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I. INTRODUCTION

For large-scale system models, such as models obtained

from the discretization of partial differential equations, data
assimilation refers to the use of measurements to obtain

estimates of states that cannot be directly measured. Ap-

plications of data assimilation include terrestrial weather

forecasting, space weather and ocean climate predication [1–

3].

Although various techniques, such as 3Dvar, and 4Dvar

[4] have been developed for data assimilation, the Kalman

filter provides the most rigorous approach in accounting for

measurement and process noise. The main drawback of the

Kalman filter in data assimilation applications, however, is

the need to propagate the error covariance, which has O(n3)
complexity for a system with n states. One approach to

this problem is to replace the error covariance propagation

equation with a collection of stochastically driven state

estimates, which are used to estimate the error covariance.

The resulting ensemble Kalman filter [5, 6] can be viewed as

a special case of particle Kalman filters [7, 8]. For the case of

the ensemble Kalman filter, the size of the required ensemble

determines the computation burden, and a first attempt to

determine the required size is given in [9].

For a traditional error covariance propagation approach,

the computational burden can be reduced by assuming that

the error covariance is sparse, for example, banded. In some

data assimilation implementations of the Kalman filter, only

the banded portion of the covariance is propagated [10].

Physical arguments are typically used to argue that error

covariance entries are small due to weak spatial correlations.

In [11] we derived bounds on the magnitude of the error

covariance entries located outside of a given band when the

dynamics matrix is banded, which typically occurs in finite

volume discretization of partial differential equations. These

bounds can be used to estimate the error incurred when the

non-banded entries of the covariance matrix are neglected.

The physical arguments used to justify the use of a sparse

approximation of the state error covariance as well as the

bounds given in [11], however, apply to the propagation

of the open-loop system, that is, the system without data

injection. In fact, the injection of data within the system’s

dynamics usually destroys the banded structure of the dy-

namics, and can potentially strengthen correlations among
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states that, without the use of data injection, may be weakly

correlated.

The goal of the present paper is thus to develop an

extension of the classical Kalman filter in which the data

injection gain is structured so as to preserve the banded

structure of the system’s dynamics. While the restriction

of the filter gain to a structured form leads to suboptimal

estimates, the spatially localized nature of the data injection

is often consistent with spatial correlations. In addition, since

the banded structure of the dynamics is preserved, the use

of a sparse approximation of the state covariance matrix is

justified. The results in the present paper extend the results

of [12], where the data injection is localized, but with less

structure than the formulation of the present paper.

II. SPATIALLY LOCALIZED KALMAN FILTER

We consider the discrete-time dynamical system

xk+1 = Akxk + Bkuk + wk, k ≥ 0, (2.1)

with outputs

yi,k = Ci,kxk + vi,k, i = 1, . . . , p, (2.2)

where xk ∈ R
nk , uk ∈ R

mk , for all i = 1, . . . , p, yi,k ∈
R

li,k , and Ak, Bk, C1,k, . . . , Cp,k are known real matrices

of appropriate size. The input uk and outputs y1,k, . . . , yp,k

are assumed to be measured, and wk ∈ R
nk+1 and vk �[

vT
1,k · · · vT

p,k

]T
are white zero-mean noise process

with variance and correlation

E[wkwT
j ] = Qkδkj , E[wkvT

i,j ] = Si,kδkj , E[vkvT
j ] = Rkδkj , (2.3)

where δkj is the Kronecker delta, and E[·] denotes expected

value. Furthermore, for all i, j = 1, . . . , p, let Ri,j,k ∈
R

li,k×lj,k denote the (i, j) block entry of Rk. The initial

state x0 is assumed to be uncorrelated with wk and vk. Note

that the dimension nk of the state xk can be time varying,

and thus Ak ∈ R
nk+1×nk is not necessarily square.

For the system (2.1) and (2.2), we consider a state esti-

mator of the form

x̂k+1 = Akx̂k + Bkuk +

pX
i=1

Γi,kKi,k(yi,k − ŷi,k), (2.4)

with outputs

ŷi,k = Ci,kx̂k, i = 1, . . . , p, (2.5)

where x̂k ∈ R
nk , and for all i = 1, . . . , p, ŷi,k ∈ R

li,k ,

Γi,k ∈ R
nk+1×mi,k , and Ki,k ∈ R

mi,k×li,k . The nontradi-

tional feature of (2.4) is the presence of the terms Γi,k. In

the classical case nk = n, p = 1 and Γ1,k = In. Here,

for all i = 1, . . . , p, Γi,k determines the component of the
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innovation yi,k − ŷi,k that directly affects specific estimator

states. For example, Γi,k can have the form

Γi,k =
ˆ

0 Ilk 0
˜T

, (2.6)

where Ir denotes the r × r identity matrix. For all i =
1, . . . , p and k � 0, we assume that Γi,k has full column

rank.

Next, define the state estimation error

ek
�
= xk − x̂k, (2.7)

which satisfies

ek+1 = Ãkek + w̃k, k ≥ 0, (2.8)

where

Ãk
�
= Ak −

pX
i=1

Γi,kKi,kCi,k, w̃k
�
= wk −

pX
i=1

Γi,kKi,kvi,k. (2.9)

Now define the state estimation error

Jk(K1,k, . . . , Kp,k)
�
= E[(Lkek+1)TLkek+1], (2.10)

where Lk ∈ R
qk×nk+1 determines the weighted error com-

ponents. Then,

Jk(K1,k, . . . , Kp,k) = tr [Pk+1Mk] , (2.11)

where the error covariance Pk ∈ R
nk×nk is defined by Pk

�
=

E[ekeT
k ] and Mk

�
= LT

k Lk ∈ R
nk+1×nk+1 . We assume that

Mk is positive definite for all k � 0. The following lemma

will be useful.

Lemma II.1. The error (2.7) satisfies

E[ekw̃T
k ] = 0. (2.12)

It follows from (2.8) that

E[ek+1e
T
k+1] = ÃkE[ekeT

k ]ÃT
k + ÃkE[ekw̃T

k ]

+ E[w̃keT
k ]ÃT

k + E[w̃kw̃T
k ].

(2.13)

For notational convenience, we define

Sk � [S1,k · · · Sp,k], Ck � [CT
1,k · · · CT

p,k]T. (2.14)

Note that (2.3), (2.9) and (2.14) imply that

E[w̃kw̃T
k ] = Qk − SkKT

k ΓT
k − ΓkKkST

k + ΓkKkRkKT
k ΓT

k ,(2.15)

where Γk ∈ R
nk+1×mk and Kk ∈ R

mk×lk are defined by

Γk � [Γ1,k · · · Γp,k], Kk �

2
6664

K1,k 0 · · · 0
0 K2,k · · · 0

.

.

.
. . .

.

.

.
0 · · · 0 Kp,k

3
7775 , (2.16)

and mk � m1,k +· · ·+mp,k, lk � l1,k +· · ·+lp,k. It follows

from (2.12), (2.13), and (2.15) that Pk satisfies

Pk+1 = ÃkPkÃT
k + Q̃k, (2.17)

where

Q̃k
�
= Qk − SkKT

k ΓT
k − ΓkKkST

k + ΓkKkRkKT
k ΓT

k . (2.18)

Therefore,

Jk(K1,k, . . . , Kp,k) = tr[(ÃkPkÃT
k + Q̃k)Mk]. (2.19)

III. ONE-STEP SPATIALLY CONSTRAINED KALMAN

FILER

In this section we derive a one-step spatially constrained

Kalman filter that minimizes the cost (2.19). For conve-

nience, for all i = 1, . . . , p, we define

Ŝi,k � AkPkCT
i,k + Si,k, R̂i,j,k � Ri,j,k + Ci,kPkCT

j,k, (3.1)

and πi,k ∈ R
nk+1×nk+1 by

πi,k
�
= Γi,k

[
ΓT

i,kMkΓi,k

]−1
ΓT

i,kMk. (3.2)

Note that πi,k is an oblique projector, that is, π2
i,k = πi,k,

but is not necessarily symmetric. Next, for all i = 1, . . . , p,

define the complementary oblique projector πi,k⊥, and M̃i ∈
R

mi,k×mi,k by

πi,k⊥
�
= Ink+1 − πi,k, M̃i,k

�
= ΓT

i,kMkΓi,k. (3.3)

Proposition III.1. For all i = 1, . . . , p, the gain Ki,k

that minimizes the cost Jk(K1,k, . . . , Kp,k) given by (2.19)

satisfies

Ki,k = M̃−1
i,k ΓT

i,kMk

0
@Ŝi,k −

X
j={1,...,p}−i

Γj,kKj,kR̂T
i,j,k

1
A R̂−1

i,i,k, (3.4)

where the error covariance Pk is updated using

Pk+1 = ÃkPkÃT
k + Q̃k. (3.5)

Proof. Setting ∂
∂Ki,k

Jk(K1,k, . . . , Kp,k) = 0 for i =
1, . . . , p, yields (3.4). It follows from [14, p. 283] that,

for all A ∈ R
n×m and positive-definite B ∈ R

m×m,

A → ABAT is convex. Using an extension of this fact,

it can be shown that Jk(K1,k, . . . , Kp,k) in (2.19) is convex,

and hence Ki,k’s that satisfy (3.4) are a global minimizer of

Jk(K1,k, . . . , Kp,k).
Left-multiplication and right-multiplication of (3.4) by

M̃i,k and R̂i,i,k, respectively, yields for all i = 1, . . . , p,

M̃i,kKi,kR̂i,i,k +
X

j = {1, . . . , p} − i

Γ
T
i,kMkΓj,kKj,kR̂

T
i,j,k = Γ

T
i,kMkŜi,k.

(3.6)

Taking the vec of both sides of (3.6) yields

Rkvec(Kk) = Sk, (3.7)

where for all i, j = 1, . . . , p, the (i, j)th block entry of Rk ∈
R

mklk×mklk is given by

(Rk)i,j = R̂i,j,k ⊗ (ΓT
i,kMkΓj,k), (3.8)

Sk ∈ R
mklk is defined by

Sk � vec
[

ΓT
1,kMkŜ1,k · · · ΓT

p,kMkŜp,k

]
, (3.9)

and ⊗ denotes the Kronecker product. Note that Rk can be

expressed as

Rk = R̂k ∗ Γ̂k, (3.10)

where the (i, j) block entry of Γ̂k and R̂k are given by

(Γ̂k)i,j = ΓT
i,kMkΓj,k (3.11)

and

(R̂k)i,j = R̂i,j,k, (3.12)

and ∗ denotes the Khatri-Rao product (see [15]) or block-
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Kronecker product of two matrices. Since R̂k is positive

definite, Γ̂k is positive semi-definite, and all the block-

diagonal entries of Γ̂k are positive definite, it follows from

[15] that Rk is also positive-definite. Hence,

vec(Kk) = (Rk)−1Sk. (3.13)

If p = 1, then (2.16) implies that Γk = Γ1,k and Kk =
K1,k. Furthermore Ck = C1,k, Ŝk = Ŝ1,k, Rk = R1,1,k and

R̂k = R̂1,1,k. Hence, it follows from (3.6) that

Kk =
(
ΓT

k MkΓk

)−1
ΓT

k MkŜkR̂−1
k . (3.14)

Substituting (3.14) into (3.5) yields

Pk+1=AkPkAT
k + πk⊥ŜkR̂−1

k ŜT
k πT

k⊥ − ŜkR̂−1
k ŜT

k + Qk,(3.15)

where πk⊥
�
= π1,k⊥. In the classical case, nk = n, p = 1

and Γ1,k = In, which implies that π1,k = I and π1,k⊥ = 0,

and hence it follows from (3.14) that the Kalman filter gain

Kk is given by

Kk = (AkPkCT
k + Sk)(Rk + CkPkCT

k )−1, (3.16)

and, (3.15) and (3.16) imply that the covariance update

equation is

Pk+1 = AkPkAT
k + Qk − ŜkR̂−1

k ŜT
k . (3.17)

Finally, the estimator equation is

x̂k+1 = Akx̂k + Bkuk + Kk(yk − ŷk), (3.18)

where yk � y1,k ŷk � ŷ1,k. In the classical case, nk = n
for all k ≥ 0.

IV. PRESERVING BANDED DYNAMICS

Next, let Ak ∈ R
n×n have scalar entries ai,j,k, i, j =

1, . . . , n. We assume that Ak is banded diagonal with semi-

width b so that for all k � 0 and i = 1, . . . , n,

ai,j,k = 0, if |i − j| > b. (4.1)

Let xk , wk, and x̂k have scalar components xi,k, wi,k and

x̂i,k, i = 1, . . . , nk, respectively. It then follows from (2.1)

and (4.1) that

xi,k+1 = ai,kxi,k + wi,k, (4.2)

where for all i = 1, . . . , n,

ai,k � [ai,L(i),k · · · ai,R(i),k], xi,k � [xL(i),k · · · xR(i),k]T (4.3)

and

L(i) = max{1, i − b}, R(i) = min{n, i + b}. (4.4)

As a special case, assume that for all i = 1, . . . , p, yi,k ∈
R is given by

yi,k = xqi,k + vi,k, (4.5)

where qi is an integer that denotes the state component being

measured. The objective is to inject data y1,k, . . . , yp,k so that

measurement yi,k of the state xqi,k directly affects only the

state estimates x̂L(qi),k, . . . , x̂R(qi),k.

Next, we present a procedure for choosing Γi,k so that the

closed loop error dynamics Ak −
∑p

i=1 Γi,kKi,kCi,k is also

banded with semi-width b. For all i = 1, . . . , p, let Γi,k have

the following structure

Γi,k =
ˆ

0L(qi)−1×mi,k
ΥT

i,k 0
˜T

, (4.6)

where Υi,k ∈ R
mi,k×mi,k . We choose mi,k = R(qi) −

L(qi) + 1 so that the only non-zero rows of Γi,k are the

rows with indices L(qi), . . . ,R(qi). Next, for i = 1, . . . , p,

define Φi,k ∈ R
n by

Φi,k
�
= Γi,kKi,k(yi,k − ŷi,k), (4.7)

and for j = 1, . . . , n, let φi,j,k ∈ R be the scalar entries of

Φi,k. Since Ki,k is a column vector for all i = 1, . . . , p, it

follows from (4.6) and (4.7) that for all i = 1, . . . , p, and

j = 1, . . . , n,

φi,j,k = 0, if j /∈ {L(qi), . . . ,R(qi)}. (4.8)

Substituting (4.7) into (2.4) yields

x̂k+1 = Akx̂k + Bkuk +
p∑

i=1

Φi,k. (4.9)

Hence, it follows from (4.1), (4.2), (4.5), (4.7) and (4.8) that

for all i = 1, . . . , n,

x̂i,k+1 = ai,kx̂i,k +

pX
j=1

φj,i,k(xqj ,k − x̂qj ,k + vj,k), (4.10)

where

x̂i,k �
[

x̂L(i),k · · · x̂R(i),k

]T
. (4.11)

Furthermore, it follows from (4.8) that (4.10) can be ex-

pressed as

x̂i,k+1 = ãi,kx̂i,k + ui,k, (4.12)

where ãi,k ∈ R
1×R(qi)−L(qi)+1 and for all i = 1, . . . , n,

ui,k
�
=

p∑
j=1

φj,i,k(xqj ,k + vj,k). (4.13)

Hence, it follows from (4.11) and (4.12) that the closed-

loop dynamics is also banded with semi-width b. Note that a

similar procedure can be used to ensure that the closed-loop

dynamics is banded with any arbitrary semi-width and not

necessarily the same semi-width as the open-loop dynamics.

V. TWO-STEP SPATIALLY CONSTRAINED KALMAN

FILTER

We consider a two-step state estimator with spatially

constrained output injection. The forecast step, which can

be viewed as a physics update, is given by

xf
k+1 = Akxda

k + Bkuk + wk, (5.1)

where xf
k is the forecast estimate and xda

k ∈ R
nk is the data

assimilation estimate. The data assimilation step is given by

the data update

xda
k = xf

k +
p∑

i=1

Γi,kKi,k(yi,k − yf
i,k), (5.2)

where for all i = 1, . . . , p, yf
i,k � Cxf

k, and Ck is defined in

(2.16).

Proposition V.1. The optimal wk that minimizes E[(wk −
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wk)(wk − wk)T] is given by

wk = Dk(yk − yf
k), (5.3)

where Dk ∈ R
nk+1×lk is defined by

Dk
�
= Sk(CkP f

kCT
k + Rk)−1. (5.4)

Proof. It follows from [13, pg. 67] that

wk = E[wk] + PwykP−1
yyk(yk − yf

k), (5.5)

where

Pwyk � E[wk(yk − yf
k)T], Pyyk�E[(yk − yf

k)(yk − yf
k)T]. (5.6)

Note that

Pwyk = Sk, Pyyk = CkP f
kCT

k + Rk, (5.7)

where the forecast error covariance P f
k is defined by

P f
k � E[ef

k(ef
k)T] (5.8)

and the forecast state error ef
k is defined by

ef
k

�
= xk − xf

k. (5.9)

Since E[wk] = 0, substituting (5.6) and (5.7) into (5.5) yields

(5.3).

It follows from (2.1) and (5.1) that

ef
k+1 = Akeda

k + wk − wk, k ≥ 0, (5.10)

where the data assimilation state error eda
k is defined by

eda
k

�
= xk − xda

k . (5.11)

Now, define the state estimation error

Jk(K1,k, . . . , Kp,k)
�
= E[(Lkeda

k )TLkeda
k ], (5.12)

where Lk ∈ R
qk×nk+1 determines the weighted error com-

ponents. Then,

Jk(K1,k, . . . , Kp,k) = tr
h
P da

k Mk

i
, (5.13)

where the data assimilation error covariance P da
k ∈ R

nk×nk

is defined by P da
k

�
= E[eda

k (eda
k )T]. It follows from (5.2),

(5.9), and (5.11) that

eda
k = (I −

pX
i=1

Γi,kKi,kCi,k)ef
k −

pX
i=1

Γi,kKi,kvi,k. (5.14)

Hence, it follows from (2.16) that

eda
k = K̃kef

k − Γ̃kvk, (5.15)

where vk �
[

vT
1,k · · · vT

p,k

]T
and

K̃k � I − ΓkKkCk. (5.16)

Note that substituting (5.3) and (5.15) into (5.10) yields

ef
k+1 = (AkK̃k − DkCk)ef

k + wk − (AkΓkKk + Dk)vk.(5.17)

Lemma V.1. The forecast error in (5.10) satisfies

E[ef
kvT

k ] = 0. (5.18)

Next, define

Ŝi,k � P f
kCT

i,k, R̂i,j,k
�
= Ri,j,k + Ci,kP f

kCT
j,k. (5.19)

Furthermore, define Q̂k by

Q̂k � Qk − AkP f
kCkDT

k − DkCT
k P f

kAT
k − DkR̂kDT

k .(5.20)

Proposition V.2. The gain Ki,k that minimizes the cost
Jk(K1,k, . . . , Kp,k) given by (5.13) satisfies

Ki,k = M̃−1
i,k ΓT

i,kMk

0
@Ŝi,k−

X
j={1,...,p}−i

Γj,kKj,kR̂i,j,k

1
AR̂−1

i,i,k, (5.21)

where P f
k and P da

k are given by

P f
k+1 = AkP da

k AT
k + Q̂k (5.22)

and

P da
k = K̃kP f

kK̃T
k + ΓkKkRkKT

k ΓT
k . (5.23)

Proof. Using (5.15), P da
k satisfies

P da
k = K̃kP f

kK̃T
k − K̃kE[ef

kvT
k ]KT

k ΓT
k

− ΓkKkE[vk(ef
k)T]K̃T

k + ΓkKkRkKT
k ΓT

k .
(5.24)

Substituting (5.18) into (5.24) yields (5.23). Furthermore,

substituting (5.23) into (5.13) yields

Jk(Kk) = tr[(K̃kP f
kK̃T

k + ΓkKkRkKT
k ΓT

k )Mk]. (5.25)

To obtain the optimal gain Ki,k, we set
∂

∂Ki,k
Jk(K1,k, . . . , Kp,k) = 0, which yields (5.21). It

follows from [14, p. 283] that, for all A ∈ R
n×m and

positive-definite B ∈ R
m×m, A → ABAT is convex.

Using an extension of this fact, it can be shown that

Jk(K1,k, . . . , Kp,k) in (5.25) is convex, and hence

Ki,k’s that satisfy (5.21) are a global minimizer of

Jk(K1,k, . . . , Kp,k).
To update the forecast error covariance, we substitute (5.3)

into (5.10) so that

ef
k+1 = Akeda

k − DkCkef
k + wk − Dkvk. (5.26)

Hence, it follows from (5.4), (5.15) and (5.18) that the

forecast error covariance update is given by (5.22).

If p = 1, then Γk = Γ1,k , Kk = K1,k, Ŝk = Ŝ1,k and

R̂k = R̂1,1,k. Hence, (5.21) implies that

Kk =
(
ΓT

k MkΓk

)−1
ΓT

k MkŜkR̂−1
k . (5.27)

The forecast covariance update equation is given by (5.22),

and substituting (5.27) into (5.23) yields the data assimilation

covariance update equations

P da
k = P f

k + πk⊥ŜkR̂−1
k ŜT

k πT
k⊥ − ŜkR̂−1

k ŜT
k , (5.28)

where πk⊥ = π1,k⊥. Next, in the classical case, nk = n,

p = 1 and Γk = In. Substituting Γk = In in (5.27)

and substituting the resulting expression into (5.1) and (5.2)

yields the classical one-step Kalman filter equation.

xf
k+1 = Akxf

k + Bkuk + (AkP f
kCT

k + Sk)R̂−1
k (yk − yf

k).(5.29)

Furthermore, in the classical case, the data assimilation

covariance update equation is given by

P da
k = P f

k − P f
kCT

k R̂−1
k CkP f

k. (5.30)

Substituting (5.30) into (5.22) yields

P f
k+1=AkP f

kAT
k−(AkP f

kCk+Sk)R̂−1
k (CkP f

kAT
k+ST

k )+Qk.(5.31)

Note that if nk = n, p = 1 and Γ1,k = I , then the one-step

estimator in (3.16)-(3.18) and the two-step estimator in (5.29)

and (5.31) are equivalent. However, if Γ1,k �= I , then the one-
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step estimator in (3.14) and (3.15) and the the two-step filter

in (5.27) and (5.28) are not equivalent. However, simulations

suggest that the performance of the one-step estimator and

the two-step estimators are similar with neither performing

consistently better than the other.

VI. EXAMPLE : ONE-DIMENSIONAL HEAT CONDUCTION

We consider heat conduction in a one-dimensional bar.

The temperature distribution along the bar is governed by

the following partial differential equation.

∂

∂t
T (x, t) = α

∂2

∂x2
T (x, t) + u(x, t), (6.1)

where T (x, t) is the temperature at position x ∈ [0, L] and

time t, u(x, t) represents external heat sources acting on

the bar, and α is the thermal diffusivity. We use numerical

discretization methods to directly obtain a discrete-time state

space model.

Assume that the bar consists of n cells of width Δx and

for i = 1, . . . , n, let Ti be the temperature at the center of

the ith cell. For all k � 0, let u1(k) and u2(k) denote the

boundary conditions of the first and last cell, respectively,

so that u1,k = T1(k), u2,k = Tn(k). Next, define the state

vector Xk ∈ R
n−2 by Xk �

[
T2(k) · · · Tn−1(k)

]T
and the input vector uk ∈ R

2 by uk �
[

u1,k u2,k

]T
. A

central difference discretization with time step Δt yields

Xk+1 = AXk + Buk + wk, (6.2)

where A ∈ R
n−2×n−2 and B ∈ R

n−2×2 are defined by

A �

2
666664

1 − 2δ δ 0 · · · 0
δ 1 − 2δ δ · · · 0

. . .
. . .

. . .

0 · · · δ 1 − 2δ δ
0 · · · · · · δ 1 − 2δ

3
777775

, B �

2
666664

δ 0
0 0

.

.

.
.
.
.

0 δ

3
777775

,

and δ � α Δt

Δ2
x

. Note that to guarantee asymptotic stability

of A, Δt and Δx must be chosen so that δ < 0.5. Since

A is tridiagonal, the semi-width b = 1. We assume that

wk ∈ R
n−2 is zero-mean white Gaussian process noise

with covariance matrix Q ∈ R
(n−2)×(n−2), where Q =

diag(Q2, . . . , Qn−1) and for all i = 2, . . . , n− 1, Qi ∈ R is

defined by

Qi =

(
5, if i ∈ Iw,

0, else.
(6.3)

It follows from (6.2), and (6.3) that the temperature in only

the cells with indices given by Iw are directly affected by

wk. Next, we assume that p measurements of the temperature

at the various cells are available so that, for all i = 1, . . . , p,

yi,k = CiXk + vi,k, (6.4)

where Ci �
[

01×qi−2 1 01×n−qi−1

]
, and qi depends

on the cell from which measurements are obtained. We

assume that Sk = 0 and Rk = 0.1Ip.

Let n = 52 so that (6.2) has order 50 and let u1(k) =
T1(k) = 300 + 5 sin(0.1k) and u2(k) = T2(k) = 300 −
5 sin(0.01k). We choose Δx = 0.5, Δt = 1 and α = 0.1
so that δ = 0.4. Furthermore, we assume that the initial

temperature at the ith cell is a random variable with mean

300 K and variance 5. Next, we let Iw = {20, 30}, and

assume that measurements from cells with indices i ∈ Iy =
{10, 11, 12, 24, 25, 26, 38, 39, 40} are available so that p = 9.

First, we consider an estimator of the form presented in [12],

where

X̂k+1 = AX̂k + Buk + ΓKk(yk − ŷk), (6.5)

and, yk and ŷk are given by

yk = [y1,k · · · yp,k]T, ŷk = [ŷ1,k · · · ŷp,k]T. (6.6)

and Γ is chosen so that only the cells with indices i ∈ Iy

are in the range of Γ . Furthermore, we choose Lk = I so

that all the state estimates are weighted. The estimator gain

and the covariance update equation are given by (3.14) and

(3.15), respectively. The mean square error (MSE) in the

state estimates and sum of the squares of error in estimates

is shown in Figure 1 and Figure 2, respectively. Note that

the classical Kalman filter updates all of the states directly

and hence, the performance of the classical Kalman filter is

better than (6.5) with Γ �= I . The structure of the closed-

loop dynamics of the classical Kalman filter and the spatially

constrained Kalman filter given by (6.5) is shown in Figure 3.

Note that the closed-loop dynamics of both these filters is

not tridiagonal.

Next, we consider two estimators that yield tridiagonal

closed-loop dynamics. First, we consider an estimator of the

form

X̂k+1 = AX̂k + Buk + K̃k(yk − ŷk), (6.7)

where K̃k is obtained by using the classical Kalman filter

gain expression and zeroing out certain elements, that is,

K̃k = H ◦ (
APkCT(CPkCT + R)−1

)
, (6.8)

where H ∈ R
50×9 is defined by

Hi,j =

(
1, if i ∈ {L(qj), . . . , R(qj)},
0, else,

(6.9)

where L(·) and R(·) are defined in (4.4). The covariance

update is given by

Pk+1 = (A − K̃kC)Pk(A − K̃kC)T + Q + K̃kRK̃T
k . (6.10)

Hence, we use the classical Kalman filter gain expression to

obtain a filter gain and then zero out the elements in the gain

matrix so that measurement yi,k of the state Xqi,k directly

affects the state estimates at only the cells with indices

L(qi), . . . ,R(qi). Although, this procedure guarantees that

the closed loop dynamics A − K̃kC is tridiagonal, the re-

sulting estimator is suboptimal. The errors in state estimates

obtained from this estimator are shown in Figures 1 and 2.

Finally, consider the estimator given by (2.4), where for

all i = 1, . . . , 9, Γi is chosen according to (4.6) so that only

the state estimates X̂qi−1,k, . . . , X̂qi+1,k are in the range

of Γi. The filter gain and the covariance update equation

are given by (3.13) and (3.5), respectively. The MSE in

the state estimates, and the sum of the squares of error

in temperature estimates are shown Figure 1 and Figure 2,

respectively. It can be seen from Figure 3 that the closed-

loop dynamics is tridiagonal. Note that the performance of
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Fig. 1. MSE in state estimates obtained using the one-step filter in (6.5)
with Γ �= I is denoted as (b). In this case the estimates of the temperature
of only cells i ∈ Iy are updated. Since only specific state estimates are
updated, the performance of the filter with Γ �= I is not as good as the
classical Kalman filter which is denoted as (a). The MSE in state estimates
obtained using the suboptimal estimator in (6.7) and the optimal estimator
given by Proposition IV.1, are denoted by (c) and (d), respectively.

the optimal estimator in (6.5), the suboptimal estimator in

(6.7), and the optimal estimator with selective scalar output

injection are similar. However, as shown in Figure 2, the

performance of the estimator in (6.5) is slightly better since

it uses the measurement yi,k to directly update the state

estimates at all of the cells with indices i ∈ Iy and their

neighboring cells. On the other hand, the optimal estimator

with spatially constrained scalar output injection uses the

measurement yi,k to update the estimate at only cells with

indices qi − 1, . . . , qi + 1. The performance of both these

estimators is slightly better than the estimator in (6.7) that

zeros out elements of the filter gain obtained using the

classical Kalman filter gain expression.

VII. CONCLUSION

This paper presents an extension of the Kalman filter that

uses specific subset of the measurement to directly update

only a specific subset of the state estimates rather than the

entire state estimate. The ability to perform selective output

injection allows us to structure the estimator gain so that the

close-loop dynamics is banded. The one-step and the two-

step forms of this filter are generally not equivalent. In future

work, we plant to consider the problem of determining the

exact conditions that guarantee the existence of a steady state

covariance for linear time-invariant dynamics.
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