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1 Notation and Language

I will dedicate the first section of these notes going over some standard notation that mathematicians
employ in their exposition of mathematical ideas. While these notes will for the most part try to avoid as
much notational jargon as possible, I nevertheless will have to introduce some notational machinery in order
to keep my words as succinct as possible. First off, mathematicians have standard ways of notating common
sets of numbers. I will soon list the most common, and the ones with which we will concern ourselves in this
course. However, before I do so I wish to first discuss some very basic set notation.

Mathematicians often like to talk about groupings of objects. For our purposes, such groupings will
consist almost exclusively of numbers. Moreover, we will refer to these grouping as Sets. We denote sets
using the set brackets {}. For instance, we denote the set of numbers 1, 2, and 3 by {1, 2, 3}. There are also
other notational conventions that go along with describing sets. In particular, we use the line | to denote
the phrase such that, and the greek letter ε pronounce “epsilon” to denote the phrase “is an element of.”
For example, {x | x is a real number} is read as the set of all numbers x such that x is a real number. The
following denote common sets.

Z denotes the integers. It is defined to be {...,−3,−2,−1, 0, 1, 2, 3, ...}

Q denotes the rationals. It is defined to be {a
b
| a, b ∈ Z}

R denotes the reals. These are the numbers you are most familiar working with.

C denotes the imaginary numbers. They are defined to be {a+ bi | a, b ∈ R}.

Sometimes students have a hard time understanding simple concepts because of some sort of language
barrier. In what follows I will try to clarify some simple misconceptions. Mathematicians often talk about
zeros or roots of an equation. What is meant by this? First of all, roots and zeros of a function are two
different terms defining the same thing. All one means by a root is a number x for which f(x) = 0. This
number x is said to be a root or zero of the equation f .

Mathematicians also commonly talk about functions blowing up at certain points. This is usually meant
to be taken in a sort of informal way. Commonly what is meant is that there is some sort of unremovable
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division by 0 happening at the said point. For instance, we say that the function f(x) = x
x−1 blows up at

x = 1. This is because as x approach 1, the function tends to ±∞ depending if 1 is being approach from
the left or right. We might refer to this situation as a sort of “blowing up.”

2 Things you should know from high school

In this section I will state some facts that you should have learned in your previous courses. These are
things that are useful to know for the exam, and are expected that you know.

Theorem 1.

The area of a triangle with base b (you can pick any base that is convenient) and height h is given by
Area = 1

2 · b · h.

Theorem 2.

The area of a rectangle with base b and height h is given by b · h.

Theorem 3.

The quadratic formula says that given an equation of the form ax2 + bx+ 1 = 0, the roots are given by

x = −b±
√
b2−4ac
2a .

As a side note, notice that the quadratic equation can be used to find roots of equations of the form
ax4 + bx2 + c as well.

Theorem 4.

The Pythagorean Theorem says that given a right triangle with legs of length a, b and a hypotenuse of
length c, we have the following equality,

a2 + b2 = c2.

Theorem 5.

The Fundamental Theorem of Algebra states that every non-constant polynomial in C has a root in
C. In otherwords, over the complex numbers a polynomial f(z) of degree n can be factored into the form
f(z) = a(z− a1)(z− a2) · · · ·(z− an). Another fact about roots of polynomials is that imaginary roots come
in complex pairs. Combining these facts we see that over R, a polynomial factors into linear and quadratic
factors.

Theorem 6.

Another useful fact to know is the following special case of the more general Binomial Expansion Theorem.
Let a and b be numbers (or variables or any combination thereof), then (a+ b)3 = a3 + 3a2b+ 3ab2 + b3.

3 Mathematical Operations

The following are some mathematical operations which are assumed knowledge for this course.

First of all, C, the complex numbers are distributive. That is, if a, b, c
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4 Trigonometry

This calculus course assumes a working knowledge of trigonometry. I will do my best to present the
reader with a quick overview of some important trigonometric identities.

First of all, it is important to define for the reader the two basic building blocks of trigonometry. This is
of course the sine and cosine function.

Take the unit circle. The unit circle is defined to be the circle centered at the origin with radius 1. In
this course, we will not use the traditional notion of degree

Definition 1.

The first, and probably most important identity is

5 Rules of Differentiation

At this point in our study of differentiation we have only learned how to compute simple derivatives. More
specifically, we have only learned how to compute simple derivatives using the definition of derivative. Using
this definition, it is possible to derive tools that will prove to be quite useful. We will start off with some
area formulas.

Theorem 7.

If f is constant function, then f ′ = 0

Proof. We have already proved this.

Theorem 8.

If f and g are differentiable at a, then f + g is also differentiable at a, and

(f + g)′(a) = f ′(a) + g′(a).

Proof. (f + g)′(a) = limh→0
(f+g)(a+h)−(f+g)(a)

h = limh→0
f(a+h)−f(a)

h + limh→0
g(a+h)−g(a)

h = f ′(a) + g′(a).

The following Theorem will prove to be very useful. It is commonly referred to as the product rule. The
product rule will help us compute things like xex knowing only the derivative of f(x) = x and g(x) = ex.

Theorem 9.

If f and g are differentiable at a, then

(f · g)′(a) = f ′(a) · g(a) + f(a) · g′(a).

The proof is rather easy and simply uses one trick which mathematicians are quite fond of; adding zero
in to an expression in a clever way.
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Proof. (f ·g)′(a) = limh→0
(f ·g)(a+h)−(f ·g)(a)

h = limh→0
f(a+h)·g(a+h)−f(a)·g(a)

h = limh→0[ f(a+h)[g(a+h)−g(a)]
h +

[f(a+h)−f(a)]g(a)
h ] = ...(fill in the details yourself) = f(a) · g′(a) + f ′(a) · g(a).

From this theorem we can deduce many wonderful things. For example, what is the derivative of f(x) =
xn if n is an integer ≥ 0? We will prove this by induction.

Theorem 10.

Power Rule, if n is a non-negative integer, then d
dx (xn) = nxn−1.

Proof. If n = 0, then d
dx (1) = 0 = 0 · x−1. Now, assume that the statement is true for n = k. We will show

that the statement is true for n = k + 1. By the product rule, d
dx (xk+1) = d

dx (x · xk) = x · kxk−1 + 1 · xk =
(k + 1)xk.

In fact, the product rule holds for all real numbers n.

In mathematics, one also commonly wants to be able to differentiate a composition of functions. The
following rule tells you how to differentiate g(f(x)) knowing only the derivative of g and the derivative of f .
We will state this theorem without proof.

Theorem 11.

The Chain Rule. If g is differentiable at a, and f is differentiable at g(a), then f ◦ g is differentiable at
a, and

(f ◦ g)′(a) = f ′(g(a)) · g′(a).

An immediate consequence of the chain rule is the following theorem.

Theorem 12.

The Qoutient Rule. Let f and g be differential at x = a and suppose that g(a) 6= 0. Then

d

dx
(
f

g
)|a =

f ′(a)g(a)− g′(a)f(a)

g2(a)
.

Proof. To prove this statement, we apply both the chain rule and product rule to the function f(x)
g(x) . Note

that d
dx ( f(x)

g(x) ) = d
dx (f(x)g(x)

−1
) = f(x) · d

dx (g(x)−1)+ d
dx (f(x)) ·g(x)−1 = f(x) ·g(x)−2 ·g′(x)+f ′(x) ·g(x)−1.

Multiplying through by g(x)2

g(x)2 we obtain the result.

We will now list several differentiation rules without proof.

d
dx (c) = 0, where c is a constant.

d
dx (xn) = nxn−1 where n is any real number.

d
dx (ax) = ln(a)ax where a is a real number > 0

d
dx (ln(x)) = 1/x
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d
dx (cos(x)) = − sin(x)

d
dx (sin(x)) = cos(x)

With this information at hand, we are now in a position to differentiate many many different kinds of
functions. In what follows I will perform a few example calculations.

Example 1.

Consider the function f(x) = sin(x+ x2). Then, f ′(x) = d
dx (sin(x+ x2)) = (1 + 2x)cos(x+ x2).

Example 2.

Consider the function f(x) = sin2x sinx2 sin2x2. Then, f ′(x) = d
dx (sin2x sinx2 sin2x2) = d

dx (sin2x sin3x2)

= d
dx (sin2x) sin3x2 + sin2x d

dx (sin3x2) = (2sinxcosx) sin3x2 + sin2x (6xsin2x2cosx2).

Exercise 1.

(a) Prove that if f is differentiable at a, then |f | is also differentiable at a, provided that f(a) 6= 0.

(b) Give a counterexample if f(a) = 0.

Exercise 2.

Show that there is a polynomial function f of degree n such that

(a) f ′(x) = 0 for precisely n− 1 numbers x.

(b) f ′(x) = 0 for no x, if n is odd.

(c) f ′(x) = 0 for exactly one x, if n is even.

(d) f ′(x) = 0 for exactly k numbers x, if n− k is odd.

Exercise 3.

(a) The number a is called a double root of the polynomial f if f(x) = (x− a)2g(x) for some polynomial
function g. Prove that a is a double root of f if and only if a is a root of both f and f ′.

(b) When does f(x) = ax2+bx+c (c 6= 0) have a double root? What does the condition say geometrically?

Exercise 4.

If f + g is differentiable at a, are f and g necessarily differentiable at a?

If f · g and f are differentiable at a, what conditions on f imply that g is differentiable at a?

Exercise 5.
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Find f ′(0) if

f(x) =

{
g(x)sin( 1

x ), if x 6= 0

0, if x = 0

and g(0) = g′(0) = 0.

Exercise 6.

Find the derivatives of the following functions.

(a) f(x) = 1
x− 2

x+sin(x)

(b) f(x) = (x+ sin5(x))6

(c) f(x) = (cos(x))31
2

(d) f(x) = e
sin( 1−x

x2−π
)

(e) f(x) = sin(sin(sin(sin(sin(sin(x))))))
(f) f(x) = ln e2x

At this point I would like to derive a few more derivative rules.

Theorem 13.

d

dx
(f−1(x)) =

1

f ′(f−1(x))

Proof. We have that
d

dx
(f(f−1(x)) =

d

dx
(x) = 1 = f ′(f−1(x)) · d

dx
(f−1(x)). From this the claim follows.

Using this theorem, we can now easily compute some other important derivative rules. For instance, we
have the following:

Theorem 14.

d

dx
(arccosx) = − 1√

1− x2

Proof. By the previous theorem, we have that the derivative of arccosx is just − 1

sin(arccosx)
. Using the

trigonometric equality cos2(arccosx) + sin2 x(arccosx) = 1, we obtain the claim.

Similarly, using these methods we also obtain the following differentiation rules.

Theorem 15.

d

dx
(arcsinx) =

1√
1− x2

Theorem 16.

d

dx
(arctanx) =

1

1 + x2
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6 Implicit Functions

It often happens in mathematics that we may be presented with an equation in several variables that we
want to differentiate with respect to one of the variables. This would be an easy feat to accomplish if only we
could explicitly write the function in the way we are used to. For instance, if x is our independent variable,
and y is our dependent variable, and we want to differentiate y with respect to x, then we would like to
write an equation of the form y = f(x). Unfortunately, this is often not feasible. For instance, consider the
expression,

arctan(x2y) = xy2.

Nevertheless, all hope is not lost. We can still find derivatives at points on this function. But how? Why
the chain rule of course!

We can find the derivative of this function by differentiating both sides of this expression with respect to
x. Doing this, chain rule gives us,

1

1 + x4y2
· (2xy + x2y′) = y2 + 2xyy′.

Solving this equation, we obtain

y′ =
y2 + x4y4 − 2xy

x2 − 2xy − 2x5y3
.

Hopefully this is straightforward and easy (which it should be). However, there is one weird thing that
one needs to watch out for whenever implicitly differentiating. The derivative formula can be (and often is)
defined for points not even on the original curve. For instance, consider the function

y3x = 1 + y

differentiating both sides we obtain,

y3 + 3y2y′x = y′

and solving we have

y′ =
y3

1− 3xy2
.

At first glance, it seems reasonable to talk about the point (1, 0) since the function g(x, y) =
y3

1− 3xy2
is

defined at the point (1, 0). Nevertheless, whenever we look at the original equation, we see that this point
is not on the original curve since (0)3(1) 6= 1 + 0.

These examples give the main thrust of the material that you will be required to know on the exam
concerning the material of implicit differentiation. With that being said, I ask that you try the following
exercises for yourselves.

Exercise 7.
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Consider the curve given by x2 + 4y2 = 7 + 3xy.

(a) Show that
dy

dx
=

3y − 2x

8y − 3x

(b) Show that there is a point P with x-coordinate 3 at which the line tangent to the curve at P is
horizontal. Find the y-coordinate of P .

Exercise 8.

If 3x2 + 2xy + y2 = 2, then what is the value of
dy

dx
at x = 1?

Exercise 9.

If the graph of y = f(x) contains the point (0, 2),
dy

dx
=
−x
yex2 and f(x) > 0 for all x, find what f(x)

could be.

Exercise 10.

If tan(xy) = x, find
dy

dx
.

Exercise 11.

If x+ 2xy − y2 = 2, then find
dy

dx
at the point (1, 1).

Exercise 12.

Calculate
d

dx
(xln(x)).

Exercise 13.

If x3 + 3xy + 2y3 = 17, then find a formula for
dy

dx
in terms of x and y.

7 Maximums and Minimums

The derivative of a function is a very important tool in the realm of mathematics. By knowing a little about
the derivative of a function f , we can learn a lot about f itself. We will start off by talking a little about a
function’s maximum and minimum values on an interval. By now you have probably noticed that graphs of
functions often have partitions that resemble a hill or valley. For instance, consider the function f(x) = x2.
This function is given below,
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The graph of this function resembles a valley. Furthermore, the point (0, 0) appears to be the lowest
point on this graph. Similarly, the function cos(x) has high points for all points x = 2πn where n is an
integer, and it has low points for x = (2n+1)π where n is an integer. This leads us naturally to the following
definition.

Definition 2.

Let f be a function and B a set of numbers contained in the domain of f . A point x in B is a maximum
point for f on B if

f(x) ≥ f(y) for every y in B.

The number f(x) itself is called the maximum value of f on B (and we also say that f “has its maximum
value on B at x”).

I leave it to you to come up with a definition for the minimum of the function f on B.

Clearly a function is allowed to obtain its maximum value several times on an interval. For instance,
consider the function f(x) = 2. This function is constant and attains its maximum value at every point on
any interval.

As another example, consider the piecewise function with domain R given by

f(x) =

{
1, if x is rational

0, if x is irrational

This function attains a maximum of 1 at infinitely many places and a minimum of 0 at infinitely many
places.

This leads us naturally to the following theorem,

Theorem 17.

Let f be any function defined on (a, b). If x is a maximum (or a minimum) point for f on (a, b), and f
is differentiable at x, then f ′(x) = 0.

Intuitively, the proof of this statement comes from considering secant lines through x and points to the
left and right of x. We will prove the case where x is a maximum below. The proof where x is a minimum
is identical.

Proof. Suppose that x is a maximum point. Let x+ h ∈ (a, b). Then, f(x+ h) ≤ f(x). Then we have that

f(x+h)−f(x) ≤ 0. Now let h > 0. We have that f(x+h)−f(x)
h ≤ 0. Therefore, limh→0+

f(x+h)−f(x)
h ≤ 0. On

the other hand, if h < 0, then we have that f(x+h)−f(x)
h ≥ 0 (this is because division by a negative number

flips the inequalities). From this it follows that limh→0−
f(x+h)−f(x)

h ≥ 0. Since f is differentiable at x = 0,
it follows that the righthand and lefthand limits are equal. Therefore, f ′(x) = 0.

However, it is not the case that all maximum values occur whenever the derivative is equal to 0. For
example, consider the following example where the corner is the point (1, 1).
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This function f attains a maximum value at the point x = 1. Nevertheless, f ′(x) is undefined whenever
x = 1.

With the previous theorem in mind, we arrive at another definition.

Definition 3.

A point x in the domain of f is a local maximum [minimum] point for f if there is some open interval
(a, b) such that x ∈ (a, b) is a maximum [minimum] point for f on (a, b).

The following theorem follows from the previous one. Its proof is easy and left to the reader.

Theorem 18.

If f is defined on (a, b) and has a local maximum (or minimum) at x, and f is differentiable at x, then
f ′(x) = 0.

Definition 4.

We will say that x is a critical point of the function f if x is in the domain of the function f and f ′(x)
is either 0 or undefined. If f(x) is defined, we say that f(x) is a critical value.

Therefore 0 is a critical point of the function f(x) = x
1
3 . Also, π would be a critical point of f(x) = cosx,

and −1 would be a critical value.

With this terminology, we now consider the problem of finding the global maximum or global minimum
(the maximum value (or minimum value respectively) that f achieves on its domain) of a function f on a
closed interval [a, b]. If f is continuous on this interval, then we can be sure that a global maximum and a
global minimum exist. Its worth noting that a global maximum or a global minimum may occur more than
once on an interval. This is okay, so don not be alarmed. It turns out to be rather easy to locate these global
extrema. The only points which we need to check are critical points and end points.

I advise the reader to take a moment now (perhaps even meditate) to see why it is obvious that these
are the only points that we need to check.

We now we define the important notion local maximum and local minimum.

Definition 5.

If at the point x the function f is ≤ f(x) on some open interval containing the point x, then f(x) is said
to be a local maximum.

Similarly, If at the point x the function f is ≥ f(x) on some open interval containing the point x, then
f(x) is said to be a local minimum.

For example, 0 is a local minimum of the function f(x) = x2.
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Now suppose that f is continuous on [a, b] and differentiable on (a, b). Now, referring back to the
definition, we see that the condition that f is ≥ f(x) on [a, b] means precisely that f is increasing for
values near but slightly to the left of x, and that f(x) is decreasing for values slightly to the right of f(x).
But this is precisely the condition that f ′(x) goes from positive to negative (and is 0 at x). If you don’t
believe me, convince yourself by drawing pictures of different functions. For instance, consider the function
f(x) = 2− (x− 1)2.

In practice, it turns out to be relatively easy to classify local minimums and local maximums.

We can use the same logic to show the obvious parallel of this statement for f(x) a minimum.

It turns out to be an obvious consequence of these definitions that local minimums and local maximums
can be characterized as follows.

1. if f ′ > 0 in some interval to the left of x and f ′ < 0 in some interval to the right of x, then x is a local
maximum point.

2. if f ′ < 0 in some interval to the left of x and f ′ > 0 in some interval to the right of x, then x is a local
minimum point.

3. if f ′ has the same sign in some interval to the left of x as it has in some interval to the right, then x
is neither a local maximum nor a local minimum point.

However, there is no reason to lose sleep trying to memorize all of these rules. You can always draw
a picture to see what is going on! A picture is worth a thousand words, and pictures are no different in
Calculus.

Now that we have these new tools in our mathematical toolbox at our disposal, its time to get to work
and start setting some curves on fire.

Exercise 14.

Find the local minima, local maxima, and global extrema of the function f(x) = x4 − 2x2 on the closed
interval [−3, 3].

First we take the derivative of this function. We obtain the expression f ′(x) = 4x3 − 4x which factors
as f ′(x) = 4x(x − 1)(x + 1). Therefore the critical points are 0,−1, 1. We see that the function f ′(x) goes
from positive to negative at x = 0. and that the function goes from negative to positive at x = ±1. This
implies that x = 0 is a local maximum, and that x = ±1 are local minimum. To find the global extrema, we
calculate f(x) at x = ±3, 0,±1. We see that the global maximum occurs at ±3 and that the global minimum
occurs at ±1.

In practice, this is actually a terrible way to find local maximums and minimums. With a small amount
of thought, it is at once obvious that the following holds

Theorem 19.
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Suppose f ′(a) = 0. If f ′′(a) > 0, then f has a local minimum at a; if f ′′(a) < 0, then f has a local
maximum at a.

Before I leave you to your own devices, it only seems proper to bestow upon you to more rather delightful
little theorems. Here is the first of these gems.

Theorem 20.

(Rolle’s Theorem) If f is continuous on [a, b] and differentiable on (a, b), and f(a) = f(b), then there is
a number x ∈ (a, b) such that f ′(x) = 0.

And here is the second one of these dastardly devils.

Theorem 21.

(L’Hopital’s Rule) Suppose that limx→a f(x) = 0 and limx→a g(x) = 0, and suppose also that limx→a f
′(x)/g′(x)

exists. Then limx→af(x)/g(x) exists, and

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)

And at this delightful period in this long and arduous journey of mathematical discovery in a vast sea
of an otherwise luscious green landscape of ever growing uncertainty, I leave you with this rather humorous
(or not) homework assignment.

Exercise 15.

Prove that of all rectangles with given perimeter, the square has the greatest area.

Exercise 16.

Show that the sum of a positive number and its reciprocal is at least 2.

Definition 6.

A right triangle with hypotenuse of length a is rotated about one of its legs to generate a right circular
cone. Find the greatest possible volume of a cone.

Exercise 17.

Find the maximum and minimum values of the following functions on the indicated intervals.

1. f(x) = x3 − x2 − 8x+ 1 on [−2, 2].

2. f(x) = x5 + x+ 1 on [−1.1].

3. f(x) = 3x4 − 8x3 + 6x2 on [−1

2
,

1

2
].
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4. f(x) =
1

x5 + x+ 1
on[−1

2
, 1].

5. f(x) =
x+ 1

x2 + 1
on [−1,

1

2
].

6. f(x) =
x

x2 − 1
on [0, 5].

And because I am feeling particularly devilish, I leave you with these disturbing problems.

Sketch the graphs of the following functions.

1. f(x) = x+
1

x
.

2. f(x) = x+
3

x2
.

3. f(x) =
x2

x2 − 1
.

4. f(x) =
1

1 + x2
.
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