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Abstract

A method for the quantitative evaluation of structural similarity between protein pairs is developed that makes use of a Del-
aunay-based topological mapping. The result of the mapping is a three-dimensional array which is representative of the global
structural topology and whose elements can be used to construe an integral scoring scheme. This scoring scheme was tested for its
dependence on the protein length difference in a pairwise comparison, its ability to provide a reasonable means for structural
similarity comparison within a family of structural neighbors of similar length, and its sensitivity to the differences in protein
conformation. It is shown that such a topological evaluation of similarity is capable of providing insight into these points of interest.
Protein structure comparison using the method is computationally efficient and the topological scores, although providing different
information about protein similarity, correlate well with the distance root-mean-square deviation values calculated by rigid-body

structural alignment.
© 2003 Elsevier Science (USA). All rights reserved.
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Since it has long been recognized that the mapping of
protein sequence to structure is not, by nature, isomor-
phic, a major focus in the study of protein comparison
has been the characterization of relationships between
analogous and remotely homologous proteins [13,14,16,
19]. It is thought that the inspection of such relationships
will yield insights as to how residue properties affect the
overall topology of proteins. It is also very natural that
such inspection should reveal important information
about what sorts of residues comprise the core structures
of evolutionarily related proteins and how such con-
served subsets of monomer spatial positions imply a
particular protein function [21]. Ultimately, however, it is
the topological arrangement of the atoms on which the
energetic favorability of a particular conformation is
based. Thus, the comparison of three-dimensional pro-
tein structures, whether they are obviously related via
high sequence homology or similar due to convergent
molecular evolution, is also an important step in gaining
insight into general protein folding patterns [9].
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Current automated means of measuring similarity in
large databases of X-ray crystallographic structures have
been quite successful in the classification of proteins into
structural families by performing pairwise comparisons
of protein structures without any allusion to residue
identity [14,18,22]. These methods usually involve three-
dimensional superimposition of protein pairs as rigid
bodies using dynamic programming on a distance matrix
generated from the atomic coordinates [12,24].

Although they provide a sound geometric basis for
structural similarity using numerical scores such as the
distance root-mean-square deviation (ARMSD) or a
rough score of probability of alignment such as z-score,
topological information is sometimes lost due to the fact
that it is possible for pairs of proteins to display common
structural elements with disjoint backbone connectivity
[22]. This allows for the conclusion that geometric
equivalence is not identical to topological equivalence.
Gap sizes in protein structural alignments are optimized
in the assignment of equivalent residue pairs and a
minimum dRMSD is attained that sometimes does not
reflect the similarities in the protein fold [11,22]. Treat-
ment of these cases involves various heuristic techniques
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in order to determine equivalent residue pairs as a basis
for superimposition. Such techniques might employ a
quantitative comparison of local geometric features on
backbone fragments to combinatorially extend the initial
alignment path [25], may individually identify segments
of secondary structure for superimposition, or may make
use of tools like “geometric hashing” in order to find
matching partial structures for the superimposition
without making an initial alignment [7]. This attainment
of a best superimposition of rigid structures, as a result,
consumes more computational time, especially when
initial alignments are made.

These problems have been recognized and other
means of structural comparison have evolved in order to
more completely derive bases of protein relationships. In
some cases these means are not fully automated such as
those used in constructing the SCOP database [23],
which uses biological knowledge of function and visual
inspection of structures as well as numerical measures of
structural similarity and sequence homology [5]. Such
classifications are quite robust and often serve as sources
for generating population statistics on the structures of
proteins.

Other types of comparisons make use of the well-
known fact that the subset of backbone atoms that are
near the “core” of a protein structure will contain the
greatest number of conserved coordinates among a
family of related proteins [§8,10,20,21]. Since many bio-
logically significant pairwise similarities are drawn based
upon particular elements of secondary structure, some
methods of comparison are based solely on such ele-
ments, using vector representations of secondary struc-
ture fragments [1,2].

In this paper, a method of comparison is suggested in
which a scoring of protein pairs is based solely upon the
topology of their cores and whose computational ex-
penses are miniscule as compared to other methods that
require superimposition of structures. The comparison
is performed by classifying four-body nearest neighbor
clusters of C, atoms according to their implicit topo-
logical significance. Information on the separation in
primary sequence of the residues that are nearest
neighbors in space is used with no allusion to residue
identity. Other studies have investigated spatially
neighboring residues and their relation to structural el-
ements. Their focus has been on establishing how
neighboring amino acid properties or identities affect the
geometry of structural elements, or on relating sets of
neighboring residues to particular secondary structures
or protein conformations [3,17]. Brocchieri and Karlin
[6] present a way of categorizing pairs of neighboring
residues in proteins according to their separation along
the primary sequence and investigating the pairs of
residues (identity, hydrophobicity, charge, etc.) which
occur in these categories. While these methods can elu-
cidate the link between tertiary folds and the physical

constraints on the protein chain, pairs of nearest
neighboring residues are not sufficient for the charac-
terization of global topological structure.

The method we suggest uses the Delaunay tessellation
of a set of points in 3D space that represent the amino
acid residues. The tessellation allows for the delineation
of a robust definition of nearest neighboring quadru-
plets of residues arranged at the vertices of irregular
tetrahedra (Delaunay simplices). A quantitative topo-
logical mapping of these simplices is performed such
that a representational three-dimensional (3D) array of
integers is defined which is independent of the protein’s
length. In the following section we describe these map-
ping and scoring schemes devised to quantify similarity
between two proteins by comparing their resultant
representative arrays.

Materials and methods

Delaunay tessellation of proteins. In order to implement our
quantitative study of protein topology, Delaunay tessellation was used
in order to easily define nearest neighboring quadruplets of C, atoms.
A geometric tessellation of a 3D set of points is a division of the space
into space filling convex polytopes. In the case of the Voronoi tessel-
lation of a set of points (a related geometric construct), the polytopes
are polyhedra (termed, “Voronoi polyhedra”) that define the region of
space closest to each point. A point in the Voronoi tessellation whose
Voronoi polyhedron shares a vertex with three other polyhedra is
considered to be a natural nearest neighbor to the three points to
which the polyhedra belong. Such points define the vertices of irregular
tetrahedra that are, similarly, space filling and are the convex poly-
topes of the Delaunay tessellation of the set of points. These space-
filling tetrahedra are called Delaunay simplices. Delaunay tessellation
has been successfully used for various types of protein structure
analyses [26-28].

Description of the mapped array. Consider a tessellated protein
structure with N residues enumerated with consecutive integers in an
order corresponding to its primary sequence. The length of a simplex
edge is defined as the number of o carbons, which compose the seg-
ment of the tessellated protein chain between the simplex vertices that
define that particular simplex edge. Hence, if the primary sequence is
considered, then

dj=j—i-1, (1)

where d;; is the length of the simplex edge, i/, corresponding to the ith
and jth o carbons. Each simplex in the tessellation will then have three
lengths associated with the four vertices: i, j, k, and /, where i, j, k, and /
are integers and are all C, atoms whose enumeration is of the order of
primary sequence.

A transformation, 7, is then applied to each such length in the
tessellation which maps the length to an integer value according to the
following step function:

if d =0,
ifd=1,
if d=2,
if d =3,
if 4<d <6,
if 7<d <11, (2)
if 12<d <20,
if 21<d <49,
if 50 <d < 100,
0 if d> 101
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Each simplex is then mapped into a 3D array, M, where M,,, is the
number of simplices whose edges satisfy the following conditions:
(a) The euclidean length of any one simplex edge is less than 10 A.

(b) dij = n.
() d_/k =p-
(d) diy =r.

In this way, a heuristic topological mapping of the C, atoms of any
protein results in a data structure that is independent of the protein size
and sequence. Also, since simplices with a euclidean edge length
greater than or equal to 10 A generally correspond to C, atoms on the
exterior of the protein, their exclusion in the mapping provides for a
“core” structure representation of the protein.

The transformation, 7, was designed in such a way as to exploit the
implicit topological significance of the array elements, M,,.. Generally,
in cases where dj;, dj, and dy; are small integers, M, will describe the
significance of a quantitatively defined “tight” fold, whereas mappings
to M,, which involve large simplex edge lengths correspond to a
quantitatively defined “loose” fold. For example, it is observed that
My, in most cases corresponds to a helical secondary structure.

Since each array element represents a contribution to the global
topology, and neighboring elements are representative of very similar
folds, any comparison of two proteins that utilizes such a mapping
would involve the evaluation of the differences in single corresponding
elements or local regions of the two protein arrays. Thus we use a
“simple”” scheme which was based upon differences in single corre-
sponding elements of protein arrays M and M’

10 10 10

0= 3" " [ty .

r=1 p=1 n=1

, 3)

where Q is the score value. We also tested a scheme that makes use of a
“smoothed” comparison of arrays in which eight corresponding array
neighbors were averaged and compared

9 9 9
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where Q; is a ‘smoothed’ score and J;; is the Kronecker ¢ function. This
scheme can also be expected to produce a score representing a more
coarse depiction of the binning of the sequence distance between res-
idues, d, than the transformation in Eq. (2).

Our method for protein comparison was tested on different sets of
crystallographically determined protein structures selected from the
Protein Data Bank. The testing was done in such a way as to dem-
onstrate aspects of the scoring scheme that should be expected of a
measure of topological similarity. The Delaunay tessellation of each set
of coordinates was performed using the program, qhull (http://
www.geom.umn.edu/software/qhull), which employs an algorithm
called Quickhull [4]. The calculations and information processing for
the mapping procedure of our comparison method were performed
using a set of programs written in C and java languages.

Results

The first of our tests involved protein structures taken
from the sequence unique database used by WHATIF
[15], a set of proteins with less than 30% sequence
identity, less than 0.25 R-factor, and resolution less than
2.5 A. Fifty-one proteins having a sequence length in the
interval of [80,120) were selected from the WHATIF
database. An all-to-all comparison was performed
within this selection using both simple and smooth
scoring schemes in order to investigate the distribution
of scores. Also, since the scoring schemes have an

obvious dependence on protein length implied by the
relation,

M= D Mo ®)

r=1 p=1 n=1

where N is the total number of simplices in a single
tessellation, this set of proteins was divided into two
smaller subsets. These subsets consisted of proteins with
lengths within the intervals [80,100) and [100,120) and
contained 19 and 32 proteins, respectively. The subsets
were scored using an all-to-all comparison and the
length difference between proteins in each comparison
was noted in order to determine whether protein size
plays a significant role in a comparison.

The distribution of scores obtained in our all-against-
all simple scoring of the WHATIF data set of proteins
with length [80,120) is fairly broad. In order to evaluate
the contribution of the difference in protein sizes to the
score we calculated the average score for each set of
protein pairs with the same difference in length for the
[80,100) and [100,120) subsets. The score dependence on
protein length difference is shown for the two subsets in
Fig. 1. This result shows that although there is a con-
sistent shift in the average score values for the larger
proteins, the score dependence on the length difference
within a subset is negligible.

We also tested a set of proteins from the three fam-
ilies of structural neighbors of 4enl, 1cex, and 1bpi (PDB
identification codes) taken from the FSSP database [12].
The FSSP or “Families of Structurally Similar Proteins”
is a database containing the results of the alignments of
the extended family of a set of representative protein
chains from the PDB. Each family consists of all
structural neighbors excluding “very close” homologs
(with sequence identity greater than 70%). For this set,
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Fig. 1. Dependence of average topological score on the length differ-
ence between compared protein for the subsets from the WHATIF
database having the ranges of protein length [80,100) (circles) and
[100,120) (triangles).
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the FSSP reported dRMSD of each of the three proteins
in a one-against-all comparison with its neighbors was
compared with our corresponding topological score up
to a dRMSD of ~5A. The results shown in Fig. 2
demonstrate an excellent correlation between the topo-
logical score and dRMSD values for close as well as for
relatively distant (ARMSD 4-5 A) structural neighbors.
A similar correlation was seen for the coarser scoring
scheme described by Eq. (4).

Trendlines are plotted in the figure along with the raw
data. These trendlines intercept the origin since the
structural representative in each family must necessarily
have a score of zero when compared with itself. The
lines then follow a power law through the representa-
tives’ structural neighbors, suggesting that there is a
difference in scaling between the dRMSD values and the
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Fig. 2. Topological similarity score correlation with dRMSD for FSSP
families: (A) 1bpi, (B) lcex, and (C) 4enl.

topological score. Intuitively, one might explain this by
noting that as neighbors become more dissimilar to their
representative, the dRMSD changes more rapidly than
our topological score. Since local geometry is matched
in a gapped rigid alignment of protein backbones, the
dRMSD will become large as local structural differences
in the aligned residues become yet more different. On the
other hand, the overall topology of similar proteins
should remain more invariant as a representative’s
neighbors’ structures become more locally dissimilar. A
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Fig. 3. Topological similarity score correlation with dRMSD for
structures from the molecular dynamics trajectory of (A) 2acy, (B)
Inox, and (C) 2por for dRMSD up to ~3 A.
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measure of topological similarity should, therefore,
correlate with dRMSD in a manner such as that we
show in Fig. 2. Significant changes in global topology
would be marked by large jumps in the trend of the
correlation.

In order to observe how our topological score cor-
relates with the standard dRMSD when comparing
different protein conformations, three proteins of dif-
ferent lengths were taken from the WHATIF database:
2acy (98 residues), 1nox (200 residues), 2por (301 resi-
dues), and 1a26 (351 residues). The proteins were se-
lected to evenly cover a range of typical protein sizes
(from ~100 to ~300 residues long). For each of these
proteins, a series of molecular dynamics simulations was
performed in vacuum using the dynamics simulation
module of the SYBYL 6.4 software package (TRIPOS
Associates, St. Louis, MO). The goal of the simulations
was to produce several distorted structures for each
protein with dRMSD from the original PDB coordi-
nates ranging from 0.0 A to approximately 3.0A as
determined by the alignment program, CE [25].

Topological scoring shows a very distinctive sensi-
tivity to topological differences within the three sets of
different protein conformations generated from their
original coordinates in the PDB. The results for these
sets are shown in Fig. 3. The sensitivity is very much the
same in character as that seen when observing the dif-
ferences in members of a protein family with its repre-
sentative (see Fig. 2). Here again, a clear relationship
between the dRMSD determined using the CE algo-
rithm and our topological scoring is apparent. Our
molecular dynamics calculations allowed us to probe
different levels of dARMSD at a finer level than that we
see in our data on protein families. Thus, the trend in the
correlation due to the different scaling of the topological
score as compared to the dARMSD is more pronounced.

Discussion

We have suggested in this work a method for the
comparison of experimentally determined protein
structures based upon topology. The array, M, as we
depict, can be thought of as a representation of the
distribution of combinations of segment lengths along
the protein backbone giving rise to nearest-neighboring
four-body residue clusters within the protein’s folded
structure. The comparison of one protein’s array to
another, therefore, amounts to comparing the proteins’
distributions of (primary structure) segment length
triplets occurring with each nearest neighboring four-
body residue cluster.

The shape of our score’s correlation with standard
measures of dRMSD within a family suggests its topo-
logical nature—it remains more invariant than dRMSD
measures of similarity due to the invariant nature of the

topology within a family. Thus it may capture elements
of structural similarity that structural alignments might
miss. Nonetheless, the fact that it correlates so well with
standard dRMSD measurements is evidence of its abil-
ity to describe similarity between proteins at least as well
as these measurements, except in a topological way.
Using pair-wise topological scores as similarity mea-
sures we can develop a new, topologically based, hier-
archical classification of protein structures. An
agglomerative clustering method has been used to build
dendrograms for various test sets of protein structures.
The results can be compared to those based on con-
ventional (various types of dRMSD) similarity mea-
sures. An example of such hierarchical clustering is
shown in Fig. 4. Ten proteins were clustered using to-
pological similarity score as a distance measure between
all pairs of structures. The results correlate well with
conventional protein classification schemes. Proteins
that are grouped together according to their topological
similarity are also neighbors according to the FSSP hi-
erarchical classification [12]. Thus, such a representation
of protein structure has very strong implications for the
classification of the fold space of experimentally deter-
mined protein structures. Since the data structure of our
topological representation of a protein is the same for
any protein, the comparison of these data structures is
facilitated. Such facility makes the evaluation of simi-
larity computationally very fast when compared to
standard structural alignment. This makes the topolog-
ical method a very interesting prospect for the classifi-
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Fig. 4. Hierarchical classification of a set of 10 proteins based on ag-
glomerative clustering utilizing a distance matrix comprised of pairwise
similarity scores.
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cation of large sets of structures. Indeed, it is the subject
of our future study.

It will also be interesting to determine if the intrinsic
length dependence of our characterization of proteins
depicted in Eq. (5) can be removed. It has already been
seen that standard dRMSD measurements have a de-
pendence on the sequence length of the compared pro-
teins. Naturally, a protein’s structure is very dependent
upon its sequence length because the addition of resi-
dues to a protein increases its structural degrees of
freedom. Nonetheless, it is of interest to all methods of
protein comparison to remove the dependence on se-
quence length to such an optimal extent as to most ef-
fectively quantify structural similarity. Hence, further
work will focus on the parameterization of scoring
functions and development of more elaborate mapping
schemes such as those described in Eq. (2) to improve
the precision and efficiency of this methodology.
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