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A Distributed Feedback Motion Planning Protocol
for Multiple Unicycle Agents of Different Classes

Dimitra Panagou

Abstract—This paper presents a novel feedback method for the
motion planning and coordination of multiple agents that belong
to two classes, namely class-A and class-B. All agents are modeled
via unicycle kinematics. Agents of class-B do not share informa-
tion with agents of class-A and do not participate in ensuring
safety, modeling thus agents with failed sensing/communication
systems, agents of higher priority, or moving obstacles with
known upper bounded velocity. The method is built upon a
family of 2-dimensional analytic vector fields, which under mild
assumptions are proved to be safe feedback motion plans with
a unique stable singular point. The conditions which ensure
collision free and almost global convergence for a single agent
and the analytical form of the vector fields are then utilized in
the design the proposed distributed, semi-cooperative multi-agent
coordination protocol. Semi-cooperative coordination has been
defined in prior work as the ad-hoc prioritization and conflict
resolution among agents of the same class; more specifically,
participation in conflict resolution and collision avoidance for
each agent is determined on-the-fly based on whether the agent’s
motion results in decreasing its distance with respect to its
neighbor agents; based on this condition, the agent decides to
either ignore its neighbors, or adjust its velocity and avoid the
neighbor agent with respect to which the rate of decrease of the
pairwise inter-agent distance is maximal. The proposed coordi-
nation protocol builds upon this logic and addresses the case of
multiple agents of distinct classes (class-A and class-B) in conflict.
Guarantees on the safety of the multi-agent system and the almost
global convergence of the agents to their destinations are proved.
The efficacy of the proposed methodology is demonstrated via
simulation results in static and dynamic environments.

I. INTRODUCTION

Motion planning, coordination and control for autonomous
systems still remains an active research topic in many re-
spects. The primary motivation is the computation of safe
and efficient trajectories for robotic agents, mechanisms and
autonomous vehicles which operate in constrained and/or un-
certain environments. Various formulations and methodologies
on the motion planning problem, ranging from Lyapunov-
based methods, to sampling-based planning, to combinatorial
planning, to formal methods for high-level tasking [1]–[6],
have been developed within the robotics community. Multi-
robot systems have attracted the interest of the control commu-
nity as well, with emphasis being given to consensus, flocking
and formation control problems for multiple agents, see [7] for
a recent overview.
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Avoiding obstacles and inter-agent collisions is a require-
ment of highest priority in many applications. Recently, sig-
nificant interest has been paid to the high-level tasking, where
the problem for an autonomous agent has transitioned from
the classical motion planning formulation “move from point
A to point B” to the consideration of complex goals under
temporal specifications such as: “visit region A, and then visit
either region B or region C”. Despite the significant contribu-
tions which provide elegant solutions with rigorous guarantees
under certain assumptions on the considered environments [2]–
[4], the interconnection of high-level tasking with the physical
layer/system is still an open problem. Among the challenges
towards making the link between high-level and low-level
planning and control are the consideration of multiple agents
in dynamic environments, and the associated complexity in
finding provably correct solutions in the presence of nonlin-
earities, arbitrary constraints, and uncertainty.

In fact, the case of multiple agents moving safely towards
goal configurations is challenging even in the absence of static
obstacles and complex temporal goals. Agents typically make
decisions on their actions based on information that can be
locally measured using onboard sensors, or transmitted and re-
ceived across the nodes of the multi-agent system via wireless
communication links. In this context, consensus and formation
control in multi-agent networks have been popular topics of in-
terest, and numerous elegant solutions, which this paper cannot
cite in their entirety for reasons of space, have been developed
using tools and notions from graph theory, matrix theory
and Lyapunov stability theory; indicatively, the interested
reader is referred to [7]–[12]. Practical considerations such as
anisotropic sensing of the agents have motivated the study of
coordination under directed information exchange [13]–[17],
while consensus for systems with nonlinear dynamics has also
received significant attention [18]–[22]. Avoiding collisions in
consensus, flocking, and formation control settings is typically
done by selecting initial conditions carefully, and regulating
relative distances and orientations to proper values.

1) Overview: This paper is motivated by problems on
the motion planning for multiple agents of different classes
(in terms of sensing/communication and priorities) that are
assigned to reach specific destinations;1 as an ultimate poten-
tial application consider the traffic management for multiple
unmanned aerial systems in urban environments. We provide
a novel feedback solution to the multi-agent motion planning
and coordination problems in constrained dynamic environ-

1In that respect, the proposed problem formulation does not fall in the
category of consensus, flocking or formation control problems.
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ments, i.e., in environments where agents have limited sensing
and communication capabilities and which are populated by
moving obstacles. Two classes of agents are considered, called
agents of class-A and agents of class-B. Class-A agents are
assigned to safely move to specific destinations while resolving
conflicts in a distributed fashion, i.e., by sharing information
on their states and velocities only when they become spatially
connected, see also the Assumptions 1-5 on the adopted
communication protocol in Section V-A. Class-B agents do
not share information with other agents and do not actively
participate in ensuring safety; hence, they can model agents
with failed sensing/communication and/or actuation systems,
or agents of higher priority, or simply moving obstacles. Hence
here we are primarily interested in designing feedback low-
level controllers on the conflict resolution among multiple
agents belonging to distinct classes, that can furthermore be
combined with high-level tasks, such as dynamic coverage
[23], or multiple tasks encoding safety and optimality [24],
or even temporal tasks. The proposed planning and control
is based on semi-cooperative coordination, which has been
defined in our prior work [25] as the ad-hoc prioritization
among agents of the same class. More specifically, under
the coordination protocol in [25], participation in conflict
resolution and collision avoidance for each agent is determined
based on whether its motion results in decreasing its distance
with respect to (w.r.t.) its neighbor agents; based on this
condition, the agent decides to either ignore its neighbors
(what we call ad-hoc prioritization), or adjust its velocity and
avoid the neighbor agent w.r.t. which the rate of decrease of the
pairwise inter-agent distance is maximal. This way, collision
avoidance is not necessarily pursued by all agents in conflict,
but rather by at least one agent in a pairwise setting, see also
the Definitions 5-6 on “semi-cooperative” collision avoidance
in Section V-B. Here we build upon and extend the semi-
cooperative protocol in [25] to address the case multiple agents
of both class-A and class-B in conflict. The technical tools
which we use towards this goal are set-invariance methods,
which have been proved efficient in constrained control prob-
lems for a class of nonlinear, underactuated systems [26].

The main ingredient of the proposed method is a family of
two-dimensional analytic vector fields, originally introduced
in [27], whose analytical expression is:

F(r) = λ(pTr)r − p(rTr), (1)

where λ ∈ R is a parameter to be specified later on, r =
[x y]

T the position vector w.r.t. a global cartesian frame and
p = [px py]

T , with p 6= 0.2 The family of vector fields (1)
was employed in [27], [28] for steering kinematic, drift-free
systems in chained form in obstacle-free environments.

In this paper we first show that, except for a known value of
the parameter λ, namely except for λ = 1, the vector field (1)
has a unique singular point on R2 and a reflection axis. We
then consider the single-agent case, i.e., a robot with unicycle
kinematics in a static environment of circular obstacles and
propose a blending mechanism between attractive (for λ = 2)

2The role the vector p ∈ R2 plays in the properties of the vector field (1)
becomes evident later on in Theorem 2.

and repulsive (for λ = 1 and λ = 0) vector fields, which under
mild, explicit conditions yields almost global feedback motion
plans. In other words, we define vector fields whose integral
curves are by construction collision free and convergent to
a goal configuration except for a set of initial conditions of
Lebesgue measure zero, that is as well stated explicitly. The
proposed design yields simple feedback control laws that force
the system to flow along the vector field.

We finally utilize the conditions which generate almost
global feedback motion plans for the single-agent case and
propose a protocol for the multi-agent case involving agents
of both class-A and class-B. We build upon and extend the
coordination protocol introduced in [25]; more specifically, we
design a protocol that forces class-A agents to resolve conflicts
among each other in the semi-cooperative spirit described
earlier, and furthermore ensures that collisions with class-B
agents are avoided as well. The existence of Zeno trajectories
for the multi-agent system that lead to possible deadlocks is
studied and analyzed. The proposed method yields collision-
free and almost globally convergent trajectories for the multi-
agent system.

2) Relevant Earlier Work: Motion planning and collision
avoidance is arguably a well-studied topic with solutions based
on, among others, Lyapunov-like scalar functions, such as the
avoidance functions [29], potential functions [30], [31] and
navigation functions [32]–[34], harmonic functions [35], [36],
stream functions [37] and vortex fields [38]. Methods based on
scalar functions can provide closed-form solutions with certain
guarantees [39], however they suffer from the drawback of the
appearance of possible local minima away from the goal point.
Navigation functions and harmonic functions overcome this
limitation but under some cost: the caveat in the former case
is that the Morse property which guarantees the non-existence
of local minima is obtained after a parameter included in the
definition of the function exceeds a lower bound, which is
not a priori known. In the latter case, the computational cost
of constructing harmonic functions is quite demanding. The
idea of directly defining vector fields as feedback motion plans
has been studied as well. In [40] simple smooth vector fields
are locally constructed in given convex cell decompositions
of polygonal environments, so that their integral curves are
by construction collision-free and, in a sequential composition
spirit, convergent to a goal point. The method presumes the
existence of a high-level discrete motion plan which deter-
mines the successive order of the cells from an initial to
a final configuration. Other relevant work employing vector
fields for vehicle navigation is given in [41]–[43]. In multi-
agent settings, there have been numerous elegant solutions
on consensus, flocking and formation control problems [7]
which address motion coordination and collision avoidance
using Lyapunov-based designs, yet under certain assumptions
on the agent modeling and information sharing.

3) Contributions: The main contribution of this paper w.r.t.
earlier relevant work relies on the proposed motion planning
and coordination protocol. More specifically: We consider
two classes of agents, namely class-A and class-B, with
class-B including agents that do not share information with
other agents and do not participate in conflict resolution and
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collision avoidance. Decisions on avoiding collisions are made
by class-A agents only. We propose a novel coordination (con-
flict resolution and collision avoidance) algorithm for class-
A agents, which is distributed in the sense that agents make
decisions based on information shared only locally, i.e., only
when agents become spatially connected, and semi-cooperative
in the sense that agents of class-A are prioritized ad-hoc once
they become spatially connected, and participate in conflict
resolution and collision avoidance based on whether they are
about to violate safety. More specifically, agents of class-
A first share information with their class-A neighbors about
whether they are in conflict with class-B agents; based on this
condition, class-A agents either take action to cooperatively
avoid class-B agents, or they are subsequently prioritized
to resolve class-A conflicts based on the maximal rate of
change of their inter-agent distances. The resulting behavior
of the multi-agent system is that not all agents of class-A
necessarily end up in participating in collision avoidance; due
to the ad-hoc prioritization, some class-A agents may decide
to ignore some of their class-A agents. As a consequence,
not all agents of class-A need to deviate from their original
paths, yet collision avoidance is guaranteed. To the best of
our knowledge, the proposed coordination protocol, as well as
the vector field-based control design are novel and have not
been presented before, while the developed on-the-fly decision
making and control is relevant to applications such as traffic
management of unmanned aerial systems, and coordination of
mobile robots in confined environments.

In addition, other features that further differentiate our
approach from similar methods are: (i) The method imposes
explicit minimum clearance among agents while keeping
bounded control inputs, something which typically is not the
case with pure gradient-based solutions [33], [34], [44]. This
characteristic is desirable from a practical viewpoint when
considering multiple robots in confined environments. (ii) No
parameter tuning is needed in order to render the desired
convergence properties, as opposed to other methods such as
[32]; the values of the parameter λ of the vector field remain
fixed and are known a priori. (iii) Neither the computation of
a cell decomposition of the free space, nor the existence of
a high-level discrete motion plan are required, as opposed to
[40]. (iv) The orientations of the robots can converge to any
predefined values, as opposed to [41]–[43].

Remark 1: While here we consider circular obstacle envi-
ronments, ongoing work reveals that the method can be also
used in polygonal environments, see [45]. The case of multiple
agents moving among physical obstacles of arbitrary shape
under uncertainty is beyond the limits of the current paper,
and is left open for future research; a relevant discussion is
given in the last section.

Remark 2: It is furthermore worth noticing that the asso-
ciated control design and analysis is based on set invariance
concepts rather than Lyapunov-based methods. This in princi-
ple provides less conservative solutions [46] from a theoretical
viewpoint, while at the same time it offers a framework which
might be suitable for the consideration of complex dynamical
models; a relevant example is the one studied in [26].

Compared to the author’s earlier work on planning, coordi-

nation and control with vector field approaches, the problem
considered here is not the same with the one in [47]. The
proposed coordination protocol, as well as the accompanied
technical developments, are not the same with the ones in [25]
either; here the feedback plan for each agent is derived out of
a vector field instead of a barrier function, and furthermore
the current paper addresses the case of more than one agent
of class-B in the group, while the adopted information sharing
pattern differs compared to the one adopted in [25].

Part of this work has appeared in [48], [49]. The current
paper additionally includes: (i) a detailed presentation of the
overall method both for the static and the dynamic case, along
with the proofs which have been omitted in the conference
papers in the interest of space, (ii) the explicit consideration of
multiple class-B agents, as well as a new motion coordination
protocol that is based on different patterns of information ex-
change among connected agents, (iii) more simulation results
which demonstrate the efficacy of the method in static and
dynamic environments.

4) Organization: The paper is organized as follows: Sec-
tion II includes a brief overview of the notions regarding
the topology of two-dimensional vector fields that are used
throughout the paper. Section III characterizes the singular
points of our vector fields w.r.t. the parameter λ, while section
IV presents the blending mechanism among vector fields, the
construction of the almost global feedback motion plans and
the underlying control design. Section V presents the extension
of the method to the distributed semi-cooperative coordination
of multiple agents. Our conclusions and thoughts on future
work are summarized in Section VI.

II. SINGULAR POINTS OF VECTOR FIELDS

This section provides an overview of notions from vector
field topology. For more information the reader is referred to
[50]–[52].

Definition 1: A vector field on an open subset U ⊂ Rn
is a function which assigns to each point p ∈ U a vector
Xp ∈ Tp(Rn), where Tp(Rn) is the tangent space of Rn at the
point p. A vector field on Rn is C∞ (smooth) if its components
relative to the canonical basis are C∞ functions on U .

Definition 2: Given a C∞ vector field X on Rn, a curve
t → F (t) defined on an open interval J of R is an integral
curve of X if dF

dt = XF (t) on J .
Definition 3: A point p of U at which Xp = 0 is called a

singular, or critical, point of the vector field.
Center-type and non-center type singularities: Singular

points are typically distinguished to those that are reached
by no integral curve (called center type) and those that are
reached by at least two integral curves (called non-center
type). In the case of a center type singularity, one can find
a neighborhood of the singular point where all integral curves
are closed, inside one another, and contain the singular point
into their interior. In the case of non-center type singularities,
one has that at least two integral curves converge to the singu-
lar point. The local structure of a non-center type singularity is
analyzed by considering the behavior of all the integral curves
which pass through the neighborhood of the singular point.
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This neighborhood is made of several curvilinear sectors. A
curvilinear sector is defined as the region bounded by a circle
C of arbitrary small radius, and two integral curves, S and S′,
which both converge (for either t→ +∞, or t→ −∞) to the
singular point. The integral curves passing through the open
sector g (i.e., the integral curves except for S, S′) determine
the following three possible types of curvilinear sectors [53]:
(i) Elliptic sectors: all integral curves begin and end at the
critical point. (ii) Parabolic sectors: just one end of each
integral curve is at the critical point. (iii) Hyperbolic sectors:
the integral curves do not reach the critical point at all. The
integral curves that separate each sector from the next are
called separatrixes, see also Fig. 1.

Fig. 1. A typical isolated critical point. Image taken from [51].

First-order and high-order singularities: A singular point
p of a vector field X on R2 is called a first-order singular
point if the Jacobian matrix JX(·) of the vector field X does
not vanish (i.e., is nonsingular) on p, i.e., if: det (JX(p)) 6= 0;
otherwise the singular point is called high-order singular point.

III. MOTION PLANNING VIA VECTOR FIELDS

Consider the motion of a robot with unicycle kinematics
in an environment W with N static circular obstacles. The
equations of motion read:ẋẏ

θ̇

 =

cos θ 0
sin θ 0

0 1

[u
ω

]
, (2)

where q =
[
rT θ

]T
is the configuration vector, r = [x y]

T is
the position and θ is the orientation of the robot w.r.t. a global
frame G, and u, ω are the linear and the angular velocity
of the robot, respectively. The robot is modeled as a closed
circular disk of radius %, and each obstacle Oi is modeled as a
closed circular disk of radius %oi centered at roi = [xoi yoi]

T ,
i ∈ {1, . . . , N}. Denote Oi = {r ∈ R2 | ‖r − roi‖ ≤ %oi}.

A. A family of vector fields for robot navigation

We consider the class of vector fields F : R2 → R2 given
by (1). The vector field components Fx, Fy read:

Fx = (λ− 1)pxx
2 + λpyxy − pxy2, (3a)

Fy = (λ− 1)pyy
2 + λpxxy − pyx2. (3b)

Theorem 1: The origin r = 0 is the unique singular point
of the vector field F if and only if λ 6= 1.

Proof: It is straightforward to verify that r = 0 is a
singular point of F. Let us write the vector field components
(3) of F in matrix form as:[

Fx
Fy

]
=

[
(λ− 1)x2 − y2 λxy

λxy (λ− 1)y2 − x2

]
︸ ︷︷ ︸

A(λ,r)

[
px
py

]
. (4)

The determinant of the matrix A(λ, r) is: det(A(λ, r)) =
−(λ− 1)(x2 + y2)2. This implies that A(λ, r) is nonsingular
away from the origin r = 0 if and only if λ 6= 1. Therefore,
for λ 6= 1 and r 6= 0, one has F = 0 if and only if p = 0.
Since p 6= 0 by definition, if follows that the vector field F
is nonsingular everywhere but the origin r = 0, as long as
λ 6= 1.

Theorem 2: The line l : y = tanϕ x, where tanϕ , py
px

, is
an axis of reflection, or mirror line, for F. The proof is given
in Appendix A.

Remark 3: The Jacobian matrix of F is singular at r = 0,
which implies that r = 0 is a high-order singularity. Thus, one
may expect that the pattern of the integral curves around the
singular point is more complicated compared to those around
a first-order singularity, i.e., around nodes, saddles, foci or
centers [51].

Theorem 3: The equation of the integral curves of F for
p = [1 0]

T is given as:

(x2 + y2)
λ
2 = c y(λ−1), c ∈ R . (5)

The proof is given in Appendix B.
Remark 4: It is straightforward to verify that:
• For λ = 0, (5) reduces to y = c, i.e., the integral curves

are straight lines parallel to p = [1 0]
T .

• For λ = 1, (5) reduces to
√
x2 + y2 = c, i.e., the integral

curves are circles of radius c, where c > 0, centered at
the origin (x, y) = (0, 0).

1) Attractive vector fields: Let us consider the case λ = 2.
Take for simplicity p = [1 0]

T and write the vector field
components as:

Fx = x2 − y2, (6a)
Fy = 2xy. (6b)

Following [51], the singular point r = 0 of (6) is a dipole;
more specifically, the vector field (6) has two elliptic sectors,
with the axis y = 0 serving as the separatrix. This implies that
all integral curves begin and end at the singular point, except
for the separatrix y = 0. The separatrix converges to r = 0
for x < 0 and diverges for x > 0 (Fig. 2). Out of Theorem 2,
the separatrix y = 0 is the reflection line for (6).

Furthermore, Theorem 2 implies that the axis the vector
p 6= 0 lies on is, in general, a reflection line for (1). This
means that the resulting integral curves are symmetric w.r.t.
the vector p ∈ R2. In that sense, any of the integral curves of F
offers a path to r = 0, while at the same time the direction of
the vector p dictates the symmetry axis of the integral curves
w.r.t. the global frame G.

Therefore, defining a feedback motion plan for steering the
unicycle to a goal configuration qg =

[
rTg θg

]T
has been
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Fig. 2. The integral curves of (1) for λ = 2, px = 1, py = 0.

based in earlier work of ours’ [27] on the following simple
idea: Pick a vector field F out of (1) in terms of (r−rg),3 with
λ = 2 and p = [px py]

T , so that the direction of the vector p
coincides with the goal orientation: ϕ , arctan(

py
px

) = θg .
Then, the integral curves serve as a reference to steer the
position trajectories r(t) to the goal position rg , and the
orientation trajectories θ(t) to the goal orientation θg .

2) Repulsive vector fields: Let us consider the case λ = 1,
i.e., the case when the vector field (1) has multiple singular
points. The vector field components read:

Fx = pyxy − pxy2, (7a)

Fy = pxxy − pyx2. (7b)

The vector field (7) vanishes on the set V = {r ∈ R2 | pyx−
pxy = 0}. Out of Theorem 2, the singularity set V coincides
with the reflection line of the vector field (7). The equation
of the integral curves can be computed for pyx− pxy 6= 0 as:
dx
dy = y

−x ⇒ x2 + y2 = c2, where c ∈ R, which implies that
the integral curves are circles centered at r = 0, see Fig. 3.

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

Fig. 3. The vector field F for λ = 1 and px = 1, py = 0.

The signum of x (in general, of piTr) dictates whether the
integral curves escape the singularity set V (see the half-plane
x > 0) or converge to the singularity set V (see the half-plane
x < 0). We say that the singular point r = 0 of the vector

3This is to have the unique singular point of F coinciding with the desired
position rg .

field (7) is of center type; this means that no integral curve
reaches the singular point.4

Thus, one may employ (7) to define tangential vector
fields locally around circular obstacles. The definition of the
repulsive vector fields around circular obstacles is given in
detail in Section IV-B.

IV. ALMOST GLOBAL FEEDBACK MOTION PLANS

Given the class of attractive and repulsive vector fields, the
idea on defining an almost global feedback motion plan F? on
the collision-free space F is to combine an attractive-to-the-
goal vector field Fg with (local) repulsive vector fields Foi
around each obstacle Oi, so that the integral curves of F?:
(i) converge to the goal qg , and (ii) point into the interior of
F on the boundaries of the obstacles Oi. The vector field F?

can then serve as a feedback motion plan on W .

A. Attractive vector field to the goal

Without loss of generality we assume that qg = 0. An
attractive-to-the-goal vector field Fg can be taken out of (1)
for λ = 2, pg = [1 0]

T , yielding the vector field (6) (Fig.
2). To facilitate the derivations in the analysis of Lemma 1
and Theorem 4, see later on, we consider the normalized unit
vector field:

Fng =

{
Fg
‖Fg‖ , for r 6= 0;

0, for r = 0.
(8)

The components of Fng for r 6= 0 read: Fngx = x2−y2
x2+y2 , Fngy =

2xy
x2+y2 .

B. Repulsive vector field w.r.t. a circular obstacle

Consider an obstacle Oi and the region Zi :{
r ∈ R2 | ‖r − roi‖ ≤ %Zi

}
, where %Zi = %oi+%+%ε (Fig.

4). The parameter %ε ≥ 0 is the minimum distance that the
robot is allowed to keep w.r.t. the boundary of the obstacle.

A repulsive vector field w.r.t. the point roi can be picked out
of (7) for pi = [pxi pyi]

T , where pxi = cosφi, pyi = sinφi,
φi = atan2(−yoi,−xoi) + π as:

Foxi = pyi(x− xoi)(y − yoi)− pxi(y − yoi)2, (9a)

Foyi = pxi(x− xoi)(y − yoi)− pyi(x− xoi)2. (9b)

The vector pi is picked such that it lies on the line connecting
the center roi of the obstacle with the goal point rg = 0.
Therefore, the singularity set of the vector field (9) lies by
construction on this line, which is also the reflection axis of
(9). Denote Ai = {r ∈ Zi | piT (r − roi) ≥ 0}, Bi = {r ∈
Zi | piT (r − roi) < 0}, and consider the behavior of the
integral curves around the singularity set Vi = Vi1 ∪Vi2 (Fig.
4, dotted line). The integral curves depart from the singularity
set Vi1 in the region Ai (see the red vectors around Vi1 in
Fig. 4), and converge to the singularity set Vi2 in the region
Bi (note that the corresponding vectors have not been drawn in

4Characterizing this particular singularity as of center type is slightly
inconsistent with standard notation, since in this case the singular point r = 0
is not isolated.
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Fig. 4. Defining a repulsive vector field Foi around the obstacle Oi. Note
that we take the vector field (1) with λ = 1 in region Ai and with λ = 0 in
region Bi.

Fig. 4). The integral curves in region Ai render safe, tangential
reference paths around the obstacle Oi. However, their pattern
in region Bi is undesirable, since traps the system trajectories
r(t) away from rg . To overcome this, in region Bi we define
a vector field out of (1) for λ = 0 and pi as before, (see the
green vectors in Fig. 4), whose vector field components read:

Foxi = −pxi(x− xoi)2 − pxi(y − yoi)2, (10a)

Foyi = −pyi(x− xoi)2 − pyi(y − yoi)2. (10b)

This vector field is co-linear with pi and vanishes at the unique
singular point r = roi.

Remark 5: The transition of the integral curves between
regions Ai, Bi is smooth, since the vectors at the points where
pi
T (r − roi) = 0 coincide.
In summary, the vector field Foi around a circular obstacle

Oi is picked out of the family of vector fields (1) as:

Foi =

{
F(λ=1) (δri) , if piT (δri) ≥ 0;
F(λ=0) (δri) , if piT (δri) < 0,

(11)

where δri , r − roi, φi = atan2(−yoi,−xoi) + π, pi =
[cosφi sinφi]

T . Similarly to the attractive vector field case,
and in order to facilitate the derivations in the analysis of
Lemma 1 and Theorem 4 later on, we consider the normalized
unit vector field:

Fnoi =


F(λ=0)(δri)

‖F(λ=0)(δri)‖
, if piT (δri) < 0;

F(λ=1)(δri)

‖F(λ=1)(δri)‖
, if piT (δri) ≥ 0, r /∈ Vi;

0, if piT (δri) ≥ 0, r ∈ Vi.
(12)

Remark 6: The vector fields (8) and (12) are used in the
definition of the feedback motion plan F? given by (17), as
described in the following Section. Note that no tuning of the
parameter λ is required. In other words, the values of λ in
(8), (12) are predefined (namely λ = 2 for (8), λ = 0 for the
first branch in (12), and λ = 1 for the second branch in (12)),
and need not to be tuned in order to obtain the desired control
performance.

C. Blending attractive and repulsive vector fields

Define the obstacle function βi(·) : R2 → R as:

βi(r, roi, %oi) = %oi
2 − ‖r − roi‖2, (13)

which is positive in the interior Int(Oi) of the obstacle, zero
on the boundary ∂Oi of the obstacle, and negative everywhere
else. Denote the value of the constraint function βi on the
boundary ∂Zi of the region Zi as: βZi = −2%oi (%+ %ε) −
(%+ %ε)

2
. The repulsive vector field Fnoi is then locally

defined on the set: (Zi \ Int(Oi)) = {r ∈ R2 | βZi ≤
βi(r) ≤ 0}. At the same time, the attractive vector field Fng
should be defined exterior to Zi, i.e., for βi(r) < βZi. To
encode this, define the function σi(·) : R2 → [0, 1]:

σi =


1, for βi(r) < βFi;

aβi
3 + bβi

2 + cβi + d, for βFi ≤ βi(r) ≤ βZi;
0, for βZi < βi(r);

(14)

where βZi is the value of (13) at distance %Zi w.r.t. roi, βFi
is the value of (13) at some distance %Fi > %Zi w.r.t. roi.
The coefficients a, b, c and d of the polynomial are computed
so that the derivative of the polynomial w.r.t. βi evaluated at
the endpoints of the interval [βFi, βZi] is zero; this way the
function (14) is everywhere continuously differentiable. The
coefficients a, b, c and d are therefore given as the solution
of the linear system:

βFi
3 βFi

2 βFi 1

3βFi
3 2βFi 1 0

βZi
3 βZi

2 βZi 1

3βZi
2 2βZi 1 0



a
b
c
d

 =


1
0
0
0

 ,
which yields: a = 2

(βZi−βFi)3 , b = − 3(βZi+βFi)
(βZi−βFi)3 , c =

6βZiβFi
(βZi−βFi)3 , d = βZi

2(βZi−3βFi)
(βZi−βFi)3 .

Having this at hand, and inspired by [40], one may now
define the vector field:

Fi = σiF
n
g + (1− σi)Fnoi. (15)

Lemma 1: The vector field (15) is:
(i) Attractive to the goal qg for ‖r − roi‖ ≥ %Fi, i.e., for

βi(r) ≤ βFi where σi = 1, via the effect of Fng .
(ii) Repulsive w.r.t. Oi for %oi ≤ ‖r − roi‖ ≤ %Zi, i.e., for

βZi ≤ βi(r) where σi = 0, via the effect of Fnoi.
(iii) Nonsingular in the region %Zi < ‖r − roi‖ < %Fi, i.e.,

for βFi < βi(r) < βZi where 0 < σi < 1.
(iv) Safe w.r.t. the obstacle Oi and convergent to the goal qg

for almost all initial conditions.
The proof is given in Appendix C.

D. Motion plan in static obstacle environments

Theorem 4: Assume a workspace W of N circular obsta-
clesOi, i ∈ {1, . . . , N}, positioned such that the inter-obstacle
distances dij = ‖roi − roj‖ satisfy:

dij ≥ %Zi + %Zj , ∀(i, j), j ∈ {1, . . . , N}, j 6= i. (16)
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Then, the vector field F? : R2 → R2, given as:

F? =

N∏
i=1

σiFg +

N∑
i=1

(1− σi)Foi, (17)

where Fg is the normalized attractive vector field (8), Foi is
the normalized repulsive vector field (12) around an obstacle
Oi, and σi is the bump function (14) defined in terms of the
obstacle function βi given by (13), is a safe, almost global
feedback motion plan in F , except for a set of initial conditions
of measure zero.

Proof: By construction, the first term in (17) cancels the
effect of the attractive vector field Fg where at least one of the
bump functions σi = 0, i.e., in the corresponding region Zi
around obstacle Oi. At the same time the second term shapes
the corresponding vector field Foi in Zi. Thus, the attractive
vector field Fg is activated through (17) only when βi < βZi
∀i ∈ {1, . . . , N}, i.e., outside the regions Zi. Furthermore,
setting the inter-obstacle distance dij ≥ %Zi + %Zj implies
that the repulsive flows around obstacles do not overlap, and
therefore are both safe and almost globally convergent to the
goal, as proved in Lemma 1. This completes the proof.

Remark 7: The condition (16) reads that the minimum
distance among the boundaries of the obstacles should be at
least 2(%+%ε). This clearance is not conservative or restrictive
in practice, since the parameter %ε can be chosen arbitrarily
close to zero, or even equal to zero, in case the robot is allowed
to touch the obstacle.

E. Control design and simulation results

Having (17) at hand, the control design for the unicycle (2)
is now straightforward. We use the control law:

u = ku tanh (‖r − rg‖) , (18a)
ω = −kω(θ − ϕ) + ϕ̇, (18b)

where ϕ , arctan
(

F?y
F?x

)
is the orientation of the vector field

F? at a point (x, y), with its time derivative reading:

ϕ̇
(2)
=
((

∂ F?y
∂x cθ +

∂ F?y
∂y sθ

)
F?x−

(
∂ F?x
∂x cθ +

∂ F?x
∂y sθ

)
F?y

)
u,

where c(·) = cos(·), s(·) = sin(·), the linear velocity u given
by (18a), and kω > 0, ku > 0. Then, the orientation θ(t) is
Globally Exponentially Stable (GES) to the safe orientation
ϕ(t) and the robot flows along the integral curves of F? until
converging to rg .

To demonstrate the efficacy of the proposed planning and
control design we consider the motion of a robot in an
environment with N = 10 static obstacles (Fig. 5), where the
goal position is rg = [−0.1 0.08]

T . The radii of the obstacles
are set equal to %oi = 0.03. The blending zone Di around
each obstacle Oi is illustrated between the boundary surfaces
Si (black line) and Ti (red line), respectively. The resulting
collision-free path under the control law (18), with the control
gains picked equal to ku = 0.075, kω = 2.5, is depicted in
blue color.

−0.6 −0.5 −0.4 −0.3 −0.2 −0.1 0
−0.4

−0.2

0

0.2

1

2

3 4

56

7

89
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Fig. 5. The path of a unicycle in an obstacle environment.

V. DISTRIBUTED SEMI-COOPERATIVE COORDINATION

A. Class-A and Class-B Agents

Let us now consider N identical agents i ∈ {1, . . . , N},
called thereafter agents of class-A, which are assigned to move
to goal locations rgi while avoiding collisions. Each class-
A agent i has a circular communication/sensing region Ci of
radius Rc centered at ri =

[
xi yi

]T
, denoted as Ci : {r ∈

R2 | ‖ri − r‖ ≤ Rc}.
Assumption 1: Each class-A agent i can sense, i.e., measure

the position and orientation of any other agent (either of class-
A, or of class-B, see later on) lying in Ci.

Assumption 2: Each class-A agent i can exchange informa-
tion on linear velocities with any other class-A agent k 6= i
lying in Ci.

Consider also M dynamic obstacles o ∈ {N + 1, . . . , N +
M}, i.e., objects which are moving with upper bounded linear
velocity uo > 0 towards arbitrary directions. These can model
either agents of higher priority to the class-A agents, or
adversarial agents which are non-cooperative to the motion of
the class-A agents, or failed class-A agents whose motion is
uncontrollable. In the sequel we refer to this class of dynamic
obstacles as class-B agents.

Assumption 3: Each class-B agent o is of circular shape. Its
radius ro and the upper bounded velocity uo is known to any
class-A agent i.

Assumption 4: A class-B agent o neither receives, nor trans-
mits, any information to a class-A agent i.

Denote Ni,A the set of class-A neighbor agents k 6= i of
agent i, Ni,B the set of class-B neighbor agents o of agent i,
and Ni = Ni,A

⋃
Ni,B the set of neighbor agents to agent i.

Safety for a class-A agent i is reduced into finding a feedback
motion plan F?i so that its integral curves point into the interior
of the collision-free space Fi on the boundaries of the neighbor
(class-A and class-B) agents, and converge to the assigned
goal location rgi. Towards this end, we would like to employ
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a vector field F?i for each agent i as:

F?i =
∏
j∈Ni

(1− σij)Fgi +
∑
j∈Ni

σijF
i
oj , (19)

where the attractive term Fgi is taken out of (8), the repulsive
term Fioj around each neighbor agent j ∈ Ni is defined as a
normalized repelling node, given out of:

Fixoj =
xi − xj√

(xi − xj)2 + (yi − yj)2
, (20a)

Fiyoj =
yi − yj√

(xi − xj)2 + (yi − yj)2
, (20b)

and the bump function σij is defined as:

σij =


1, for dm ≤ dij < dr;

a dij
3 + b dij

2 + c dij + d, for dr ≤ dij ≤ dc;
0, for dij > dc;

(21)

where dij is the Euclidean distance between agents i and j,
dm ≥ 2(2%+%ε) is the minimum allowable pairwise distance,
dc is a positive constant such that dc ≤ Rc, and dr is a
positive constant such that dm < dr < dc. The coefficients
a, b, c, d have been computed similarly as the coefficients of
(14) as: a = − 2

(dr−dc)3 , b = 3(dr+dc)
(dr−dc)3 , c = − 6 drdc

(dr−dc)3 ,

d = dc
2(3dr−dc)
(dr−dc)3 , so that (21) is a C1 function.

Assumption 5: Each class-A agent i transmits information
to all class-A neighbors k ∈ Ni,A regarding to whether its set
of class-B neighbors Ni,B is empty or not. In other words,
each class-A agent i informs all of its class-A neighbors k
on whether it is currently in conflict with at least one class-B
agent o. Similarly, each class-A i receives information from its
class-A neighbors on whether they are in conflict with some
class-B agent or not.
This information exchange pattern is modeled via a local
binary variable µi ∈ {0, 1} for each class-A agent i according
to this logic:

1) If agent i gets informed that none of its class-A neighbors
is in conflict with a class-B agent, then µi = 0.

2) If agent i gets informed that at least one of its class-A
neighbors is in conflict with at least one class-B agent,
then µi = 1.

Remark 8: The set of Assumptions 1-5 describes the
adopted information exchange and communication protocol.
We are now ready to propose the semi-cooperative coordina-
tion protocol for the multi-agent system.

B. Coordination Protocol

To illustrate the notion of semi-cooperative coordination let
us consider the following definitions [25]. Consider the time
derivative of the pairwise collision avoidance constraint: cij =
(xi−xj)2 +(yi−yj)2−dm2 ≥ 0, evaluated along the closed-
loop trajectories for agent i and j, respectively, which reads:

d

dt
cij = 2ui rji

T

[
cos θi
sin θi

]
︸ ︷︷ ︸

I

−2uj rji
T

[
cos θj
sin θj

]
︸ ︷︷ ︸

J

, (22)

where rji , ri − rj and the velocities ui, uj are positive
by construction (this is justified later on). Denote ηi ,[
cos θi sin θi

]T
, ηj ,

[
cos θj sin θj

]T
.

Definition 4: Assume that rjiTηi ≥ 0 and rjiTηj ≤ 0:
Then I ≥ 0 and J ≥ 0, which implies that both agents i, j
contribute in satisfying the collision avoidance condition. We
say that collision avoidance is “fully cooperative.”

Definition 5: Assume that rjiTηi ≥ 0 and rjiTηj > 0:
Then I ≥ 0 and J < 0, which implies that agent i contributes
towards avoiding collision, whereas agent j does not. If I +
J ≥ 0, we say that collision avoidance is “semi-cooperative
by agent i”; otherwise, “collision” occurs.

Definition 6: Assume that rjiTηi < 0 and rjiTηj ≤ 0:
Then I < 0 and J ≥ 0, which implies that agent j contributes
towards avoiding collision, whereas agent i does not. If I+J ≥
0, we say that collision avoidance is “semi-cooperative by
agent j”; otherwise, “collision” occurs.

Definition 7: Assume that rjiTηi < 0 and rjiTηj > 0:
Then I < 0 and J < 0, which implies that “collision” occurs.

The above definitions demonstrate that there are cases when
collision avoidance can be accomplished by one agent only,
hence the characterization “semi-cooperative”. We use this
observation to build and study the correctness of the following
coordination protocol.
Coordination of linear velocities: The linear velocity ui of

each agent i is governed by the control laws:

� If Ni,B = ∅, and µi = 0, then:

ui =


max

{
0, min
k∈Ni,A|Jk<0

ui|k

}
, dm ≤ dik ≤ dε,

uiε, dε < dik < dc,
uic, dc ≤ dik;

,

(23a)
� If Ni,B 6= ∅, and µi = 0, then:

ui =


min
o∈Ni,B

ui|o, dm ≤ dio ≤ dc,

uiε, dε < dik < dc,
uic, dc < dio;

, (23b)

� If Ni,B = ∅, and µi = 1, then:

ui =


min
k∈Ni,A

ui|k, dm ≤ dik ≤ dc,

uiε, dε < dik < dc,
uic, dc < dik;

, (23c)

� If Ni,B 6= ∅, and µi = 1, then:

ui =


min

k∈Ni,A
⋃
Ni,B

ui|k, dm ≤ dik ≤ dc,

uiε, dε < dik < dc,
uic, dc < dik;

, (23d)

where:
– uic = kui tanh(‖ri − rgi‖), kui > 0,
– uiε is the value of the linear velocity ui of the agent i

when dij = dc, that is, uiε = uic|dij=dc ,
– the distance dε is set equal to dε = dr − ε,
– ui|k is the safe velocity of agent i w.r.t. a class-A

neighbor agent k ∈ Ni,A, given as:

ui|k = uiε
dik − dm
dε − dm

+ εi uis|k
dε − dik
dε − dm

, (24)
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with the terms in (24) defined as:

uis|k = uk
rki

Tηk
rkiTηi

, ηi =

[
cosϕi
sinϕi

]
, Jk = rki

Tηi,

rki = ri − rk, and 0 < εi < 1.

– ui|o is the safe velocity of agent i w.r.t. a class-B
neighbor agent o ∈ Ni,B , given as:

ui|o = uic
dio − dm
dc − dm

+ uis|o
dc − dio
dc − dm

, (25)

with: uis|o =
uodc
rioTηi

.

Coordination of angular velocities: The angular velocity ωi
of each agent i is governed by the control law:

ωi = −kωi (θi − ϕi) + ϕ̇i, (26)

where ϕi , arctan
(

F?iy
F?ix

)
is the orientation of the vector

field F?i given by (19) at a point (x, y), and kωi > 0.

Theorem 5: Consider N class-A agents i ∈ {1, . . . , N}
assigned to move to goal locations rgi, and M class-B agents
o ∈ {N+1, . . . , N+M} serving as dynamic obstacles moving
with known upper bounded velocities uo > 0 towards arbitrary
directions. Then, under the coordination protocol (23), (26),
each class-A agent safely converges to its goal configuration
almost globally, except for a set of initial conditions of
measure zero.

Proof: Under (26) the closed loop orientation trajectories
of each class-A agent i are forced to globally exponentially
track the vector field (19). If dij(t) > dc, ∀t ≥ 0 and ∀j ∈
{1, . . . , N,N + 1, . . . , N + M}, then one has σij(t) = 1,
implying that agent i flows safely under (18a) along (8) and
converges to rgi.
Let us now assume that at some time t ≥ 0 the distance dij(t)
between a pair of agents (i, j) is dij(t) ≤ Rc. Collision-free
motion is realized as ensuring that dij(t) ≥ 2%, ∀t ≥ 0, for
any pair (i, j). Consider the time derivative of the inter-agent
distance function, which after some calculations reads:

d

dt
dij

(2)
=
ui rji

Tηi − uj rjiTηj
dij

. (27)

The analysis on the safety and technical correctness of the
proposed velocity coordination protocol (23) is presented in
the four following Lemmas.

Lemma 2: Assume that agent i has class-A neighbors j ∈
Ni,A only, i.e., Ni,B = ∅, and also that none of the agents j is
in conflict with a class-B agent, i.e., µi = 0. Then under (23a),
agent i avoids collision with any of its neighbors j ∈ Ni.

Proof: Under the control law (23a), agent i adjusts its
linear velocity ui according to the velocity profile shown in
Fig. 6, given analytically out of (24), so that the distance dij
w.r.t. the worst case neighbor j remains greater than dm. The
worst case neighbor is defined as the agent j ∈ {Ni,A|Jj < 0}
towards whom the rate of change of relative distance dij given
by (27), due to the motion of agent i, is maximum. More
specifically: The term Jj < 0 describes the set of neighbor
agents j of agent i towards whom agent i is moving [25].

Fig. 6. If Jj , rjiTηi < 0, i.e., if agent i moves towards agent j, then
agent i adjusts its linear velocity according to the velocity profile shown here,
given analytically by (24).

Thus agent i computes safe velocities ui|j w.r.t. each neighbor
j ∈ {Ni,A|Jj < 0}, and picks the minimum minui|j of the
safe velocities so that the first term in (27) is as less negative
as possible. Now, the value of the safe velocity ui|j (24) when

dij = dm is by construction equal to εiuis|k = εiuj
rji

Tηj
rjiTηi

.
Plugging this value into (27) reads:

d

dt
dij =

(εi − 1)uj rji
Tηj

dij
≥ 0.

To see why this condition is true, recall that εi−1 < 0, uj ≥ 0,
and rjiTηj ≤ 0: this is because agent j is either following a
vector field F?j that points away from agent i, or happens to
move away from agent i in the first place. This implies that the
inter-agent distance dij can not become less than dm. Since
by definition dm > 2%, this further implies that collisions are
avoided.
Finally, if the minimum safe velocity minui|j is negative, then
(23a) forces agent i to obtain zero linear velocity (stop mov-
ing); this is in order to prevent back-to-back collisions between
pairs of class-A agents (i, j) who get to move backwards under
minui|j in order to avoid their class-A neighbors, yet they
do not consider each other in their individual selections of
neighbors-to-avoid because the conditions Jj < 0, Ji < 0 are
not met for their relative configurations.

Lemma 3: Assume that agent i has at least one class-B
neighbor o, i.e., Ni,B 6= ∅, and also that none of its class-
A neighbors k ∈ Ni,A is in conflict with a class-B agent, i.e.,
µi = 0. Then under (23b), agent i avoids (i) all its class-B
neighbors o ∈ Ni,B and (ii) all its class-A neighbors k ∈ Ni,A.

Proof: This case is same in spirit with the case above,
with the difference that agent i now considers its class-B
neighbors o ∈ Ni,B only. The control law (23b) forces agent
i to adjust its linear velocity ui so that it avoids the class-
B neighbor o ∈ Ni,B whose motion maximizes the rate of
change of relative distance dio. The avoidance of class-A
neighbors k ∈ Ni,A is ensured indirectly via the motion of
the class-A neighbors k under (23c), see the case later on.
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Lemma 4: Assume that agent i does not have class-B
neighbors, i.e., Ni,B = ∅, but at least one of the class-A
neighbors j ∈ Ni,A is in conflict with a class-B agent, i.e.,
µi = 1. Then under (23c), agent i avoids collision with any
of its neighbors j ∈ Ni.

Proof: Agent i has class-A neighbors j ∈ Ni,A only.
Since at least one these neighbors j is in conflict with a class-
B agent o, it may happen that agent j is forced under (23b)
to move with negative linear velocity uj . Thus under (23c),
agent i adjusts its current linear velocity ui to the minimum
safe velocity ui|j w.r.t. all class-A neighbor agents j ∈ Ni,A.
Note that Lemma 4 completes also the analysis of case (ii)
in Lemma 3: Namely, Lemma 4 implies that a class-A agent
j (denoted i in Lemma 3) who is in conflict with a class-B
neighbor o is avoided by its neighbor class-A agents i ∈ Nj,A
(denoted k ∈ Ni,A in Lemma 3).

Lemma 5: Assume that agent i has class-B neighbors, i.e.,
Ni,B 6= ∅, and at least one of the class-A neighbors j ∈ Ni,A
is in conflict with at least one class-B agent, i.e., µi = 1. Then
under (23d) agent i avoids collision with any of its neighbors
j ∈ Ni.

Proof: Similarly to the previous cases, agent i computes
safe velocities ui|j w.r.t. all its neighbor agents, both class-B
and class-A, and adjusts its current linear velocity ui to the
minimum out of ui|j .

In order to draw conclusions about the convergence of the
agents’ trajectories to their goal configurations, i.e., to identify
any possible deadlock situations preventing agents from con-
verging to their assigned goal locations, we need to examine
the behavior of the integral curves of the vector fields F?i , F?j
around the surfaces:

Sij(t) : {ri(t), rj(t) ∈ R2 | ‖ri(t)− rj(t)‖2 − dc2 = 0},
Tij(t) : {ri(t), rj(t) ∈ R2 | ‖ri(t)− rj(t)‖2 − dr2 = 0},

for any pair of agents (i, j). We focus on these surfaces since
if the trajectories ri(t), rj(t) never cross the surfaces Sij(t),
∀(i, j), then, as explained earlier, each one of the agents i,
j moves under an attractive vector field to its goal location.
Crossing the surfaces Sij(t) implies that the vector fields F?i ,
F?j are shaped under the effect of both attractive and repulsive
fields; hence, we are interested in identifying conditions under
which the system trajectories ri(t), rj(t) are forced to get
stuck (chatter) on either Sij(t) or Tij(t), for infinite amount
of time. This can be seen as identifying sufficient conditions of
the appearance of (chattering) Zeno behavior, or Zeno points
[54]. A sufficient condition on the appearance of Zeno points
is given in [55], Theorem 2. Based on this result, we study
under which conditions the system (i.e., agents’) trajectories
converge to a Zeno point.
Consider the case with N = 2 agents. Denote the dynamics of
the k-th agent as q̇k = fk(qk), k ∈ {i, j}, q =

[
qi
T qj

T
]T

,

r =
[
ri
T rj

T
]T

, and take:

∇Sijf(q) = 2ui rij
T

[
cos θi
sin θi

]
− 2uj rij

T

[
cos θj
sin θj

]
, (28a)

∇Tijf(q) = 2ui rij
T

[
cos θi
sin θi

]
− 2uj rij

T

[
cos θj
sin θj

]
, (28b)

where rij = ri − rj . Since the control law (26) renders
the orientation θk of the k-th agent GES to the orientation
ϕk of the vector field F?k, one has that the unit vector
[cos θk sin θk]

T , k ∈ {i, j}, in (28) coincides with the vector
field F?k(rk), evaluated at rk ∈ R2. In the sequel we focus on
the behavior of the closed-loop trajectories on either side of
the surface Sij .
Denote r−, r+ the system (position) trajectories on either side
of the switching surface Sij (i.e., before and after crossing the
switching surface). After some algebraic calculations one has:

∇Sijf(r−) = 2u−i (rij
TFgi)

− − 2u−j (rij
TFgj)

−, (29a)

∇Sijf(r+) = 2(1− σij)
(
u+
i (rij

TFgi)
+ − u+

j (rij
TFgj)

+
)

+ 2σij

(
u+
i (rij

TFioj)
+ − u+

j (rij
TFjoi)

+
)
, (29b)

where u−i , u−j , u+
i , u+

j are the agents’ linear velocities on
either side of the surface Sij , and the inner products in (29)
are evaluated before and after crossing Sij . The set of Zeno
points is:

ZSij = {r ∈ R2N |
Ṡij(r

−) = Ṡij(r
+) = S̈ij(r

−) = S̈ij(r
+) = 0}, (30)

where Ṡij , S̈ij are the first and second derivatives of Sij w.r.t.
time along the system trajectories, and expresses the conditions
under which the closed-loop system trajectories get stuck on
Sij . After some algebraic calculations, and taking into account
that by construction: u−i = u+

i = uiε, u−j = u+
j = ujε,

the first two of the Zeno conditions (30) read as in (31). We
furthermore have:

(rij
TFgi)

− = (‖rij‖)− cosψ−i = (dc + ε) cosψ−i , (32a)

(rij
TFgj)

− = (‖rij‖)− cosψ−j = (dc + ε) cosψ−j , (32b)

(rij
TFgi)

+ = (‖rij‖)+ cosψ+
i = (dc − ε) cosψ+

i , (32c)

(rij
TFgj)

+ = (‖rij‖)+ cosψ+
j = (dc − ε) cosψ+

j , (32d)

(rij
TFioj)

+ = (‖rij‖)+ cos 0 = (dc − ε), (32e)

(rij
TFjoi)

+ = (‖rij‖)+ cosπ = −(dc − ε), (32f)

where ψ−i , ψ+
i are the angles of the vector field Fgi before

and after the surface Sij , respectively, and similarly, ψ−j ,
ψ+
j are the angles of the vector field Fgj before and after

the surface Sij . The system (31) is then further written as
in (33). The system (33) is linear homogeneous; hence, if
det(Ω) 6= 0, the unique solution is uiε = ujε = 0. In this
case, uiε = 0⇒ uic = 0⇒ ‖ri − rgi‖ = 0⇒ ri = rgi, and
similarly for subscript j, that is, the agents i, j are already in
their final destinations. If det(Ω) = 0 then the system (33)
has infinitely many solutions, which implies that the Zeno
conditions might be true for some non-zero values of uiε, ujε,
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[
(rij

TFgi)
− −(rij

TFgj)
−

σij(rij
TFioj)

+ + (1− σij)(rijTFgi)+ −σij(rijTFjoi)+ − (1− σij)(rijTFgj)+

] [
uiε
ujε

]
=

[
0
0

]
. (31)

[
(dc + ε) cosψ−i −(dc + ε) cosψ−j

σij(dc − ε) + (1− σij)(dc − ε) cosψ+
i σij(dc − ε)− (1− σij)(dc − ε) cosψ+

j

]
︸ ︷︷ ︸

Ω

[
uiε
ujε

]
=

[
0
0

]
. (33)

that is, away from the goal destinations. We investigate this
case. After some algebraic calculations: det(Ω) = 0⇒

cosψ−i (σij − (1− σij) cosψ+
j )+

+ cosψ−j (σij + (1− σij) cosψ+
i ) = 0. (34)

If the condition (34) is true, then the solution of (33) is:
uiε cosψ−i = ujε cosψ−j . This further reads that the Zeno
conditions (31) hold true if the agents i, j get connected at
locations ri, rj at which the selected gains ki, kj , the goal
locations rgi, rgj and the angles ψ−i , ψ−j of the vector fields
Fgi, Fgj with the vector rij make the solution of (33) true.
Since uiε, ujε > 0 and constant, it follows that cosψ−i

cosψ−j
> 0

and constant. The second equation of (33) further reads:

cosψ−i
cosψ−j

= −σij + (1− σij) cosψ+
i

σij − (1− σij) cosψ+
j

= −µ+ cosψ+
i

µ− cosψ+
j

= const,

where µ =
σij

1−σij . Denote Ψ = −µ+cosψ+
i

µ−cosψ+
j

. For µ = 0, that

is, σij = 1, one has: Ψµ=0 =
cosψ+

i

cosψ+
j

. Since Ψ = const, it

follows that cosψ+
i

cosψ+
j

=
cosψ−i
cosψ−j

> 0, and also that: ∂Ψ
∂µ = 0 ⇒

cosψ+
i +cosψ+

j

(µ−cosψ+
j )2

= 0 ⇒ cosψ+
i = − cosψ+

j ⇒
cosψ+

i

cosψ+
j

= −1,
a contradiction. Hence there are no locations ri, rj , rgi, rgj
such that the Zeno conditions (31) hold true., i.e., ZSij = ∅.

The case of Tij can be treated similarly. Denote r−, r+ the
system (position) trajectories on either side of the switching
surface Tij . After some algebraic calculations one has:

∇Tijf(r−) = 2(1− σij)
(
u−i (rij

TFgi)
− − u−j (rij

TFgj)
−)

+ 2σij

(
u−i (rij

TFioj)
− − u−j (rij

TFjoi)
−
)
, (35a)

∇Tijf(r+) = 2u+
i (rij

TFioj)
+ − 2u+

j (rij
TFjoi)

+, (35b)

where u−i , u−j , u+
i , u+

j are the agents’ linear velocities on
either side of the surface Tij , and the inner products in (35)
are evaluated accordingly as:

(rij
TFgi)

− = (‖rij‖)− cosψ−i = (dr + ε) cosψ−i , (36a)

(rij
TFgj)

− = (‖rij‖)− cosψ−j = (dr + ε) cosψ−j , (36b)

(rij
TFioj)

− = (‖rij‖)− cos 0 = (dr + ε), (36c)

(rij
TFjoi)

− = (‖rij‖)− cosπ = −(dr + ε), (36d)

(rij
TFioj)

+ = (‖rij‖)+ cos 0 = (dr − ε), (36e)

(rij
TFjoi)

+ = (‖rij‖)+ cosπ = −(dr − ε). (36f)

The set of Zeno points is:

ZTij = {r ∈ R2N |
Ṫij(r

−) = Ṫij(r
+) = T̈ij(r

−) = T̈ij(r
+) = 0}, (37)

and the first two conditions are written in matrix form as
in (38). The determinant of the linear homogeneous system
reads: det(Ω) = cosψ−i + cosψ−j . For det(Ω) 6= 0 the
system (38) has only the trivial solution uiε = ujε = 0.
For det(Ω) = 0 the system has infinitely many solutions.
Let us also consider the third Zeno condition, which reads:
−uiε(sinψ−i )ψ̇−i +ujε(sinψ

−
j )ψ̇−j = 0. This condition is true

for uiε 6= 0, ujε 6= 0 (i.e., away from the goal locations
rgi, rgj) and for any value of the agents’ angular velocities
(expressed via ψ̇−i , ψ̇−j ), if sinψ−i = sinψ−j = 0. Therefore,
the concurrent satisfaction of cosψ−i + cosψ−j = 0 and
sinψ−i = sinψ−j = 0 yields either ψ−i = 0 and ψ−j = π,
or ψ−i = π and ψ−j = 0. These conditions reduce to the
case when agents’ positions r−i , r−j and goal locations rgi,
rgj lie on the same line. The set of initial conditions from
which agents’ trajectories converge to the set ZTij is the set
of initial positions ri(0), rj(0) lying on the line connecting
the goal locations rgi, rgj , and of initial orientations θi(0),
θj(0) coinciding with the orientation of the vector fields
F?i (ri(0)), F?j (rj(0)). Hence the initial conditions are con-

fined on R×{arctan(
F?iy(ri(0))

F?ix(ri(0))) , arctan(
F?jy(ri(0))

F?jx(rj(0)))}, i.e., on
a lower dimensional manifold, and as thus is of measure zero.
The case of N > 2 agents can be treated accordingly. Consider
an agent i lying at distance dim = dc w.r.t. M ≤ (N − 1)
agents m 6= i. Define: Sim(t) : {ri(t), rm(t) ∈ R2 | ‖ri(t)−
rm(t)‖−dc = 0} the M ≤ (N−1) switching surfaces of agent
i w.r.t. its neighbors m. This results in NM

2 switching surfaces,
since for any pair of agents (i,m) it holds that: Sim = Smi,
and (2NM) Zeno conditions. The concurrent satisfaction of
all Zeno conditions reduces to the case when agents’ positions
and goal locations lie on the same line. Thus, the set of initial
conditions from which the agents converge to Zeno positions
are confined on a lower dimensional manifold, and as thus are
of measure zero. This completes the proof.

Remark 9: Theorem 5 justifies that the set of initial con-
ditions for which the multi-robot system exhibits Zeno tra-
jectories, i.e., exhibits chattering across a switching surface
for infinite amount of time (in other words, the set of initial
conditions that result in deadlock for the multi-agent system
with robots getting stuck away from their goal destinations)
is of measure zero. To avoid the finite-time chattering that
may result due to sliding along a switching surface, which is
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[
σij(dr + ε) + (1− σij)(dr + ε) cosψ−i σij(dr + ε)− (1− σij)(dr + ε) cosψ−j

(dr − ε) (dr − ε)

]
︸ ︷︷ ︸

Ω

[
uiε
ujε

]
=

[
0
0

]
. (38)
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Fig. 8. Plot of the smallest pairwise distance dij among all pairs of agents
(i, j) at each time instant t. The smallest pairwise distance remains always
greater than the minimum separation 2%.

undesired in practical applications, one can employ hysteresis
logics [56].

C. Simulation Results

We consider two scenarios involving N = 20 agents which
are assigned to move towards goal locations while avoiding
collisions. Goal locations are selected to be sufficiently far
apart so that the agents’ communication regions do not overlap
when agents lie on their goal locations. The radii of the agents
are % = 0.4, the minimum separation is set equal to dm =
2% = 0.8, and the communication radius is set equal to Rc =
1.25.

In the first scenario all agents are of class-A; hence they
are always moving under (23a), (26). Their motion is depicted
through the snapshots in Fig. 7. The smallest pairwise distance
at each time instant is shown in Fig. 8, demonstrating that
minimum separation is never violated.

In the second scenario, the agents start from the same initial
conditions and head towards the same goal locations as with
those in the first scenario, yet 4 out of 20 agents are of class-B.
class-B agents move with upper bounded linear velocity, not
necessarily with constant orientation, and they do not take into
account any of the other agents. Hence, class-B agents model
either agents of failed sensing/communication capabilities, or
agents of higher priority which neglect and do not actively
participate in ensuring safety. The motion of the agents is
depicted in Fig. 9, with class-B agents illustrated in black
color. class-B agents do not participate in collision avoidance,
and thus they may collide into each other, as shown in Fig.
9(b). At simulation time t = 100 sec almost all class-A agents
have safely converged to their goal locations, while class-
B agents are moving with constant velocity towards class-
A agents. Safety is ensured as the proposed control strategy
forces class-A agents to move out of the way and avoid class-B
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Fig. 10. Plot of the smallest pairwise distance dij among all pairs of class-
A agents and all class-A - class-B pairs at each time instant t. The smallest
pairwise distance remains always greater than the minimum separation 2%.

agents. The evolution of the smallest pairwise distance among
all pairs of class-A agents and between any class-A and any
class-B agent is shown in Fig. 10, demonstrating that the
minimum separation is never violated.

VI. DISCUSSION AND CONCLUSIONS

This paper presented a novel methodology on the motion
planning of agents with unicycle kinematics in environments
with circular obstacles, and its extension to the safe, semi-
cooperative coordination for multiple agents belonging to
different classes. The method is based on a family of vector
fields whose integral curves exhibit attractive or repulsive
behavior depending on the value of a parameter. It was shown
that attractive-to-the-goal and repulsive-around-obstacles vec-
tor fields can be suitably blended in order to yield almost
global feedback motion plans in environments with circu-
lar obstacles. In single-agent scenarios the method provides
almost global feedback motion plans without requiring any
parameter tuning in order to avoid local minima (or stable
nodes), as other similar methods do. In multi-agent scenar-
ios, the method builds upon the notion of semi-cooperative
coordination, i.e., an ad-hoc prioritization among agents that
facilitates conflict resolution and collision avoidance. Further-
more, it addresses agents belonging to different classes, such
as agents of higher priority or failed sensing/communication
systems or dynamic obstacles moving with upper bounded
linear velocities.

One aspect that was not investigated formally in this pa-
per is the effect of measurement noise and explicit external
disturbances. Regarding external disturbances acting on the
system dynamics, those that can be modeled as upper bounded
velocities can be treated the same way as the case of moving
obstacles; studying more sophisticated models of additive
disturbances (e.g., wind effects) is left as an open problem.
Regarding measurement noise, one conservative yet fairly
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Fig. 7. Collision-free motion of 20 agents under the proposed control strategy. All agents are of class-A.

straightforward approach would be to model the position and
orientation errors as upper bounded disturbances with known
bounds, and consider the design of the proposed protocol for
the resulting perturbed multi-agent system. The conditions
which couple the admissible noise with the vector fields
and the control laws of the agents require a more extensive
analysis, that is out of the scope and the limits of the current
paper, and is left open as future work. In parallel, current
work focuses on the definition of vector fields encoding input
constraints, such as curvature bounds, which may be more
appropriate for aircraft and car-like vehicles.
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Fig. 9. Collision-free motion of 20 agents under the proposed control strategy. 4 out of 20 agents (in black color) are of class-B.
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APPENDIX A

PROOF OF THEOREM 2

Proof: Consider two points A, B of equal distance and
on opposites sides w.r.t. the line l (Fig. 11). Their position
vectors rA = [xA yA]

T , rB = [xB yB ]
T w.r.t. G read:

xA = R cos a, yA = R sin a, (38a)
xB = R cos(2ϕ− a), yB = R sin(2ϕ− a), (38b)

where (R, a), (R, (2ϕ−a)) are the polar coordinates of A, B,
respectively. We need to prove that the vector F(rA), denoted
FA, reflects to the vector F(rB), denoted FB , w.r.t. the line
l : y = tanϕ x. The reflection matrix about the considered

line l is: H(2ϕ) =

[
cos 2ϕ sin 2ϕ
sin 2ϕ − cos 2ϕ

]
. Substituting (38a)

α

β
β

φ

y =  tanφ  x

xA

yA

xB

yB

υ
ο

υ ’
ο

υ p

υ p

A

B

xg

yg

x l

y l

Fig. 11. The line l : y = tanϕ x, where ϕ = arctan(
py
px

), is a reflection
(or mirror) line for the vector field F.

into (4) and after some algebraic calculations we get:

FA =
(λ− 2)R2‖p‖

2

[
cosϕ
sinϕ

]
︸ ︷︷ ︸

vp

+
λR2‖p‖

2

[
cos(ϕ− 2a)
− sin(ϕ− 2a)

]
︸ ︷︷ ︸

vo

,

(39)

where ‖p‖ =
√
px2 + py2. Substituting (38b) into (4) yields:

FB =
(λ− 2)R2‖p‖

2

[
cosϕ
sinϕ

]
︸ ︷︷ ︸

vp

+
λR2‖p‖

2

[
cos 2ϕ sin 2ϕ
sin 2ϕ − cos 2ϕ

] [
cos(ϕ− 2a)
− sin(ϕ− 2a)

]
︸ ︷︷ ︸

v′o

. (40)

One has: FA = vp + vo and FB = vp + v′o. Out of (39),
(40) one gets that v′o = H(2ϕ)vo, i.e., v′o is the reflection
of the vector vo about the line l. Thus, one may write vo =
vloxx̂l + vloyŷl and v′o = vloxx̂l − vloyŷl, where x̂l, ŷl are the
unit vectors along the axes xl, yl, respectively, see Fig. 11.
Furthermore, vp is parallel to the vector p, i.e., parallel to
the candidate reflection line l. Consequently, one may write:
vp = vlpxx̂l + 0 ŷl. It follows that: FA = (vlox + vlpx)x̂l +
vloyŷl,FB = (vlox + vlpx)x̂l − vloyŷl, i.e., that the vector FB
is a reflection of vector FA about the line l. This completes
the proof.

APPENDIX B

PROOF OF THEOREM 3

Proof: Consider the polar coordinates (r cosφ, r sinφ) of
a point (x, y) where:

r =
√
x2 + y2, cosφ =

x

r
, sinφ =

y

r
. (41)

After substituting (41) and px = 1, py = 0 into (4) the vector
field components read:

Fx = r2
(
(λ− 1) cos2 φ− sin2 φ

)
, (42a)

Fy = r2 (λ cosφ sinφ) . (42b)
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An integral curve of (1) is by definition the solution of the
system of ordinary differential equations:

dx
dt = Fx
dy
dt = Fy

, which further reads:
dx

dy
=

Fx
Fy
, (43)

while the differentials between Cartesian and polar coordinates
satisfy the formula:[

dr
rdφ

]
=

[
cosφ sinφ
− sinφ cosφ

] [
dx
dy

]
. (44)

Plugging (44), (42) into (43) results in: 1
r dr = (λ−1) cosφ

sinφ dφ,
while integrating by parts yields: ln(r) = (λ− 1) ln(sinφ) +

ln(c) ⇒ ln(r) = ln
(
c sin(λ−1) φ

)
⇒ r = c sin(λ−1) φ ⇒

r = c y(λ−1)

r(λ−1) ⇒ rλ = c y(λ−1) ⇒ (x2 + y2)
λ
2 =

c y(λ−1), where c ∈ R . This completes the proof.

APPENDIX C

PROOF OF LEMMA 1

Proof: The first two arguments have been proved in the
previous section. To verify the third argument, consider the
norm of vector field Fi in the blending region Di : {r ∈
R2 | %Zi < ‖r − roi‖ < %Fi}, which reads:

‖Fi‖ =
√

1− 2σi(1− σi) + 2σi(1− σi) cosα,

where α the angle between the vectors Fng , Fnoi at some point
r ∈ Di. Then, for r /∈ Vi one has that ‖Fi‖ vanishes at the
points where σi is the solution of: 2(1 − cosα)σi

2 − 2(1 −
cosα)σi+1 = 0. The discriminant reads ∆ = −4(1−cosα)2,
which implies that there are no real solutions, i.e., that the
vector field Fi is nonsingular for r /∈ Vi. Moreover, for r ∈ Vi
one has Fnoi = 0, and therefore: ‖Fi‖ = σi 6= 0.
Finally, to verify the fourth argument, consider first that the
integral curves which do not intersect with the blending region
Di are convergent by construction to rg . Consider now the
boundary Si : {r ∈ R2 | ‖r − roi‖2 − %Fi

2 = 0} of the
region Di and let us analyze the behavior of the integral curves
on the manifolds: S−i : {r ∈ R2 | ‖r − roi‖ = %Fi + δ%},
S+
i : {r ∈ R2 | ‖r−roi‖ = %Fi−δ%}, with δ% > 0 arbitrarily

small. After some calculations:

∇Si Fi = 2(r − roi)TFng , ∇S−i Fi = 2(r − roi)TFng .

For ∇S+
i Fi, consider the following cases:

Case 1. The vector field Fnoi satisfies: (r−roi)TFnoi = 0, and
therefore:

∇S+
i Fi = 2σi(r − roi)TFng .

Then: (∇S−i Fi)(∇S+
i Fi) > 0, which implies that the

integral curves cross the switching surface Si and enter
Ai. Consider now the behavior of the integral curves in
Ai. Assume that ∇S+

i Fi = 2σi(r − roi)TFng > 0;
this would imply that ∇Si Fi > 0 as well, i.e., that the
integral curves did not cross Si, a contradiction. Then:
∇S+

i Fi = 2σi(r − roi)TFng < 0, which yields that
the integral curves approach the boundary Ti : {r ∈
R2 | ‖r− roi‖2 − %Zi2 = 0} of the blending region Di.
Denote T−i : {r ∈ R2 | ‖r− roi‖ = %Zi + δ%} and note

that: ∇T−i Fi = ∇S+
i Fi < 0, and that ∇Ti Fi = 0,

since on Ti one has σi = 0. Then, Fi 6= 0 is tangent to
Ti, which means that the integral curves slide along Ti,
until reaching region Bi.
Remark 10: The integral curves are not defined on the
(unique) point on Ti where Fi = 0. This further implies
that system trajectories which either start or reach this
point get stuck away from the goal configuration.
Let us now consider the pattern of the integral curves
in the vicinity of the singularity and characterize the set
of initial conditions from which the system trajectories
end there. It was shown in the previous section that the
integral curves around the singularity set Vi are departing
the set, except for one integral curve which converges to
Vi. For this condition to occur the goal orientation θg
should be co-linear with the line the singularity set Vi lies
on. To see why, recall that the vector field in the blending
region reads: Fi = σiF

n
g , and that the vector field Fng

should point to the singularity set Vi. Consequently, this
condition arises if and only if the obstacle is positioned
such that the direction of the vector pi coincides with
the direction of the vector pg . Therefore, the set of initial
conditions from which the integral curves of Fi converge
to the singularity set Vi is of Lebesgue measure zero. Note
also that if the direction of pg does not coincide with the
direction of pi, then the singular points of Fi are confined
in Zi on a line segment of length %ε, correspond to the
initial conditions from which solutions are not defined,
and are reached by no integral curve.

Case 2. In region Bi one may follow a similar analysis to
conclude that the integral curves exit Bi.

In summary, the vector field (15) is safe and globally con-
vergent almost everywhere, i.e., except for a set of initial
conditions of measure zero.
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