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Abstract This paper considers dynamic coverage con-

trol of multiple power-constrained agents subject to 3D

rigid body kinematics. The agents are deployed to pa-

trol a domain until the entire space has reached a sat-

isfactory level of coverage. This is achieved through

the gathering of information by a forward-facing sen-

sor footprint, modelled as an anisotropic spherical sec-

tor. Coverage and collision avoidance guarantees are

met by a hybrid controller consisting of four operating

modes: local coverage, global coverage, waypoint scan

and subdomain transfer. Energy-aware methods are en-

coded into the global coverage state to shift the bulk of

spatial redistribution onto less constrained agents. Ad-

ditionally, a novel domain partitioning strategy is used

that directs individual agents to explore within concen-

tric hemispherical shells around a centralized charging
station. This results in flight paths that are guaranteed

to terminate at the charging station in the limit that
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agent batteries expire. The efficacy of this algorithm is

presented through experimental trials with three agents

in an indoor environment. Simulations are provided for

ten agents.
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Aerial robots · Autonomous vehicle

1 Introduction

The past decade has seen rapid improvements in the

performance of small unmanned aircraft systems (sUAS)

and a continued miniaturization of low-cost sensors.

Combined, these mobile wireless sensor networks (MW-

SNs) are useful in a wide range of military and civilian

applications including: battlefield and traffic surveil-

lance, search and rescue operations, and environmental

monitoring (Abazeed et al 2013; Zhang et al 2013). In

the latter application, scientists studying global warm-

ing require 3-D gas concentration maps surrounding

carbon dioxide and methane sources and sinks. Cur-

rent efforts, such as the NASA Atmospheric Infrared

Sounder, utilize satellite-based observations to build con-

centration maps. Though satellites offer large horizontal

coverage, their vertical resolutions are insufficient for

many climate based studies, such as tropopause fold-

ing, and may be greatly supplemented by sUAS in situ

data (Berman et al 2012; Chahine et al 2008).

Perhaps the greatest operational limitation of sUAS

based MWSNs is their reliance upon Lithium Polymer

batteries which are typically exhausted in 10-20 min-

utes. Any real-world implementation will require the

frequent return of vehicles to a ground charging station.

This work presents a 3D dynamic coverage protocol tai-

lored to this operational requirement.
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Numerous authors have addressed 2D static cover-

age problems (Cortes et al 2004; Kwok and Mart́ınez

2008). These are often referred to as area coverage,

k-coverage, or point coverage and the solutions typi-

cally concern directing the agents towards the centroids

of Voronoi tesselations (Zhu et al 2012; Liang et al

2014). A common theme is that each agent seeks to

converge upon a fixed position in space to yield satis-

factory steady-state coverage.

Dynamic coverage problems traditionally involve lim-

ited sensing range mobile agents patrolling a domain

in order to cover all points up to a satisfactory level

over time. This is essentially a patrol protocol. The 2D

case of this problem has been treated extensively in

Stipanović et al (2013), Hussein and Stipanović (2007),

and Liu et al (2013) with the addition of information de-

cay in Hübel et al (2008). The similar 2D persistent cov-

erage problem includes the periodic servicing require-

ment of discrete points (Hokayem et al 2007; Song et al

2013; Franco et al 2015).

Static coverage of 3D environments is presented in

Oktug et al (2008). The authors extend the classic prob-

lems of node scheduling and area coverage to a rough

terrain modelled after Encanto Park, Phoenix. Further-

more, they present a novel airdrop-based deployment

strategy designed around potential aircraft flight paths.

Sensor locations remain fixed in space in Piciarelli et al

(2011), and Xie and Zhang (2013). The authors of Pi-

ciarelli et al (2011) derive the optimal configurations

of Pan-Tilt-Zoom cameras to maximize coverage, while

the authors of Xie and Zhang (2013) utilize isotropic

conical sensing models. In Cheng et al (2008), the au-

thors explore dynamic coverage control in quasi-3D do-

mains as the agents are tasked to cover the surfaces of

non-planar 3D objects.

The most common coverage formulation associated

with UAVs in the literature has been sweep coverage.

The authors of Smith et al (2012) consider preplanned

paths for two aerial robots which continuously sweep

downward facing sensors over a field. Coverage decays

linearly in time for portions of the field which lie out-

side of the sensing footprints. Collision avoidance is im-

plicit by using a separate fixed flight altitude for each

agent. The authors of Nam et al (2016) also consider of-

fline trajectory generation for fixed altitude flights but

provide outdoor experimental results with a single As-

cending Technologies Pelican. In Arajo et al (2013), the

authors use domain partitioning to construct parallel

lanes in which UAV’s may cover simultaneously. How-

ever, only a fixed-wing single agent is demonstrated ex-

perimentally.

In Cole et al (2009) and Tisdale et al (2009), the

authors conducted technically rigorous outdoors experi-

ments with multiple fixed-wing UAV’s attempting to lo-

calize ground based targets using vision-based sensors.

However, once again the flights paths were restricted to

fixed altitudes in order to guarantee collision avoidance.

The authors of Leahy et al (2016) present experi-

ments validating an energy-aware surveillance protocol

for multiple quadrotors. Trajectories are generated by

dividing the domain into a grid of cubes, each of which

contains a vector field. The field may flow entirely in-

ward to a cube thus directing the agent to hover or

it may flow outward through one surface to direct the

agent to an adjacent cube. This work only allows for one

quadrotor to fly at a time and the agents are provided

three separate charging stations. This work does not

model the sensing capability of the agents and surveil-

lance is described in terms of persistently routing the

agents between a small set of regions of interest.

In Yang et al (2013) and Mitchell et al (2015), the

authors consider sweep coverage with agents of homo-

geneous and fixed battery lifespans. To continue cover-

ing, the agents must periodically direct themselves to

charging stations. These works are graph theoretic in

nature and consider discrete points of interest in a 2-D

plane. Neither paper presents a realistic model for agent

kinematics or control. Yang et al (2013) considers a cen-

tralized charging station and attempts to determine the

minimum number of agents and their associate paths

that will allow for a sufficient number of battery swaps

while providing adequate service. Mitchell et al (2015)

considers a set of distributed charging stations and pro-

vides analysis on the suboptimal Hamiltonian paths be-

tween target points. Our work differentiates itself from

Yang et al (2013) and Mitchell et al (2015) in that it
considers heterogeneous battery lifespans. Furthermore,

our agents are subject to 3-D rigid body kinematics and

must fully cover the entire volume of the domain.

To the best of our knowledge, no previous work

has presented an energy-aware deployment and guid-

ance protocol for a multi-agent 3D dynamic coverage

network that accounts for persistent battery replace-

ments. This paper builds upon the authors’ previous

local and global coverage control strategies developed

throughout Panagou et al (2016, in press), Bentz and

Panagou (2016), and Bentz and Panagou (2017) which

drive the exploration of domains such that each point is

covered up to a satisfactory level over time. The novel

contributions of this paper will be the derivation of an

energy-aware hybrid control strategy that dynamically

repartitions the domain such that trajectories are guar-

anteed to converge upon a single charging station in the

limit that each agent’s battery expires. Furthermore,

this work presents an upper bound on the number of
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agents that may be serviced by a single charging sta-

tion.

This paper is organized as follows: Sect. 2 presents

the kinematic and sensing models, as well as an overview

of the hybrid control strategy. The control strategies

applicable in each of the hybrid modes are presented

in Sect. 3. A series of experiments and simulations are

presented in Sect. 4. Sect. 5 contains final concluding re-

marks and outlines future work. Sect. 6 is an appendix

of further supporting evidence.

2 Problem formulation

2.1 System model

In this work, we derive a set of kinematic guidance

laws which shall be issued to a standard low-level pro-

prietary controller on-board our off-the-shelf quadrotor

team. The inputs to this controller are the three body-

fixed Cartesian linear velocities and a body-fixed z-axis

angular velocity.

We assume our network of mobile agents indexed

i ∈ {1, ..., N} is subject to 3-D rigid body kinematics

(Beard 2008):[
ẋi
ẏi
żi

]
=

[
cosΘi cosΨi sinΦi sinΘi cosΨi − cosΦi sinΨi
cosΘi sinΨi sinΦi sinΘi sinΨi + cosΦi cosΨi
− sinΘi sinΦi cosΘi

cosΦi sinΘi cosΨi + sinΦi sinΨi
cosΦi sinΘi sinΨi − sinΦi cosΨi

cosΦi cosΘi

uivi
wi

 , (1)

Φ̇iΘ̇i
Ψ̇i

 =

1 sinΦi tanΘi cosΦi tanΘi
0 cosΦi − sinΦi
0 sinΦi secΘi cosΦi secΘi

qiri
si

 , (2)

where pi = [xi yi zi]
T

is the position vector and Ωi =

[Φi Θi Ψi]
T

is the vector of 3-2-1 Euler angles taken

with respect to a global Cartesian coordinate frame G
with origin O. The linear velocities [ui vi wi]

T
and an-

gular velocities [qi ri si]
T

are both expressed in the

body fixed frame Bi with origin pi. The state vector of

agent i is defined as q̃i = [pTi ΩTi ]T and the control in-

puts are ui, vi, wi and si respectively. The rotation ma-

trices in (1) and (2) shall be denoted R1 and R2 respec-

tively for the remainder of the paper. The agents are

confined to stationary hemispherical domain, D ⊂ R3

of radius R̄D, which must be fully surveyed.

Each agent i is equipped with a forward-facing sen-

sor, whose footprint shall be referred to as Si. A spher-

ical sector model is chosen for Si which builds upon

our previous work in Panagou et al (2016, in press) and

Bentz and Panagou (2016) by rotating the 2-D sensing

footprint 180◦ about its center line. The sensing data

provided by Si is anisotropic in nature; that is, it de-

grades in quality towards the periphery of the footprint.

This is encoded through the definition of the sensing

constraint functions for each agent i:

c1i = βiR
2
i − (x̃− xi)2 − (ỹ − yi)2 − (z̃ − zi)2, (3a)

c2i = αi − φi, (3b)

for βi = min{1, µi
(

(x̃− xi)2
+ (ỹ − yi)2 − (z̃ − zi)2

)
}

with real constant µi >> 1. Ri is the sensing range,

p̃i = [x̃ ỹ z̃]
T

is the position of a point within Si with

respect to G, αi is the angle between the periphery and

centerline of the spherical sector (the x̂Bi axis), and φi
is the angle between rp̃i/pi = p̃i − pi (resolved in G
by construction) and the x̂Bi axis given as the inverse

cosine of the dot product of r̂p̃i/pi and x̂Bi resolved in

G:

φi = arccos
(
r̂p̃i/pi · x̂Bi |G

)
. (4)

Note that:

r̂p̃i/pi =
1√

(x̃− xi)2 + (ỹ − yi)2 + (z̃ − zi)2

(x̃− xi)
(ỹ − yi)
(z̃ − zi)

 ,
and x̂Bi |G is determined by multiplyingR1 by [1 0 0]

T
:

x̂Bi |G =

cosΨi cosΘi
sinΨi cosΘi
− sinΘi

 .
Agent i is thus capable of detecting objects that lie

within an angle of 2αi > 0 about the x̂Bi axis and

a range of Ri > 0. Assume that the body of agent i

may be bounded with a sphere of radius ri centered

at pi. This model for agent i is depicted in Fig. 1. Let

Fig. 1 The body of agent i is bounded by a sphere of radius
ri and possesses Si.

us denote max{0, cki} = Cki. One can define the sens-

ing function that represents the quality of information
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available at each point over the sensing domain as:

Si(q̃i, p̃) =

{
C1iC2i

C1i+C2i
, if card

(
C̄i
)
< 2 ∧ rp̃i/pi > 0;

0, otherwise,

(5)

where C̄i is the set of zero elements in Cki. Si(q̃i, p̃)

takes a value of zero outside of Si. Note that Si(q̃i, p̃)

is defined over all of D and thus has static bounds.

Si(q̃i, p̃) is continuous in p̃ while taking a value of zero

along ∂Si. In verifying this continuity, it is important

to note that Si(q̃i, p̃) approaches zero from within Si
in the limit that either card

(
C̄i
)

= 2 or rp̃i/pi = 0

are satisfied. The former condition may be verified by

taking a limit of the first piecewise definition of (5) as

C1i and C2i tend to zero. The latter condition results

from our definition of βi.

Define the coverage level provided by agent i at time

t as:

Qi(t, p̃) =

∫ t

0

Si (q̃i(τ), p̃) dτ. (6)

This summed over each agent produces the global cov-

erage level:

Q(t, p̃) =

N∑
i=1

Qi(t, p̃). (7)

Remark 1 In this work, coverage refers to the accu-

mulation of sensing data over time. The effect of agent

i’s motion is to vary the points p̃ ∈ D for which Si(q̃i, p̃)

is nonzero. The domain D is said to be fully covered at

a final time tf when Q(tf , p̃) ≥ C?,∀p̃ ∈ D where C?

is a predefined desired coverage level. Full coverage is

equivalent to driving the global coverage error, defined

in Sect. 3.1.1, to zero.

Assumption 1 A communication network is employed

such that agent i has access to Q(t, p̃) as well as qj(t)

and Vj(t),∀j ∈ {1, ..., N} where Vj(t) is the battery

voltage of agent j.

2.2 Network safety through energy-aware deployment

While previous works, such as Atinc et al (2014) and

Hussein and Stipanović (2007), have considered net-

work safety in terms of collision avoidance, few have in-

corporated realistic power limitations. The mobile sens-

ing agents considered in this work are typical in that

they rely upon a constrained on-board power source

(e.g., a battery) which must be periodically replaced

at a centralized station. Failure to do so will result

in agents becoming stranded and potentially compro-

mised. Consider that each agent i ∈ {1, ..., N} is pow-

ered by a battery with voltage Vi(t), whose initial value

at deployment time tdi is Vi(t
d
i ) = V0. Define the cut-

off voltage, V co as the minimum voltage for which an

agent may fly reliably. V co shall satisfy Vi(t
co
i ) = V co,

where tcoi is the cutoff time. Define agent i’s nominal

battery lifespan Ti to satisfy Ti = tcoi − tdi . If agent i is

deployed at time tdi and lands at time tcoi , then it shall

hold for a waiting period Twi before redeployment. Twi
shall satisfy Ti +Twi = T ? where T ? is an upper bound

on the maximum battery lifespan of any agent in the

network.

Assumption 2 If at time tcoi , pi converges upon O,

then the voltage of agent i shall be restored such that

Vi(t
co
i + Twi ) = V0.

This assumption is used to model the scenario in

which a ground servicing station is present at the ori-

gin. The agents are required to land periodically at a

centralized station to have their batteries switched out

for fully charged ones. This scenario is presented in Fig.

2.

Fig. 2 Agent i lands upon a helipad at O as Vi(t) → V co.
After a waiting period, Twi , the voltage is instantaneously
restored to V0.

Definition 1 Two agents i and j are said to be collision-

free so long as ‖pi(t)− pj(t)‖ > ri + rj , ∀t.
Remark 2 Safety is guaranteed ∀ i as long as 1) Vi(t) ≥
V co, ∀t and Vi = V co =⇒ pi = O and 2) i avoids col-

lisions with all agents j 6= i.
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The purpose of this work is to develop and demon-

strate techniques that will achieve the goals of Remark

1 and Remark 2. This will require the use of four unique

modes of operation, termed local coverage mode, global

coverage mode, subdomain transfer mode, and way-

point scan mode which shall be elaborated upon in the

following section. These four modes may be represented

by five hybrid states.

2.3 Overview

Fig. 3 Agent i operates in accordance with this automaton.

The coverage strategy for agent i may be repre-

sented by the hybrid automaton in Fig. 3. Note that

each agent operates in accordance with its own automa-

ton and thus an arbitrary number of agents may be in

any operating mode at any given time. Before proceed-

ing, it is prudent to provide a brief overview of the

purpose of each mode.

Local coverage refers to the active exploration of D
by agent i. In this mode, the agent continuously seeks to

orient and translate Si, such that the portion of uncov-

ered space within Si is increased. This is conceptually

similar to following the gradient of the coverage error.

This mode becomes ineffective if and when the imme-

diate volume of space surrounding the agent has been

fully covered and no infinitesimal translation or rota-

tion of Si will increase the volume of uncovered space

within Si. Thus, when the rate of change of the global

coverage error by agent i drops below some threshold,

global coverage mode is activated.

Global coverage selects a waypoint for agent i to

travel to before resuming local coverage. If the afore-

mentioned threshold is still violated at the waypoint,

the agent will switch into waypoint scan mode in or-

der to perform one final sweep of the waypoint’s local

area. Waypoint scan mode (1) guides agents between a

set of 13 sub-waypoints which surround the immediate

vicinity of the global coverage waypoint. Waypoint scan

mode (2) controls a 360◦ yaw revolution of Si at each

sub-waypoint. Upon completion of this scan the agent

typically uses global coverage to select a new waypoint

at which it may attempt to resume local coverage.

The final operating mode, subdomain transfer, is

used to transfer agents between subdomain partitions

of D. These subdomains are concentric hemispherical

shells which surround a battery charging station. As

an agent’s battery expires, it is continually transfered

to interior subdomains until it occupies the innermost

shell whose boundaries converge upon the charging sta-

tion in the limit that the battery expires. Subdomain

transfer is activated from any other mode if the agent

exceeds some distance from the charging station.

A rigorous definition of all entities of the automa-

ton, including the guard conditions present in Fig. 3, is

presented in Appendix 6.1.

3 Control strategy

3.1 Local coverage mode

3.1.1 Nominal control strategy

Local coverage is the nominal mode that directs active

exploration by the agents. Define the global coverage

error with respect to C? as:

E(t) =

∫
D

h(C? −Q(t, p̃)) dp̃. (8)

where h(w) = (max{0, w})3 with first derivative h′ =
dh
dw = 3(max{0, w})2 and second derivative h′′ = d2h

dw2 =

6(max{0, w}). The nominal control strategy will be de-
rived via differentiation of (8), a volume integral, so a

few mathematical preliminaries are required.

Recall the generalized transport theorem (Slattery

1999):

d

dt

∫
R(s)

fdV =

∫
R(s)

∂f

∂t
dV +

∫
S(s)

fv(s) · n dA (9)

where f is any scalar-, vector-, or tensor-valued func-

tion of position and time, S(s) is the boundary of the

volume R(s) over which f is integrated, n is the unit

vector normal to the boundary, and v(s) is the velocity

of the boundary. V and A refer to volume and area re-

spectively. Invoking (9) allows for differentiation of (8)

with respect to time:

Ė(t) =

∫
D

h′(C? −Q(t, p̃))

(
−∂Q(t, p̃)

∂t

)
dp̃

+

∫
∂D

(
h(C? −Q(t, p̃))

)
v(s) · n dA,

(10)
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where ∂D is the boundary of D. The control volume is

D which is time invariant and thus v(s) = 0. Further

justification for differentiation under the integral sign

of (8) is presented in Appendix 6.2. This expression

reduces to:

Ė(t) =

∫
D

h′(C? −Q(t, p̃))

(
−∂Q(t, p̃)

∂t

)
dp̃, (11)

which expands to:

Ė(t) = −
∫
D

h′(C? −Q(t, p̃))

N∑
i=1

Si(q̃i(t), p̃)dp̃

= −
N∑
i=1

∫
D

h′(C? −Q(t, p̃))Si(q̃i(t), p̃)dp̃

=

N∑
i=1

êi(t),

(12)

where the definition of êi(t) is implicit. (12) is less than

or equal to zero. Therefore, (8) is non-increasing. In

fact, Ė may only take zero value at some time t? if

∀i ∈ N , Q(t?, p̃) ≥ C? ∀p̃ ∈ D | Si(q̃i(t?), p̃) > 0.

Moving forward, the strategy will be to design control

laws that drive (12) to be increasingly negative.

Taking the derivative of (12) with respect to time

yields:

Ë(t) =

N∑
i=1

˙̂ei(t) (13)

following once again from (9). ˙̂ei(t) is defined as:

˙̂ei(t) = −
∫
Di

(−h′′(C? −Q(t, p̃))Si(q̃i(t), p̃)(Si(q̃i(t), p̃)

+h′(C? −Q(t, p̃))
d

dt
(Si(q̃i(t), p̃))

)
dp̃. (14)

The sensing footprint is independent of Φi assuming

that the centerline of the spherical sector is aligned with

the x̂Bi axis. d
dt (Si(q̃i(t), p̃)) is expanded in (15) and

through the definitions in (16-21) one may restate (14)

as (22).

If one were to command zero inputs to this system,

it becomes clear that (16) may be physically interpreted

as the rate at which the coverage rate is reducing due to

information saturation at any particular position and

orientation of the sensing footprint, Si. As the foot-

print remains stationary, there are diminishing returns

on the value of newly acquired information. Thus, the

additional terms in (22) allow for the coverage rate to

be increased by mobilizing the sensor. One strategy is

to define the following control law:

ui
loc = klocu ai1(t, Q(t, p̃)), (23a)

vi
loc = klocv ai2(t, Q(t, p̃)), (23b)

wi
loc = klocw ai3(t, Q(t, p̃)), (23c)

si
loc = klocs ai5(t, Q(t, p̃)), (23d)

which drives (22) to smaller and ideally negative values

with the intent of preventing (12) from reaching zero.

(23a-d) tends to drive i to increase the portion of un-

covered space intersecting Si at any given time. This

strategy alone cannot guarantee that the global cover-

age error, E(t), will converge to zero. Rather, this guar-

antee is met with the introduction of additional hybrid

modes and proven in Sect. 3.5. Note that superscripts

associated with control inputs denote the applicable op-

erating mode: e.g., loc for local coverage, glo for global

coverage etc.

3.1.2 Collision avoidance augmentation

Collision avoidance, as defined in Definition 1, may be

encoded directly into the local coverage control strat-

egy (23) through a straightforward modification to the

global coverage level (7)–a technique the authors refer

to as map augmentation. Further map augmentation of

(7) will be presented in Sect. 3.1.3 to produce additional

desired effects.

Consider agent i which must avoid agent j. Define

the buffer distance of i from j as Rb,ij = Ri + ri + rj .
Define the coverage map avoidance term:

Q́ij(t, p̃) =

{
C?, if p̃ ∈ B̄Rb,ij (pj);
0, otherwise,

(24)

and B̄Rb,ij (pj) is the closed ball of radius Rb,ij centered

at pj . Q́ij(t, p̃) may augment the global coverage map

for i as follows:

Q́i(t, p̃) = Q(t, p̃) +

N−1∑
j=1

Q́ij(t, p̃). (25)

Q́i(t, p̃) is the avoidance augmented global coverage map

for agent i. This term allows agent i to perceive a closed

ball of space around j as fully covered if the agents come

into close proximity. This effect is realized by substitut-

ing Q́i(t, p̃) for Q(t, p̃) in the proposed local coverage

control law (23):

úi
loc = klocu ai1(t, Q́i(t, p̃)), (26a)

v́i
loc = klocv ai2(t, Q́i(t, p̃)), (26b)

ẃi
loc = klocw ai3(t, Q́i(t, p̃)), (26c)

śloci = klocs ai5(t, Q́i(t, p̃)), (26d)
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Expand d
dt (Si(q̃i(t), p̃)):

d

dt
(Si(q̃i(t), p̃)) =

∂Si

∂xi
ẋi(t) +

∂Si

∂yi
ẏi(t) +

∂Si

∂zi
żi(t) +

∂Si

∂Ψi
Ψ̇i(t) +

∂Si

∂Θi
Θ̇i(t) =

(
∂Si

∂xi
cosΘ cosΨ +

∂Si

∂yi
cosΘ sinΨ −

∂Si

∂zi
sinΘ

)
ui(t)

+

(
∂Si

∂xi
(sinΦ sinΘ cosΨ − cosΦ sinΨ) +

∂Si

∂yi
(sinΦ sinΘ sinΨ + cosΦ cosΨ) +

∂Si

∂zi
sinΦ cosΘ

)
vi(t)

+

(
∂Si

∂xi
(cosΦ sinΘ cosΨ + sinΦ sinΨ) +

∂Si

∂yi
(cosΦ sinΘ sinΨ − sinΦ cosΨ) +

∂Si

∂zi
cosΦ cosΘ

)
wi(t)

+

(
∂Si

∂Ψi
sinΦ secΘ +

∂Si

∂Θi
cosΦ

)
ri(t) +

(
∂Si

∂Ψi
cosΦ secΘ −

∂Si

∂Θi
sinΦ

)
si(t).

(15)

Now introduce the following definitions:

ai0(t, Q(t, p̃)) =

∫
Di

h
′′

(C
? −Q(t, p̃))Si(q̃i(t), p̃)(Si(q̃i(t), p̃)dp̃, (16)

ai1(t, Q(t, p̃)) =

∫
Di

h
′
(C

? −Q(t, p̃))

(
∂Si

∂xi
cosΘ cosΨ +

∂Si

∂yi
cosΘ sinΨ −

∂Si

∂zi
sinΘ

)
dp̃, (17)

ai2(t, Q(t, p̃)) =

∫
Di

h
′
(C

? −Q(t, p̃))

(
∂Si

∂xi
(sinΦ sinΘ cosΨ − cosΦ sinΨ) +

∂Si

∂yi
(sinΦ sinΘ sinΨ + cosΦ cosΨ) +

∂Si

∂zi
sinΦ cosΘ

)
dp̃, (18)

ai3(t, Q(t, p̃)) =

∫
Di

h
′
(C

? −Q(t, p̃))

(
∂Si

∂xi
(cosΦ sinΘ cosΨ + sinΦ sinΨ) +

∂Si

∂yi
(cosΦ sinΘ sinΨ − sinΦ cosΨ) +

∂Si

∂zi
cosΦ cosΘ

)
dp̃, (19)

ai4(t, Q(t, p̃)) =

∫
Di

h
′
(C

? −Q(t, p̃))

(
∂Si

∂Ψi
sinΦ secΘ +

∂Si

∂Θi
cosΦ

)
dp̃, (20)

ai5(t, Q(t, p̃)) =

∫
Di

h
′
(C

? −Q(t, p̃))

(
∂Si

∂Ψi
cosΦ secΘ −

∂Si

∂Θi
sinΦ

)
dp̃. (21)

One can then rewrite (14) as:

˙̂ei(t) = ai0(t, Q(t, p̃))− ui(t)ai1(t, Q(t, p̃))− vi(t)ai2(t, Q(t, p̃))− wi(t)ai3(t, Q(t, p̃))− ri(t)ai4(t, Q(t, p̃))− si(t)ai5(t, Q(t, p̃)). (22)

where aik(t, Q́i(t, p̃)), ∀k ∈ {1, 2, 3, 5}, are functions of

Q́i(t, p̃) rather than Q(t, p̃).

Theorem 1 Assuming both agents are operating un-

der control law (26), agent i may not collide with agent

j.

Proof Note that in (17), (18), (19), (20), and (21), each

additive term under the integral sign is multiplied by

some derivative of Si(q̃i, p̃). Recall from Sect. 2.1 that

Si(q̃i, p̃) is identically zero outside of Si. Therefore, (17),

(18), (19), (20), and (21) may be equivalently integrated

over Si instead of D. This holds true also for the aug-

mented forms in (26). As ‖pi−pj‖ approaches (ri+rj),
Q́i(t, p̃) ≥ C?, ∀p̃ ∈ Si. Thus,

lim‖pi−pj‖→(ri+rj) aik(t, Q́i(t, p̃)) = 0, ∀k ∈ {1, 2, 3, 5}.
Therefore, (26) decay to zero as ‖pi − pj‖ → (ri + rj).
Agent i comes to rest in this limit (as does agent j which

can be demonstrated through the same logic). Agent i

and j avoid collision by Definition 1. This concludes the

proof.

This theoretical guarantee is made with respect to a

worst case scenario in which the agents come to rest ad-

jacent to one another. This can only occur if the agents’

local space, i.e., p̃ ∈ Si, has reached a full coverage level.

The two agents would then switch into global cover-

age mode and make use of the global coverage collision

avoidance technique presented in Sect. 3.2. Under nom-

inal circumstances, the natural motion of the agents un-

der (26) would rarely lead to this scenario. Rather, any

portion of Si which extends outside of B̄Rb,ij (pj) into

a portion of D not fully covered would tend to direct i

away from j.

3.1.3 Energy-aware domain partitioning

Q́i(t, p̃) may be further augmented to produce a lo-

cal coverage strategy consistent with the power con-

strained operational safety requirements of Sect. 2.2.

This shall be accomplished through a novel partition-

ing of the hemisphere D with radius R̄D into concentric

hemispherical shell subdomains, D`, ∀` ∈ {1, ..., N−1},
around a centralized hemispherical subdomain, Dicr of

radius R̄cr. Each of the N agents shall be assigned to

monitor one of the N subdomains. This is illustrated in

Fig. 4.

Recall the cutoff voltage, V co, as the minimum volt-

age for which an agent may fly reliably. In practice,
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Fig. 4 In the illustrated application, a team of quadrotors
patrols the airspace surrounding a ground vehicle charging
station. The most power constrained agent, icr occupies an
inner hemisphere Dicr while the remaining N − 1 agents oc-
cupy subdomains D`, ∀` ∈ {1, ..., N − 1}.

this should be chosen as the minimum voltage that al-

lows for the vehicle to transition from a hovering state

through a stable landing sequence. This may be de-

termined experimentally and adjusted depending upon

how large of a buffer the user desires.

Of the N agents, define one as the power-critical

agent with index icr where:

icr = arg min
i

(Vi − V co) . (27)

The remaining indices i`, ∀` ∈ {1, ..., N −1} are chosen

to satisfy:

Vi1 > Vi2 > ... > ViN−1
.

Define the power-critical augmented global coverage level

for agent icr as:

´́
Qicr (t, p̃) = Q́icr (t, p̃) +M2icr (t, p̃) (28)

where:

M2icr (t, p̃) =

{
0, if p̃ ∈ B̄R̄cr (0);

C?, otherwise,
(29)

and R̄cr, as illustrated in Fig. 4, is the operating range

of icr defined as:

R̄cr = min

((
1

N
R̄3
D

) 1
3

, κicr (Vicr − V co)

)
, (30)

where κicr is a tuning parameter. Note that (30) is

upper-bounded such that a hemisphere of radius R̄cr
would have a maximum possible volume of 1

N the vol-

ume of D.

The effect above (28) is to encode that agent icr
shall only detect uncovered space within Dicr . As Vicr
converges to V co, the domain of interest of icr converges

to the origin. Thus, so long as icr is capable of entering

Dicr at t? ≤ tcoicr where Vicr (t
co
icr

) = V co and remaining

within Dicr until tcoicr , then picr → O. The ability to

remain within Dicr shall be guaranteed in Theorem 2

while the ability to enter Dicr at or before tcoicr shall be

guaranteed through Theorem 4 in Sect. 3.1.4.

Theorem 2 Assuming that |dVicr (t)
dt | ≤ |dVicr (t)

dt |t=tcoicr ,

∀t ∈ [t?, tcoicr ] , κicr <
Umax

|
dVicr

(t)

dt |t=tco
icr

implies that there

exists a control strategy to maintain the condition that

picr ∈ Dicr .

Proof Increasing κicr has the effect of prolonging the

time for which icr spends away from O which in turn

requires a faster terminal rate of convergence in the

limit that Vicr (t)→ V co. Differentiate R̄cr:

˙̄Rcr =

{
0, if κicr (Vicr − V co) >

(
1
N R̄

3
D

) 1
3 ;

κicr
dVicr (t)

dt , otherwise,
,

(31)

and note that this expression conveys the rate at which

∂Dicr → O. In experimental trials it is apparent that

the magnitude of V̇icr (t) tends towards a global max-

imum in the limit that Vicr (t) → V co. Under this as-

sumption, one may place an upper bound on the magni-

tude of (31): | ˙̄Rcr| ≤ κicr |
dVicr (t)

dt | ≤ κicr |
dVicr (t)

dt |t=tcoicr
in terms of κicr . Choosing:

κicr <
Umax

|dVicr (t)
dt |t=tcoicr

, (32)

where Umax is the maximum linear velocity of the slow-

est agent in the network, guarantees that ˙̄Rcr, and thus

the rate at which ∂Dicr → O, will be upper bounded by

Umax. Thus, assuming that picr (t
?) ∈ Dicr , there exists

a control strategy to guarantee that picr (t) ∈ Dicr , ∀t ∈[
t?, tcoicr

]
. This concludes the proof.

The goal is to isolate the remaining N − 1 agents each

to their own concentric hemispherical shell subdomain,

denoted D` where ` ∈ {1, ..., N − 1}. This guarantees

that, at any given time, each p̃ ∈ D is within the sub-

domain of one agent. This is accomplished by assigning

D1 to have outer radius R̄D and inner radius R̄1, D2 to

have outer radius R̄1 and inner radius R̄2 and similarly

up to DN−1 with outer radius R̄N−2 and inner radius

R̄cr.

One logical strategy is to divide the volume of D \
Dicr , that is equal to:

Vrem. =
1

2

(
4

3
π
(
R̄3
D − R̄3

cr

))
, (33)
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equally among each element of D`. This requires

{R̄1, R̄2, ....R̄N−2} to satisfy the following constraint:

Vrem.
(N − 1)

=
1

2

(
4

3
π
(
R̄3
D − R̄3

1

))
=

1

2

(
4

3
π
(
R̄3

1 − R̄3
2

))
...

=
1

2

(
4

3
π
(
R̄3
N−2 − R̄3

cr

))
.

(34)

This computation is relatively straightforward as a closed

form expression exists for R̄1:

R̄1 =

(
R̄3
D −

(
R̄3
D − R̄3

cr

)
(N − 1)

) 1
3

(35)

{R̄1, R̄2, ....R̄N−2} may be found through a sequential

chain of computations. The set R̄ρ, ∀ρ ∈ {2, ..., N − 2}
is defined as:

R̄ρ =

(
R̄3
ρ−1 −

(
R̄3
ρ−1 − R̄3

cr

)
(N − 1)

) 1
3

. (36)

´́
Q`(t, p̃) may be defined similarly to (28). Define:

´́
Q`(t, p̃) = Q́`(t, p̃) +M3`(t, p̃) (37)

where:

M3`(t, p̃) =

{
0, if p̃ ∈ D`;
C?, otherwise,

(38)

and one may substitute
´́
Q`(t, p̃) for (7) in (12-16) for

agents ` ∈ {1, ..., N − 1} and similarly
´́
Qicr (t, p̃) for

agent icr to yield the elected local coverage control

strategy:

´́ui
loc

= klocu ai1(t,
´́
Qi(t, p̃)), (39a)

´́vi
loc

= klocv ai2(t,
´́
Qi(t, p̃)), (39b)

´́wi
loc

= klocw ai3(t,
´́
Qi(t, p̃)), (39c)

´́si
loc

= klocs ai5(t,
´́
Qi(t, p̃)), (39d)

3.1.4 An upper bound on N

The ability of agent icr to enter Dicr at t? ≤ tcoicr is de-

pendent upon the number of agents in the network and

the scheduling used to temporally space agent deploy-

ment. Specifically, there exists an upper bound on N

for which agent i = N − 1 is still within a safe proxim-

ity of O at the instant before selection as icr. Beyond

this bound, the incumbent critical agent cannot transfer

to Dicr before battery expiration. The purpose of this

subsection is to define this limit on N and the proper

deployment schedule.

Remark 3 With assumed knowledge of the lifespan of

each individual agent’s battery upon deployment, Ti as

defined in Sect 2.2, the network deployment schedule

operates such that virtual deployment points occur with

a period of T
?

N . The actual deployment of agent i occurs

at a time Twi greater than the virtual deployment point.

With this schedule, it is guaranteed that any agent will

have a remaining flight time of T
?

N at the instant before

selection as icr. This guarantee is provided by Theorem

3.

Theorem 3 Assume that N ≥ 2 agents are deployed

one at a time with the deployment schedule and as-

sumptions of Remark 3. Then, agent i will have a re-

maining flight time of T
?

N at the instant before selection

as icr.

Proof As consistent with the schedule of Remark 3, let

us assume that N agents are deployed at the following

times:

tdN = TwN

tdN−1 =
T ?

N
+ TwN−1

tdN−2 =
2T ?

N
+ TwN−2

...

td1 =
(N − 1)T ?

N
+ Tw1

From the definition of Ti, we have that tcoi = tdi + Ti.

Thus the cutoff times of the N agents are:

tcoN = TwN + TN = T ?

tcoN−1 =
T ?

N
+ TwN−1 + TN−1 =

(N + 1)T ?

N

tcoN−2 =
2T ?

N
+ TwN−2 + TN−2 =

(N + 2)T ?

N
...

tco1 =
(N − 1)T ?

N
+ Tw1 + T1 =

(2N − 1)T ?

N

where the right hand simplification results from the fact

that Ti + Twi = T ?. Thus, we have that tcoi − tcoi−1 =
T?

N ,∀i ∈ {1, ..., N−1}. It is straightforward to show that

this holds for repeated deployments upon index wrap-

around. This concludes the proof.

To simplify notation, define f = UmaxT
?

R̄D
. There exists

an analytic expression for the bound on N in accor-

dance with the conditions of this subsection.
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Theorem 4 Assume that N ≥ 2 agents are deployed
one at a time with the deployment schedule and as-
sumptions of Remark 3. Then:

N ≤

(
2
3

) 1
3 f3(

3
1
2
(
27f6 − 4f9

) 1
2 − 9f3

) 1
3

+

(
3
1
2
(
27f6 − 4f9

) 1
2 − 9f3

) 1
3

2
1
3 3

2
3

(40)

is a sufficient condition such that icr enters Dicr at t? ≤
tcoicr .

Proof Take the condition:

N ≤

(
2
3

) 1
3 f3(

3
1
2
(
27f6 − 4f9

) 1
2 − 9f3

) 1
3

+

(
3
1
2
(
27f6 − 4f9

) 1
2 − 9f3

) 1
3

2
1
3 3

2
3

,

and substitute in g =
(

3
1
2

(
27f6 − 4f9

) 1
2 − 9f3

) 1
3

:

N ≤
(

2
3

) 1
3 f3

g
+

g

2
1
3 3

2
3

.

Now find a common denominator and combine terms:

N ≤

(
2f33

1
3 + g22

1
3

)
6

1
3

6g
. (41)

Cubing this expression yields:

N3 ≤

(
2f33

1
3 + g22

1
3

)3

36g3
(42)

and subtracting 1 from each side of (41) yields:

N − 1 ≤

(
2f33

1
3 + g22

1
3

)
6

1
3 − 6g

6g
. (43)

The assumption that N ≥ 2 produces a special case for

which one may draw the following conclusion from (42)

and (43):

N3

N − 1
≤

(
2f33

1
3 + g22

1
3

)3

36g3

((
2f33

1
3 +g22

1
3

)
6

1
3−6g

6g

) .
A proof of this special case is presented in Appendix

6.3. Expanding the numerator and denominator yields:

N3

N − 1
≤ 24f9 + 12f6g23

2
3 2

1
3 + 6f3g43

1
3 2

2
3 + 2g6

12f3g23
2
3 2

1
3 + 6g43

1
3 2

2
3 − 36g3

= f3

24f6 + 12f3g23
2
3 2

1
3 + 6g43

1
3 2

2
3 + 2g6

f3

12f3g23
2
3 2

1
3 + 6g43

1
3 2

2
3 − 36g3

 (44)

Noting common terms in the numerator and denomina-

tor, one may show that the term in parenthesis in (44)

is equal to 1 if 24f6 + 2g6

f3 = −36g3. Expanding either

the left hand or the right hand side of this equation and

substituting in the definition for g yields:

324f3 − 36 (3)
1
2
(
27− 4f3

) 1
2 f3.

Therefore, (44) reduces to:

N3

N − 1
≤ f3

whose cubic root is:

N

(N − 1)
1
3

≤ UmaxT
?

R̄D
. (45)

R̄D may be expressed in terms of R̄N−2 in the limit

that ∂Dicr → O. Substituting R̄cr = 0 into (33) yields:

Vrem =
2

3
πR̄3
D,

which may be substituted into (34) to yield:

2
3πR̄

3
D

N − 1
=

2

3
πR̄3

N−2.

Removing common terms and taking the cubic root of

each side yields:

R̄D

(N − 1)
1
3

= R̄N−2.

which may be rearranged in terms of R̄D and substi-

tuted into (45):

N ≤ UmaxT
?

R̄N−2

which is equivalent to:

R̄N−2 ≤
UmaxT

?

N
, (46)

(i.e., the agent is no further away from the origin than

the maximum velocity of the slowest agent multiplied

by the deployment period). It is intuitive that (46) is

a sufficient condition that icr may enter Dicr before

tcoicr . Upon selection as icr, the agent will enter Subdo-

main Transfer Mode and fly directly towards the origin

with a velocity of Umax until it enters Dicr . With the

deployment period assumption, the agent will have a

minimum remaining flight time of T?

N . Under the worst

case scenario, the agent is at a distance R̄N−2 from the
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origin at the instant before selection1 and enters Dicr at

the instant that Vicr = V co. This concludes the proof.

To illustrate this bound, consider that Umax = 1 m/s,

T ? = 1000 seconds, R̄D = 100 meters, and thus f = 10.

A numerical evaluation of (40) yields an upper theoret-

ical limit of 31 agents.

3.2 Energy-aware global coverage mode

In order to guarantee convergence of (8) to zero, we

define a switched response known as Global Coverage

Mode. This mode is initiated for agent i when:

|êi(t)| < ε1. (47)

that is, agent i’s contribution to the rate of change

of (8) has dropped below a predefined threshold ε1.

At this point, D is divided into a grid of Nc cubes

Dj , ∀j ∈ {1, ..., Nc}. Each Dj is of dimension
√

2Ri ×√
2Ri×

√
2Ri, and the possible waypointsW j are placed

at the centroid of each Dj .These dimensions are chosen

such Dj is inscribed within the sphere of possible ori-

entations for Si. Nc shall be large enough such that the

grid over-approximates the hemispherical D. Elements

of Dj that intersect ∂D shall be truncated along ∂D
with their associated elements of Wj shifted to the new

centroid.

We define the following function to encode antici-

pated local coverage error for agent i in each cube Dj :

ˆ
Cji (tgc) =

∫
Dj

min{C?, ´́
Qi(tgc, p̃)}dp̃

+ δ

(
C?VDj −

∫
Dj

min{C?, ´́
Qi(tgc, p̃)}dp̃

)
, (48)

where VDj is the volume of each Dj and tgc is the time

at which global coverage mode was initiated. (48) is the

coverage weight of each cube Dj and is defined as ∞
if the coverage level reaches at least C? on every point

in Dj . This is accomplished with a dirac delta func-

tion which ensures that fully covered cubes shall not

be selected as waypoints. The arguments of the mini-

mum functions prevent discrete points covered well be-

yond C? from carrying an unwarranted weight. Such a

scenario may result in patches of gross coverage levels

1 Under the constraint of (34), R̄D > R̄1 > ... > R̄cr =⇒
R̄N−2 − R̄cr > R̄N−3 − R̄N−2 > ... > R̄D − R̄1. The time
allocated for subdomain transfer is bounded by T ?

N
for all

agents and each shell is thinner than the previous as one
moves out from O. As Theorem 4 establishes that icr may
enter Dicr so long as it was inside of DN−1 when selected
by (27), one may see that the guarantee is met recursively so
long as i = 1 is within D.

producing cube coverage levels in excess of C?VDj while

discrete points p̃ ∈ Dj remain uncovered.

Power conservation may be encoded into the global

coverage strategy by considering the relative distances

of W j from the agent. Define the actuation accumula-

tion function:

Γi(tgc) =

∫ tgc

0

γi1|ui(τ)|+ γi2|vi(τ)|+ γi3|wi(τ)|

+ γi4|si(τ)|dτ (49)

which represents the net accumulated actuator effort
since deployment. γik > 0 | k ∈ {1, ..., 4} are cost
weights that can be assigned based upon a particular
system’s rate of energy usage. (48) and (49) can be
combined into the overall cost definition:

j̃ = arg min
j

(
(Λi0 + Γi(tgc)) ‖pi −W j‖+ Λi1

ˆ
Cji

)
, (50a)

p?,i = W j̃ , (50b)

where the chosen waypoint, p?,i, for agent i is assigned

to be the centroid of the cube indexed by j̃, that mini-

mizes the cost function (50a). Λi0 > 0 and Λi1 > 0 are

cost weights.

The cost function utilizes a static weight, Λi0, and

a dynamic weight, Γi(tgc), to penalize the selection of

waypoints that are spatially distant from the agent’s

current position. Γi(tgc) grows in time as a function of

agent i’s actuation effort. This cost is weighted against

the relative coverage level of the cube. In real world im-

plementation, the value of Λi0 would be assigned upon

deployment as a function of agent i’s remaining battery

life. This offers energy conserving flexibility to scenar-

ios in which a multi-agent sensing network may be de-

ployed with short notice and disparate battery charge
levels. Additionally, γik | k ∈ {1, ..., 4}may be increased

for individual agents which consume energy at a faster

rate. These weights allow for agents with a history of

less actuation effort to select more distant waypoints

thus reducing the need for persistent spatial relocation

of the more power constrained agents.

Upon selecting the waypoint, the agent must deter-

mine the optimal orientation to assume at the destina-

tion. This orientation will be the one for which Si is

exposed to the least covered subspace of D. This can

be expressed as finding the value of Ψi that maximizes

the argument of this problem:

Ψ?,i = arg max
Ψ

∫
D

h′
(
C? − ´́

Qi(tgc, p̃)
) (
Si
(
q̃?,i, p̃

))
dp̃

 ,

(51)

where q̃?,i =
[
p?,i

T 0 0Ψ?,i
]T
. Selecting a destination

orientation with the minimum coverage level maximizes
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(12). This maximizes the initial coverage rate when lo-

cal coverage mode is resumed.

Convergence to the desired position, p?,i, as well as

collision avoidance are achieved using the following con-

trol scheme which is derived from that first presented

in Panagou et al (2016) and later in Ma et al (2016).

Define a nominal Lyapunov-like function:

Vi0 = ‖pi − p?,i‖2. (52)

which is positive definite and encodes convergence of

agent i to the destination. Now define a global avoid-

ance constraint for each of the j 6= i friendly agents:

c4ij = (xi − xj)2 + (yi − yj)2 + (zi − zj)2 − (ri + rj)2 > 0,

to encode that collision avoidance requires ‖pi − pj‖ >
ri + rj . Define a logarithmic barrier function in terms

of this constraint:

bij(pi, pj) = − ln(c4ij(pi, pj)),

and define, as in Wills and Heath (2002), the recentered

barrier function which tends to +∞ as ‖pi − pj‖ →
ri + rj and zero as pi → p?,i:

qij(pi, pj) = bij(pi, pj)− bij(p?,i, pj). (53)

To ensure that our Lyapunov-like function shall ulti-

mately be non-negative everywhere, define:

V ′ij(pi, pj) = (qij(pi, pj))
2.

The global avoidance constraint is activated under the

condition that ‖pi − pj‖ ≤ Ri using a bump function

which is C2 with respect to the agent distance:

σij =


1 if ri + rj ≤ dij ≤ Rz

Ad3
ij +Bd2

ij + Cdij +D if Rz < dij < Ri

0 if dij ≥ Ri

where dij = ‖pi − pj‖ and Rz determines the steep-

ness of the bump and is chosen such that ri + rj <
Rz < Ri. The coefficients are defined as follows: A =

−(2/(Rz − Ri)3), B = (3(Rz + Ri)/(Rz − Ri)3), C =

(−6RzRi/(Rz −Ri)3), and D = (R2
i (3Rz −Ri)/(Rz −

Ri)
3). Therefore, the global avoidance constituent

Lyapunov-like function is:

Vij(pi, pj) = σijV ′ij(pi, pj),

which augments the nominal Lyapunov-like function:

νi = Vi0 +

N−1∑
j=1

Vij

and may be scaled between zero and one to form our

candidate Lyapunov-like function for pi:

Vi =
νi

1 + νi
. (54)

As discussed in Ma et al (2016), trajectories that fol-

low the negative gradient of Vi shall be stabilizing and

in-fact almost certainly globally asymptotically stabi-

lizing. Such a controller may be defined as:

u
glo
i

vgloi
wgloi

 = R−1
1



−∂Vi
∂xi

 Umax√(
∂Vi
∂xi

)2
+
(
∂Vi
∂yi

)2
+
(
∂Vi
∂zi

)2


−∂Vi
∂yi

 Umax√(
∂Vi
∂xi

)2
+
(
∂Vi
∂yi

)2
+
(
∂Vi
∂zi

)2


−∂Vi
∂zi

 Umax√(
∂Vi
∂xi

)2
+
(
∂Vi
∂yi

)2
+
(
∂Vi
∂zi

)2




.

(55)

With the exception of local coverage, whose avoid-

ance strategies are presented in Theorem 1, all hybrid

modes controlling linear velocity are based upon way-

points and incorporate controllers similar to (55) These

modes nominally incorporate collision avoidance using

logarithmic barrier functions. The anomalous scenario

in which multiple agents become isolated in critical

points of Vi, a highly improbable alignment, may be

overcome by defining an event in which the motion of

multiple agents in the global coverage mode has halted

for a predefined period of time. In this scenario, agents

in local coverage should switch into global coverage

mode and then the network may apply the high-level

prioritized path planning protocol that is presented in

Ma et al (2016). This technique is suited for high-density

operations in cluttered environments. For further anal-

ysis on collision avoidance with logarithmic barriers,

please see Ma et al (2016). See also, Panagou et al

(2016).

Convergence to the desired orientation, Ψ?,i, is straight-

forward. For our purposes, a proportional controller was

sufficient:

sgloi = R−1
23,3

(Ψ?,i − Ψi) (56)

Thus, upon computation of (50b) and (51), control laws

(55) and (56) are simultaneously activated. Upon ac-

quisition of the desired position and orientation, con-

trol shall be handed back to either local coverage mode,

upon satisfaction of G(ζi1, ζi0, or Waypoint Scan Mode,

upon satisfaction of G(ζi1, ζi3). If at any time i lies

outside of the intended operating range, as consistent

with G(ζi1, ζi2, control is handed to Subdomain Trans-

fer Mode.
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3.3 Subdomain transfer mode

In Sect. 3.1.3, it was demonstrated that the power con-

strained operational safety requirement of Sect. 2.2 is

met so long as picr ∈ Dicr in the limit that t → tcoicr .

and similarly that pi` ∈ Di` , ∀` ∈ {1, ..., N − 1} in the

limit that t→ tcoicr . These guarantees are met with sub-

domain transfer mode as described earlier in Theorem

4 and Footnote 1.

This mode may be entered into from any of the

other modes as triggered by the equivalent conditions

G(ζik, ζi2), ∀k ∈ {0, 1, 3, 4}. The linear velocity control

law of this mode shall be denoted as: [usubi vsubi wsubi ]T ,

and is equal to the right hand side of (55) with p?,i = O.

The angular velocity control law of this mode shall be

denoted as ssubi and is equal to the right hand side of

(56) with:

Ψ?,i = arctan 2(
−yi√

x2
i + y2

i + z2
i

,
−xi√

x2
i + y2

i + z2
i

). (57)

With this choice of Ψ?,i, agent i aims to align the x̂Bi
axis, the center line of Si, with the xy-plane projection

of −pi during subdomain transfer. This orients Si to be

inward looking towards the origin thus ensuring that Si
will be inside of the target subdomain when control is

handed to local coverage mode.

3.4 Waypoint scan mode

For G(ζi1, ζi3) to be satisfied, the cube Dj will con-

tain space that has not yet been fully covered. However,

the |êi(t)| is not large enough to warrant exploration in

local coverage mode. Such a situation often occurs in

practice when there is uncovered space within Dj di-

rectly above or below the agent while ‖pi − p?,i‖ < ε2

is satisfied. Under these conditions, no choice of Ψi will

bring this portion of space inside of Si. One solution

is to design a hybrid mode in which the agents patrol

a defined path within Dj until the cube has been fully

swept over.

An intuitive solution would be for the agent to se-

lect sub-waypoints above and below W j̃ and to yaw

through one complete revolution at each sub-waypoint.

However, as Fig. 5 (a) illustrates, this path would con-

tain gaps in the sweep due to the spherical sector shape

of Si. Through symmetry, it is clear that the angle of the

horizontal vertices of the gaps is 2α. The sub-waypoints

illustrated in Fig. 5 (b) are placed at these vertices to

allow for the gaps to be swept over. Only the left half

sweep is illustrated in order to avoid clutter. A total of

13 sub-waypoints may be positioned as shown in Fig.

6 relative to W j̃ to guarantee that Si sweeps over all

p̃ ∈ Dj . This holds true even for p̃ outside of the cross-

section of Fig. 5 so long as π
4 ≤ α <

π
2 . This is verified

in Theorem 5.

Fig. 5 Sub-waypoints directly above or below W j̃ will leave
to coverage gaps in (a). Additional points positioned laterally
guarantee coverage of the left half of the gaps in (b).

Fig. 6 In Waypoint Scan Mode, agent i will travel between

13 sub-waypoints whose position relative to W j̃ is defined
here.

Theorem 5 If agent i yaws through a complete revo-

lution at each of the 13 sub-waypoints illustrated in Fig.

6, a vertical plane bisecting Dj , then Si shall sweep over

all p̃ ∈ Dj so long as π
4 ≤ α <

π
2 .

Proof Revolutions of Si about sub-waypoints above and

below W j̃ will produce four coverage gaps as illustrated

in white in Fig. 5 (a). Each of these gaps may be repre-

sented in 3-D space by two cones, of radius
√

2
8 Ri cotα

and height
√

2
8 Ri, whose planar surfaces are coincident.

It shall be shown that a yaw revolution of i at sub-
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waypoint 4 sweeps Si across all p̃ in the left half of the

top coverage gap as indicated in yellow in Fig. 6 (b).

This left-side gap is again indicated in yellow and

projected into 3 orthogonal planes: front (a), side (b),

and top (c) in Fig. 7. These projections shall be refer-

enced throughout the remainder of this proof. The ge-

ometry of coverage gap projection (a), whose left-side

vertex has angle 2α, may be fully contained within Si at

the illustrated yaw orientation so long as
√

2
8 Ri cotα ≤

Ri which is equivalent to the condition that tanα ≥
√

2
8 .

Gap projection (b) is obtained from the 90◦ right-

handed rotation indicated in (a). The vertical height

of gap projection (b) equal to that of the diameter

of Si within this plane by virtue of the above-stated

gap vertex angle 2α. The horizontal width of gap pro-

jection (b) shall not extend outside of Si so long as√
2

8 Ri cotα ≤
√

2
8 Ri which is equivalent to the condi-

tion that tanα ≥ 1.

Gap projection (c) is obtained from the 90◦ right-

handed rotation indicated in (b) and is a semicircle.

Agent i’s 360◦ yaw motion about sub-waypoint 4 shall

sweep across this semicircle so long as Ri is greater

than or equal to the indicated chord length 1
4Ri cotα

which is equivalent to the condition that tanα ≥ 1
4 . The

inequality constraints on tanα are all satisfied when
π
4 ≤ α <

π
2 . Under this condition, a full yaw revolution

of i shall sweep Si over all points of the three orthonor-

mal coverage gap projections indicated in Fig. 7 and

thus over all points of the coverage gap. Through sym-

metry it may be shown that sub-waypoints 5-11 sweep

over all remaining p̃ in coverage gaps. Thus, Si sweeps

over all p̃ ∈ Dj . This concludes the proof.

Recall from Sect. 2.3 that these 13 sub-waypoints
are indexed by wp and note that this is to be done in a

manner consistent with Fig. 6. The automaton defined

in Sect. 2.3 calls for an input f(ζi3, q̃i) to transition be-

tween sub-waypoints and an input f(ζi4, q̃i) for the 360◦

revolution at each sub-waypoint. [uwpsi vwpsi wwpsi ]T is

equal to the right hand side of (55) with p?,i equal to

the element of the set of points defined in Fig. 6 with in-

dex wps. swpsi is equal to an arbitrary positive constant.

G(ζi3, ζi4) provides a definition for sub-waypoint cap-

ture consistent with this work and G(ζi4, ζi3) is satisfied

upon completion of one revolution–that is, an arbitrary

positive swpsi command has rotated i to an orientation

Ψi = Ψi(tG(ζi3,ζi4))− dΨ .

3.5 Theoretical Coverage Guarantee

Theorem 6 The control strategy defined above guar-

antees that the global coverage error E(t) shall be driven

to zero.

Fig. 7 The coverage gap resulting from sweeps at sub-
waypoints 2 and 3 is indicated in yellow and projected into 3
orthogonal planes in (a), (b), and (c). View (a) is the same
as Fig. 6 and subsequent views are indicated by right hand
rotations on the figure.

Proof As the protocol approaches complete coverage,

if one may upper-bound Ė(t) < 0 then convergence of

E(t) to zero is trivial. In reality, i’s contribution to Ė(t),

i.e. êi, shall tend to maintain an absolute value less than

ε1. With G(ζi0, ζi1) and G(ζi1, ζi3) persistently satisfied

for agent i operating within it’s prescribed subdomain,

the agent shall repeatedly trigger waypoint scan mode.

The geometry of the sub-waypoints within each cube

Dj guarantee that waypoint scan mode shall cover all

of Dj given a sufficient number of activations as veri-

fied in Theorem 5. Global coverage mode shall continue

to select new Dj , ∀j ∈ {1, ..., Nc} and hand over cover-

age to waypoint scan mode until the entire domain has

been sufficiently covered. Thus, the coverage error shall

converge to zero. This concludes the proof.

4 Experimental and Simulation-based

Verification

4.1 Experimental Procedure

The coverage strategy was validated experimentally in

an indoor test environment with the agents dispatched

to explore a 2.55 m x 2.55 m x 2.3 m box. We used

three commercially available Hummingbird quadrotors

manufactured by Ascending Technologies. These vehi-

cles each powered by a single 11.1 Volt lithium polymer

battery nominally rated at 2100 mAh. Each quadrotor

features two embedded processors running at 1 kHz,
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denoted as the high-level processor (HLP) and the low-

level processor (LLP). Additionally, our ground station

is a Dell Inspiron 3847 Desktop running Ubuntu 14.04

LTS on an Intel Core i7-4790 CPU @ 3.80 GHz x 8 with

15.6 GB of RAM. Attitude and position measurements

for each quadrotor are provided by a Vicon motion cap-

ture system. The system runs at 250 Hz and provides

accurate position measurements to within 1 mm within

our test section.

The Robot Operating System (ROS) provides a frame-

work for exchanging data between the ground computer

station, Vicon system, and the quadrotors. The con-

trol algorithm, as presented, is implemented in MAT-

LAB. The resultant velocity inputs are transmitted via

XBee serial modules from the ground station to the

HLP through ROS using the Robotics System Toolbox.

The HLP then issues motor commands to the LLP for

execution. The desired rotor rates are achieved through

the embedded proprietary control software in the LLP.

The cutoff voltage, V co, was chosen as 10 Volts as

this guaranteed an additional 30 seconds or so of flight

time for the Hummingbirds to transition from a hover-

ing state through a stable landing sequence. After se-

lecting this value, discharge trends of six batteries were

recorded for a single agent trial in-order to determine an

appropriate value for the parameter T ?. These trends

are presented in Fig. 8. The discharge times, denoted

earlier as Ti, for the six batteries were 743, 758, 759,

755, 786, and 563 seconds respectively. T ? was chosen

to be 990 seconds as this provides an upper bound on

the measured discharge times and provides a sufficient

window to install a fresh battery and re-establish com-

munication with the ground station.
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Fig. 8 Ti values were experimentally determined for six bat-
teries. These values are 743, 758, 759, 755, 786, and 563 sec-
onds respectively.

Within our MATLAB code, the parameter Q(t, p̃) is

represented by a large 3D matrix. This matrix is called

each time step and augmented with the parameters

M1i(pj , p̃), ∀i ∈ {1, ..., N},M2icr (t, p̃), andM3`(pj , p̃), ∀l ∈
{1, ..., N − 1}. Thus, it is required that specific regions

of Q(t, p̃) be accessed by their index locations and set

to C? each time step. Although this work nominally

describes the shapes of these augmentation functions

as spherical or hemispherical, an infinity norm may be

equivalently used in their definitions rather than the

implicit Euclidean norm. The infinity norm was chosen

for our experimental implementation as it allowed for

the augmentation functions to be defined in terms of a

set of cuboid regions whose boundaries correspond in a

direct manner to large index ranges. This allowed for

vectorization based code which MATLAB is optimized

to process. For this reason our experimental domain is

a cuboid rather than a hemisphere.

Two trials were conducted with identical parameter

values. In each trial, one of the three agents was de-

ployed from the origin every 5 minutes and 30 seconds

nominally and tasked to explore the environment. The

six batteries mentioned above were utilized in sequen-

tial order such that each agent should have two active

exploration periods. As Vi(t) of agent i approaches V co,

the quadrotor’s position would converge upon the ori-

gin and hover a few inches above the ground. When

the target position had been acquired and the battery

voltage had dropped below V co, an operator would cut

off power to the motors thus dropping the quadrotor to

the ground at it’s current lateral position. The opera-

tor would then walk into the test section while avoid-

ing the active quadrotors and replace the battery dur-

ing the waiting period, Twi . At the next deployment

point, tdi , the operator would return power to the agent

and immediately hand control back to the ground sta-

tion. With this protocol, the domain was persistently

explored for upwards of 40 minutes with 2-3 quadro-

tors continuously in the air after the second deployment

window. It should be noted here that in both trials 80%

coverage was achieved within the first 10 minutes, the

trials were permitted to run for 40 minutes in order to

illustrate the long term efficacy of the deployment win-

dow spacing. The parameter values for both trials are

presented in Table 1.

4.2 Experimental Results and Discussion

The coverage error evolution and inter-agent distances

are presented in Figs. 9 and 10 respectively. It should be

noted that the plotted value for ri+rj is a physical mea-

surement of 0.51 meters. The true value implemented

in the MATLAB controller was set to 0.64 m in order

to allow for some margin of stopping space on the part

of the Ascending Technologies low level controller. Our

use of second-order modelling necessitates this margin
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Table 1 The following parameter values were used in both
trials

Parameter Value Parameter Value

C? 10 T? 5 min 30 sec
klocu 5× 10−8 klocv 5× 10−8

klocw 5× 10−8 klocs 1× 10−7

ε1 3.7 Hz ε2 0.2 m
ε3 0.3 rad Umax 0.1 m/s
κicr 0.13 m/V γik, ∀k ∈ {1, ..., 4} 7.8× 10−3

Λi0 40 Λi1 2.7× 105

Ri 0.64 m α 60◦

as the vehicles cannot instantaneously change direction

when new kinematic commands are uploaded.

For trial one, 50%, 80%, and 90% coverage were

achieved after 236, 463, and 1241 seconds respectively.

The protocol terminated with 95.6% coverage at 2350

seconds. Two anomalies occurred during this run. The

first anomaly occurred at 1669 seconds. Fig. 9 illus-

trates that the proximity of agents 2 to 3 comes within

a few centimeters less than ri + rj at this time and

yet the agents do not collide. At this moment, agent

2 was flying directly above agent 3 thus placing agent

3 into a downdraft generating additional control ac-

tion and ultimately overcompensation on the part of

the low level controller. This caused no issues as the

vertical dimensions of the quadrotors are substantially

less than the lateral dimensions. In future trials, the

effect could be compensated for by increasing our mar-

gin for ri. Furthermore, this effect shall be eliminated

in our future work which shall implement quadrotor

dynamics-based coverage control strategies rather than

relying upon proprietary low level controllers such as

those developed by Ascending Technologies. The second

anomaly occurred at 1572 seconds. After agent 1’s re-

deployment at 995 seconds, it proceeded to operate cor-

rectly until a communication failure in the Xbee links

occurred at 1572 seconds resulting in the agent flying

out of control into our safety net thus ceasing coverage

earlier than intended. The two remaining agents contin-

ued covering until the expiration of their batteries. As

Table 2 illustrates, all six deployment windows occurred

within 5 seconds of their nominal times and aside from

the communication failure crash, all other exploration

periods ended with a successfully executed landing at

the origin. A video of trial one is available at https:

//www.youtube.com/watch?v=UjDi9PYa0zY&t=107s.

For trial two, 50%, 80%, and 90% coverage were

achieved after 211, 511, and 856 seconds respectively.

The protocol terminated with 97.4% coverage at 1859

seconds. Anomalies not associated with the algorithm

itself occurred during this run. Specifically, another Xbee

communication failure occurred at 1818 seconds lead-

Table 2 For trial one, the nominal and true launch times are
presented as well as the true landing times. Time is presented
in seconds

Agent Nominal Launch True Launch Landing

1 0 2 692
2 330 333 1211
3 660 663 1581
1 990 995 1572
2 1320 1322 2250
3 1650 1653 2360

Table 3 For trial two, the nominal and true launch times are
presented as well as the true landing times. Time is presented
in seconds

Agent Nominal Launch True Launch Landing

1 0 2 690
2 330 333 1210
3 660 663 1560
1 990 993 1655
2 1320 1323 1818
3 1650 1622 1852

ing to the crash of Agent 2 during it’s second explo-

ration protocol. Agent 3 was then landed manually 41

seconds later in order to assess damage to the crashed

quadrotor. As Table 3 illustates, five of the deployment

windows occurred within seconds of the nominal times;

however, agent 3 was relaunched 30 seconds early due

to human error.

The battery voltage trends and operating modes of

our hybrid automaton are presented for each trial in

Figs. 11 and 12 respectively. The initial deployments

for agent 1 in both trials are reflective of the fact that

battery 1 has the shortest lifespan in the network. It

was originally measured at 743 seconds in the days pre-

ceding our experiments and has further deteriorated

through practice and tuning trials. However, these first

deployment trends in Figs. 11 and 12 reflect that the 30

seconds of buffer time built into the choice of Vco still al-

low for the agent to converge upon Dicr which has now

retracted to a point at the origin. This is essentially a

compensation for the uncertainty in Ti as agents are

actually able to maintain altitude with batteries read-

ings as low as 9 Volts. Note in both of these figures

that the tails of voltage trends always correspond with

motion in subdomain transfer mode. The trajectories

of the agents over the course of the trials are presented

in Figs. 13 and 14 for reference.

Most of the anomalies reported are unrelated to the

performance of the algorithm itself and result from the

inevitable hardware, software and human errors that

accumulate over the course of a complex 40 minute

experiment. These experiments demonstrate that ap-
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Fig. 9 For Trial One 50%, 80%, and 90% coverage were achieved after 236, 463, and 1241 seconds respectively. The protocol
terminated with 95.6% coverage at 2350 seconds. The agents successfully avoided collision although a vertical anomaly occurred
at 1669 seconds between agents 2 and 3. dij is the distance of agent i from agent j, and the MATLAB typeset ri + rj is
intended as the minimum safe distance (ri + rj).

propriately spaced periodic deployments of quadrotors

from a single charging station can result in a long-

duration surveillance operation. Additionally, our energy-

aware domain partitioning technique resulted in tra-

jectories that were globally attractive to our charging

station in the limits that batteries expired. Aside from

the anomalies discussed, each agent’s flight path was

directed to the origin as the battery expired allowing

for a human to swap out the battery before the next

redeployment window arrived.

4.3 Simulation

A simulation was performed with N = 10 agents to

illustrate the scalability of the algorithm. The following

parameters differ from the experimental trials: ri = 0.5,

Ri = 10, klocu = klocv = klocw = 0.07, klocs = 0.015, and

T ? = Ti = 238 seconds for all agents. 90% and 95%

coverage of the domain were achieved in 4567 and 8438

seconds respectively.

For the interest of data visualization clarity, only the

first 300 or 3000 seconds of coverage time are presented

in simulation figures. Agents deploy every 23.8 seconds

from the charging station. The coverage error and inter-
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Fig. 13 The trajectories of the three agents, indexed i = 1,
i = 2 and i = 3 respectively, are presented over the course of
trial one.

agent distances are presented in Fig. 15. Only distances

with respect to i = 1 are presented to reduce clutter;

however, all agents successfully avoid collision.

Battery voltage trends for the ten agents are pre-

sented in Fig. 16. All agents use the same voltage trend:

a recording of one of our lab quadrotors hovering for 5

minutes. The automaton modes for the first four agents

are presented in Fig. 17 which provides the most strik-

ing contrast to that of the experimental results. Due
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Fig. 10 For Trial Two 50%, 80%, and 90% coverage were achieved after 211, 511, and 856 seconds respectively. The protocol
terminated with 97.4% coverage at 1859 seconds The agents successfully avoided collision. dij is the distance of agent i from
agent j, and the MATLAB typeset ri + rj is intended as the minimum safe distance (ri + rj).
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Fig. 11 The six battery trends over the course of trial two are presented as well as the automaton modes of each of the three
agents indexed i = 1, i = 2 and i = 3 respectively.
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Fig. 12 The six battery trends over the course of trial two are presented as well as the automaton modes of each of the three
agents indexed i = 1, i = 2 and i = 3 respectively.
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Fig. 14 The trajectories of the three agents, indexed i = 1,
i = 2 and i = 3 respectively, are presented over the course of
trial two.

to the small size of our lab space, it was difficult for

agents to spend much time in local coverage mode as

their sensing footprints were rather large compared to

the size of the space. The increased exploration volume

in simulation allowed for agents to spend more time in

local coverage mode.

The trajectory of agent 1 for the first 300 seconds

is presented in Fig. 18. The agent deploys from the

origin and then transfers to the outer shell. The ex-

ploratory trajectory gradually converges upon the ori-

gin at 238 seconds. The agent is then redeployed. Fig. 19
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Fig. 15 All ten agents avoided collision throughout the sim-
ulation. Only i = 1’s proximity from each agent is presented
to reduce clutter. The MATLAB typeset ri + rj is intended
as the minimum safe distance (ri + rj).

displays Si(q̃i, p̃) for i ∈ {1, ..., 10} over various shots in

time to further illustrate the deployment strategy. The

anisotropic quality of Si(q̃i, p̃) is visualized in Fig. 19.

The coverage level over time of a vertical cross section

of the domain is presented in Fig. 20.
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Fig. 17 Automaton modes for the first four agents are presented. Agents deploy from the charging station and transfer to their
designated shells in global coverage mode. Local coverage mode guides active exploration, while short periods of subdomain
transfer mode appear every 23.8 seconds to transfer agents to inner shells.

Fig. 19 The first 300 seconds of simulation time is presented with color plots of Si(q̃i, p̃) for i ∈ {1, ..., 10}.

5 Conclusion

This paper has presented an energy-aware 3D dynamic

coverage control algorithm which extends the authors’

studies in Panagou et al (2016, in press), Bentz and
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Fig. 20 The coverage level of a vertical cross section of the domain is presented for the first 3000 seconds using the standard
MATLAB color scale with dark blue indicating zero coverage and bright yellow indicating a coverage level of C?.
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Fig. 16 Voltage for each of the ten agents is displayed during
the first 300 seconds of simulation time. Agents deploy every
23.8 seconds.

Panagou (2016), and Bentz and Panagou (2017) by

introducing dynamic domain partitioning. This novel

partitioning methodology guarantees the generation of

globally attractive flight trajectories in the limit of bat-

tery expiration. This control strategy is applicable to

active 3D search, patrol, and environmental monitor-

ing protocols. Previous work on this topic has been re-

stricted quasi-3D coverage domains (Cheng et al 2008).
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Fig. 18 The trajectory of i = 1 is presented for the first
300 seconds. Color is used to indicate time spans along the
trajectory to aid the reader in tracing.

The efficacy of the algorithm has been demonstrated

through experiments and simulations which highlight

the effectiveness of the coverage protocol while main-

taining the guaranteed safety provisions.

Future work will implement coverage control tech-

niques into dynamic models of quadrotor flight. This

will allow for collision avoidance guarantees to hold un-

der more aggressive flight patterns. Additional work

will explore the use of density maps and information

decay to model persistent coverage of 3D dynamic envi-

ronments. Object recognition and state estimation will

be an integral component of this architecture which,



22 William Bentz et al.

when augmented with pursuit/evasion games, will re-

sult in a fully autonomous 3D search and defend pro-

tocol.

6 Appendix

6.1 Automaton

The automaton is described by the following entities

(Lygeros 2004):

– a set of discrete states: Zi = {ζi0, ζi1, ζi2, ζi3, ζi4}
which represent local coverage, global coverage, sub-

domain transfer, and waypoint scan modes (1) and

(2) respectively,

– a set of continuous states: q̃i = {xi, yi, zi, Φi, Θi, Ψi}
representing the position and orientation of agent

i in Cartestian coordinates and 3-2-1 Euler angles

respectively,

– a vector field:

f(ζi0, q̃i) = R
[

´́uloci
´́vloci

´́wloci 0 0 ´́sloci

]T
,

f(ζi1, q̃i) = R
[
ugloi vgloi wgloi 0 0 sgloi

]T
,

f(ζi2, q̃i) = R
[
usubi vsubi wsubi 0 0 ssubi

]T
,

f(ζi3, q̃i) = R [uwpsi vwpsi wwpsi 0 0 0]T ,

f(ζi4, q̃i) = R [0 0 0 0 0 swpsi ]T ,

where R =

[
R1 0
0 R2

]
and ˙̃qi = f(ζik, q̃i) is the con-

trol input for agent i in state ζik. Note that ζi0, ζi1
and ζi2 command both translation and yaw while ζi3
only commands translation and ζi4 only commands

yaw. This is because ζi3 commands that agent i

transition between the sub-waypoints of waypoint

scan mode while ζi4 commands the 360◦ yaw sweep
at each sub-waypoint.

– A set of initial states:

{ζi0} × {q̃i ∈ R6 | ‖pi‖ ≤ R̄D ∧ Φi ∈ (−π,+π)

∧ Θi ∈
(−π

2 , +π
2

)
∧ Ψi ∈ (−π,+π)} encoding that

each agent begin in local coverage mode inside of

the domain at an orientation within the traditional

Euler angle range,

– a domain:

Dom (ζi0) = {q̃i ∈ R6 | (i = 1 ∧ pi ∈ D) ∨(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
)
},

Dom (ζi1) = {q̃i ∈ R6 | (i = 1 ∧ pi ∈ D) ∨(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
)
},

Dom (ζi2) = {q̃i ∈ R6 | (i = 1 ∧ pi ∈ D) ∨(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ > R̄i−1

)
∨(

i = icr ∧ ‖pi‖ > R̄cr
)
},

Dom (ζi3) = {q̃i ∈ R6 | (i = 1 ∧ pi ∈ D) ∨(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
)
},

Dom (ζi4) = {q̃i ∈ R6 | (i = 1 ∧ pi ∈ D) ∨(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
)
} where four of the five discrete

states are defined over the set of continuous states

for which agent i is inside of its prescribed subdo-

main Dj . ζi3 (subdomain transfer mode) is defined

for agent i outside of its prescribed subdomain,

– A set of edges:

E = {(ζi0, ζi1) , (ζi1, ζi0) , (ζi1, ζi2) , (ζi0, ζi2) , (ζi2, ζi0)

(ζi1, ζi3) , (ζi3, ζi1) , (ζi3, ζi2) , (ζi3, ζi0) , (ζi3, ζi4) ,

(ζi4, ζi3) , (ζi4, ζi2)}, each of which is a transition that

may be triggered by:

– A guard condition:

G (ζi0, ζi1) = {q̃i ∈ R6 |
(
|êi(t)| < ε1

)
∧(

(i = 1 ∧ pi ∈ D) ∨
(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
) )
}which transitions agent i from

local to global coverage when the agent’s contribu-

tion to the rate of change of the global coverage

error drops below some threshold (the coverage rate

is insufficient) so long as the agent operates within

its prescribed subdomain,

G (ζi1, ζi0) = {q̃i ∈ R6 |
(
‖pi − p?,i‖ < ε2

)
∧(

‖Ψi − Ψ?,i‖ < ε3
)
∧
(
|êi(t)| ≥ ε1

)
∧(

(i = 1 ∧ pi ∈ D) ∨
(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
) )
}which transitions agent i from

global to local coverage when the desired position

and orientation has been achieved to within some

threshold, the coverage rate is sufficient, and the

agent operates within its prescribed subdomain,

G (ζi1, ζi2) = {q̃i ∈ R6 |(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ > R̄i−1

)
∨(

i = icr ∧ ‖pi‖ > R̄cr
)
}which transitions agent i from

global coverage to subdomain transfer mode when

the agent is not within its prescribed subdomain,
G (ζi0, ζi2) = {q̃i ∈ R6 |(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ > R̄i−1

)
∨(

i = icr ∧ ‖pi‖ > R̄cr
)
}which transitions agent i from

local coverage to subdomain transfer mode when the

agent is not within its prescribed subdomain,

G (ζi2, ζi0) = {q̃i ∈ R6 | (i = 1 ∧ pi ∈ D) ∨(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
)
}which transitions agent i from

subdomain transfer mode to local coverage mode

when the agent is within its prescribed subdomain,

G (ζi1, ζi3) = {q̃i ∈ R6 |
(
‖pi − p?,i‖ < ε2

)
∧(

‖Ψi − Ψ?,i‖ < ε3
)
∧
(
|êi(t)| < ε1

)
∧(

(i = 1 ∧ pi ∈ D) ∨
(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
) )
}which transitions agent i from

global coverage to waypoint scan mode (1) when the

desired position and orientation has been achieved

to within some threshold, the coverage rate is insuf-

ficient, and the agent operates within its prescribed

subdomain,
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G (ζi3, ζi1) = {q̃i ∈ R6 | wp > 13 ∧(
|êi(t)| < ε1

)
∧
(

(i = 1 ∧ pi ∈ D) ∨(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
) )
}which transitions agent i from

waypoint scan mode (1) to global coverage when all

13 subwaypoints have been scanned, the coverage

rate is insufficient, and the agent operates within

its prescribed subdomain,

G (ζi3, ζi2) = {q̃i ∈ R6 |(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ > R̄i−1

)
∨(

i = icr ∧ ‖pi‖ > R̄cr
)
}which transitions agent i from

waypoint scan mode (1) to subdomain transfer mode

when the agent is not within its prescribed subdomain,

G (ζi3, ζi0) = {q̃i ∈ R6 | wp > 13 ∧(
|êi(t)| ≥ ε1

)
∧
(

(i = 1 ∧ pi ∈ D) ∨(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
) )
}which transitions agent i from

waypoint scan mode (1) to local coverage when all

13 sub-waypoints have been scanned, the coverage

rate is sufficient, and the agent operates within its

prescribed subdomain,

G (ζi3, ζi4) = {q̃i ∈ R6 | ‖pi − p?,i‖ < ε2 ∧(
(i = 1 ∧ pi ∈ D) ∨

(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
) )
}which transitions agent i from

waypoint scan mode (1) to waypoint scan mode (2)

when the agent has converged upon a sub-waypoint

position to within some threshold and the agent op-

erates within its prescribed subdomain,

G (ζi4, ζi3) = {q̃i ∈ R6 | Ψi = Ψi(tG(ζi3,ζi4))− dΨ ∧(
(i = 1 ∧ pi ∈ D) ∨

(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ ≤ R̄i−1

)
∨(

i = icr ∧ ‖pi‖ ≤ R̄cr
) )
}which transitions agent i from

waypoint scan mode (2) to waypoint scan mode (1)

when the agent has completed a 360◦ yaw sweep at

one of the 13 sub-waypoints and operates within its

prescribed subdomain

G (ζi4, ζi2) = {q̃i ∈ R6 |(
i ∈ {2, ..., N − 1} ∧ ‖pi‖ > R̄i−1

)
∨(

i = icr ∧ ‖pi‖ > R̄cr
)
}which transitions agent i from

waypoint scan mode (2) to subdomain transfer mode

when the agent is not within its prescribed subdo-

main,

– A reset map: R = {∅} which is empty and included

for the sake of completeness.

êi(t), defined in (12), evolves as a function of the

time history of the continuous states and essentially

represents how well the local coverage protocol is pro-

ceeding. ε1 is a guard value for êi(t), while ε2 and ε3

are guard values for position and yaw proximity with

respect to the desired values, p?,i and Ψ?,i, respectively.

wp is an index variable for a set of sub-waypoints which

defined in Sect. 3.4. tG(ζi3,ζi4) is the most recent time at

which G(ζi3, ζi4) was satisfied. tG(ζi3,ζi4) is of relevance

because satisfaction of G(ζi3, ζi4) requires an agent to

yaw around 360◦ and resume its previous orientation at

tG(ζi3,ζi4). The variables R̄i−1 and R̄cr are the radii of

subdomain partitions defined in Sect. 3.1.3 along with

icr. The control laws presented in the vector field defi-

nition are derived in the body of the paper.

Note that the case in which i = 1 is included as an

exit guard condition from ζi2 to ζi0 despite no defined

transition for i = 1 to ζi2. This is due to the fact that

agent icr may converge upon O in the state ζi2 and

then become instantaneously reindexed as i = 1 upon

battery exchange.

6.2 Differentiation under the integral sign

We apply the Reynold’s transport theorem (9), a 3-D

generalization of the Leibniz integral rule, to (8) in or-

der to compute its time derivative (10). Therefore, it

is a necessary condition that both h (C? −Q (t, p̃)), i.e.

the integrand of (8), and ∂
∂th (C? −Q (t, p̃)) are contin-

uous over t and p̃.

Lemma 1 h (C? −Q (t, p̃)) is continuous in both t and

p̃.

Proof It is a well known result that if two functions are

continuous in t and p̃, then their difference, product and

the maximum of the two functions are all continuous in

t and p̃ (Kaczor and Nowak 2003). Note that 0 and C?

are both constants, and thus continuous in any argu-

ment. An assumption of the continuity of Q (t, p̃) im-

plies continuity of the difference C?−Q (t, p̃) which im-

plies continuity of max{0, C?−Q}. Continuity of prod-

ucts implies that h (C? −Q (t, p̃)) = max{0, C? − Q}3
is continuous in t and p̃. It remains is to verify that
continuity of Q (t, p̃) is a valid assumption.

Continuity ofQ (t, p̃) in t implies that ∀ε > 0, ∃δ > 0

such that |Q (t± δ, p̃) − Q (t, p̃)| < ε. Note the defini-

tion of Q (t, p̃) in (6) and (7) and that Si (q̃i(τ), p̃) is

upper-bounded by 1 and lower-bounded by 0, regard-

less of its arguments, ∀i ∈ {1, ..., N}. The boundedness

of the integrand in (6) implies that the existence of an

arbitrarily small δ is guaranteed. Continuity in t holds.

Q (t, p̃) may be rewritten in terms of its infinite se-

ries right-handed Riemann sum:

Q (t, p̃) =

N∑
i=1

lim
n→∞

n∑
`=1

Si
(
q̃i
(
`tn−1

)
, p̃
) (
tn−1

)
. (58)

We may now show continuity of Si
(
q̃i
(
`tn−1

)
, p̃
)
, ∀p̃ ∈

D. Note from (3) and (5) that Si
(
q̃i
(
`tn−1

)
, p̃
)

is de-

fined over all of D but takes nonzero values only within

Si, as parametrized by continuous constraint functions

Cki,∀k ∈ {1, 2, 3}, and is defined as zero along the

boundary ∂Si. As Si
(
q̃i
(
`tn−1

)
, p̃
)
→ 0 as p̃ → ∂Si
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from any direction in R3, we have that Si
(
q̃i
(
`tn−1

)
, p̃
)

is continuous ∀p̃ ∈ D. This continuity holds through

summation in (58) as well. This concludes the proof.

Lemma 2 ∂
∂th (C? −Q (t, p̃)) is continuous in both t

and p̃.

Proof In Lemma 1 it is shown that Q (t, p̃) and thus

max{0, C?−Q (t, p̃)}3 are continuous in t and p̃. Taking

the time derivative we have that ∂
∂th (C? −Q (t, p̃)) =(

−3 max{0, C? −Q (t, p̃)}2
) (

∂Q
∂t

)
is continuous in the

first multiplicative term. It remains to show that ∂Q
∂t is

continuous in t and p̃. Recall from (6) and (7) that:

Q (t, p̃) =

N∑
i=1

∫ t

0

Si (q̃i (τ) , p̃) dτ. (59)

It is shown in Lemma 1 that Si (q̃i (τ) , p̃) is continuous

in p̃. Continuity in t is guaranteed as the state of Si is

determined by the position and orientation of agent i

for which discontinuity is physically impossible. Thus

(59) meets all necessary conditions for differentiation

via the first fundamental theorem of calculus:

∂Q (t, p̃)

∂t
=

N∑
i=1

∂

∂t

∫ t

0

Si (q̃i (τ) , p̃) dτ =

N∑
i=1

Si (q̃i (τ) , p̃) .

which is continuous in t and p̃ as verified above and in

Lemma 1. This concludes the proof.

6.3 A supporting lemma

Lemma 3 Under the assumption that x ≤ y and that
x ≥ 2, one may conclude that:

x3

x− 1
≤ y3

y − 1
.

Proof The assumptions directly provide the following:

2 ≤ x ≤ y.

Subtract 1:

1 ≤ x− 1 ≤ y − 1,

invert all terms, and then rearrange into the equivalent

statement:

1

y − 1
≤ 1

x− 1
≤ 1.

We may refer to { 1
y−1 ,

1
x−1} and { 1

x−1 , 1} as similarly

ordered sets. Chebyshev’s Sum Inequality Theorem as

presented in Hardy et al (1952) may be applied to these
similarly ordered sets to yield:

1

(y − 1) (x− 1)
+

1

x− 1
≥

1

2

(
1

y − 1
+

1

x− 1

)(
1

x− 1
+ 1

)
.

Now simplify and rearrange as follows:

1

(y − 1) (x− 1)
+

1

x− 1
≥

1

2

(
1

y − 1
+

1

x− 1

)(
x

x− 1

)
,

1

(y − 1) (x− 1)
+

1

x− 1
≥

1

2

(
x

(y − 1) (x− 1)
+

x

(x− 1)2

)
,

1

(y − 1) (x− 1)
+

1

x− 1
≥

1
2
x

(y − 1) (x− 1)
+

1
2
x

(x− 1)2
,

1

x− 1
≥

1
2
x− 1

(y − 1) (x− 1)
+

1
2
x

(x− 1)2
.

Multiply by 2x2 (x− 1):

2x2 ≥
x3 − 2x2

y − 1
+

x3

x− 1
,

and rearrange to form:

x3

x− 1
≤ 2x2 −

x3 − 2x2

y − 1
. (60)

Thus, the proof will be completed by verifying that the

right hand side of (60) is less than or equal to y3

y−1

under the assumptions provided by the lemma. Noting
the fact that:

2x2 −
x3 − 2x2

y − 1
=

2x2y − x3

y − 1
,

this is equivalent to verifying that 2x2y − x3 ≤ y3 for
y ≥ x. This is straight forward:

(x− y)2 ≥ 0,

x2 + y2 − 2xy ≥ 0,

x3 + xy2 − 2x2y ≥ 0,

and thus for y ≥ x:

2x2y ≤ x3 + xy2 ≤ x3 + y3.

This verifies the condition 2x2y − x3 ≤ y3. Therefore,
(60) may be rewritten as:

x3

x− 1
≤ 2x2 −

x3 − 2x2

y − 1
≤

y3

y − 1
,

x3

x− 1
≤

y3

y − 1
.

This concludes the proof.
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