
Dondi Ellis

Math 216 Handout

I thought I would write up a thorough examination of the geometric interpretation
of the eigenvalues and eigenvectors of the system ~̇x = A~x for the 2 by 2 matrix A. As we
learned on the previous worksheet, one can learn a lot about the phase diagram of the

system of equations
dx

dt
= f(x, y) and

dy

dt
= g(x, y) just by knowing the eigenvalues and

the eigenvectors. What I did’t tell you is that there is really no need to use the table I
gave you last week. This is a good thing since you are not given a notecard in this class.
So in what follows I will explain to you how to tell the stability and type of the critical
point (0, 0) for a Linear System.

For a linear system, if you have two real eigenvalues of different values, then you will
get a different eigenvector for each eigenvalue. Plot the line that each of the eigenvectors
span. The two lines you will get each go through the origin. Each eigenvector will
correspond to either a positive or negative eigenvector. If it corresponds to a negative
eigenvector, then you draw lines pointing towards the origin. If the eigenvalue is positive,
then you draw the arrows pointing away from the origin. You can and should think of the
lines traced out by your eigenvectors as asymptotes. Why do we draw the arrows in these
directions you ask? Well, the arrows represent time, and if the eigenvalue is negative,
as time gets bigger, the exponential function eλt −→ 0. Similarly, we have that if the
eigenvector is positive, then the exponential function eλt −→ ∞. Then you can draw
the rest of your solutions as being between the four sections cut out by the two lines.
These lines travel in the same direction as the arrows indicate. That is, these curves
sorta bend towards the corner the two lines form. I have inserted a picture to illustrate
the three possible cases. The first case corresponds to (2) different negative eigenvalues.
The second case to (2) different positive eigenvalues. The third picture corresponds to
having one of each. The arrows go in the direction of time. When considering whether
something is stable, unstable, or semi-stable, you should imagine a little particle on a
curve in your phase plane. Mr. Particle was told to follow directions or else he would
be punished. So Mr. Particle will go in the direction of the arrows. Notice that no
matter where Mr. Particle starts from in picture 1, he will eventually stop. So we say
that picture (1) is stable. Mr. Particle will run away from the origin forever and forever
in picture (2), so the second picture is unstable. Likewise, picture (3) is unstable. For
the case of (2) distinct real eigenvalues we do not have the semi-stable case. We call
pictures like (1) and (2) nodes. Pictures like (3) are called saddle points.
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Now, what happens if the eigenvalues are complex conjugate? Let us first restrict
ourselves to the case where there is no real part in the equation. Then the functions you
get are sums of sin and cos functions and so x(t) = C1 cos(ω1t) and y(t) = C2 sin(ω2t)
for real constants C1, C2, ω1, ω2. You should remember from Calculus 3 and whatever
important math you had in the past that this defines an ellipse in parametric equations.
Therefore in this case we have that the critical point (0,0) is a center. In this class the
direction that the ellipse travels (left or right) will not be important. Your book I think
calls this unstable. Usually people call this equivariant stable. And we say something is
equivariant stable is you can draw a circle (you can pick how big) such that the thing
eventually never goes outside that circle. (4) gives us a picture of the case of 2 purely
imaginary solutions.

Okay, cool story. So what happens if we have complex eigenvalues with real part
nonzero? In this instance we have a similar situation. The only difference is our
ereal part(λ)t term is not zero. What is true is that we can write x(t) = C1e

real part(λ)t cos(ω1t)
and y(t) = C2e

real part(λ)t sin(ω2t) for real constants C1, C2, ω1, ω2. Therefore we get a
spirally swirly thing and we say that the critical point is a spiral point. Now the spiral
can go inwards or outwards. If it goes inwards then it is stable. If it goes outwards,
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then it is unstable. So when does it spiral inwards or outwards? If λ is negative, then it
spirals inwards, and if it is positive then it spirals outwards. This should be clear since
the direction of the arrow represents the direction in which Mr. Particle dude is going.
In what follows I illustrate the two cases. (5) gives the case for real part(λ) positive,
and (6) gives the case for real part(λ) negative.

Okay, so the only case that I have left us with is whenever we have repeated real
eigenvalues. Funny stuff can happen here. Really this case depends on whether the
repeated eigenvalues have one or two linearly dependent eigenvectors. By linearly de-
pendent, I mean that one isn’t a scalar multiple of the other. This gives you a proper
node. If they aren’t linearly dependent then you get an improper node. Don’t worry
too much about this. Just remember that you get some sort of node with some sort of
qualifier in front of it. Saying node on a test is good enough for this course I believe.
Its easy to see whether it is stable or unstable though. If λ is positive, the both teλt

and eλt go off to ∞ Remembering that et dominates polynomials. That is it goes to ∞
faster (and so e−t goes to 0 faster). So, we have that if λ is negative, then it is stable.


