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Discrete-Time Adaptive
Command Following and Disturbance Rejection
With Unknown Exogenous Dynamics

Jesse B. Hoagg, Mario A. Santillo, and Dennis S. Bernstein, Fellow, IEEE

Abstract—We present an adaptive controller that requires lim-
ited model information for stabilization, command following, and
disturbance rejection for mult-input multi-output minimum-phase
discrete-time systems. Specifically, the controller requires knowl-
edge of the open-loop system’s relative degree as well as a bound
on the first nonzero Markov parameter. Notably, the controller
does not require knowledge of the command or the disturbance
spectrum as long as the command and disturbance signals are gen-
erated by a Lyapunov-stable linear system. Thus, the command
and disturbance signals are combinations of discrete-time sinu-
soids and steps. In addition, the Markov-parameter-based adaptive
controller uses feedback action only, and thus does not require a
direct measurement of the command or disturbance signals. Using
a logarithmic Lyapunov function, we prove global asymptotic con-
vergence for command following and disturbance rejection as well
as Lyapunov stability of the adaptive system when the open-loop
system is asymptotically stable.

Index Terms—Adaptive control, discrete time, Lyapunov
stability.

I. INTRODUCTION

HE ADAPTIVE control literature focuses primarily on
T adaptive stabilization, adaptive tracking, and model refer-
ence adaptive control. These adaptive control problems have
been approached using parameter-estimation-based adaptive
controllers and high-gain adaptive controllers. In addition to
stabilization and command following, disturbance rejection is
a third common objective, arising in noise control, vibration
suppression, and structural control. In the present paper, we
consider the combined stabilization, command following, and
disturbance rejection problem for uncertain minimum-phase
discrete-time systems with command and disturbance signals
generated by exogenous dynamics with unknown spectra. Fur-
thermore, unlike adaptive feedforward control, we do not require
a direct measurement of the command or disturbance signals.

A discrete-time adaptive feedback disturbance rejection al-
gorithm based on a retrospective performance measure is devel-
oped in [1]. The retrospective performance of a system is the
performance of the system at the current time assuming that the
current controller was used over a past window of time. In [1],
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the retrospective performance is used in connection with time-
series modeling of the plant and the controller to develop an
adaptive disturbance rejection algorithm that requires knowl-
edge of only the numerator of the transfer function from the
control to the performance, and does not require knowledge of
the disturbance spectrum. Extensions of this method and exper-
imental results are given in [2] and [3].

Although the discrete-time adaptive control literature is more
limited than the continuous-time literature, there are discrete-
time versions of many continuous-time algorithms [4]-[7], as
well as adaptive control algorithms unique to discrete time [8],
[9]. The authors present in [8] five algorithms for stabilization
and command following of single-input single-output (SISO)
and multi-input multi-output (MIMO) minimum-phase systems.
Although these algorithms require only that the command signal
be bounded, they are based on the assumption that an ideal
tracking controller exists. Disturbance rejection is not addressed.
The authors consider in [10] output regulation with a known
plant and an unknown exosystem that generates reference and
disturbance signals.

In the present paper, we develop a discrete-time adaptive
MIMO output feedback controller for stabilization, command
following, and disturbance rejection in minimum-phase sys-
tems. This Markov-parameter-based adaptive control algorithm
requires knowledge of only the open-loop system’s relative de-
gree and a bound on the first nonzero Markov parameter. We
assume that the command and disturbance signals are generated
by a Lyapunov-stable linear system so that the command and
disturbance signals consist of discrete-time sinusoids and steps.
However, we do not require any information regarding the spec-
trum of the command or the disturbance, and we do not require
a direct measurement of the command or the disturbance. We
prove globally asymptotic command following and disturbance
rejection, as well as Lyapunov stability of the closed-loop error
system when the open-loop dynamics are asymptotically stable.
If there are no command or disturbance signals, then we prove
output stabilization, that is, global asymptotic convergence of
the output to zero.

The present paper uses three key tools to prove global con-
vergence of the performance variable. First, we use a nonmin-
imal state-space realization of the plant. Similar nonminimal
state-space realizations are considered in [9] and [11]. The non-
minimal state-space realization has a state that consists entirely
of delayed inputs and outputs, which allows us to represent
dynamic output feedback as static full-state feedback. More
precisely, the dynamic output feedback can be written as the
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product of a known feedback vector and a matrix of estimated
controller parameters. Second, we prove the existence of an
ideal fixed-gain controller that incorporates a deadbeat inter-
nal model controller. For more information on deadbeat in-
ternal model control, see [12]. Lastly, we use a logarithmic
Lyapunov-like function to prove asymptotic command follow-
ing and disturbance rejection. Logarithmic Lyapunov functions,
that is, quadratic functions that incorporate a logarithm, are used
in [4]-[7] and [13]-[15] to prove Lyapunov stability of discrete-
time systems. A quadratic Lyapunov-like functionis used in [16]
to establish the convergence of discrete-time systems. Using
the logarithmic Lyapunov function, we prove global asymptotic
convergence for command following and disturbance rejection
as well as Lyapunov stability of the adaptive system when the
open-loop system is asymptotically stable.

II. PROBLEM FORMULATION
Consider the MIMO discrete-time system
z(k +1) = Az(k) + Bu(k) + Diw(k) 2.1
y(k) = Cz(k) + Doyw(k) (2.2)

where z(k) € R", y(k) € Rlv, u(k) € Rlv, w(k) € Rlv, and
k > 0. Our goal is to design an adaptive output feedback con-
troller under which the performance variable y converges to
zero in the presence of the exogenous signal w. Note that w
can represent either a command signal to be followed, an exter-
nal disturbance to be rejected, or both. For example, if D; = 0
and D, # 0, then the objective is to have the output C'x follow
the command signal — Dyw. On the other hand, if D; # 0 and
Dy = 0, then the objective is to reject the disturbance w from
the performance measurement C'z. The combined command fol-
lowing and disturbance rejection problem is considered when
D; and D, are block matrices. More precisely, if

Di=[D, 0, Dy=[0 D

and

w(k) = [wl(k)}

U}Q(k)

then the objective is to have C'z follow the command —f)g Wo
while rejecting the disturbance w;. Lastly, if Dy and D, are
empty matrices, then the objective is output stabilization, that
is, global asymptotic convergence of y = C'z (and thus z) to
Zero.

In the nonadaptive case, a sufficient condition for command
following and disturbance rejection is I, > [, [12], [17]. Fur-
thermore, we require that [, > [, because the construction of
an ideal fixed-gain controller in Section IV requires that the first
nonzero Markov parameter from u to y be left invertible. Thus,
we require that [, = [,. Henceforth, [ = l, = l,. Weakenings
of these conditions and some of the assumptions listed later are
discussed in the conclusions.

Next, define the transfer function matrix

Gu(x) ECGI-A'B=Yz"H @3
i=d

and define d to be the smallest positive integer ¢ such that the

ith Markov parameter H; 2 C A1 B is nonzero. We make the
following assumptions.
Al) The triple (A, B, C) is controllable and observable.
A2) If A, € C and

A— A B} {
< normal rank
C 0

then |A| < 1.

A3) d is known.

A4) H, is nonsingular.

A5) There exists H; € R'*! such that 2HdTHd < HdTH'd +
HT H,; and H, is known.

There exists an integer 71 such thatn < 7 and 7 is known.
The performance variable y (k) is measured and is avail-
able for feedback.

The exogenous signal w(k) is generated by

Ty (k + ]-) = A'u,' Loy (k)
w(k) = Cyxy (k)

[ A—zI B]
rank

C 0

A6)
A7)

A8)
(2.4)
2.5)

where z,, € R" and A,, has distinct eigenvalues, all of
which are on the unit circle.

There exists an integer n,, such that n,, < n,, and 7, is
known.

A10) The exogenous signal w(k) is not measured.

All) A,B,C,Dy,Dy, A,,Cy,,n,n,,and H; are not known.

Assumption A1) implies that the McMillan degree of G, (2)
is n. In the SISO case, Assumption Al) prevents pole-zero
cancellation when forming the transfer function G, (z), which
implies that the order of G, (2) is n.

Let Gy, (%) have a left coprime matrix-fraction description
Gyu(2) = u(z)'v(z), where pu(z) and v(z) are [ x [ polyno-
mial matrices. Without loss of generality, we assume that (z)
is in column-Hermite form, that is, ;(z) is upper triangular,
where each diagonal entry is a monic polynomial whose degree
is higher than the degree of all of the remaining entries in its
column [18, Th. 6.3-2]. Thus, we can write

A9)

m—1

p(z) =2"po + 2" 4+ 21+ (2.6)

where m < nand py, . .., i, € R are upper triangular. Note
that the leading coefficient matrix i is not necessarily I;. How-
ever, it can be seen that there exists an [ x [ upper-triangular
polynomial matrix

Zhgrozhe qu 2"
A hoa .. QQZZ}I'QI
Qz) = 2.7
Shu

such that the leading term of «/(z) 2 Q(2z)pu(z) is 2™ I;. Thus,
we can write

Oé(Z) = ZmIl + Zm_lal + 2" _2052 + 2oy oy
(2.8)

where a1, . . ., a,, € R Furthermore, Gyu (#) has the matrix-

fraction description G, (2) = a(2) ! 8(z), where ﬂ(z)é
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Q(z)v(z), and we can write

ﬂ(z) = Zmidﬂd + Zm7d716d+1 +o 201 + B (2.9)

where f3;, ..., B, € RI*!. Note that if the input to Gyy isu =
4(0)e;, where 6(0) is the unit impulse at k = 0 and e; is the ith
column of [, then the output is

0,
y(k:) - { Baei,

Thus, it follows that 5; = H,. Note that «(z) and 5(z) are not
necessarily left coprime. However, since 1(z) and v/(z) are left
coprime, it follows that Q(z) is the greatest common left divisor
of a(z) and 3(z). Furthermore, since det Q(z) = 211+ +hu,
the pole-zero cancellation that occurs when forming the transfer
function Gy, (2) = a(z) ' 3(z) occurs only at z = 0.

Define the transfer function matrix

0<k<d

N (2.10)

Gyu(2) 2 C(zI — A)"'Dy + D, 2.11)

and assuming that G, has a matrix-fraction description of the
form Gy,, = a(z)~!7(z), which is not necessarily left coprime,
we can write

7(2) = Zm’YO + Zmilrﬂ o+ ZYm -1 + TYm (212)

where vg,...,vm € Rk | Therefore, for k > m, the state-
space system (2.1), (2.2) has the time-series representation

y(k) =Y —aiy(k — i)+ Y Biu(k —i) + > yw(k —i).

i=1 i=d i=0
(2.13)

Definition 2.1: Let G be a strictly proper transfer function
matrix. Then the normal rank of G is rank G = rank G(A) for
almost all A € C.

Next, note that it follows from (2.3) and Assumption A4)
that, for all sufficiently large A € C, rank Gy, (A) = I. Thus,
G'yu (%) has full normal rank, that is, normal rank G, = [. Con-
sequently, normal rankv = [.

Definition 2.2: Let G be a strictly proper s x t transfer func-
tion matrix with the Smith—-McMillan form

71 (2)
i) 0
G(z) = U, (2) Us(z)
qr (Z)
Pr (Z)
0 O(s—r)x(t-r)
(2.14)

where r = normal rank G, U; and U, are unimodular matrices,
andqi,...,q,p1,-..,pr are monic polynomials such that, for
allt=1,...,r, ¢; and p; are coprime, and for all 1 = 1,...,
r — 1, p;4+1 divides p; and g; divides g; 1. Then the poles of G,
counting multiplicity, are the roots of p; - - - p,, and the transmis-
sion zeros of G, counting multiplicity, are the roots of ¢; - - - g;.

Lemma 2.1: Let G be a strictly proper s X t transfer function
matrix with a left coprime matrix-fraction description G(z) =
P(2)7'Z(z). Then, A € C is a transmission zero of G if and
only if rank Z(A) < normal rank Z. Furthermore, p € C is a
pole of G if and only if det P(p) = 0.
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Assumption A2) states that the invariant zeros of (A, B, C)
are contained in the open unit circle. Since, by Assumption
Al), (A4, B, C) is minimal, it follows that the invariant zeros of
(A, B, C) are exactly the transmission zeros of G, (z). There-
fore, Assumption A2) is equivalent to the assumption that the
transmission zeros of Gy, (z) are contained in the open unit
circle. Since p(z) and v(z) are left coprime, it follows from
Lemma 2.1 that Assumption A2) is equivalent to the assump-
tion that, if . € C and rank v(A) < normal rank v, then |A| < 1.
Furthermore, since normal rankv =1 by Assumption A4),
it follows that Assumption A2) implies that, if A € C and
detv(r) =0, then |A| < 1. Consequently, since det/3(A) =
det Q(A)det (1) = zhuit-Fhidetv (i), it follows that, if A €
C and det 5(A) = 0, then |A| < 1.

For SISO systems, Assumption AS5) specializes to the as-
sumption that sgn H; is known and an upper bound on the
magnitude |H,| is known. For MIMO systems, Assumption
AS5) is a generalization of this SISO assumption. In particu-
lar, if H, is positive definite, then Assumption A5) specializes
to the assumption that an upper bound on the magnitude of
Amax (Fg) is known. Similarly, if H; is negative definite, then
Assumption AS5) specializes to the assumption that an upper
bound on the magnitude of |Anin (Hy)| is known. More pre-
cisely, if H, is positive definite, then Assumption A5) is satisfied
with Hy > Ayay (Hg) I, while, if Hy is negative definite, then
Assumption A5) is satisfied with Hy > |Ayin (Hg)|I;. Note that
Assumptions A4) and A5) imply that [ is nonsingular.

Assumption A8) restricts our consideration to command and
disturbance signals that consist of discrete-time sinusoids and
steps. The assumption that the eigenvalues of A,, are distinct
entails no loss in generality compared to the assumption that the
eigenvalues of A,, are semisimple, that is, appear only in Jordan
blocks of order 1. For example, consider the system

A0

xw<k+1>=[0 A}mww), w(k) = (k) 215)

where z, (k) 2 [Zw1 (k) 2w2(K)]". We consider two cases.
First, suppose that 2,1 (0) # 0 and construct the system

1
Topr (K + 1) = Ay (B),  wi(k) = [72(0)] Ty (k).

21 (0)
(2.16)
Then, with z,,, (0) = x,,1(0), it follows that

1

kl‘/,l
wr(k;) — [JMW‘| )Lkl‘wr(O) _ |:)" w (0)

AkwaU»} =)
2.17)
A similar argument applies to the case 2,2 (0) # 0. Therefore,
it follows that there exists a system with distinct eigenvalues
whose output is identical to the output of (2.4), (2.5). Of course,
Jordan blocks of order greater than 1 give rise to unbounded
disturbances, which are not considered.
Assumption A10) implies that a direct measurement
of the command and disturbance is not required, while
Assumption A11) implies that the spectrum of the command and

2y 1(0)
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disturbance signals is unknown. We stress that y (k) is the only
signal available for feedback.

III. NONMINIMAL STATE-SPACE REALIZATION

We use anonminimal state-space realization of the time-series
system (2.13) whose state consists entirely of measured infor-
mation. More specifically, the state consists of past values of the
performance variable y(k) and the control u(k). To construct
the nonminimal state-space realization of the time-series sys-
tem (2.13), we introduce the following notation. For a positive
integer p, define the nilpotent matrix

07 Oix; Opxi

I O Oy
-A/:u é c Rlpxlp (31)

Ori -+ I O

and define
I
B2 [ : } e RIPX! (3.2)
O1p-1yx

where the dimension p is given by context.
Now, let n. > m and consider the 2In.-order nonminimal
state-space realization of (2.13)

ok +1) = Ap(k) + Bu(k) + DIW (k) (3.3)
y(k) = Co(k) + D W (k) (34
where
A E1C A Oln . xl
A:Aui +|: :|7 B = |: : :| (35)
1 Otn, x21n, E,
C = [—Oél —Qm lel(n(.—m)
lel(d—l) ﬂd T ﬂm Ole(nC—rn)} (3.6)
E\D
Dﬁ{ " ] D> = [ Y] B7)
Oln‘,x(erl)l“,
where
AN [ -/\[n Oln» xln,
Anil = ¢ e 3.8
: _Oln(, XIne -/\[nv :l ( )
is nilpotent; and
[ y(k—1) ]
' w(k)
A y(k - nc) A
k) 2 Wk 2 : 3.9
ow 2 [N ww e | 69)
w(k —m)
Lu(k —ne) |

Note that the definition of C in (3.6) requires n. > m. The triple
(A, B,C) is stabilizable and detectable. However, (A, B,C) is
neither controllable nor observable. In particular, (A, B,C) has
n controllable and observable eigenvalues, while the remaining
2ln, — n eigenvalues are located at 0. Moreover, (A, B) has

: Plant [ Gyu Gyw }

e u
U
H P

recompensator G [+

Internal Model édb H

Ideal Fixed-Gain Controller

Fig. 1. Closed-loop system with the ideal fixed-gain controller. The
pseudo-input e facilitates the proof of Theorem 4.1, but is otherwise set to
zero.

In. — n uncontrollable eigenvalues at 0, while (A,C) has In.
unobservable eigenvalues at 0. Note that in this basis, the state
¢(k) contains only past values of the performance variable y
and the control u.

Now, we consider the time-series controller

Ne N

u(k) = Z Miu(k — i)+ Niy(k — 1) (3.10)

where, for all i = 1,...,n., M; € R™*! and N; € R*!. The
control can be written as

u(k) = 0¢(k) 3.11)

where

02N, N,. M M, ] € R (312)

The control (3.11), which is a dynamic output feedback in terms
of y, can be computed by recording and using n. past values of
the performance variable y and the control u. However, (3.11)
is a full-state-feedback control law for the nonminimal state-
space system (3.3)—(3.8). The closed-loop system consisting of
(3.3)—(3.8) with the linear time-invariant feedback (3.11) is

ok +1) = Ap(k) + D, W (k) (3.13)
y(k) = Co(k) + Dy W (k) (3.14)
where
~ A 1
A= A+BI= A + Ele]' (3.15)

IV. IDEAL FIXED-GAIN CONTROLLER

In this section, we prove the existence and derive properties
of an ideal fixed-gain controller of the form (3.10) for the open-
loop system (2.1) and (2.2). This controller, whose structure is
illustrated in Fig. 1, is used in subsequent sections to construct an
error system for analyzing the adaptive closed-loop system. We
stress that the ideal controller is not intended for implementa-
tion. An ideal fixed-gain controller consists of two distinct parts,
specifically, a precompensator, which cancels the transmission
zeros of the open-loop system, and a deadbeat internal model
controller, which operates in feedback on the observable states
of the precompensator cascaded with the open-loop system.

First, we demonstrate how to construct the ideal fixed-gain
controller. Using Assumption A4), consider the [ x [ exactly
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proper precompensator

m—d

ul(k) = —H;' Y Bapiuc(b—i) +uan (k) (@1
i=1
which has a minimal state-space realization of the form
ij(k + 1) = Apcij(k) + chudb(k) 4.2)
u (k) = Cpeipe (k) + uan (k) 4.3)

where &, € R and i, is the McMillan degree of G (2) 2

B(z)~t 2™~ H,, which is the transfer function from wugy, to w..
Note that 7, < {(m — d). The poles of the precompensator
@pc(z) are exactly the transmission zeros of the open-loop
transfer function Gy, (z). Furthermore, Assumption A2) im-
plies that the transmission zeros of G, (z), and thus the poles

of G'pc (z), are asymptotically stable. Therefore, the cascade

Gyu(2)Ghel(2) = a(z) ' B(2)B() 2" Hy

— a(z)flszde (44)

has asymptotically stable pole-zero cancellation. Let n, be the
McMillan degree of G, (2)Gpc(2), and note that n, < Im.
Define the pseudo-input

e(k) = u(k) — w.(k) 4.5)

and cascade the precompensator (4.2), (4.3) with the open-loop
system (2.1), (2.2) to obtain

Parei el [
+ {Bi] uan (k) + {ﬂ e(k) + ﬁﬂ w(k)
4.6)
(k) = [C 0][;52)}+D2w(k) 4.7

where . is the ideal system output. Since the poles of Gpc (2)
cancel the transmission zeros of G, (2),

(e FAICK)

is not minimal. However, since (A4, B) and (A,., B,.) are con-
trollable, it follows that (4.8) is controllable. Thus

A BC,.
. |10 0]
0 A
is not observable. 111 fact, it follows from the pole-zero can-
cellations between G.(z) and G, (z) that the unobservable
modes of (4.9) are exactly the poles of Gy (%), all of which are
asymptotically stable.

Next, let &q1, € R and let
Zan(k +1) = Aqpian (k) + Bapy. (k)
uan (k) = Capdan (k)

4.8)

(4.9)

(4.10)
@.11)
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be an internal model controller (whose existence is shown later)
for the observable states of (4.6) and (4.7) that guarantees exact
command following and disturbance rejection in finite time, that
is, (4.10), (4.11) is a deadbeat internal model controller. Thus,
the ideal fixed-gain controller consists of the precompensator
(4.2), (4.3) and the deadbeat internal model controller (4.10),
(4.11). Define the transfer function matrix of the deadbeat in-
ternal model controller (4.10), (4.11) by

Gan(2) 2 Cav (2 — Agpy) " Bap,.

The following theorem constructs the ideal fixed-gain controller

Ne Ne

w.(k) =Y Mou.(k—i)+ > Nag(k—i)  (4.12)
i=1 =1

which can be expressed as

(k) = 0,0 (k) (4.13)
where
6. £ [N New, Mg M...] (414
and
My (k—1) 7
A Ye(k —1ne)
G (k) = s (k— 1) (4.15)
L us(k —ne)

The closed-loop system with the ideal fixed-gain controller is
shown in Fig. 1 and is given by

o(k+1) = A.p(k) + D W (k) (4.16)
y(k) = Co(k) + D2 W (k) 4.17)
where
N L EiC

Theorem 4.1: Consider the ideal closed-loop system consist-
ing of (4.16), (4.17), where A,, B, and C are given by (4.18),
(3.5), and (3.6), respectively. Furthermore, let

Ne > Ny + 2Iny, +m —d. 4.19)

Then there exists an ideal linear output-feedback controller
(4.12) of order n. such that the following statements hold.
1) For all initial conditions ¢, (0) and x,, (0) and all integers

k > kg, where
ko Zng+ne+d—m (4.20)
it follows that y. (k) = 0.
2) A, is asymptotically stable.
3) Fori=1,2,3,...
~. H s ’L:
cA1B={4"" "~ @.21)
0, i#d.
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Proof: We show that a time-series representation of the fixed-
gain controller (4.2), (4.3), (4.10), and (4.11) depicted in Fig. 1
exists and satisfies 1)-3).

First, consider the cascade (4.6), (4.7), and recall that (4.8) is
controllable but not observable. Furthermore, the unobservable
modes of (4.9) are precisely the poles of Gpc (2), all of which are
asymptotically stable because of Assumption A2). Therefore,
it follows from the Kalman decomposition that there exists a
nonsingular matrix 7' € R("*7pe)x(n+7pe) guch that

A, 0 A BCyl.
[ } :T[ R }T (4.22)
A21 A6 O Apc

[C, 0]=[C o]T! (4.23)

where A, € R"*" (A, C,) is observable, and A; is asymp-

totically stable.

o (k k
Now, defining [33 ( q éT{Am( ) }, where x,(k) €
x5 (k) Zpe (k)

R", and applying this change of basis to the cascade (4.6)

and (4.7) yields
s B i
S EECR P EC
HrEC

)] + Dyw(k)  (4.25)

where z, € R"° and

B, B B, B
7|, ol=7
BG ch Be‘(’) 0
[DLO] _ [Dﬁ .
D5 0
Note that (A,, B,, C,) is a minimal realization of the transfer
function matrix

(4.26)

Go(2) = Colzl — Ay] ' By = Gy (2)Cie(2)

=a(z) 2" MH,. 4.27)

Next, we consider a deadbeat internal model controller of the
form (4.10), (4.11) designed for the observable subsystem of
(4.24), (4.25) given by

zo(k+ 1) = Agzo (k) + Bouan (k) + Beoe(k) + Dy qw(k)
(4.28)

The invariant zeros of (A,, B,, C,) are located at the origin, and
thus do not coincide with the eigenvalues of A,, by Assumption
AB). Since, in addition, (A,, B,, C,) is minimal, the dimension
of y equals the dimension of u, and normal rank G, =1, it
follows from Theorem A.1 with n = n,, N, = N, and lAy =1

that, for all ng), satisfying

Nap = No + 2lny, (4.30)

there exists a discrete-time controller (4.10), (4.11) such that the
dynamics matrix

rt 140 13061 D
= [ t } 4.31)

Ao 211 . ,
be BiCo  Aay

of the closed-loop system (4.10), (4.11), (4.28), and (4.29),
which represents the feedback interconnection of G, and Gdb, is
nilpotent. Furthermore, with e(k) = 0, for all initial conditions
(6(0),25(0), Za1, (0), 2, (0)) and all integers k > n, + fgp, it
follows that y, (k) = 0.

The closed-loop system (4.10), (4.11), (4.24), and (4.25) is

zo(k+1) A, B,Ca O o (k)
dap(k+1) | = | BanCo AdAb 0 | | Zan(k)
x5 (k+1) Asr BsCqn As x5 (k)
B, D,
+1 0 |e(k)+ | BaDy | w(k)
Bc,F) D1,6
(4.32)
o (k)
yo(k) =[Co 0 0] | Zap(k) | + Daw(k).
5 (k)
(4.33)

Since Aq, is nilpotent and A; is asymptotically stable, it fol-
lows that

Ao Bo CA(db 0
BanCy  Agy 0
Ay BsCy, A

(4.34)

is asymptotically stable.
To construct the ideal fixed-gain controller, we first write the
transfer function matrix of (4.10), (4.11) as

Gap(z) = M(2)"'N(2) (4.35)
where
M(z) = 2" 0 4 2" UMy 4 - 4 2 My, 1 + M,
(4.36)
N(2) = 2" Ny + 2" 2Ny + -+ 2Nz, _1 + Nay,
(4.37)

where, for i = 1,..., 74, M; € R and N; € R'*!. There-
fore, (4.10), (4.11) has the time-series representation

fldb ﬂdb

uan (k) = =Y Miuay(k —i) + > Niy.(k —i).  (4.38)
i=1 =1

Now, let nq1, = ne + d — m, and note that, since (4.19) holds,
Nap = Ne +d —m > n, + 2ln,,, as required by (4.30). With
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e(k) = 0, and thus u(k) = u. (k) for all k& > kg, the ideal fixed-
gain controller, which consists of the precompensator (4.1) and
the deadbeat internal model controller (4.38), is given by (4.12),
where, fori =1,2,...,n,

JAN _ ! ~ _
M. = —Hy'Bgei =Y MyH; ' Beiy (439

Jj=1

A
P =

N, = N; (4.40)

where, forall¢ > m, 6; = 0,and forall¢ > nqy,, Mi = Nq =0.
To show 1), consider the 2/n.-order nonminimal state-space
realization of the controller (4.13), (4.39), and (4.40) given by

Gus(k 4+ 1) = At (k) 4+ Bey. (k) 4.41)
s (k) = Coun (k) 4.42)
where
A O x21n N A
¢ — Ani ‘ ¢ 5 Bc = y CC = 0*
A A L |: Elo* ] |:Olnc><l:|
(4.43)

Note that A, = A + BC. — B.C. Therefore, the ideal closed-
loop system (3.3)—(3.8) and (4.41)—(4.43) is

[iﬁig}{éééfHZﬁﬂ

+ {ﬂ e(k) + [BD;)J W(k) (444
%ww<nmﬁﬂ+mww (4.45)
where
[ ye(k—1) ]
¢.(k) = yu((l;;:%) (4.46)
L u(k —n.) |

The closed-loop system (4.44) and (4.45) is a nonminimal
representation of the closed-loop system (4.32) and (4.33). Fur-
thermore, every unobservable or uncontrollable mode of (4.44)
and (4.45) is located at zero. Thus, the spectrum of

- A BC.
weld

4.47
B.C A @47

consists of the eigenvalues of (4.34) as well as 4ln. —n —
fipe — Map, eigenvalues located at zero. Therefore, since (4.34)
is asymptotically stable, it follows that (4.47) is asymptotically
stable. Furthermore, since (4.44), (4.45) is a nonminimal repre-
sentation of (4.32), (4.33), it follows that, with e(k) = 0, for all
initial conditions ¢,.(0) and x,, (0) and all k > n, + g, = ko,
y«(k) = 0. Thus, we have verified 1).
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To show 2), consider the change of basis

A, BC. I 01 A BCT1[I 0
e R T Pl | R IR
0 -Anil -1 1 BCC .AC I 1

=1 (49
c o0]=[c O]H ?] (4.50)

Since (4.47) is asymptotically stable and A,; is nilpotent, it
follows from (4.48) that A, is asymptotically stable, verifying
2).

To show 3), we compute the closed-loop Markov parame-
ters H,,. ; from the pseudo-input e to the performance variable
Ys using a state-space realization of the closed-loop system
and a transfer function matrix representation of the closed-loop
system. First, consider the nonminimal state-space realization
(4.44) and (4.45). Fort = 1,2, ..., define the Markov parame-
ters

. A BC17' B
husie ]2 %7 7]
1, BC.17'1 B
- aly o] [
0 A —-B

i—1
=CA'B+) —CAI'BM.;

j=1

(4.51)

where M,; = CCAf;lleori =1,2,...,ncand M,; = 0forall
1> Ne.
Next, consider the transfer function matrix representation of
the open-loop system
Yo = Gyu(2)u+ Gy (2)w
= Gy (2)us + Gy (2)e + Gy (2)w

= Gyu(2)Gpe (2)Gan (2)ys + Gyu(2)e + Gyy (2)w

(4.52)
which implies that the closed-loop system is
Yo = Gyee + Gyuw (4.53)
where
Gye 2 11 — Gyu(2)Che(2)Can(2)] ' Gy ()
=L — a(2) 2" H M (2) N (2)] alz) 7 B(2)
= [a(z) — 2" H,M(2) " N(2)] 7 B(2)
= D(z) ' M(2)H;' B(2) (4.54)
Gyo = (I = Gyu(2)Gpe(2)Gan (2)] ' Gy (2)
= D(2) ' M(2)H; ' y(2), (4.55)
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and D(z) £ M(2)H; a(z) — 2N (z). Notice that D(z)
can be written as

D(Z) _ Zm+f1dh H(;l + Zm+ﬁdb71[)1 N Dm+’fbdb
(4.56)
where, for i = 1,2,...,m + figy, D; € RI*L. Since (4.31) is
nilpotent, it follows that the poles of G'ye and G'yw are located at
zero; in particular, det D(z) = Zlm+an) det Hd_1 . In fact, it fol-
lows from (4.56) that the coefficients of the deadbeat controller

M(z)’lN(z) can be chosen sothat Dy = --- = Dy, 14, =0,
and thus
Gyelz) = [ M H' N (z) = 277700 Hy N (2)
4.57)
where
N(Z) é M(Z)H;lﬁ(z) _ Zerdeb ](]0 4+ 4 Nm+ﬁdh
(4.58)
and
0, 0<i<d
_ I, i=d
Ni = i—d
Hy'B; + ZMin_lﬁiah d <i<m+fqp-
j=1
(4.59)
Therefore, it follows from (4.39) that
0, 0<i<d
N, =< 1, i=d (4.60)
_M*’i,—d d<i <m+ ﬁdb-

It follows from (4.57) that the closed-loop Markov parameters
ﬁy*e_j from the pseudo-input e to the performance variable .
are fIyH = HdNi fort:=1,2,...,m+ ngp, and fIyH =0
for i > m + fqp, which implies

0, 0<i<d
-~ Hd7 ’L = d
Hy.i= , . 4.61)
' —HyM,—q, d<i<m-+nq,
0, T >m+ Ngp-

Then, property 3) follows from comparing the expressions
for ﬁy*m given by (4.51) and (4.61). More specifically,
since (4.61) implies that ﬁyel == Ny*€7d71 =0, it fol-
lows from (4.51) thatCB = CAB=-- = Cflﬁf”B = 0. Next,
sinceCB=CAB=---=CA"?B=0and H, . 4 = Hy [us-
ing (4.61)], it follows from (4.51) that CAY1B = H,. Now,
since CB=CA.B=---=CA"2B=0,CA*'B = H,, and
ﬁy*e’d+1 = —H;M,, [using (4.61)], it follows from (4.51) that
CA?B = 0. Lastly, since CB=CAB=---=CA" 2B =0,
CAY'B=H;, CA'B=0,and H, .4,y = —HyM.,, [using
(4.61)], itfollows from (4.51) that C.,Zl‘,f+ !B = 0. Continuing this
analysis yields CB = CA.B=--- =CA 2B =0,CA*"'B =
Hy,and CA’B = CAt! = ... =0. n

V. ERROR SYSTEM

We now construct an error system using the ideal fixed-gain
controller and a controller whose gains are updated by an adap-

tive law. By Assumption A11), the controller order n. given by
(4.19) is unknown. However, since m < n and n, < Im, it fol-
lows that n, +m + 2in, —d < (I + 1)n + 2ln,, — d. There-
fore, if

n. > (I+1)n+2ln, —d 5.1

then n, satisfies (4.19). Assumptions A3), A6), and A9) imply
that the lower bound on n. given by (5.1) is known.

The closed-loop system consisting of (3.3)—(3.8) with the
ideal feedback (4.13) is

G (k1) = A.dun(k) + Dy W ()
Yo (k) = Cous (k) + Do W (k)

where, by 2) of Theorem 4.1, A, is asymptotically stable.
Next, consider the controller

u(k) = Z M; (B)u(k —17) + Z N (k)y(k — 1) 5.4

(5.2)
(5.3)

where, foralli = 1,...,n.,M; : N - R> and N; : N — R
are given by the adaptive law presented in the following section.
The control can be expressed as

u(k) = 0(k)o(k) (5.5)
where
O(k) 2 [Ni(k) - Na (k) Mi(k) M, (k)]
(5.6)
Inserting (5.5) into (3.3) yields
o(k +1) = Ap(k) + BO(k)p(k) + D1 W (k). (5.7
Next, defining
0(k) £ 0(k) — 0, (5.8)

and substituting 6(k) = 6(k) + 6, into (5.7), the closed-loop
system consisting of (3.3), (3.4) with the time-varying feedback
(5.5) becomes

ok +1) = A.p(k) + BO(k)p(k) + D1 W (k)
y(k) = Co(k) + DaW (k).

Now, we construct an error system by combining the ideal
closed-loop system (5.2), (5.3) with the closed-loop system
(5.9), (5.10). Define the error state

(5.9)
(5.10)

A

(k) = 6(k) = ¢..(k) (5.11)
and subtract (5.2), (5.3) from (5.9), (5.10) to obtain
d(k +1) = A.(k) + BO(k) (k) (5.12)
g(k) = Co(k) (5.13)
where
(k) 2 y(k) v (). (5.14)

Note that the Markov parameters of the error system (5.12),
(5.13) are given by 3) of Theorem 4.1.

The following proposition shows that y(k) is linear in the es-
timation error 0 (k). This proposition is essential for developing
the adaptive law and analyzing the stability of the error system.
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Proposition 5.1: Consider the error system (5.12) and (5.13).
Forall k > ko,

(k) = y(k) = Hif(k — d)p(k —d).  (5.15)
Proof: Substituting (5.12) into (5.13) yields
k
j(k) =Y CA'BO(k — i)p(k — ). (5.16)

i=1
It now follows from 3) of Theorem 4.1 and (5.16) that §j(k) =
Hq0(k — d)¢(k — d). Furthermore, it follows from 1) of The-
orem 4.1 that, for all k > ko, y.(k) = 0, that is, §(k) = y(k).
Hence, for all k£ > kg, (5.15) holds. [ ]

VI. ADAPTIVE CONTROLLER AND STABILITY ANALYSIS

We now present the adaptive law for the controller (5.5),
(5.6) and analyze the properties of the closed-loop error system.
Consider the cost function

J (k)

£ 2 (k).

2
Substituting (5.15) into (6.1), the gradient of J (k) with respect
to 6(k — d) is given by

0T (k)

0(k — d)

Since, by Assumption All), H; is unknown, we replace H; in
(6.2) with Hy, and, in place of (6.2), we use the implementable
gradient

6.1

dy(k)o" (k- d). (6.2)

G(k) £ BT y(k)¢" (k — d).

Note that the implementable gradient (6.3) can be used in prac-
tice due to Assumptions A3), A5), and A7).
Now, consider the adaptive law

0(k+1) = 0(k — d)

(6.3)

— n(k)G(k) (6.4)

where 77: N — [0,00) is a step-size function. Note that, if
G(k) = 0, then n(k) is irrelevant. In accordance with Assump-
tions A10) and All), the adaptive control law (6.4) does not
require a measurement of the exogenous signal w(k) and does
not use knowledge of the exogenous dynamics (2.4), (2.5).

Subtracting 6, from both sides of (6.4) yields the estimator-
error update equation

O(k+1) =0k — d) — n(k)G(k). (6.5)

The closed-loop error system is thus given by
Ok +1) =0k — d) — n(k)G(k) (6.7)
Ok —d+1)=0(k —2d) —n(k — d)G(k —d) (6.8)

where

A A I
AY :A/’l(n,»-&-d)v BY = |: :|
OZ(n(,erfl)xl
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y(k —1)

Y (k) (6.9)

y(k —n. —d)

Theorem 6.1 : Consider the open-loop system (2.1), (2.2) sat-
isfying Assumptions A1)-A11) and the adaptive feedback con-
troller (5.1), (5.5), (5.6), (5.15), and (6.4). Furthermore, for all
k > ko, let ((k) € R be such that

. A ,
0<q= 1nf]>k0((]) < (k) < Gu = sup;»p, () < 2.
(6.10)
Finally, for all k£ € N such that G(k) # 0, let n(k) € [0, c0)
satisfy
n(k) =0, if k< ko (6.11)
n(k) = C(k)nopt (k), if k> ko (6.12)
where
s lly(®)IE
Nopt (k) = . (6.13)
= Gm

Then, for all initial conditions z(0) and 6(0), 6(k) is bounded,
u(k) is bounded, limy,_,» y(k) = 0, and z(k) satisfying (2.1)
is bounded. If, in addition, the open-loop dynamics matrix A is
asymptotically stable and u(k) =0 for all k =0,...,ky — 1,
then, for all z,,(0), the zero solution of the closed-loop error
system (6.6)—(6.8) is Lyapunov stable.

Proof: Let k > kg so that, by Proposition 5.1, g(k) = y(k).
Consider the quadratic function
JY)2YTpy (6.14)

where P > 0 satisfies the discrete-time Lyapunov equation
P=APAy + Q+al (6.15)

where @ > 0 and « > 0. Note that P exists since Ay is asymp-
totically stable. Defining

AJ(k) 2

JY(k+1)) -
it follows from (6.6) that
AJE) =Y (k+1D)PY(k+1) - YT (B)PY (k)
=Y (k) (Q+ al)Y (k) + YT (k)A} PBy y(k)
y' (k)By PAyY (k) +
< - YT( NQ+al)Y (k) +y
+aY T (k)Y (k)

J(Y (k) (6.16)

y" (k)By PBy y(k)
" (k)By PBy y(k)

1
+ () [BEPAY AT PBy ] y(k)

< —Y'(k)QY (k) + ory" (k)y(k) (6.17)

where 01 2 Aux (BLPBy + LBLP Ay ALPBy).
Now, consider the positive-definite, radially unbounded
Lyapunov-like function

V(Y (k),0(k),...,00k—d))
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2 (14 a, YT (k)PY (k)

d
+ay > _[0(k — )|
i=0

d
+as Yy [0k — i)l (6.18)

i=0

=In(1 + ay J(V (k)

where a; > 0 and as > 0 are specified later. The Lyapunov-like
difference is thus given by

SV (k+1),0(k+1),...,00k—d+1))
—V(Y(k),0(k),...,0(k —d)). (6.19)

AV (k)

Evaluating AV (k) along the trajectories of the closed-loop error
system (6.6)—(6.8) yields

AV(k)=In[1+aY" (k+1)PY (k+1)]
—In[L+a Y (k)PY (k)] + asn? (k) |G (k) I}
— 2asn(k) [tr(0(k — d)G™ (k))]
=ln[l+a J(Y(k)) + a1 AJ(E)]
—In [+ a1 J(Y (k)] + azn? (k)| G (k)|
— 2aon (k) [tr(0(k — d)p(k — d)y" (k) Hy)]
_ln[1+a1J( (k) + a1 AJ (k)]
I [1 + a1 J(Y (k)] + agn” (k) |G (k)7
— 2a9m(k)y" (k) Hyf(k — d)$(k — d)
—ln[1+a1 (Y(k)) + a1 AJ (k)]
In[1+a J(Y(k))]
+a2(—277(k:)¢T(k d)0" (k — d)H}
x Haf(k — d)g(k — d) + 7 (k)|G ()|} )
=In[1 4 a1 J(Y (k) + a1 AJ (k)]
In[1+ a1 J(Y (k)] + azn? () |G (F) 1}
—azn(k)¢" (k — )0 (k — d)
x [H} Hy + H} Hy)0(k — d)o(k — d).
(6.20)

By Assumption AS) and using (5.15), we have

alAJ( )
AV (k) <In (1 1+a1((k)))

+as [ = 2n(k)¢" (k — d)0" (k — d)

x Hj Hyf(k — d)¢(k — d) + n* (k)| G(k)[|7]
_ _wAJ(k)
‘m0+1+m<<m0

+az [=20(k) |y (k)13 + n* (k)G (K)IIF]

= 2axn(k) y(K) 13 + a2772(k)777

- alAJ(kJ)
'*“O+1+mJW@»

— aznl (k) [2C(k )—

alAJ
<1
= n< 1+ ard( (k:
:1n<

al AJ )
where « is defined by

¢ IIGHE) 17

7a2/€770pt ||G )”F

y(®)s
MG [

(6.21)

\_/\/\_/

1+(L1 (k

k2 inf [2¢(5) —

Jj=ko

= mln{2§1 —

()]

Since 0 < ¢ < (, < 2, it follows that « is positive.
Since, forall z > 0,lnz < z — 1, using

IGR)F < omax (Ha)[ly(R) 3|6 (k — d)|f5
and (6.17), we have

(6.22)

(6.23)

y' (k)y(k)
Hy)l|l¢(k — d)3

AVEE) <o B

. 6.24
o2 (Ha)o(k (€29

Furthermore, defining
uk —1) y(k—1)
{ L, Yo(k)ﬂ{ : ] (6.25)
u(k —n) y(k —ne)
iLfollows from [|¢(k — d)|3 = [[Yo(k — d)II3 + [|Us(k — d)]13
that

[l >

Uo (k)

YT(HQY (k)
A= Ty TRy @

y* (k)y(k)
1+a1)\-1nln( )HY( )||

+a101
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y* (k)y(k)
Yo(k = d)|3 + |Uo(k — d)II3]°

(6.26)

— Q2K

0lax (Ha) |

Assumption A2) implies that the invariant zeros of the system
(2.1)—(2.5) from u to y are asymptotically stable. Thus, it follows
from Theorem B.1 with p = n, that there exist b; > 0 and by >
0 such that

royk=1) 7
[Uo(k = d)||3 < b1 + by :
Ly(k —ne — 1) 11l

Yo (k) 2
“hh _yucncl)HQ
T Yo(k) ?

y(k —ne —1)

< by A by ||| YE e —2)

Ly(k —mne —d)d
= b + b Y (k)3 (6.27)

Therefore, since ||Yy (k — d)||3 < ||Y (k)|3, it follows that

YT (k)QY (k)
AVIR) < =0 ST Py ()
y" (k)y(k)
1+ al)\min(P)HY(k)H%
y" (k)y(k)
2 Hy) b + Yotk — d)[3 + o[V ()| 3]

g Y (R)QY(F)
= T YT (k)PY

+a101

— Q2K

Y (k)
y" (k)y(k)
1+ al)‘mm( )”Y(k)”%
y' (k)y(k)
max( ) [bl + (b2 + 1)||Y(k)||%]

0 YT (R)QY (k)
"T+a YT (k)PY

“+ ajo1

— Q2K

Y (k)

y* (k)y(k)
1 + al)\mln (P)“Y(k)”

bsy" (k)y(k
L+ by [V (R)I3

“+ a;o1

(6.28)

—ay
where by 2 1/( maX(Hd)bl) and by 2 (by +1)/by.
Next, letting a; = b4 /Amin (P) and ag 2 ayo1/(bsk), it fol-

lows that

AV(k) < =W (Y (K))

(6.29)
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where

A VT (k)QY (k)
W) = o S mpy i

To show that A(k) and Y (k) are bounded, summing (6.29) from
ko to k — 1, where ky < k — 1, yields

0 <V(Y(k),0(k),...,0(k—d))

k-1
-y W

(6.30)

V(Y (ko). 0(ko), -, 0(ko — d))
J=ko
<V(Y(ko),0(ko), ..., 0(ko — d)). (6.31)
Thus, V(Y (k), ( ),...,0(k—d)) is bounded. Since
V(Y (k),0(k),...,00k— d)) is positive definite and radially

unbounded, it follows that 0(k) and Y (k) are bounded. Thus,
0(k) = 6(k) + 6, is bounded.

Now, we show that limy_.., Y (k) = 0. Since V is positive
definite, it follows from (6.29) that

5
> WY ()

Jj=ko
k
> AV())
Jj=ko
=V (Y (ko),0(ko),...,0(ko —
— lim V(Y (k),0(k),...,

0 < lim

k—o0

< — lim

k—o0

d))
0(k —d))
<V(Y(ko),0(ko),...,0(ks —d)) (6.32)

where all three limits exist. Thus, limy ., W (Y (k)) = 0. Next,
note that

0 <v([[Y(k)]) < W(Y(k)) (6.33)
where
AN al)‘min(Q)HY(k)H%
WY & e e 63
Thus, limy o v(||Y (k)]|) = 0. Rewriting (6.34) as
_ v([[Y (k)]
l= \/ 01 ain(Q) = o(IY W) (P)) O

it follows that limy, ., Y (k) = 0, and thus lim;_., y(k) = 0.
Finally, it follows from (6.27) that u(k) is bounded. Thus, ¢(k)
is bounded. Since ¢(k) is the state of the nonminimal state-
space realization (3.3)—(3.8) of the time-series representation
(2.13) for the original state-space system (2.1), (2.2), it follows
that (k) is bounded.

To prove the last statement of Theorem 6.1, let x,,(0) be
given, and let

Y (k)

O(k — d)

X (k) (6.36)

o0(k . 2d)
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be the state of the closed-loop error system (6.6)—(6.8). Since
V is positive definite, and, by (6.29), AV is negative semidefi-
nite, it follows from [19, Lemma A.3.12] that the zero solution
of the closed-loop error system is Lyapunov stable starting at
ko. Therefore, given £y > 0, there exists dy > 0 such that, if
||X(k0)|| < &y, then ||X(k)“ < ¢gg forall k > ky.

Now, assume that the open-loop dynamics matrix A is asymp-
totically stable and that u(k) = 0 for all £ < kg. Then, it fol-
lows that there exists d; > 0 such that, if ||X'(0)| < d;, then
[|X (k)| < dp for all k=0,...,ky — 1. Consequently, for all
g9 > 0, there exists d; > 0 such that, if [|X(0)|| < d1, then
[IX (k)| < eo for all k > 0. Therefore, the zero solution of the
closed-loop error system (6.6)—(6.8) is Lyapunov stable starting
atk = 0. |

The step size 7,p¢ (k) given by (6.13) has the following inter-
pretation. Note that (6.21) can be written as

CL]AJ(]{}) )
1+ a1 J(Y (k)

+az [(1(k) = Mope (k) = m2pe (B)] G (R
(6.37)

AV (k) <In (1 +

Since the quadratic function (n(k) — nope(k))? — 02, (k)
achieves its minimum at 7(k) = np¢ (k), it follows that the
upper bound for AV (k) given by (6.37) is minimized by
(k) = Nope ():

An analogous optimal step size is constructed in [1], where
an ideal (not necessarily deadbeat) controller is assumed to
exist. However, in the present paper, an ideal deadbeat internal
model controller is proven to exist and have the properties given
by Theorem 4.1 and Proposition 5.1. Hence, for all k > kg,
g(k) = y(k) is known, and thus 7, (k) is computable.

In [1], §(k) = y(k) — y«(k) is unknown since y. (k) is un-
known, and thus the optimal step size is not computable in [1].
To obtain a computable step size in [1], several implementable
step sizes are defined. We can construct an analogous step size
Timp (k). Specifically, imp, (k) defined by

A 1
) et
where € > 0, satisfies
Thimp (k) < Nopt (k). (6.39)
Theorem 6.1 holds with (6.12) replaced by
(k) = (k) Mmp (F). (6.40)

However, (6.38) is not needed in the present paper since §(k) =
y(k) is known for all k > ky, and thus 7, (k) is computable,
and thus implementable.

Let {9(k)}72,, satisfy

Cu .
= < SUszkUT/’(J) < 00

5 (6.41)

and define C(k) 2 <L Then, if (6.10) holds for {¢(k)}?<y, ,

then it also holds with {((k)}72, replaced by {f(k)};o:k”.
The term (k) can be viewed as a tuning variable relating to

the magnitude of the bound H, representing the accuracy with
which H; is modeled. In particular, by defining the time-varying
bound

Hyp 2/ P(k)H, (6.42)

H, canbe replaced with Hd‘ & in Assumption AS) and (6.3). The
example in the next section shows that the transient response
is directly related to 1 (k), and thus (k). Therefore, (k) and
¢(k) are indirectly related to the conservatism of the bound H,
on the first nonzero Markov parameter.

VII. MASS-SPRING-DASHPOT EXAMPLE

Consider the 3-mass structure with all possible spring and
dashpot connections given by

0 w1
Mi+Cig+Kgq=p|u|+p|w 7.1
0 ws
where
M £ diag(my, ms, ms) (7.2)
(e + ci2+tcs —C1,2 —C1,3 1
A
C= —C1,2 C12+C+C23 —C2.3
L —C1,3 —C2,3 C1,3 +¢c23 +C3 |
(7.3)
A (k1 + kio+kis —k1,2 —k13 1
K= —ki 2 kio+ky + ko3 —ka3
—k1.3 —ko.3 k13 + ko3 + k3|
(7.4)
A
=l @ @l (1.5)

u is the control, and wy, wo, and w3 are disturbances. For this
example, the masses are m; = 0.01 kg, mo = 0.02 kg, and
mg = 0.01 kg; the damping coefficients are ¢; = 5 kg/s, co =
3kg/s,c3 =4kgfs,c1 2 =0.1kgfs,c13 =0.2kg/s,and ¢z 3 =
0.3 kg/s; and the spring constants are k; = 11 kg/s?, ky = 12
kg/s2, ks =13 kg/s2, k12 =70 kg/sQ, ki3 =60 kg/s2, and
ka3 = 30 kg/s®. The input gain ¢ = 10* is used for numerical
conditioning.

The control objective is to reject the disturbances wy , wo, and
ws while forcing the position of mgy to follow the command
wy. Thus, the performance variable is given by y = g2 — wy.
We assume that the command and disturbance signals are gen-
erated by a Lyapunov-stable discrete-time linear system whose
spectrum is unknown.

The continuous-time system (7.1)—(7.5) is sampled at 100 Hz
with input provided by a zero-order hold. It follows from [20]
that the resulting sampled-data system is minimum phase from
u to y. Thus, Assumption A2) is satisfied. Furthermore, the
sampled-data system has a delay d = 1, and the first nonzero
Markov parameter is H; = 0.3. Let the bound on the first
nonzero Markov parameter be H, = 1.5H; = 0.45, which sat-
isfies Assumption A5). Thus, the mass-spring-dashpot sampled-
data system satisfies Assumptions A1)-Al1).
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Fig.2.  Adaptive controller with n(k) = n,p¢ (k) [thatis, (k) = 1] is imple-
mented in the feedback loop after 5 s. The performance variable y converges to
zero.

The three unknown disturbance signals are discrete-time sinu-
soids with frequency w; = 5 Hz, while the unknown command
signal is a discrete-time sinusoid with frequency wy = 13 Hz
plus a constant bias. More specifically, the unknown disturbance
and command signals are

wi (k) = sin 2ww; Tyk (7.6)
wy (k) = —1.5in 27w Tk (7.7
ws (k) = 2sin 2w, Tyk (7.8)
wy (k) = sin 2wwo Tk + 7 (7.9)

where the sample time is 7; = 0.01 s. The open-loop system
is given the initial conditions ¢(0) = [1 2 0]"mand §(0) =
[—1 —2 0]" m/s. Fig. 2 is a time history of the performance
variable y. The system is allowed to run open loop for 5 s. Then,
the adaptive controller (5.5) and (6.4) with n. =20, d =1,
Hy = 0.45, and 1(k) = 1opi (k) is implemented in feedback
with the initial condition §(0) = 0. The performance variable
y converges to zero, which implies that the position g» asymp-
totically follows the command w, and rejects the disturbances
wy, we, and ws. In particular, Fig. 3 shows that the controller
places poles at the disturbance and command frequencies w; =
5 Hz and wo = 13 Hz. Note that k) = 21, which corresponds to
0.21s.

The controller’s transient performance has significant peaks,
as shown in Fig. 2. This transient behavior is due in part to the
bound H; on the first nonzero Markov parameter H;. How-
ever, the speed of adaptation, and thus the transient perfor-
mance are directly influenced by (k). Specifically, the con-
troller adapts more slowly when (k) is small and more quickly
when ¢ (k) is large. To demonstrate this effect, consider the adap-
tive controller (5.5) and (6.4) with 1(k) = (1/5)nopt (k). After
the system is allowed to run open loop for 5 s, the adaptive
controller (5.5) and (6.4) with n. = 20, d = 1, H; = 0.45, and
n(k) = (1/5)n0p¢ (k) is implemented in feedback with the initial
condition 0(0) = 0. Fig. 4 shows that the performance variable
y converges to zero with improved transient performance, but at
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Fig. 3. Bode magnitude plot of the adaptive controller at t = 15 s. The adap-
tive controller places poles at the disturbance frequencies w; = 5 Hz and
wy = 13 Hz. The controller magnitude |G (e’ 75)] is plotted for w up to
the Nyquist frequency wyyq = 7/Ts = 314 rad/s.

10 15
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Fig. 4. Adaptive controller with (k) = (1/5)n,p+ (k) [thatis, ((k) =1/5]
is implemented in the feedback loop after 5 s. The performance variable y
converges to zero with improved transient performance, but much slower con-
vergence compared to Fig. 2.

the expense of convergence time. Equivalently, setting ( (k) = 1,
¢ (k) = 5, and replacing H; with H, ; = 0.45\/5 = 1.0 yields
the same result. In this case, the transient performance is viewed
as a consequence of how well the bound H; ;, models the first
nonzero Markov parameter H .

For this mass-spring-dashpot example, slower adaptation can
reduce peaks in the transient performance, but faster adapta-
tion causes faster convergence. In fact, these observations hold
for many open-loop stable systems; however, if the system is
open-loop unstable, then the effects of adaptation speed dif-
fer. For the open-loop stable mass-spring-dashpot system, one
might consider using slower adaptation when the controller is
initially turned on, then increasing the adaptation speed. In par-
ticular, let ((k) = exp(—3/k). Fig. 5 shows a time history of
the performance variable y. The system is allowed to run open
loop for 5 s. Then, the adaptive controller (5.5) and (6.4) with
ne =20,d =1, H; = 0.45, and n(k) = exp(—3/k)nopt (k) is
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Fig.5.  Adaptive controller with (k) = exp(—3/k)nopt (k) [thatis, {(k) =
exp(—3/k)] is implemented in the feedback loop after 5 s. The performance
variable y converges to zero with improved transient performance compared
to Figs. 2 and 4. Furthermore, the performance converges almost as quickly as
Fig. 2, and more quickly than Fig. 4.

implemented in feedback with the initial condition 6(0) = 0.
The performance variable y converges to zero with improved
transient performance and good convergence time. Equivalently,
setting ((k) =1, (k) = exp(3/k), and replacing H; with
Hy = 0.45+/exp(3/k) yields the same result.

VIII. CONCLUSION

We considered adaptive stabilization, command following,
and disturbance rejection for MIMO minimum-phase discrete-
time systems, where the command and disturbance signals are
generated by a linear system with unknown dynamics. Future
work includes extending the discrete-time adaptive controller
to nonsquare nonminimum-phase plants. Lifting techniques,
which transform a high-rate nonminimum-phase system into a
low-rate minimum-phase system, can be used in this case [21].

APPENDIX A
Theorem A.I: Consider the discrete-time system
@(k+1) = Ai(k) + Bu(k) + Dyw(k)
y(k) = Ci(k) + Dyw(k)

(A.1)
(A2)

where 2 (k) € R, y(k) € Rlv, u(k) € R, w(k) € Rlv, and
assume that the following conditions hold.
1) (A, B, ) is controllable and observable.
2) 1, > 1.
3) The exogenous signal w(k) is generated from the output
of the linear system

«iu: (k + 1) = Au:iu: (k), w(k) = Cvuﬁjjw (k)
where &, (k) € R, (fl“, , C‘m) is observable, for all A €

spec(A,, ), A is not a transmission zero of G(z) = C/(zl —
A)~'B, and normal rank G = min(l,, [, ).

Furthermore, consider the linear time-invariant controller

e(k+1) = Aciie(k) + Bey(k), u(k) = Cedic(k) (A4

(A3)

where Z.(k) € R™ so that the closed-loop system is given by

za(k+1) = Aaza(k) + Daw(k) (A.5)
y(k) = Caza (k) + Dow(k) (A.6)
where
A BC, 5
Aclé|:AA A:|7 DcléliAlﬁ]
B.C A B.D,
CClé[é 0]7 (Eclé |:;r:| (A7)
T,

Then, for all nqy, > 7 + 27, fy, there exists (AC, B., C’C) such
that A, is nilpotent. Consequently, for all initial conditions
21(0), and 2, (0), and, for all k > 2(7 + 7,1, ), y(k) = 0.

Proof: A straightforward extension of the arguments used in
Section II to show that A,, can be chosen to have distinct eigen-
values shows that, without loss of generality, Au, can be assumed
to be cyclic. We consider the open-loop system (A.1)—(A.2)
connected in cascade with an internal model of the exogenous
dynamics

#1(k+1) = Awa1(k) + Bwy(k) (A.8)

where AVV é I[ & Aw: By é I[ ® Bw, and B“; € R is
chosen such that (flw,Bw) is controllable [22, Fact 5.12.6].

Note that the dynamics (A.8) contains iy copies of the exogenous
dynamics flw. The cascade (A.1), (A.2), and (A.8) is

L 2112
+ [ﬂ u(k) + [3552

[ L] (3]

w9
[53]2

Now, we show that the augmented system (A.9), (A.10) is
controllable and observable. First, define the stable region

(A.10)

SEheC: |y <1} (A.11)

and the unstable region U/ 2 C\S. Let zelUd and A€
spec(A, ) C U. Since (A, B) is controllable, it follows that

A—zI B 0
rank N
BVV C 0 AVV —zl
A—-Al B 0
> rank .
By C 0 Ay —Al

(A.12)
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Conditions 2) and 3) imply that

A—xI B 0
rank C 0 0 =N+ iy + Aym,
0 0

Ly Ty

which is full row rank. Therefore,

L A—zl B 0
7L+ Iy, > rank R
BW C 0 AW —zl
I, 0 0
> rank . (A13)
By AW — A
Since (Aw , By ) is controllable, it follows that
Iy 0 0 s
rank =0+ 1,70,
0 BVV AW' — Al ’
and thus
k{A_ZI B0 } o+ L, (A.14)
ran N =N+ l,Ny. .
BW C 0 AW —zl Y

Hence, ([ Byl Ay } [0 D is controllable. Since, in addition,

(A,C) is observable, it follows that ({BAO AO } [S ?D
w w

is observable. Thus, there exists an observer-based controller
that stabilizes the augmented system (A.9)—(A.10) and yields
a closed-loop system with nilpotent dynamics. It follows that,
for all nqy, > 1+ 20, iy, there exists a linear time-invariant
controller (A.4) of order ng), such that the equilibrium of the
closed-loop system (A.5)—(A.7) is asymptotically stable, where
A, is nilpotent, and, for all initial conditions . (0) and &, (0),
limkﬂoo y(k‘) =0.

The closed-loop system (A.5)—(A.7) with exogenous input
w(k) can be written as

zs(k+1) = Asas(k), y(k) = Cszy(k), (A.15)
where
a [Aa Dcléw A Ao
= . , C,=[Cyq DyC, A.16
, [O Aw] (Ca DuCu]  (A16)
and z 2 [?Cl ] Since limy ., y(k) = 0 and A, is asymptoti-

w

cally stable, it follovs{s from [12] and [17, Lemma 2.1] that there
exists S € R2(1+7uwly) X gych that

AyS — SA, = D4C, (A.17)
CuS = DyC,. (A.18)
Now, define
Al =S
Q_{o 1]
and consider the change of basis
_ A, 0 _
AséQilAsQ: |: 041 A :|a CSéCéQ:[C( 0]

(A.19)
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Then, we have y(k) = C,A*Q ',(0) = Co Ak [z (0) +
S, (0)]. Since, A € R2(+7wly)x2(tiuly) js nilpotent, it
follows that, for all initial conditions x(0) and Z,,(0), and

for all k > 2( + fyly), y(k) = 0. u

APPENDIX B

Consider the discrete-time system (2.1), (2.2), where y(k) €
R! and u(k) € R’. To derive the inverse system, we increment
(2.2) by d steps, yielding

y(k+d) = Cx(k +d) + Dyw(k + d) (B.1)
= CA%z(k) + Hyu(k)
w(k +d)
+[Dy CD; CA™'D, | :
w(k)
(B.2)

where H, 2 CAY"!B is the first nonzero Markov parameter
from w to y. It follows from (B.2) and Assumption A4) that

u(k) = —H;'CAx(k) + Hy y(k + d)

w(k +d)
~H;'[D, CD; CA~1Dy :
w(k)
The inverse system is thus given by
x(k+1) = Agx(k) + Brya(k) + DirWy(k) (B.3)
u(k) = Crz(k) + Drya(k) + DarWa(k) (B.4)
where
Ap 2 A-BH;'CAY, By £ BH;!
Cr £ —H;'CAY, Dy 2 H!
D £[-BH;'D, —BH;'CD,
—BH;'CA'2D, D,—BH;'CA‘'D;]
Dop 2 [-H;'Dy —H;'CDy, ---—H;'CA%D]
w(k +d)
ya(k) Sylk+d),  Wak) = | (B.3)
w(k)

Since, by Assumption A1), (A, B, C') is minimal, it follows from
[23, Proposition 4.2] that the eigenvalues of Ag consist of the
invariant zeros of (A, B, C) as well as n — d eigenvalues equal
to zero. Therefore, by Assumption A2), Ag is asymptotically
stable.

Theorem B.I: Consider the system (2.1), (2.2) and its in-
verse (B.3), (B.4). Let p be a positive integer. Then, subject to
Assumptions Al), A2), A4), and A8), there exist ¢; > 0 and
¢9 > 0 such that

1Tk = d)lI} < 1 + e[V ()13 (B.6)
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where Summing both sides of (B.8) from & — p to k — 1 yields
u(k —1) y(k—1) k-1
. . ; 2
ik & v ®7) S P Sesfert 3 Il
j=k-p j=k—p
u(k —p) y(k—p—1) s
Proof: By successive substitution + Z Z)\l Hiya(G =P | B.9)
j=k—pi=1

u(k) = Cr A% 2(0) + Drya(k) + Dor Wy (k)

where c¢; > 0. Introducing 7 2 J — i yields

2 Brya(k —

+ZCR i)

k—

1

> lub)l?

k j=k-p
i1 . )
+;CRAR DlRWd(k Z). b o B
' <eslert Do lwa@IP+ Y Z W lya ()2
Taking the norm of both sides yields | J=k-p T=k-pj=7+1
lu(B)I* < 5 {ICRIPIIAR I 12 (0) + D I lya (k)| _ —
2 calot 3 OE+ S lul

+ || Dor |*]|Wa (k)| =" r=k—p-1
k _ 2 k-1
D ICr AR I Brllllyak — 9] <ate Y vl (B.10)
i=1 j=k-p—1
k i ‘ ? where cg > 0. Decrementing (B.10) by d steps and using the
Z ICr AR I D1r [ Wa (k = 9| definitions of y4 (k), U (k), and Y (k) from (B.5) and (B.7) yields
i=1

where || - || is the Euclidean norm. Since Ag is asymptotically
stable, it follows that there exist A € [0, 1) and ¢ > 0 such that,
for every positive integer k, | A% || < cA". Therefore, there exists
c3 > 0 such that

(1]

. 2]

>

i=1

‘ 2
lu(R)I* < e5 |22 + lya(R)]* + ( W lya(k — i)ll)

[3]

W) + (Zwlnwd —z>|)

Since, by Assumption A8), w(k) is bounded for all &, it follows

that ||W,(k)||? is also bounded, that is, there exists p > 0 such

that | W, (k)||? < p for all k. Thus, there exists ¢, > 0 such that
>

Y

[4]
[5]

[6]

- (7]
la()I? < ea| p+ 22 + [y (R + (

g ) (r2)

Since |3 < 1, it follows that 3372 | A"~ = -, where 0 £
Thus, it follows that there exist c5 > 0 and ¢g > 0 such that

[8]

ZW Hlya(k = o)

i=1 [9]

[10]

(11]

k
17 + 3K e~ )
o (B.8)

u(k)]1* < e5|cs + [lya [12]

(B.6).
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