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Abstract— This paper considers dynamic coverage control of
multiple power-constrained UAVs. The UAVs are deployed to
patrol a domain until the entire space has reached a satisfactory
level of coverage. This is achieved through the gathering of
visual information by a forward-facing camera, modeled as an
anisotropic spherical sector. Coverage and collision avoidance
guarantees are met through the design of a high-level kinematic
hybrid control scheme consisting of a hold state as well as three
coverage modes: local, global and scan mode. Energy-aware
methods are encoded into the global coverage state to shift the
bulk of spatial redistribution onto less constrained agents. The
efficacy of this algorithm is presented through simulation.

I. INTRODUCTION

The past decade has seen rapid improvements in the
performance of unmanned aerial vehicles (UAVs) and a con-
tinued miniaturization of low-cost sensors. Combined, these
mobile sensor networks are useful in a wide range of military
and civilian applications including: battlefield surveillance,
environmental monitoring, traffic surveillance, and search
and rescue operations [1], [2]. The increasing desire for
autonomy in mobile sensor networks has spurred interests in
coverage control–specifically, 3D dynamic coverage control.

Numerous authors have addressed 2D static coverage
problems [3]–[5]. These are often referred to as area cover-
age, k-coverage, or point coverage and the solutions typically
concern directing the agents towards the centroids of Voronoi
tesselations [6], [7]. A common theme is that each agent
seeks to converge upon a fixed position in space to yield
satisfactory steady-state coverage.

Dynamic coverage problems traditionally involve short-
range sensors traversing a domain to cover all points up to
a satisfactory level over time. The 2D case of this problem
has been treated extensively in [8]–[10], with the addition of
information decay in [11]. The similar 2D persistent cover-
age problem includes the periodic servicing requirement of
discrete points [12], [13].

Static coverage of 3D environments is presented in [14]
The authors extend the classic problems of node scheduling
and area coverage to a rough terrain modeled after Encanto
Park, Phoenix. Furthermore, they present a novel airdrop
based deployment strategy designed around potential aircraft
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flight paths. Sensor locations remain fixed in space in [15],
[16]. The authors of [15] derive the optimal configurations
of Pan-Tilt-Zoom cameras to maximize coverage, while the
authors of [16] utilize isotropic conical sensing models. In
[17], the authors explore dynamic coverage control in quasi-
3D domains as the agents are tasked to cover the surfaces of
non-planar 3-D objects.

WSN’s, particularly those in battlefield applications, are
often deployed with short notice and may incur unpredicted
initial power constraints such as partially charged batteries.
Additionally, harsh terrain may hinder individual agent mo-
bility thus further constraining the agent’s power source.
Thus, it is crucial that coverage control techniques incor-
porate energy-awareness for the purpose of maximizing the
operational life of the entire network. Most previous research
into energy-aware coverage control has been restricted to the
static case [18] and [5]; however, dynamic formulations were
explored in the context of random walk motion in [19].

Full 3D dynamic coverage, in the sense of active ex-
ploration of an unknown domain, is relatively unexplored.
Additionally, a full treatment of the problem considering the
power limitations of individual agents has not been addressed
yet, to the best of our knowledge. The novel contributions of
this paper will be the derivation of an energy-aware hybrid
control strategy which drives the exploration of a 3D domain
such that each point is covered up to a satisfactory level over
time. This formulation continues the authors’ previous work
in [20], [21].

This paper is organized as follows: Section II presents the
kinematic and sensing models, as well as an overview of
the hybrid control strategy. The local coverage and collision
avoidance control strategies are derived in Section III. The
global coverage and collision avoidance control strategies
are derived in Section IV. Section V presents theoretical
guarantees with regards to the coverage error convergence.
Section VI presents a series of simulations and summarizes
the results. Section VII delivers final concluding remarks.

II. PROBLEM FORMULATION

A. Kinematic and Sensor Models

Consider a network of UAV agents indexed i ∈ {1, ..., N}.
Each UAV carries a gimbaled sensor with a 180◦ range of tilt.
With the assumption that a low-level stabilizing controller is
readily available, we model the motion of the sensor using



3-D rigid body kinematics [22]:[
ẋi

ẏi
żi

]
=

[
cos Θi cos Ψi sin Φi sin Θi cos Ψi − cos Φi sin Ψi

cos Θi sin Ψi sin Φi sin Θi sin Ψi + cos Φi cos Ψi

− sin Θi sin Φi cos Θi

cos Φi sin Θi cos Ψi + sin Φi sin Ψi

cos Φi sin Θi sin Ψi − sin Φi cos Ψi

cos Φi cos Θi

uivi
wi

 , (1)

Φ̇i
Θ̇i

Ψ̇i

 =

1 sin Φi tan Θi cos Φi tan Θi

0 cos Φi − sin Φi
0 sin Φi sec Θi cos Φi sec Θi

qiri
si

 , (2)

where pi = [xi yi zi]
T is the position vector of the sensor

resolved in the global Cartesian coordinate frame G with
origin O. pi is assumed to be co-located with the UAV’s
center of gravity. Ωi = [Φi Θi Ψi]

T is the 3-2-1 Euler angle
vector of the sensor’s body fixed frame, Bi with origin pi,
relative to G. It is assumed that Bi coincides with the UAV’s
body-fixed frame when the sensor is gimbaled to a zero-
tilt angle (i.e., Θi ≈ 0 assuming small angles for UAV roll
and pitch during flight). The linear velocities [ui vi wi]

T

and angular velocities [qi ri si]
T are both presented in Bi.

The state vector of agent i is defined as qi = [pTi ΩTi ]T .
In the sequel, the rotation matrices of (1) and (2) shall be
denoted R1 and R2 respectively. The agents are confined
to a stationary cube domain, D ⊂ R3, which must be fully
surveyed.

Agent i’s gimbaled sensor is forward facing along the UAV
when at a zero tilt angle and has a footprint that shall be
referred to as Si. A spherical sector model is chosen for Si
as it is representative of the space typically observable to
a single camera lens. This model builds upon our previous
work in [20] and [21] by rotating the 2-D sensing footprint
a magnitude of 180◦ about its center line. Si provides
anisotropic sensing data which degrade in quality towards
the periphery of the footprint in a similar manner to that of
a camera lens. This is encoded through the definition of the
following sensing constraint functions for each agent i:

c1i = R2
i − (x̃− xi)2 − (ỹ − yi)2 − (z̃ − zi)2, (3a)

c2i = αi − φi, (3b)
c3i = αi + φi, (3c)

where Ri is the sensing range, p̃i = [x̃ ỹ z̃]
T is the position

of a point within Si with respect to G, αi is the angle between
the periphery and centerline of the spherical sector (the x̂Bi

axis), and φi is the angle between rp̃i/pi = p̃i−pi (resolved
in G by construction) and the x̂Bi

axis. φi ∈ [0, π] is the
inverse cosine of the dot product of r̂p̃i/pi and x̂Bi

resolved
in G:

φi = arccos
(
r̂p̃i/pi · x̂Bi

|G
)
. (4)

Note that:

r̂p̃i/pi =
1√

(x̃− xi)2 + (ỹ − yi)2 + (z̃ − zi)2

(x̃− xi)
(ỹ − yi)
(z̃ − zi)

 ,

and x̂Bi
|G is determined by multiplying R1 by [1 0 0]

T :

x̂Bi |G =

cos Ψi cos Θi

sin Ψi cos Θi

− sin Θi

 .
Agent i is thus capable of detecting objects that lie within
an angle of 2αi > 0 about the x̂Bi

axis and a range of
Ri > 0. For the purpose of defining collision avoidance in
the sequel, assume that the body of agent i may be bounded
with a sphere of radius ri centered at pi. This model for
agent i is depicted in Fig. 1.

Fig. 1. Agent i is bounded by a sphere of radius ri and has a forward
facing sensor footprint, Si.

Let us define the barrier function in terms of the sensing
constraint functions:

Bi =
1

max{0, c1i}
+

1

max{0, c2i}
+

1

max{0, c3i}
,

and denote max{0, cki} = Cki. One can define the sensing
function that represents the quality of information available
at each point over the sensing domain as:

Si(qi, p̃) =
1

Bi
=

C1iC2iC3i

C2iC3i + C1iC3i + C1iC2i
, (5)

which takes a value of zero outside of Si. Define the coverage
level provided by agent i at time t as:

Qi(t, p̃) =

∫ t

0

Si (qi(τ), p̃) dτ. (6)

This summed over all agents produces the global coverage
level:

Q(t, p̃) =

N∑
i=1

Qi(t, p̃). (7)

Remark 1: In this work, coverage refers to the accumu-
lation of sensing data over time. The effect of agent i’s
motion is to vary the points p̃ ∈ D for which Si(qi, p̃) is
nonzero. D, is said to be fully covered at a final time tf
when Q(tf , p̃) ≥ C?, ∀p̃ ∈ D where C? is a predefined
desired coverage level. Full coverage is achieved by driving
the global coverage error, which shall be defined in (8), to
zero.

Remark 2: Two agents i and j are said to be collision-free
so long as ‖pi(t)− pj(t)‖ > ri + rj , ∀t.



The purpose of this work is to develop and demonstrate
techniques that will achieve the goals of Remark 1 and
Remark 2. This will require the use of three unique modes
of operation, Local Coverage Mode, Global Coverage Mode,
and Scan Coverage Mode as well as a hold state which shall
be elaborated upon in the following sections.

B. Hybrid Formulation

Fig. 2. Agent i operates in accordance with this automaton. For clarity,
clock-based transitions are shown explicitly.

The coverage strategy for agent i is represented by the
hybrid automaton in Fig. 2, described by the following
entities [23]:
• A set of discrete states: Zi = {ζi0, ζi1, ζi2, ζi3},
• A set of continuous states: qi = {xi, yi, zi,Φi,Θi,Ψi},
• A vector field:
f(ζi0, qi) = R

[
úi
loc v́i

loc ẃi
loc 0 ŕi

loc śi
loc
]T
,

f(ζi1, qi) = R
[
ugloi vgloi wgloi qgloi rgloi sgloi

]T
,

f(ζi2, qi) = R [0 0 0 qscni rscni sscni ]
T
, and

f(ζi3, qi) = R [0 0 0 0 0 0 ]
T where R =

[
R1 0
0 R2

]
,

• A set of initial states: {ζi0} × {qi ∈ R6 | ‖pi‖ ≤ RD
∧ Φi ∈ [−π,+π] ∧ Θi ∈

[−π
2 , +π

2

]
∧ Ψi ∈ [−π,+π]},

• A domain: Dom (ζik) = {qi ∈ R6}, ∀k ∈ {1, ..., 4},
• A set of edges: E = {(ζi0, ζi1) , (ζi1, ζi0) , (ζi1, ζi2) ,

(ζi2, ζi0) , (ζi2, ζi1) , (ζi2, ζi3) , (ζi3, ζi2)},
• A guard condition:
G (ζi0, ζi1) = {qi ∈ R6 | |êi(t)| < ε1},
G (ζi1, ζi0) = {qi ∈ R6 |

(
|êi(t)| ≥ ε1 ∧

‖pi − p?,i‖ < ε2 ∧ ‖Ωi − Ω?,i‖ < ε3

)
},

G (ζi1, ζi2) = {qi ∈ R6 |
(
|êi(t)| < ε1 ∧

‖pi − p?,i‖ < ε2 ∧ ‖Ωi − Ω?,i‖ < ε3

)
},

G (ζi2, ζi0) = {qi ∈ R6 |
(
|êi(t)| ≥ ε1 ∧

‖pi − p?,i‖ < ε2 ∧ ‖Ωi − Ω??,i‖ < ε3

)
},

G (ζi2, ζi1) = {qi ∈ R6 |
(
|êi(t)| < ε1 ∧

Ĉ j̃i =∞∧ ‖pi − p?,i‖ < ε2 ∧ ‖Ωi − Ω??,i‖ < ε3

)
},

G (ζi2, ζi3) = {qi ∈ R6 |
(
|êi(t)| < ε1 ∧

Ĉ j̃i 6=∞∧ ‖pi − p?,i‖ < ε2 ∧ ‖Ωi − Ω??,i‖ < ε3

)
},

G (ζi3, ζi2) = {th ≥ t?h},
• A set of clocks: C = {th} and,
• A reset map: R (ζi2, ζi3, th) = {0}, and continuous

states do not reset between transitions.
Note that êi(t), shall later be defined in (12). It evolves as

a function of the time history of the continuous states and
essentially represents how well the local coverage protocol
is proceeding. ε1 is a guard value for êi(t), while ε2

and ε3 are guard values for position and orientation errors
respectively. Ĉ j̃i shall be defined in (29) and has value ∞
when full coverage has been achieved on subdomain Dj̃
defined Section IV. Ω?,i and Ω??,i are desired orientations
that shall be defined in Sections III and IV. The control laws
presented in the vector field definition shall be derived in the
proceeding three sections.

III. LOCAL COVERAGE MODE

A. Nominal Control Strategy

Local coverage is the nominal mode that directs active
exploration by the agents. Define the global coverage error
with respect to C? as:

E(t) =

∫
D

h(C? −Q(t, p̃)) dp̃, (8)

where h(w) = (max{0, w})3 is C2 and has first derivative
h′ = dh

dw = 3(max{0, w})2 and second derivative h′′ =
d2h
dw2 = 6(max{0, w}). This definition for h(w) was chosen
to prevent a negative contribution to the coverage error at
the points p̃ | Q(t, p̃) > C?. The nominal control strategy
will be derived via differentiation of (8), a volume integral,
so a few mathematical preliminaries are required.

Recall the generalized transport theorem [24]:

d

dt

∫
R(s)

fdV =

∫
R(s)

∂f

∂t
dV +

∫
S(s)

fv(s) · n dA (9)

where f is any scalar-, vector-, or tensor-valued function of
position and time, S(s) is the boundary of the volume R(s)

over which f is integrated, n is the unit vector normal to the
boundary, and v(s) is the velocity of the boundary. V and
A refer to volume and area respectively. Invoking (9) allows
for differentiation of (8) with respect to time:

Ė(t) =

∫
D

h′(C? −Q(t, p̃))

(
−∂Q(t, p̃)

∂t

)
dp̃

+

∫
∂D

(
h(C? −Q(t, p̃))

)
v(s) · n dA,

(10)

where ∂D is the boundary of D. The control volume is D
which is time invariant and thus v(s) = 0. This expression



Expand d
dt (Si(qi(t), p̃)):

d

dt
(Si(qi(t), p̃)) =

∂Si

∂xi
ẋi(t) +

∂Si

∂yi
ẏi(t) +

∂Si

∂zi
żi(t) +

∂Si

∂Ψi
Ψ̇i(t) +

∂Si

∂Θi
Θ̇i(t) =

(
∂Si

∂xi
cos Θ cos Ψ +

∂Si

∂yi
cos Θ sin Ψ−

∂Si

∂zi
sin Θ

)
ui(t)

+

(
∂Si

∂xi
(sin Φ sin Θ cos Ψ− cos Φ sin Ψ) +

∂Si

∂yi
(sin Φ sin Θ sin Ψ + cos Φ cos Ψ) +

∂Si

∂zi
sin Φ cos Θ

)
vi(t)

+

(
∂Si

∂xi
(cos Φ sin Θ cos Ψ + sin Φ sin Ψ) +

∂Si

∂yi
(cos Φ sin Θ sin Ψ− sin Φ cos Ψ) +

∂Si

∂zi
cos Φ cos Θ

)
wi(t)

+

(
∂Si

∂Ψi
sin Φ sec Θ +

∂Si

∂Θi
cos Φ

)
ri(t) +

(
∂Si

∂Ψi
cos Φ sec Θ−

∂Si

∂Θi
sin Φ

)
si(t).

(15)

Now introduce the following definitions:

ai0(t, Q(t, p̃)) =

∫
Di

h′′(C? −Q(t, p̃))Si(qi(t), p̃)(Si(qi(t), p̃)dp̃, (16)

ai1(t, Q(t, p̃)) =

∫
Di

h′(C? −Q(t, p̃))

(
∂Si

∂xi
cos Θ cos Ψ +

∂Si

∂yi
cos Θ sin Ψ−

∂Si

∂zi
sin Θ

)
dp̃, (17)

ai2(t, Q(t, p̃)) =

∫
Di

h′(C? −Q(t, p̃))

(
∂Si

∂xi
(sin Φ sin Θ cos Ψ − cos Φ sin Ψ) +

∂Si

∂yi
(sin Φ sin Θ sin Ψ + cos Φ cos Ψ) +

∂Si

∂zi
sin Φ cos Θ

)
dp̃,

(18)

ai3(t, Q(t, p̃)) =

∫
Di

h′(C? −Q(t, p̃))

(
∂Si

∂xi
(cos Φ sin Θ cos Ψ + sin Φ sin Ψ) +

∂Si

∂yi
(cos Φ sin Θ sin Ψ− sin Φ cos Ψ) +

∂Si

∂zi
cos Φ cos Θ

)
dp̃,

(19)

ai4(t, Q(t, p̃)) =

∫
Di

h′(C? −Q(t, p̃))

(
∂Si

∂Ψi
sin Φ sec Θ +

∂Si

∂Θi
cos Φ

)
dp̃, (20)

ai5(t, Q(t, p̃)) =

∫
Di

h′(C? −Q(t, p̃))

(
∂Si

∂Ψi
cos Φ sec Θ−

∂Si

∂Θi
sin Φ

)
dp̃. (21)

One can then rewrite (14) as:

˙̂ei(t) = ai0(t, Q(t, p̃))− ui(t)ai1(t, Q(t, p̃))− vi(t)ai2(t, Q(t, p̃))− wi(t)ai3(t, Q(t, p̃))− ri(t)ai4(t, Q(t, p̃))− si(t)ai5(t, Q(t, p̃)). (22)

reduces to:

Ė(t) =

∫
D

h′(C? −Q(t, p̃))

(
−∂Q(t, p̃)

∂t

)
dp̃, (11)

which expands to:

Ė(t) = −
∫
D

h′(C? −Q(t, p̃))

N∑
i=1

Si(qi(t), p̃)dp̃

= −
N∑
i=1

∫
D

h′(C? −Q(t, p̃))Si(qi(t), p̃)dp̃

=

N∑
i=1

êi(t),

(12)

where the definition of êi(t) is implicit. (12) is less than
or equal to zero. Therefore, (8) is non-increasing. In fact,
Ė may only take zero value at some time t? if ∀i ∈ N ,
Q(t?, p̃) ≥ C? ∀p̃ ∈ D | Si(qi(t?), p̃) > 0. Moving forward,
the strategy will be to design control laws that drive (12) to
be increasingly negative. Taking the derivative of (12) with

respect to time yields:

Ë(t) =

N∑
i=1

˙̂ei(t) (13)

following once again from (9). ˙̂ei(t) is defined as:

˙̂ei(t) = −
∫
Di

(
−h′′(C?−Q(t, p̃))Si(qi(t), p̃)Si(qi(t), p̃)+

h′(C? −Q(t, p̃))
d

dt
(Si(qi(t), p̃))

)
dp̃. (14)

The sensing footprint is independent of Φi assuming that
the centerline of the spherical sector is aligned with the x̂Bi

axis. d
dt (Si(qi(t), p̃)) is expanded in (15) and through the

definitions in (16-21) one may restate (14) as (22). If one
were to command zero inputs to this system, it becomes clear
that ai0(t, Q(t, p̃)) may be physically interpreted as the rate
at which the coverage rate is reducing due to information
saturation at any particular position and orientation of the
sensing footprint, Si. As the footprint remains stationary,
there are diminishing returns on the value of newly acquired
information. Thus, the additional terms in (22) allow for the
coverage rate to be increased by mobilizing the sensor. One



strategy is to define the following control law:

ui
loc = klocu ai1(t, Q(t, p̃)), (23a)

vi
loc = klocv ai2(t, Q(t, p̃)), (23b)

wi
loc = klocw ai3(t, Q(t, p̃)), (23c)

ri
loc = klocr ai4(t, Q(t, p̃)), (23d)

si
loc = klocs ai5(t, Q(t, p̃)), (23e)

which decreases (22) with the intent of preventing (12) from
reaching zero.

B. Collision Avoidance Augmentation

The purpose of this subsection is to encode collision
avoidance, as defined in Definition 1, directly into the local
coverage control strategy (23) through a straightforward
modification to the global coverage level (7). We refer to
this technique as map augmentation.

Assumption 1: Agent i knows the state qj of agent j if
‖rpi/pj‖ = ‖pi − pj‖ ≤ Ri.

Consider agent i which must avoid agent j. Define the
buffer distance of i from j as Rb,ij = Ri + ri + rj . Define
the coverage map avoidance term:

Q́ij(t, p̃) =

{
M1i(pj , p̃), if ‖pi − pj‖ ≤ Ri;

0, otherwise,
(24)

where:

M1i(pj , p̃) =

{
C?, if p̃ ∈ B̄Rb,ij

(pj);
0, otherwise,

(25)

and B̄Rb,ij
(pj) is the closed ball of radius Rb,ij centered

at pj . Q́ij(t, p̃) augments the global coverage map for i as
follows:

Q́i(t, p̃) = Q(t, p̃) +

N−1∑
j=1

Q́ij(t, p̃). (26)

Q́i(t, p̃) is the avoidance augmented global coverage map for
agent i. This term allows agent i to perceive a closed ball of
space around j as fully covered if the agents come into close
proximity. This effect is realized by substituting Q́i(t, p̃) for
Q(t, p̃) in the proposed local coverage control law (23):

úi
loc = klocu ai1(t, Q́i(t, p̃)), (27a)

v́i
loc = klocv ai2(t, Q́i(t, p̃)), (27b)

ẃi
loc = klocw ai3(t, Q́i(t, p̃)), (27c)

ŕloci = klocr ai4(t, Q́i(t, p̃)), (27d)

śloci = klocs ai5(t, Q́i(t, p̃)), (27e)

where aik(t, Q́i(t, p̃)), ∀k ∈ {1, ..., 5}, are functions of
Q́i(t, p̃) rather than Q(t, p̃).

Theorem 1: Assuming both agents are operating under the
control law (27), agent i may not collide with agent j.

Proof: Note that in (17), (18), (19), (20), and (21),
each additive term under the integral sign is multiplied by
some derivative of Si(qi, p̃). Recall from Section II that
Si(qi, p̃) is identically zero outside of Si. Therefore, (17),

(18), (19), (20), and (21) may be equivalently integrated over
Si instead of D. This holds true also for the augmented forms
in (27). As ‖pi − pj‖ approaches (ri + rj), M1i(pj , p̃) is
defined as C?, ∀p̃ ∈ Si and Q́i(t, p̃) ≥ C?, ∀p̃ ∈ Si. Thus
lim‖pi−pj‖→(ri+rj) aik(t, Q́i(t, p̃)) = 0, ∀m ∈ {1, ..., 5}.
Therefore, (27) decay to zero as ‖pi − pj‖ → (ri + rj).
Agent i is comes to rest in this limit (as does agent j which
can be demonstrated through the same logic). Agent i and j
avoid collision by Remark 2. This concludes the proof.

This theoretical guarantee is made with respect to a worst
case scenario in which the agents come to rest adjacent to
one another. This can only occur if the agents’ local space
has reached a full coverage level. The two agents would then
switch into global coverage mode and make use of the global
coverage collision avoidance technique presented in Section
IV. Under nominal circumstances, the natural motion of the
agents under (27) would rarely lead to this scenario. Rather,
any portion of Si which extends outside of B̄Rb,ij

(pj) into
a portion of D not fully covered would tend to direct i away
from j.

IV. GLOBAL COVERAGE MODE

A. Subdomain Partitioning

The local coverage strategy is limited in that its control
laws (27) decay to zero when Q́i(t, p̃) ≥ C?, ∀p̃ ∈ Si.
Essentially, if the immediate surroundings of agent i are fully
covered, the agent would stop moving. Our energy-aware
global coverage mode prevents this scenario by redirecting
such agents toward waypoints in less covered portions of the
domain. This mode is initiated for agent i when:

|êi(t)| < ε1, (28)

that is, agent i’s contribution to the rate of change of (8) has
dropped below a predefined threshold ε1. At this point, D
is divided into an n × n × n grid of subdomains Dj , ∀j ∈
{1, ..., n3}. Each Dj should be a cube of dimension `×`×`
for ` <

√
2Ri, and the possible waypoints W j placed at the

centroid of each Dj . This grid size guarantees that for any
point within the domain, a centroid and orientation exists
that will place the point within int (Si).

We define the following function to encode the anticipated
local coverage error for agent i in each subdomain Dj :

ˆ
Cji (tgc) =

∫
Dj

min{C?, Q́i(tgc, p̃)}dp̃

+ δ

(
C?VDj −

∫
Dj

min{C?, Q́i(tgc, p̃)}dp̃
)
, (29)

where VDj = `3 is the volume of each Dj , δ(w) is
the dirac delta function defined such that δ(0) = ∞ and
δ(w) = 0, ∀w 6= 0, and tgc is the time at which global
coverage mode was initiated. (29) is the coverage weight of
each subdomain Dj and is defined as ∞ if the coverage
level reaches at least C? on every point in Dj . This is
accomplished with a dirac delta function which ensures that
fully covered subdomains shall not be selected as waypoints.
The arguments of the minimum functions prevent discrete



points covered well beyond C? from carrying an unwarranted
weight. Such a scenario may result in patches of gross
coverage levels producing subdomain coverage levels in
excess of C?VDj while discrete points p̃ ∈ Dj remain
uncovered.

B. Energy-aware Waypoint Selection

Power conservation may be encoded into the global cov-
erage strategy by considering the relative distances of Wj

from the agent. Define the actuation accumulation function:

Γi(tgc) =

∫ tgc

0

γi1|ui(τ)|+ γi2|vi(τ)|+ γi3|wi(τ)|

+ γi4|ri(τ)|+ γi5|si(τ)|dτ (30)

which represents the net accumulated actuator effort since
deployment. γik > 0, ∀k ∈ {1, ..., 5} are cost weights that
can be assigned based upon a particular system’s rate of
energy usage. (29) and (30) can be combined into the overall
cost definition:

j̃ = argmin
j∈{1,...,n3}

(
(Λi0 + Γi(tgc)) ‖pi −W j‖+ Λi1

ˆ
Cji

)
,

(31a)

p?,i = W j̃ , (31b)

where the chosen waypoint, p?,i, for agent i is assigned to be
the centroid of the subdomain indexed by j̃, that minimizes
the cost function (31a). Λi0 > 0 and Λi1 > 0 are cost
weights.

(31a) utilizes a static weight, Λi0, and a dynamic weight,
Γi(tgc), to penalize the selection of waypoints that are
spatially distant from the agent’s current position. Γi(tgc)
grows in time as a function of agent i’s actuation effort. This
cost is weighted against the relative coverage level of the
subdomain. In real world implementation, the value of Λi0
would be assigned upon deployment as a function of agent i’s
remaining battery life. This offers energy conserving flexibil-
ity to scenarios in which a multi-agent sensing network may
be deployed with short notice and disparate battery charge
levels. γik, ∀k ∈ {1, ..., 5}, may be increased for individual
agents which consume energy at a faster rate. These weights
allow for agents with a history of less actuation effort to
select more distant waypoints thus reducing the need for
persistent spatial relocation of the more power constrained
agents.

Upon selecting the waypoint, the agent must determine
the optimal orientation to assume at the destination. This
orientation will be the one for which Si is exposed to the
least covered subspace of D, or in other words the solution
to the following optimization problem:

Ω?,i = arg max
Ω

∫
D

h′
(
C? − Q́i(tgc, p̃)

) (
Si
(
q?,i, p̃

))
dp̃

 ,

(32)

where q?,i =
[
p?,i

T ΩT?,i
]T

. Selecting a destination orien-
tation with the minimum coverage level maximizes (12).

This maximizes the initial coverage rate at the completion
of global coverage mode. Recall that the centerline of Si is
aligned with x̂Bi ; thus, the choice of Φ?,i is arbitrary and we
define it as zero assuming small roll angles during quadrotor
flight.

C. Waypoint Convergence and Collision Avoidance

Convergence to the desired position, p?,i, as well as
collision avoidance are achieved using the following control
scheme based upon that presented in [25] and later in [26].
Define a candidate Lyapunov function:

Vi0 = ‖pi − p?,i‖2. (33)

which is convex and encodes convergence of agent i to the
destination. Now define a global avoidance constraint for
each of the j 6= i friendly agents:

c4ij = (xi − xj)
2 + (yi − yj)

2 + (zi − zj)
2 − (ri + rj)

2 > 0,

to encode that collision avoidance requires ‖pi− pj‖ > ri +
rj . Define a logarithmic barrier function in terms of this
constraint:

bij(pi, pj) = − ln(c4ij(pi, pj)),

and define, as in [27], the recentered barrier function which
tends to +∞ as ‖pi−pj‖ → ri+rj , and to zero as pi → p?,i:

qij(pi, pj) = bij(pi, pj)− bij(p?,i, pj). (34)

To ensure that our Lyapunov function is non-negative every-
where, define:

V ′ij(pi, pj) = (qij(pi, pj))
2.

Recall from Assumption 1 that agent i knows the state qj of
agent j if ‖pi − pj‖ ≤ Ri. Therefore, the global avoidance
constraint is activated under this condition using a bump
function which is C2 with respect to the agent distance:

σij =


1 if ri + rj ≤ dij ≤ Rz

Ad3
ij +Bd2

ij + Cdij +D if Rz < dij < Ri

0 if dij ≥ Ri
where ri + rj < Rz < Ri and dij = ‖pi − pj‖. The
coefficients are defined as follows: A = −(2/(Rz − Ri)3),
B = (3(Rz+Ri)/(Rz−Ri)3), C = (−6RzRi/(Rz−Ri)3),
and D = (R2

i (3Rz−Ri)/(Rz−Ri)3). Therefore, the global
avoidance constituent Lyapunov function is:

Vij(pi, pj) = σijV ′ij(pi, pj),

which augments the candidate Lyapunov function:

νi = Vi0 +

N∑
j=1, j 6=i

Vij

and may be scaled between zero and one to form our elected
Lyapunov function for pi:

Vi =
νi

1 + νi
. (35)

As discussed in [26] and [25], trajectories that follow the
negative gradient of Vi shall be stabilizing and in-fact almost



globally asymptotically stabilizing. Such a controller may be
defined as:

ugloivgloi
wgloi

 = R−1
1



−∂Vi
∂xi

 Umax√(
∂Vi
∂xi

)2
+
(

∂Vi
∂yi

)2
+
(

∂Vi
∂zi

)2


−∂Vi
∂yi

 Umax√(
∂Vi
∂xi

)2
+
(

∂Vi
∂yi

)2
+
(

∂Vi
∂zi

)2


−∂Vi
∂zi

 Umax√(
∂Vi
∂xi

)2
+
(

∂Vi
∂yi

)2
+
(

∂Vi
∂zi

)2




.

(36)

where Umax is the maximum linear velocity of the slowest
agent in the network.

The anomalous scenario in which multiple agents become
isolated in critical points generated by recentered barrier
functions (34) is overcome by defining an event in which
the motion of multiple agents in the global coverage mode
has halted for a predefined period of time. In this scenario,
one agent, ild, is randomly selected as a leader that shall
elect Lyapunov function (33) in place of Vi in (36). Collision
avoidance is still guaranteed as the remaining j agents acting
under either (36) or (27) shall actively avoid ild. The leader
converges upon its destination and, having disrupted the
location of the critical points in space, the remaining agents
shall most likely do so as well. Otherwise, the event is
retriggered.

Convergence to the desired orientation, Ω?,i, is straight-
forward and implemented by a proportional controller of the
form: qgloirgloi

sgloi

 = R−1
2

Φ?,i − Φi
Θ?,i −Θi

Ψ?,i −Ψi

 . (37)

Thus, upon computation of (31b) and (32), control laws (36)
and (37) are simultaneously activated. Upon achieving the
desired position and orientation, control is handed back to
local coverage mode if our guard condition |êi(t)| ≥ ε1 is
satisfied. Otherwise, a full scan of Dj shall be conducted in
scan coverage mode as elaborated upon in the proceeding
section.

V. SCAN COVERAGE MODE

The above strategies work very well for coverage of the
vast majority of the domain. Agents effectively explore their
immediate surroundings in local coverage mode and are
intermittently redirected through global coverage to way-
points at which they may resume their active exploration.
As E(t) → 0, however, |êi(t)| tends to be very small as
the uncovered portions of the domain exist within numerous
disconnected patches. This renders a gradient following
technique, such as local coverage mode, to become less
effective. Our past work, such as in [21], relied upon a
persistent reactivation of global coverage mode. However,
this is limited in that (31a) tends to select a different Dj̃
upon each activation requiring the agents to spend substantial

time relocating rather than completing the coverage of one
single Dj . Scan Coverage Mode addresses this problem by
persistently selecting new orientations for agent i at pi = p?,i
with Dj̃ fixed until all p̃ ∈ Dj̃ are fully covered.

Note in Fig. 2 that scan coverage of Dj̃ by i is initialized
upon satisfaction of G (ζi1, ζi2). At this moment, a new
optimal orientation, denoted Ω??,i is computed via (32)
at the previous value for p?,i selected in global coverage.
Agent i’s control laws under scan coverage are presented
in our automaton vector field definition, f (ζi2, qi), where
[qscni rscni sscni ]

T may be computed from the right hand side
of (37) with the elements of Ω??,i substituted for those
of Ω?,i. As noted in the vector field definition, the linear
velocity commands are zero. Note that G (ζi2, ζi0) allows for
the resumption of local coverage at any point if |êi(t)| ≥ ε1.
Otherwise, upon satisfaction of G (ζi2, ζi3) a clock variable
th is initialized to zero and the agent remains in a hold state
with zero control inputs. This hold state guarantees a finite
time convergence of the global coverage error (see Theorem
2). After time t?h has passed, control is then handed back
to scan coverage and Ω??,i is recomputed. Assuming that
local coverage is not activated, this cycle will continue until
full coverage of Dj̃ at which point we have Ĉ j̃i = ∞ and
control is returned to global coverage. The aforementioned
finite time convergence guarantee is formalized in Theorem
2.

Theorem 2: Full coverage of D is guaranteed in finite
time; that is, there exists tf > 0 such that E(tf ) = 0.
Proof: Recall from our automaton that so long as agent
i operates in local coverage mode, G (ζi0, ζi1) guarantees
|êi(t)| ≥ ε1 and thus Ė(t) < 0 is upper bounded such that
Ė(t) ≤ −ε1 < 0. If the assumption of a non-zero bound
on Ė(t) holds for t < tf , then there exists tf such that
E(tf ) = 0.

Now assume that at time 0 < t < tf this upper
bound on Ė(t) is persistently violated. The result shall be
a closed walk which may be defined as the sequence of
edges

(
(ζi1, ζi2) , ((ζi2, ζi3) , (ζi3, ζi2))

+
, (ζi2, ζi1)

)
where

+ denotes the Kleene plus operator. As E(t) > 0, Dj̃ exists
at t with the property that Ĉ j̃i takes on a finite value ∀i ∈ N .
That is, there exists at least one point p̃ ∈ Dj̃ | Q (t, p̃) < C?.
Denote this point p̃?. The requirement that the ` × ` × `
cube Dj̃ have the property that ` <

√
2Ri guarantees

that there exists q??i =
[
pT?,i ΩT??,i

]T | p̃? ∈ int (Si).
Therefore, Si (q??i , p̃

?) > 0. The hold state, which commands
zero control input, guarantees that these conditions may be
maintained for a time interval of length t?h. Q (t, p̃?), noting
(6) and (7), increases linearly in time over this interval as
Si is stationary. This constant rate of change for Q (t, p̃?)
guarantees that there exists a sufficient number of these
intervals such that Q (t, p̃?) ≥ C? at which point the set
p̃? is now empty and Dj̃ is fully covered. The closed walk
shall then start over with a new element from Dj selected
as Dj̃ . The set Dj contains a finite number of elements
and spans D. Therefore, there exists some time tf such that
Q (t, p̃) ≥ C? ∀p̃ ∈ D implying E(tf ) = 0. This concludes



the proof.

VI. SIMULATIONS

A series of three simulations were performed to verify
the efficacy of the algorithm. In all trials, three agents are
deployed into a 200 x 200 x 100 cuboid which much be
covered to a level of C? = 0.5. For each agent i ∈ {1, 2, 3}:
Ri = 10, ri = 3.5, Λi1 = 1, klocu = klocv = klocw =
0.07, klocr = klocs = 0.015, ε1 = 0.05, ε2 = 0.1, and
ε3 = 0.01. γik, ∀k ∈ {1, ..., 5}, were chosen as the same
value for each agent and is denoted as simply γi in this
section. The evolution of the normalized coverage coverage
error, normalized actuation effort, and inter-agent distances
for each trial are presented in Fig. 3, 4, and 5 respectively.
Note that inter-agent distances remain above 2ri; therefore,
collision is avoided in all trials. Actuation effort, defined as∫ tgc

0
|ui(τ)| + |vi(τ)| + |wi(τ)| + |ri(τ)| + |si(τ)|dτ , is an

integral of the time history of kinematic commands issued to
an individual agent. This term is used to quantify the effects
of our energy consumption cost weights γi, Λi0. Actuation
effort is normalized to the highest value of any of the three
trials (i.e., agent 2 in trial one for this set). Λi1 remains fixed
across all trials because only its magnitude relative to Λi0
and γi affects the selection of j̃. Reducing Λi0 and γi may
be done in a manner equivalent to increasing Λi1.
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Fig. 3. For the control trial: γ1 = 0, γ2 = 0, γ3 = 0, Λ10 = 0.5,
Λ20 = 0.5, and Λ30 = 0.5.
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Fig. 4. For trial one: γ1 = 10−4, γ2 = 0, γ3 = 0, Λ10 = 0.5, Λ20 = 0.5,
and Λ30 = 0.5.
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Fig. 5. For trial two: γ1 = 0, γ2 = 0, γ3 = 0, Λ10 = 1, Λ20 = 0.5,
and Λ30 = 0.5.

The control trial establishes a baseline for which no
dynamic weights are utilized and the static weights are
constant across all agents. The coverage error is reduced by
90% and 99.9% in 1,402 and 19,292 seconds respectively
as evidenced in Fig. 3. The integrated actuation effort is
relatively consistent between the three agents at 90%, 93%,
and 90% of the peak value (i.e., agent 2 in trial one)
respectively. To verify Theorem 2, the control trial was
continued until 100% coverage, within a tolerance of 10−10,
was achieved at 27,398 seconds. The operating modes of
each agent throughout the control trial are presented in Fig.
6. Fig. 3 and Fig. 6 illustrate that the first 2,000 or so
seconds of coverage is characterized by a rapid reduction
in the coverage error to less than 10% as the agents actively
explore in local coverage mode. For many applications, this
performance is sufficient. However, the final 10% of the
domain may be explored through continual switches between
global coverage and scan coverage at a diminished coverage
rate. For reference, the trajectories of agents in the control
trial are included in Fig. 7.
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Fig. 6. Discrete states are presented for the control trial. Agents tend to
remain in local coverage for the first 2,000 seconds with the remainder of
time characterized by continual switches between global coverage and scan
coverage. Note that the hold state is included in scan coverage.

In trial one, the coverage error is reduced by 90% and
99.9% in 1,846 and 21,308 seconds respectively at which
point the simulation was terminated. A dynamic gain, γ1 =
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Fig. 7. Agent trajectories are presented for the control trial.

10−4, was placed on agent 1 while the static weights were
held constant across all agents. This reduced the actuation
effort of agent 1 to 82% at the termination of coverage while
agents 2 and 3 were at 100% and 97% of peak actuation
effort respectively. In trial two, the coverage error is reduced
by 90% and 99.9% in 1,722 and 19,594 seconds respectively
at which point the simulation was terminated. The static gain
of agent 1, Λ10 is increased from 0.5 to 1 in this trial with no
dynamic gains. The cost savings for agent 1 in trial two are
only marginally effective in that actuation efforts are 87%,
92% and 92% for the three agents respectively.

VII. CONCLUSIONS

This paper has presented an energy-aware 3D dynamic
coverage control algorithm which extends the authors’ pre-
vious studies in [20], [21]. This coverage strategy is novel in
that it results in control laws applicable to a visually-based
active 3D search/patrol protocol. This algorithm, particularly
the local coverage strategy, may be easily extended to non-
convex, geometrically elaborate domains. This facilitates
active exploration in circumstances where preplanned paths
are hard to obtain (e.g., ship wrecks, unfamiliar enemy
territory, Martian caves, etc.). Previous work on this topic
has been restricted to fixed cameras [15], [16] and quasi-
3D coverage domains [17]. The efficacy of the algorithm
has been demonstrated through a series of simulations which
highlight the energy-saving effects of tuning the cost weights.
Specifically, it was shown that a power constrained agent
may be designated to cover the domain in a reduced capacity
while the remaining agents compensate with little effect on
the final coverage time.

Future work will explore the use of density maps and in-
formation decay to model persistent coverage of 3D dynamic
environments.
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[25] D. Panagou, D. M. Stipanović, and P. G. Voulgaris, “Distributed

coordination control for multi-robot networks using lyapunov-like bar-
rier functions,” IEEE Transactions on Automatic Control, to appear,
vol. 61, no. 3, pp. 617–632, Mar. 2016.



[26] X. Ma, Z. Jiao, Z. Wang, and D. Panagou, “Decentralized prioritized
motion planning for multiple autonomous UAVs in 3D polygonal ob-
stacle environments,” in 2016 International Conference on Unmanned
Aircraft Systems (ICUAS), June 2016, pp. 292–300.

[27] A. G. Wills and W. P. Heath, “A recentred barrier for constrained
receding horizon control,” in Proceedings of the 2002 American
Control Conference, May 2002, pp. 4177–4182.


