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1 INTRODUCTION

We begin this paper with a discussion of n-dimensional algebraic Vector bundles. Vector
bundles of rank n may be identified with locally free Ox-modules of rank n. Several sections
are dedicated to reviewing the basic notions of scheme-theory. We show how to construct the
projectization of arbitrary rings. This construction corresponds to the construction of the
tautological line bundle over an arbitrary paracompact space encountered in classical topol-
ogy. Next we construct the projectization P(E) of a quasi-coherent sheaf E on a scheme X.
This construction corresponds to the projectization of an arbitrary vector bundle encountered
in algebraic topology.1 Next we review some basic facts of Chow rings. We use the Chow
ring as well the bundle projectization construction to define the Chern classes. Next we give
a brief overview of cohomological constructions arising from an interplay between algebraic
topology and algebraic geometry through categorical constructions.

2 Overview of Vector Bundles, Sheaves and Schemes

2.1 Algebraic Vector Bundles

The obvious analogue of a Real or Complex n-dimensional vector bundle over a Paracompact
space B under the standard metric is the notion of an n-dimensional algebraic vector bundle
over an algebraic variety. Algebraic vector bundles are defined nearly the same way as before.
To be precise:

Definition. The category of finite-dimensional algebraic Vector bundles over the algebraically
closed field k will be denoted VecBZar

k . Objects of this category will consist of a triple
ξ = (π,E,X) where π : E −→ X is a regular mapping of algebraic varieties E and X. We re-
fer to E as the total space, X as the base space and π as the projection map. We require that
X have an open covering of open sets {Ui}mi=1 along with associated regular maps {ϕi}mi=1

satisfying the following: 2

1. ϕi : Ui×kn −→ π−1(Ui) is an isomorphism of varieties and is an isomorphism on fibers.

2. We require the maps {ϕi} to be compatible. If Ui ∩ Uj 6= ∅ and p1 is projection onto
the first factor we have a commutative triangle:

1Recall that this construction involves deleting the 0-section of the total space E of a bundle E
π−→ B and

then forming the projective space in each fiber in the obvious way. This gives a bundle map P(π)
P(π)−−−→ B.

2This data is sometimes called a trivialization of X.
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Ui ∩ Uj × kn Ui ∩ Uj × kn

Ui ∩ Uj

p1

ϕ−1
j ◦ϕi

p1

It turns out that this data can be written down concisely by a set of transition matrices
{Aij} satisfying AjkAij = Aik, Aii = I.

The morphisms of this category (called bundle maps) consist of data (F, f) where F and
f are regular maps, η = (π′, E′, X ′) is an object of VecBZar

k and F is an isomorphism on
fibers making the following square commute:

E E′

X X ′

F

π π′

f

We will denote the category of n-dimensional k algebraic Vector bundles over a fixed base
space X by VecBZar

k (Xn). In this case the base space bundle maps are required to be the
identity map.

Since this category is similar to the categories VecBn
R(Bn) and VecBn

C(Bn) one might
hope to construct an analogue to the Chern classes. This can be done using an invariant
known as the Chow ring.

The correct point of view in our new setting is in terms of sheaves. There is a well known
equivalence of categories between VecBZar

k (Xn) and the category of locally free coherent
sheaves of modules on X. This requires me to define the notion of a sheaf. The definition
should remind the reader of vector bundle. Indeed, the claimed equivalence of categories
shows that in some sense a sheaf must not be far off from the notion of a vector bundle.

2.2 Sheaves

Given a topological space X we define the category Top(X) as follows:

Definition. The objects of Top(X) will consist of the set of open sets of X. The only
morphisms of Top(X) will be the inclusion maps. If U and V are open sets of X, then there
is a morphism ⊆: U −→ V iff U ⊆ V . It follows that Mor(U, V ) has at most one morphism
for any two open sets U and V . It is clear that this information defines a category.

Suppose that X is a topological space, C is a category, and F : Top(X) −→ C is a contra-
variant functor. In this situation we say that F is a pre-sheaf of C. Notice that for each
ρ : V ⊆ U there exists a unique morphism F(ρ) = ρV,U : U −→ V. We say that s ∈ F(U) is a
section and we often write s|V when we mean ρV U (s). We will say that s|V is the restriction
of s to V . If the following two conditions are also satisfied we say that F is a sheaf of C:

1. Suppose that U is an open set of X, {Vi} is a collection of open sets covering U , and
s ∈ F(U) is such that s|Vi = 0 for each i. Then s|U = 0.
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2. Suppose that {Vi} is an open covering of U equipped with associated sections {si},
si ∈ F . If the sections are compatible with one another, that is if si|Vi∩Vj = sj |Vi∩Vj
whenever Vi ∩ Vj 6= ∅, then there exists an element s ∈ U such that s|Vi = si for all Vi.

Notice that this s is unique by condition (1).

The morphisms between sheaves F and G on X is the set of natural transformations
between the two. If there exists a natural transformation between the sheaves F and G we
say that they are isomorphic as sheaves.

Before we continue we fix some terminology. We will often write Γ(U,F) to mean F(U).
We refer to elements of F(U) as sections. In the case U = X we refer to the elements of
Γ(X,F) as global sections.

Definition. We say that F is a locally free sheaf of rank n on X if there is an open covering
{Uα}α∈A of X such that F|Uα is a free OX|Uα module of rank n for each α. We define the
restrictions in the obvious way.

Suppose that f : X −→ Y is a continuous mapping of topological spaces. If F is a sheaf
on X we form a new sheaf f∗F on Y called the direct image of F with respect to the map f .
If U ⊆ Y is open we define f∗F(U) := F(f−1(U)).

If F : Top(X) → C is a pre-sheaf and p ∈ X then we form an object of C by taking the
direct limit of {F(U)| U ⊆ X is open}. We denote this object as Fp. We say that Fp is the
stalk of F at the point p.

Now we will begin our construction of schemes.

2.3 Schemes

We begin with a definition.

Definition. Suppose that ϕ : A −→ B is a ring homomorphism of local rings A and B
with maximal ideals mA and mB respectively. If ϕ−1(mB) = mA we say that ϕ is a local
homomorphism.

We now discuss ringed and locally ringed spaces.

Definition. (X,OX) is a locally ringed space if X is a topological space and OX is a sheaf of
rings on X. (f, f#) is a morphism of the ringed spaces (X,OX) and (Y,OY ) if the following
holds:

1. f : X −→ Y is a continuous mapping of topological spaces.

2. f# : OY −→ f∗OX is a morphism of sheaves on Y .

Now suppose that the stalks of OX and OY are local rings at each point of X and Y
respectively. Then given a morphism (f, f#) and a point p ∈ X we can form an induced map
f#p : OY,f(p) −→ f∗OX,p by taking the direct limit of the maps:

{f# : OY (V ) −→ f∗(OX)(V )| f(p) ∈ V ⊆ Y, V is open}.
This produces a map lim−→

V

OY (V ) −→ lim−→
V

OX(f−1V ). Notice that there is an obvious map

lim−→
V

OX(f−1V ) −→ OX,p. Composing these maps we obtain a map f#p : OY,f(p) −→ OX,p.

This allows us to define locally ringed spaces.
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Definition. A ringed space (X,OX) is a locally ringed space if OX,p is a local ring for each
p ∈ X. The morphism of ringed spaces (f, f#) between the local rings (X,OX) and (Y,OY )
is a morphism of locally ringed spaces if for each p ∈ X the induced map f#p : OY,f(p) −→
f∗OX,p is a local homomorphism.

Given a ring A we can form a topological space X = Spec(A). As a set Spec(A) is
the set of all prime ideals of A. The topology of Spec(A) is generated by the closed sets
V(a) = {p ∈ Spec(A)| a ⊂ p}. We will associate a sheaf of rings OX to Spec(A). Given an
open set U ⊂ X we define OX(U) to be the set of all functions:

s : U −→
∐
p∈U

Ap

Satisfying the following properties (Note that Ap denotes the localization of the ring A
at the prime p):

• s(q) ∈ Aq for all q ∈ U .

• For each point p ∈ U there exists an open set V of p in U along with a, f ∈ A such that
f /∈ q for all q ∈ U satisfying s(q) = a/f .

We say that (Spec(A),OX) is the spectrum of the ring A. It turns out that the spectrum
of a ring A is a locally ringed space.

We can now define the notion of a scheme.

Definition. We say that the locally ringed space (X,OX) is an affine scheme if it is isomor-
phic to the spectrum of some ring A as a locally ringed space. We say that (X,OX) is a
scheme if X has an open cover {Uα} such that (Uα,OX|Uα ) is an affine scheme for each Uα.

Given a graded ring S we can associate a scheme Proj(S) called the projectization of the
ring S.

2.3.1 The Projectization of a ring

Given a graded ring S =
⊕
d≥0

Sd we write S+ =
⊕
d>0

Sd. We say that S+ is the irrelevant ideal

of S. As a set Proj(S) consists of all homogenous prime ideals of S which do not contain S+.
Next we put a topology on Proj(S) by defining it to be the one which is generated by closed
sets of the form V(a) = {p ∈ Proj(S)| a ⊂ p} for the homogenous ideal a of S.

We can also define a sheaf of rings O on Proj(S). For p ∈ Proj(S) we write T for the
multiplicative set of homogenous of S which are not in p. We then define S(p) to be the set
of element of degree 0 in the localized ring T−1S. For U an open set of Proj(S) we define

O(U) to be the set of functions
{
s : U −→

∐
p∈U

S(p)

}
satisfying the following:

• s(q) ∈ Sq for all q ∈ U .

• For each point p ∈ U there exists an open set V of p in U along with a, f ∈ S such that
f /∈ q for all q ∈ U satisfying s(q) = a/f .

This forms a new scheme (Proj(S), O). This is similar to the topological construction of
the real and complex tautological line bundle over a paracompact space B. In fact, we make
the following definition:

Definition. If A is a ring, then we define Pn
A := Proj(A[x0, x1, ..., xn]). We say that Pn

A is
the projective n-space over the ring A.

We now discuss the notion a sheaf of OX -modules.
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2.4 Sheafs of OX-modules

We begin with a definition:

Definition. Let (X,OX) be a ringed space. We say the sheaf F is a sheaf of OX -modules if
the following two properties are satisfied:

1. F(U) is an OX -module for each open set U of X.

2. For each inclusion V ⊆ U of open sets the induced map of abelian groups F(U) −→
F(V ) is compatible with the module structures via the ring homomorphism OX(U) −→
OX(V ).

A morphism of F −→ G of sheaves of OX -modules is a natural transformation between
them satisfying the additional property:

• each open set U of X induces a ring homomorphism F(U) −→ G(U) of OX -modules.

We can also define the tensor product F ⊗OX G of two sheaves of OX -modules in the
obvious way.

Let F be a sheaf of OX -modules. Then:

• F is free if it is isomorphic to a direct sum of OX -modules.

• F is locally free if there exists an open cover U of X such that F|U is a free OX|U -module
for each U in U .

We say that the locally free OX -module F is of rank n if F|U has rank n for each U in
U . We denote this category byMn(X). If F has rank 1 we say that F is an invertible sheaf.

Given a ring A and an A-module M we can construct a sheaf M̃ called the sheaf associated
to M on Spec(A). For each prime p ∈ Spec(A) we let Mp denote the localization of the module

M at the prime p. For each open set U ⊆ Spec(A) we let M̃(U) denote the set of all functions{
s : U →

∐
p∈U

Mp

}
satisfying the following:

• s(q) ∈Mq for all q ∈ U .

• For each point p ∈ U there exists an open set V of p in U along with a ∈M and f ∈ A
such that f /∈ q for all q ∈ U . We require that s(q) = a/f for all q ∈ U .

This construction produces a sheaf of OX -modules M̃ . This leads us to the following
definition:

Definition. Let (X,OX) be a scheme. We say that a sheaf F of OX -modules is quasi-
coherent if X can be covered by open sets {Uα}α∈A with Uα = Spec(Aα). For each α we
require that there exist an Aα-module Mα with F|Uα ∼= M̃α. Here M̃α is defined as above.
We say that F is coherent if the Mα can be taken to be finitely-generated.

It turns out that algebraic Vector bundles are basically the same thing as locally free
sheaves of constant rank. The following is well known and fairly easy to prove:

Theorem. There is an equivalence of categories categories VecBZar
k (X) ≡Mn(X) for X an

algebraic variety.

Thinking of n-dimension algebraic Vector bundles as objects of Mn(X) will be the right
way to think of things. We will now show how to construct the projectization P(E) of a
locally free coherent sheaf E on a scheme X.
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2.5 The Projectization of locally free coherent sheaves

We will need the following theorem. Recall that for a ring A, Pn
A := Proj(A[x0, x1, ..., xn]).

Theorem. Let X be a scheme over a ring A. The following holds:

1. If φ : X −→ Pn
A is an A-morphism, then φ∗(O(1)) is an invertible sheaf on X generated

by the global sections si = φ∗(xi) for i = 0, 1, ..., n.

2. Moreover, if L is an invertible sheaf on X, and if s0, ..., sn are global sections generating
L, then there exists a unique A-morphism φ : X −→ Pn

A such that L ∼= φ∗(O(1)) and
si = φ∗(xi) under this isomorphism.

Let X be an algebraic variety and E a locally free coherent sheaf on X. Let S(E) denote
the symmetric algebra of E . The symmetric algebra is formed in the obvious way. This gives

us a grading S(E) =
⊕
d≥0

Sd(E) of sheafs of graded OX -algebras. We haven’t discussed sheaves

of OX -algebras, but they are defined in the same way as OX -modules. For each open affine
subset U = Spec(A) of X notice that S(E)(U) can be made into a graded A-algebra in the
obvious way. Now taking the projectization of Proj S(E)(U) we obtain the graded A-algebra.
As above, we get an induced map πU : Proj S(E)(U). These morphisms “glue together” and
we obtain a Scheme P(E) together with a map P(π) : P(E) −→ X. Moreover, the invertible
sheaves on each Proj S(E)(U) are compatible under this construction and so we obtain an
invertible sheaf OP(E)(1).

3 Chern classes

3.1 The Chow ring

Let X be a nonsingular algebraic variety. Let Y be a subvariety of X of codimension k and
write [Y ]. We denote the set of all formal sums [Y ] for Y a variety of codimension k by
Zk(X). Elements of these sets are called k-cycles. This set is quite large, and we make it
a bit smaller by using rational equivalence. The Chow ring turns out to be reasonably well
behaved. What turns out to be of particular importance are the divisors. If X is a nonsingular
algebraic variety it turns out that the Picard group Pic(X) of invertible sheaves and the Chow
group A1(X) are isomorphic. This allows us to associate the invertible sheaf OP(E)(1) of the
projectization of a locally free coherent sheaf E to an element ξ of A1(X). Under reasonable
conditions we are able to pullback elements of the Chow ring along maps. In particular, for
an algebraic Vector bundle over an algebraic variety X we are able to pullback the element
ξ ∈ A1(X) associated to OP(E)(1) along the projectization P(π). This will give us a Chern
class construction similar to the classical case.

3.2 Definition and Properties of the Chern classes

In Allen Hatcher’s book Vector Bundles and K-theory, he constructs the Chern classes of
complex n-dimensional Vector bundles by taking a bundle π : E −→ B and projectizing it.
This produces a map P(π) : P(E) −→ B. By a corollary of the classification of complex
Vector bundles over paracompact spaces there exists a map g : E −→ C∞ which is linear
and injective on fibers.3 If we projectize this map in the obvious way we obtain a map

3This can found (partially and disjointly) in Milnor-Stasheff’s book Characteristic Classes. A nice state-
ment and sketch proof can be found in the last sections of Peter May’s A Concise Guide to Algebraic Topology.
I believe a more or less full proof can be found in Allen Hatcher’s book Vector Bundles and K-theory as well.
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P(g) : P(E) −→ CP∞. Since g is linear and injective on fibers, we have an embedding of
fibers CPn−1 ∼= F ↪→ P(E) into CP∞. These fibers are homotopic to one another through
embeddings and so we will be able to find ourselves well-defined cohomology classes as follows.
Since the cohomology ring of CPn−1 and CP∞ are Z[x]/xn and Z[x] respectively, there is an
element α ∈ H1(CP∞,Z) which generates the cohomology group H1(CP∞,Z). Notice that x
is unique up to a choice of orientation. One can pull this element back to a nonzero element
in H1(P(E),Z). By the Leray-Hirsch theorem, pulling back the classes αi makes H∗(E,Z)
into a finitely generated H∗(B,Z) module with generators 1, α, α2, αn−1. This gives us a
unique relation:

αn + c1(E) · αn+1 + ...+ cn−1(E) · α+ cn(E) · 1.

This defines the Chern classes. In a similar manner we define the Chern classes for locally
free sheaves. Let E be a locally free sheaf of rank n over a nonsingular algebraic variety X.
By projectizing the sheaf we obtain a map P(π) : P(E) −→ B along with an invertible sheaf
OP(E)(1). By properties of the Chow ring there exists an element ξ ∈ A1(P(E)) corresponding
to the invertible sheaf OP(E)(1). Pulling back ξ along the induced map P(π)∗ makes the Chow
ring A(X) into a finitely generated A(X)-module with generators 1, ξ, ξ2, ..., ξn−1.

Definition. For a locally free sheaf E of rank n over a nonsingular algebraic variety X, we
define define the Chern classes according to the relation:

ξn − c1(E) · ξn−1 + c2(E) · ξn−2 − ...+ (−1)ncn(E) · 1.

We require that c0(E) = 1.

These cohomology classes satisfy analogous properties to cohomological constructions of
Chern classes.

4 Cohomological constructions

4.0.1 Sheaf Cohomology and Čech Cohomology

The construction of Sheaf cohomology uses homological methods and the details will not be
reviewed here. Notice that the Category of sheaves of OX -modules is an abelian category
with enough injectives and that we have a left exact functor Γ(X, ·) defined in the obvious
way. We will call this the global section functor. We construct the sheaf cohomology as
the right derived functors of the global section functor. For a sheaf F of OX -modules this
produces cohomology groups Hi(X,F) which can be made into cohomology rings H∗(X,F)
in the standard way. For a locally finite sheaf of rank n over an algebraic variety X we have
that Hi(X,F) = 0 for i > n. We now make another cohomological construction.

Suppose that F is a sheaf of abelian groups on a topological space X. Let U = {Ui}i∈I be
an open cover of X. Fix a well-ordering of I. Let σp denote the p−tuple (i0, i1, ..., ip) with
i0, ..., ip ∈ I. For simplicity we write the intersection Ui0 ∩ Ui1 ∩ ... ∩ Uip as Uσp . We now
define a complex of abelian groups C •(U,F) by:

C p(U,F) =
∏

σp∈Ip+1

F(Uσp).

Therefore an element α ∈ C p(U,F) is determined by giving a section ασp ∈ F(Uσp) for

each σp ∈ Ip+1. Next we define the coboundary map d : Cp −→ Cp+1 by:
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(dα)i0,i1,...,ip+1 =

p+1∑
k=0

(−1)kαi0,...,̂ik,...,p+1|Ui0,i1,...,ip+1

where îk means to omit the ik entry. Restricting αi0,...,̂ik,...,p+1 to Ui0,i1,...,ip+1
we get an

element of F(Ui0,i1,...,ip+1
). We form the cohomology groups in the standard way:

Ȟk(U,F) := Hk((C•(U,F), d) = ker dk/Im dk−1.

Notice that this definition depends on our choice of covering U. Indeed, our definition is
not well defined unless we specify a covering. We would like to fix this problem. If the cover
V is an open refinement of the cover U we obtain induced maps on cohomology groups:

Ȟ•(U,F) −→ Ȟ•(V,F).

Taking the directed limit of these maps we form groups:

H•(X,F) := lim−→
U

Ȟ•(U,F).

These groups are well-defined and depend only on the sheaf F . Unfortunately this defini-
tion produces a rather unwieldy object. However, the following theorem will partially resolve
this deficiency:

Theorem. (Leray)
Suppose that X is a topological space and with open cover U = {Ui}i∈I with structure

sheaf F of abelian groups satisfying:

Hk(Uσk ,F) = 0 for each k > 0 and σk ∈ Ik+1.

Then there are natural isomorphisms Ȟ•(U,F) ∼= Ȟ•(X,F).

We might hope that the two different cohomological constructions might be equal on
things we care about. It turns out that for an important subset of sheaves this is the case:

Theorem. Suppose F is a quasi-coherent sheaf on a separated scheme. Then Hk(X,F) ∼=
Ȟk(X,F) for all k.

We will not prove these results. The good news is that Sheaf cohomology and Čech
Cohomology agree over any paracompact space X.

4.1 Étale Cohomology

The Zariski topology is “good enough” for studying algebraic vector bundles as can be
seen in our construction of the Chern classes. However, the Zariski topology is not “fine
enough” for the Čech cohomology to work well, or at least as well as we might hope. It turns
out that there is a way to fix this. First we give a definition:

Definition. Let f : X −→ Y be a regular mapping of nonsingular varieties. We say that f
is étale at x ∈ X if dfx : TxX −→ Tf(x)Y is an isomorphism. Moreover, if f is étale for all
x ∈ X we say that it étale.

For real and complex smooth manifolds endowed with the standard metric, the inverse
function theorem tells us that being étale at a point is a local condition. This fails under the
Zariski topology. In some sense this means that the Zariski topology is somehow inadequate.
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Definition. Ét(X) will denote the category with objects étale maps U −→ X and arrows
commutative triangles:

V U

X

φ1
φ2

with φ1 and φ2 étale maps.

At this point we will discuss some terminology. Often we will refer to the objects U −→ X
of Ét(X) as “open sets” of the étale “topology” on X. Moreover, we say that a family of

étale mappings
(
ϕi : Ui −→ U

)
i∈I is a “covering” of U if

⋃
i∈I

ϕ(Ui) = U . We say that the

étale map U −→ X mapping u ∈ U to x ∈ X is an étale “neighborhood” of x ∈ X.
We define étale pre-sheaves and étale sheaves as follows:

Definition. An étale pre-sheaf is a contravariant functor F from the category Ét(X) to the
category Ab of abelian groups. We say that the functor F is an étale sheaf if the following
additional criteria is satisfied:

F(U) −→
∏
i∈I
F(Ui) ⇒

∏
(i,j)∈I×I

F(Ui ∩ Uj)

is an exact sequence of abelian groups for each étale cover (Ui −→ U
)
i∈I . In other words,

we require that the first arrow maps U to the subset on which the next two arrows agree. The
first map sends f ∈ F(U) 7→ (f|Ui )i∈I . The second two arrows send (f|Ui )i∈I and (f|Uj )j∈I to

(f|Ui∩Uj )i∈I and (f|Ui∩Uj )j∈I respectively.

The category of sheaves is abelian with enough injectives and so we can define étale
cohomology groups Hp(Xet,F) as the right derived functors of F 7→ F(U). This is an
example of a general construction due to Grothendieck. It turns out that for varieties (and
more generally schemes) étale sheafs F are sheaves in the classical sense.

References

[1] Allen, Hatcher. ”Vector Bundles and K-Theory.” Web. 8 Dec. 2014.
http://www.math.cornell.edu/ hatcher/VBKT/VB.pdf.

[2] Hartshorne, Robin. Algebraic Geometry. New York: Springer-Verlag, 1977. Print.

[3] Mac Lane, Saunders. Categories for the Working Mathematician. 2nd ed. New York:
Springer, 1998.

[4] Milne, James. Web. 8 Dec. 2014. http://www.jmilne.org/math/CourseNotes/LEC.pdf.

9



[5] Milnor, John W, and James D Stasheff. Characteristic Classes. Princeton, N. J.: Prince-
ton University Press and University of Tokyo Press, 1974.

[6] Weibel, Charles A.. An Introduction to Homological Algebra. Cambridge [England]:
Cambridge University Press, 1994.

10


