_ Ky = Ouxn.  (429)

Given (4.24)-(4.25), from (4.19)-(4.20), we have 30 =
and PP = Pre. O

Corollary 4 I:. Assume D2} = d and DP™P = Ogy,.
Then, for all k > 2, D2y, = d and DP® = Ogxn.
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Therefore, for time-invariant systems, whenever (3.4)-(3.6)
hold, the projection step of ECKF given by (4.4)-(4.9) is
required only at k = 1, so that, for all £ > 2, the updated
estimate Z; given by (2.10) satisfies DIy = d.

V. CONNECTIONS OF ECKF TO OTHER APPROACHES

We now compare ECKF to three Kalman filtering algo-
rithms whose state estimates satisfy an equality constraint.

First we consider the measurement—augmentation Kalman
filter (MAKF) [2, 14], which treats (3.7) as perfect measure-
ments. In Appendix I, we present the MAKF equations and
prove that MAKF and ECKF estimates are equal.

In Appendix II, in the context of time-invariant systems,
we show the connection between ECKF and the projected
Kalman filter by system projection (PKF-SP) [8], which,
assuming that (3.4)-(3.6) hold, incorporates the information
provided by (3.7) only in filter initialization, that is, £k = 0.

Finally, in Appendix III, we briefly review the projected
Kalman filter by estimate projection (PKF-EP) [11,12],
which projects & onto the hyperplane (3.7) for all £ > 1.
Unlike ECKF, the projected estimate of PKF-EP is not
recursively fed back in the next iteration. Fig. 1 illustrates
how the forecast, data-assimilation, and projection steps are
connected for ECKF, PKF-SP, and PKF-EP.

(a)

e

| 5 P i
}——.—O tion },———;
assimilation | Peojec

ey Quy Dy yri = digy

(b)

Dxy=d Moy Qpy

We Ry

#p. PF \ E T i iyt Fhik-1 0
_____ projection | -1 data >
’| k=0 |‘ fhimcaxs assimilation

Fig. 1. Comparative diagram of (a) the equality-constrained Kalman filter
(ECKF) (...) and the projected Kalman filter by estimate projection (PKF-
EP) (——) and (b) the projected Kalman filter by system projection (PKF-
SP) (—-—). In ECKEF, the projection step is connected by feedback recursion.
In PKF-SP, the initial state estimate and the associated error covariance carry
the information provided by the equality constraint.

VI. COMPARTMENTAL SYSTEM EXAMPLE

Consider the linear discrete-time compartmental model
(2.1)-(2.2) [4] whose parameters are given by

0.94 0.028 0.019
A= 0038 095 0.001 B = Osx1,
0.022 0.022 0.98
0.05 —0.03
G=| —0.02 o001 |, c=[ (1) (lJ g ] 6.1
—0.03  0.02
. o e . .. T .
with initial condition zp = [1 1 1] and noise co-

variance matrices Qr_1 = Ji[gxg and Ry = Ug[zxg. The
free-run simulation of this system is shown in Fig. 2ab for
0w = 1.0 and o, = 0.01. Note that (3.4)-(3.6) hold for

6223

FrC12.5

(6.1) such that the trajectory of zj € R® lies on a plane
(3.7), whose parameters are given by D = [ 1 1 1],
and d = 3. that is, conservation of mass is verified.

(b)

0 200 400 600 800

1000 1200 1400 1600 1800 2000
k

2.05

560 7000 7500 2000
K

Fig. 2. Free-run simulation of the compartmental model. In (a), the state
components are shown evolving with time and, in (b), in state space. In (c),
it is shown the estimate of the total mass (constraint) Dz, using KF (—)
in comparison with the true value (——).

TABLE I: Average of percent RMS constraint error, trace of error
covariance matrix, and RMS estimation error for 100-run Monte Carlo
simulation for compartmental system, concerning different levels of process
noise o, = 0, 0.1, 0.5, and 1.0, and algorithms, namely, KF, ECKF,
MAKEF, PKF-EP, and PKF-SP.

[0w] KF [ ECKF MAKF PKF-EP PKF-SP__ |

Percent RMS constraint error

0 0.12 452x10° 1" 424x10° 11 453%x10°1° 8.19x10~ 12

0.1 0.22 452x107 2.01x1071 452x1071% 4.05x10712

0.5 0.40 450x107 % 0.88x107 1 451x1071° 3.92x10712

1.0 0.62 453%x107° 050107 451x107 1% 3.98x10 12
Trace of error covariance matrix (X 10~ %)

0 0.0996 0.0012

0.1 1.0515 0.6352

0.5 2.8057 1.4722

1.0 5.4646 1.8387
RMS estimation error for x1, x2, and x3 (X 10’3)

0 [0.57, 0.36, 2.93 0.10, 0.16, 0.21

0.1]6.26, 2.60, 7.34 6.25, 2.54, 4.19

0.5]9.01, 458, 132 9.01, 4.55, 6.75

1.0 ]9.35, 5.58, 19.7 9.35, 5.56, 8.07

For state estimation, the KF algorithm is initialized with

T

fo=[2 1 0], P¥=Iss. 6.2)

Fig. 2¢ shows that KF estimates do not lie on the plane (3.7).
Even if 29 = x( or g, = 0, KF does not produce estimates
satisfying (3.7). Next, we implement the ECKF algorithm.
From a 100-run Monte Carlo simulation for each one of
these process noise levels, namely, o,, = 0, 0.1, 0.5, 1.0,
and o, = 0.01, Table I shows that the ECKF estimates satisfy
the equality constraint. In addition, these estimates are both
more accurate (smaller root-mean-square (RMS) errors) and
more informative (smaller trace of error covariance) than the
KF estimates.

For MAKF, PKF-EP, and PKF-SP, initialization is given
by (6.2), except for PKF-SP (see (7.30) in Appendix II).
Table I summarizes the results. ECKF, MAKF, PKF-SP, and
PKF-EP guarantee that (3.9) is satisfied and yield improved
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estimates compared to KF. All equality-constrained methods
produce similar results concerning RMS error and trace of
error covariance for this time-invariant system. This is in
accordance with [8, Theorem 2] regarding PKF-SP and PKF-
EP. However, though not shown in Table I, it is relevant
to mention that PKF-EP produces less accurate and less
informative forecast estimates £, compared to the other
constrained algorithms. This is expected because PKF-EP do
not use ) _, to calculate Zj,_1.

VII. CONCLUDING REMARKS

We have shown that the problem of equality-constrained
state estimation for linear systems arises from both process
noise and dynamic equations with special properties (3.4)-
(3.6), such that the system is not controllable from the pro-
cess noise. In this case the optimal estimates of the classical
Kalman filter (KF) do not match the equality constraint (3.7).

Then we have presented the equality-constrained KF
(ECKEF) as the solution to this problem. Moreover, we have
proved its equivalence to the measurement-augmentation KF
(MAKF) and have pointed its connections to the projection
KF by system-projection (PKF-SP) and the projection KF by
estimate-projection (PKF-EP).

We have compared these four methods by means of an
example: a compartmental model with mass conservation.
Numerical results suggest that, in addition to exactly satisfy-
ing the equality constraint, ECKF produce more accurate and
more informative estimates than KF. For the time-invariant
linear scenario, ECKF, MAKF, PKF-SP, and PKF-EP have
produced similar results.

APPENDIX I: EQUIVALENCE OF ECKF AND MAKF
Define the augmented observation

~ A Yk A Uk
Ui = [ doy } = Crxp + [ 0un1 } ) 7.1
where .
— A
Cp 2 [ o ] : (1.2)

With (7.1), MAKF uses (2.4)-(2.5) together with the aug-
mented forecast equations

U1 = Crdgp—1, (7.3)

PY | = CpPi_\Cy + Ry, (7.4)

P e 1Ch, (7.5)

where Rj, £ Oikm %’::j }, and the augmented data-
assimilation equations given by

K, = Py _(PE_)7" (7.6)

Bk o= Eppo1 + Kk — Jrp—1) (1.7

PET = PR - KDY K (7.8)

Let Zgjp—1 = Zpjk—1 (2.4) denote the forecast estimate
provided by MAKF. Furthermore, let P,fﬁ;il = P}fﬁiq 2.5
be the associated forecast error covariance of MAKF. Also
let 1,1 (4.2) and P,flang (4.3) denote the forecast estimate
and the associated error covariance of ECKF.
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Proposition 7.1: Assume that Zp,_; = Zjr—1 and

~fL‘fL’ — rxr hd — 5 T J—
Pk\k—l = Pk|k—1' Then Trt1lk = Tk41lk and Pk+1\k =
PZI
k+1|k* L
97 : :
Proof. Pk‘ %1 (7.4) is equivalent to
PUY — P:\1;¢71 - CkP;f@d_ng,l (7.9)
klk—1 Di—1 Py} _1Cy Prk-1
It follows from [3] that ]3,3‘72__11 has entries
(Piin_in (Prjp_ihz
255 —1 klk—1 k|k—1
Klk—1 — p-1 T p-1 s (7.10)
( k\k71)12 ( k\k‘—l)Q

where

(}51:\1171)1 £ (P:\iq*CkvPE\?cleZflP:\dk:f Dkflplf\wchC:) 717

(Prp iz 2 *(P;f?'f;,l*CkaﬁflD;fflP:‘i:ka—lpmflcg) o
Cr Py 1 Dy P

(Poao1)2 £ (Pfj\qu*Dk:—lpff\wkqCgp}i’&:fckplfﬁqf)g—l) "G

Furthermore, it can be shown that

51 -1 v -1 zx T
(ka\k:—l)l = (Plg|yk—1) + (Plg\!;c—l) Ckplf\lk—le—l

(Pra_1)2De 1 Pifi 1 O (PYS_ )7, (1.12)
(13151171)12 = _(Picyﬁcfl)7lckplj|a;;—1DkT—1(P;;\;tf1)2- (7.13)
It follows from (2.9) that
T -1
Ky = ,fﬁg_lck (P,i’ﬁ%l) , (7.14)

Furthermore substituting (7.14) into (2.11) yields
Pt = Py — PI%ACIE(Pg\i_l)ACkPﬁiA' (7.15)
Hence,
(D1 PE"Di_y) 7" = (DkflPI:ﬁv—leT,—lf
Di—1 P, Cy, (P

-1 s T -1

k‘k_l) CkPIZ\Ik—le—l)
5—1

= (Pkwcﬂ)z’-

(7.16)

Substituting (7.14) into (2.10) yields (4.8). Substituting
(4.4) into (4.8) yields

@} = e + [ Ko~ KRDeoaKe  KP ] (G = Cudnot) - (017)

It follows from (4.5), (7.11), (7.13) and (7.16) that

p_ pzw AT (13;‘;,1)12
K} = Pyjj—1Cy [ (P;Qifl)z (7.18)
Substituting (7.13) into (7.18) and substituting the resulting
expression into Ky, — K} Dy_1 K}, yields

P _ paa T pyy —1, puy —1 .
Ky — K D1 Kk = Py, _1C, [Pk|k—1 + P21 Cr Py

DE,I(P;MLl)ZD,C,IP;’(’,;,ICEP;J‘ZC:;] — (719
P Doy (P )2 Dea Ps 1 O PES L
Hence, (7.12) and (7.13) imply that
(Pra i
(Pt Dtz } '
Therefore, it follows from (7.18) and (7.20) that

| Kp— KDy Ky, K} | = Pl G P .(7.21)

Ky — KPDy 1Ky = Pifi_1Cy { (7.20)
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Since the estimate ; of MAKF is given by
E = Tyt + Ki(Gr — Culppp—1), (7.22)
where K, = 15,;““,;,15'}5(@ ~,j"°,‘;716~'g + ék)*l, it follows
from (7.21) that
Ky =| Ky —KDy_1 Ky KP ]. (7.23)

Therefore (7.17) and (7.22) imply that T, = 2} and (2.4)
and (4.2) imply that Ty 1% = Trq1jp-
Note that (2.11) and (4.9) can be expressed as

P = (Inxn — KxCr) Py (Inxn — KeCr)T + KpRi Ky, , (7.24)
PP = (Inxn — K Di—1)PR" (Inxn — KpDi—1) ™. (7.29)
Substituting (7.24) into (7.25) yields
PP = (Inxn — KR Dg—1)(Inxn — KxCr) Pyj_1

(Inxn — KxCr) " (Inxn — KEDy_1)" +
(Kp — KP D1 Ki)Ri(Kx — KPD_1Ki)". (126)

Substituting (7.2) and (7.23) into (7.26) yields

PIP = (Inxn — KCR) Py (Inxn — KC)T + KR, KT, (7.27)
Since, (2.11) implies that

P = (Inxn — KCo) Pl (Inxn — KCx)T + KRLK™T, (728
it follows from (7.27) and (7.28) that Pp® = P™. Hence,
(2.4) and (4.3) imply that Iff_l‘k = ,f_fl‘k. m|
APPENDIX II: CONNECTION OF ECKF AND PKF-SP

Assume that system (2.1)-(2.2) is time-invariant and
that (3.4)-(3.6) hold. Then, consider PKF-SP which uses KF
equations (2.4)-(2.11), but initialized with

(D"D)"'D"d, (7.29)
PP Py PEE, (7.30)

~p
Lo

TTP

where Py*" is singular and the projector Ppr(py € R™™" is
obtained by the singular value decomposition

0 S, v,
D :[ U Uz } { O(n_s)xs ] |: V:T :| >
where Uy € R™("=%) guch that Parpy = UQUQT. Also,
note that, since (3.4) holds, Gwy_1 is constrained in Py (p)
and GQk,lGT is a “constrained” covariance [8].

With Corollary 4.1 and comparing (7.29)-(7.30) to (4.19)-
(4.20), we see that, similar to ECKF, which performs pro-
jection only at k£ = 1 to guarantee constraint satisfaction for
all k£ > 1, PKF-SP performs projection in initialization, that
is, only at k = 0, providing that (3.4)-(3.6) hold.

APPENDIX III: CONNECTION OF ECKF AND PKF-EP

PKF-EP projects the updated estimate 2, (2.10) onto the
hyperplane defined by (3.7) by minimizing the cost function
J(x) £ (zp — .f:k)T W= (2, — &) subject to (3.7), where
W e R™" is positive definite. The solution &} to J(zy) is
given by

iy = g+ Kp(dp—1 — Dp_12y), (7.31)

6225

FrC12.5

where

KP 2 WD, (DyaWD_)™".  (132)

The projected error covariance P, " associated with &} is

given by (4.18) and (4.20).

PKF-EP is formed by forecast (2.4)-(2.8), data-
assimilation (2.9)-(2.11), and projection (7.31)-(7.32),
(4.18), (4.20) steps.

We set W = P;’® in (7.32), where P® is given by (2.11),
such that 27 (7.31) is optimal according to the maximum a
posteriori and minimum variance criteria [12]. In this case,
note that the projection equations (7.31)-(7.32), (4.18), (4.20)
of PKF-EP are equal to the projection equations (4.4)-(4.7),
(4.8), (4.9) of ECKF.

However, unlike ECKF, PKF-EP does not recursively feed
the projected estimate £} (7.31) and the error covariance
PI™ given by (4.18), (4.20) back in forecast (2.4)-(2.5).
Therefore, the PKF-EP forecast estimate &y,—q (2.4) is
different from its ECKF counterpart (4.2).
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