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Widespread agreement exists that U.S. teachers need improved mathematicsf knofwl—
" edge for teaching. Over the past decade, policymakers ha;e If{unded a ratht;gceoh i)sr(})}:;;
i i this need. However, ther
aal development efforts designed 1o address y i
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of teachers’ content knowledge for teaching matllcglau?s; This artlclg attemg 0 lal
these gaps. In it we describe an effort to evaluate California’s Mathematics Pro 35511?}1
Development Institutes (MPDIs) using novel measures (_)f k'not‘;ie;/[% DfIc;r i;tne;:o :fgg
tics. Our analyses showed that teachers participaling in _
oo TIAnce on tiese measures during the extended summer workshop porgqn
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mathematics requires an appreciation of mathematical reasoning, understanding the
meaning of mathematical ideas and procedures, and knowing how ideas and proce-
dures connect. Evidence that U.S. teachers’ mathematical knowledge is unevenly
developed (e.g., Ball 1990; Ma, 1999) has led to an increase in opportunities for
teachers to learn mathematics for teaching.

One significant example was California’s Mathematics Professional Development
Institutes (MPDIs). The MPDIs were one component of the California Professional
Development Institutes, a statewide program designed to provide subject matter
teacher professional development in English language arts, English language devel-
opment, and mathematics. Initiated in 2000, the mathematics program inveolved both
mathematicians and mathematics educators in the design and implementation of
content-focused, extended learning opportunities for teachers. The MPDI program
was no smali intervention: California educators undertook solving the problem of
teachers’ mathematical content knowledge on a grand scale, serving over 23,000
K-12 teachers in the first 3 years of the program.’ This makes the MPDIs the largest
content-focused professional development program in the United States, and it
involved a significant expenditure of public funds.

One problem facing programs such as the MPDI, however, has been the lack of
evidence about what constitutes effective professional development to improve
teachers’ content knowledge for teaching mathematics. This fack is related to the
scarcity of reliable and valid instruments to assess program outcomes. Until
recently, many instruments aimed at measuring teachers’ mathematics knowl-
edge—such as licensing exams—tapped computational ability rather than content
knowledge as it is used in teaching (e.g., the ability to represent numbers or oper-
ations; the ability to respond to unasual student responses; see Ball, 1990; Hiil,
Schilling, & Ball, 2003; Ma 1999; Shulman, 1986). Without the latter type of
measures, programs focused on improving teachers’ mathematical knowledge
for teaching could not evaluate their own success appropriately. Moreover,
scholars, policymakers, and others knew little about whether and how teachers’
mathematical knowledge was improved in particular programs—such as profes-
sional development or teacher preparation programs—or through other opportu-
nities—such as using curriculum materials, participating in lesson study, or
learning from practice.

This article chronicles our first efforts to use an instrument designed to measure
teachers’ content knowledge for teaching as an evaluation tool. We ask whether
elementary school teachers can learn mathematics for teaching in a relatively tradi-
tional professional development setting—the summer workshop component of
California’s K-6 MPDIs—and if so, how much and what those teachers learn. We
demonstrate how novel measures of teachers’ content knowledge for teaching can
be deployed to evaluate a large public program rigorously. And we set the stage

1 This number includes those who participated in MPDI-run institutes funded by both the MPDI and
the English Langnage Development PDI funding.
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332 Learning Mathematics for Teaching

for future analyses of the conditions under which teachers learn mathematical
content by exploring the degree to which individual and institute-level character-
istics might contribute to growth on our measures.

BACKGROUND

We begin with some background and a discussion of the methods undetlying our
analyses. Early efforts to study the relationship between teachers’ mathematical
knowledge and student achievement used characteristics of teachers and their
educational background, such as courses taken, degrees attained, or certification
status, as proxies for ability (Begle, 1979). Despite disappointing findings-—that s,
there was little relationship between these measures and student achievement—
interest has persisted in establishing the connections between teacher knowledge
and student achievement. By the mid 1980s, scholars began to see the problem
differently, reframing the question of how teachers’ content knowledge might
coniribute to student learning by focusing on forms of knowledge more closely
related to teaching (Ball, 1991; Kennedy, 1997; Ma, 1999; Shulman, 1986; Wilson,
Shulman, & Richert, 1987).

This new notion of pedagogical content knowledge represented a shift in concep-
tions of teacher knowledge. One implication was that the content knowledge
needed for teaching is connected to the specific problems of teaching elementary
school content such as fractions, word analysis, or writing. The work cited above
also suggested that at least in mathematics, how teachers hold knowledge may matter
inore than how much knowledge they hold. In other words, teaching quality might
not relate so much to performance on standard tests of mathematics achievement
as it does to whether teachers’ knowledge is procedural or conceptual, whether it
is connected to big ideas or isolated into small bits, or whether it is compressed or
conceptually unpacked (Ball, 1990; Ball & Bass, 2000; Ball, Lubienski, &
Mewborn, 2001; Ma, 1999). This work further suggested that student leaning might
result not only from teachers’ content knowledge but also from the interplay
between teachers’ knowledge of students, their learning, and strategies for improving
that learning.

Working within this framework, researchers in mathematics education focused
increasingly on teachers” knowledge of mathematics for teaching. Ball and Bass
(2000), Lamon (1999), Leinhardt and Smith (1985), Ma (1999), Simen and Blume
(1994), and Thompson and Thompson (1994) studied teacher knowledge in partic-
ular topic areas such as fractions, multiplication, division, and rate. These studies
helped to illuminate what knowing mathematics for teaching requires. For example,
in teaching students to reduce fractions, teachers need more than the procedure. In
addition, they need to be able to explain why that procedure works and what it means

(Leinhardt & Smith 1985). Teachers also need to appraise student methods for
solving computational problems, and when students uss novel methods, be able to
determine whether such methods would be generalizable to other problems. We call
this knowledge specialized knowledge of content, based on our belief that it is uniqu
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to individuals engaged in teaching children mathematics. We contrast this special-
ized knowiedge with what we call common knowledge of conteni—being able to *
compute 35 x 25 accurately, identifying what power of 10 is equal to 1, solving word
problems satisfactorily, and so forth. This common knowledge is not unigue to
teaching; bankers, candy sellers, nurses, and other nonteachers are likely to hold
such knowledge. We argue that together, specialized and common content knowi-
edge compose the content knowledge used in teaching mathematics. We believe
that teachers of mathematics need both types of content knowledge to teach this
subject matter competently.

Researchers began to develop new measures of teachers’ knowledge of mathe-
matics that probed the pedagogical dimensions of the content. In mathematics, they
developed open-ended and multiple-choice prompis that asked teachers to explain
the reasons for particular mathematical procedures or rules, design mathematical
tasks to highlight key concepts, and reason about relationships and number (Ball,
1988, 1990). These measures located teachers’ mathematical knowledge in partic-
ular tasks of teaching. For example, of interest was not simply whether teachers
know that I 3/4 + 1/2 =3 1/2, but whether they could explain what the expression
means, could construct a concrete representation or word problem that corresponds
to it, and could manipulate the elements of that model to show a solutien. Using
such measures, scholars also began to investigate how teachers’ mathematical
knowledge, construed in these more pedagogically attuned ways, contributes to
student achievement. Rowan, Chiang and Miller (1997), for instance, identified
teachers’ mathematical content knowledge as a predictor of student achievement
in 10th grade. Scholars have also documented the mode and variation in teachers’
command of knowledge for teaching elementary school mathematics (e.g., Ball,
1988; Ma, 1999; Simon, 1993; Simon & Blurne, 1994; Tirosh & Graeber, 1990;
for a review, see Ball, Lubienski & Mewborn, 2001).

To date, however, none of these measures has been employed to understand how
such vseful and usable knowledge of mathematics develops in teachers. Instead,
scholars have focused efforts on detailing what teachers know and do not know,
what might be known by teachers ir order to teach, and how U.S. teachers compare
with those abroad (e.g., Ball, 1990; Ball & Bass, 2000; Borko, Eisenhart, Brown,
Underhill, Jones, & Agard, 1992; Ma, 1999; Thompson & Thompson, 1994).
However, given the current volume of projects designed to support teacher knowl-
edge, such as the NSE/DOE Math-Science Partnerships, and the development of
statistically reliable measures of such knowledge in the field of elementary math-
ematics (Hill, Schilling, & Ball 2003, Rowan, Schilling, Ball, & Miller, 2001), we
are able to begin tracking the development of teacher knowledge in this arena and
identifying factors which contribute to such growth.

California’s MPDI program is the first we have tried to study using these new
instruments. The program was chosen because of its size as well as the ambitious
scope of state policy and the stated emphasis on improving teachers’ knowiedge
of mathematics. Sponsors of the program’s institutes, typically feams of mathe-

maticians and mathematiﬁ:s educatgrs based at [Ini AEI‘Si of Califormja campuses,
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were required to design programs aimed at improving teachers’ content knowledge
in mathematics and to participate in state-mandated assessments of those efforts.
Teachers attended summer institutes of 1 to 3 weeks’ duration (for a total of
between 40 and 120 hours), taught by mathematicians and mathematics educators.
The teachers participated in up to 80 hours of follow-up during the school vear, and
received stipends of approximately $1500 for their participation. Some institutes
focused on elementary mathematics, others on middle and high school. They varied
also in their mathematical focus, from number and operations to geometry to
algebra. The number of contact hours in this professional development effort and
the scope of the program in California made this a significant professional devel-
opment effort and a substantial policy initiative.

The assessment on which we report below focuses only on the elementary
number and operations institutes that took place in summer 2001. On our visits to
the institutes, we found considerable variation in program conient, depth, pedagogy,
and quality. However, the programs also had common features. Typically, the math-
ematician associated with the project spent the morning covering an elementary
mathematics topic, for example, long division, order of operations, prime/divisi-
bility/multiples, or basic fractions. The mathematician might lecture, engage
teachers in a series of activities designed to enhance knowledge, or lead a class
discussion. In many but not all cases, this moming session was heavily keyed to
mathematics as it is used in elementary classrooms, such as representing long divi-
sion using manipulatives or stories. The afternoon sessions, typicaily led by math-
ematics educators, built on the morning’s mathematics by forging links to practice
and state standards or providing teachers with activities for classroom use, In
contrast to other professional development programs observed by the first author,
where mathematics was often pointed to but seldom explored (Hill, 2004; see also
Wilson, 2002), these programs were full of mathematical content (for a similar
observation, see also Madfes & Holtzman, 2001). The institutes contained, at least
as initially observed, substantial opportunities for teachers to learn mathematics.

METHODS

Because one goal of this article is to explain how researchers might mobilize an
ambitious, large-scale effort to evaluate teacher learning, we describe in detail the
elements that comprised this effort. We discuss, in turn, the study context, the eval-
uation partnerships, key stages in the design and implementation of Year 1 of this
study, our measures, and our data analysis techniques.

Study Confext

In keeping with current calls for accountability throughout the educational
system, the MPDI program reguired a pre- and postevaluation of teachers” learning
as a result of participation in the mathematics institutes. However, at the program’s
inception, program designers and evaluators faced a challenge: how to measure
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teachers” mathematical knowledge for teaching reliably and on a large scale. By
teachers’ mathematical knowledge for teaching, we meant not only their common
content knowledge but also their specialized knowledge for teaching mathematics.
By large scale, we meant several hundred teachers, more than could be reached
through interviews. And by reliably, we meant using high quality scales that mest
standards of educational measurement, including factor and item response analyses
that show that the set of items written taps a coherent underlying construct and
produces a scale with a reliability of .7 or more.

Prior to our study, however, few options existed for measuring teachers’ content
knowledge for teaching mathematics on a large scale. Many teacher licensing
examinations (e.g., California Basic Educational Skills Test, National Teachers
Examination) rely on problems similar to those found on the SAT or eighth-grade
NAEP to measure teachers’ mathematics content knowledge. These tests assess
teachers’ ability to solve problems, identify terms, calculate, and use formulas. They
do not examine teachers’ ability to unpack mathematical ideas, explain procedures,
choose and use representations, or appraise unfamiliar mathematical claims and
solutions—specialized knowledge of content—and thus, we argue, are incomplete
in their scope. The only existing measures of teachers” specialized knowledge for
mathematics teaching consisted of interviews and open-ended written responses or
single multiple-choice items culled from early work by Ball, Post, and others
contributing to the Teacher Education and Learning to Teach project (Kennedy, Ball,
& McDiarmid, 1993). None of these measurement strategies was. suitable for
studying the MPDI program because they could not be implemented on a large scale,
and little was known about their reliability. We at the Study of Instructional
Improvement (SII), who are examining programs of school improvement in high-
poverty urban elementary schools, were designing new measures of teachers’
content knowledge for this study. We needed sites to pilot our new measures on a
large scale so as to provide enough cases for statistical analyses.

The partnership that emerged between the MPDIs and the SII allowed us to pilot
our items on a large scale and provided MPDI program officials a potentially
useable set of measures, measures aligned more directly with their program content
than other available instruments. However, conducting this study on a large scale
also brought problems. Although program officials could use political leverage to
convince MPDI providers to use the evaluation at their site, those sites were spread
widely across a large state, making the development of the evaluation infrastruc-
ture and monitoring of particnlar sites difficult. Some providers, concerned about
alarming teachers by what appeared to them to constitute a “test,” declined to admin-
ister the evaluation. Other concerns included assuring teacher privacy, the length
of time needed to complete the instrument” and, perhaps, reluctance to subject their

2 Because this was a pilot, and we were unsure whether zll items included would scale well, we nearly
doubled the number of items typically used to create measures of this kind. This increased the length
of the instrument considerably.
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site to scrutiny. Still other providers encountered technical difficulties as tt}ey
attempted to use the database, teacher tracking system, and data contragt_mg
comipany arranged by MPDI officials. Because of the exigencies _01.E the political
system, which meant funding and program authorization arrived late in the process
of program start-up, these systems had been constructed in the process c_)f actually
using them. Hence, problems (e.g., missing booklets) could not be anticipated and
corrected ahead of time.

As a result, the data from the 2001 administration is not ideal. Qut of an esti-
mated 2,300 teachers served by the elementary MPDI program, we have data on
only 398 teachers. To a large degree, this low nurmnber is because one inst'itute
serving roughly 1,500 teachers refused to participate fully, based on the direc-
tors’ belief that teachers might be upset by having to complete the instrument.
Although some individual sites within this particular institute did have teachers
take both the pre- and postassessments, many subsites had teachers complete only
the posttest.® Ten more sites, each serving far fewer teachers (roughly 25-50

teachers each), also failed to complete the assessments, some sites because the -

assessment forms were not ready at the program start date, and others for the
reasons outlined above. Further, there was frequently a discrepancy between the
official number of teachers paid to participate and the number of booklets that
appeared at the firm hired to create a database of teachers” answers to our instru-
ment. Because of consideration for individual teachers” rights to consent, the
MPDI program could require individual institutes to administer the booklets, but
could not force individual teachers to take the assessment. This means, then, that
results associated with this study should be thought of as tentative, because sites
or teachers had ample opportunity to select themselves into or out of ‘tl]js eva.lu—
ation, perhaps on the basis of their perceptions of teacher learning Wit]lll.l that site.
At the same time, however, there is some possibility that these selections were
more random than not, for we hypothesize the majority of refusals occurred for
reasons other than a perception of teachers’ failure to learn. Additionally, these
data are less than ideal in a second respect. The best evaluation designs randomly
assign program participants to treatment and control groups, allowing analysts
to estimate true program effects. Good evaluation designs locate.an‘d evaluate .th.e
growth of comparison groups made up of individoals who are similar to pal:t‘lCl—
pating teachers yet who elected not to engage with the treatment. We have neither
kind of design here. This means that we cannot be absolutely sure that any effects
found are a result of the MPDIs, rather than natural teacher learning over the
course of time, or the effect of retaking a similar assessment. We deal with this
issue further in our discussion of results.

i i j i include subsites based
3 For data from this large site, researchers made judgments regarding whether to inclu
on the number of teachers with complete pre- and postdata. If 15 or more teachers returned both book-
lets, the subsite was considered to have administered the as§essment in full. If fewer than 15 teachers
returned both booklets, the site was deleted from the analysis.
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Measures of Mathematical Knowledge for Teaching

The items used to gauge content knowledge for teaching mathematics were
written by the authors of this article, in collaboration with others working on the
SII project. These items were grounded in common tasks of mathematics instruc-
tion, were designed to elicit both teachers’ common and specialized knowledge of
content, and were drawn both from the research literature (e.g., Ball, 1993a, 1993b;
Carpenter, Hiebert, & Moser, 1981; Lamon, 1999; Lampert, 2001; Ma, 1999) and
from writers’ experiences teaching and observing elementary classrooms. In this
article, we analyze only those items in the domain of elementary number concepts
and operations, although forms given to teachers also included items meant to gange
content knowledge for teaching patterns, functions, and algebra, and knowledge of
students and content.

Because items focus on the mathematical knowledge needed for teaching numbers
and operations, the assessment is aligned with MPDI Elementary Number and
Operations institute goals. However, the assessment was not designed to match the
curriculum of any particular institute. Because of this orientation, we lost the
ability to make definitive statements about particular institutes’ efficacy because
the size of any effects is correlated at least in part with the overlap between insti-
tute curriculum and the assessment (for arguments about overlap, see Barr &
Dreeben, 1983; Berliner, 1979; Leinhardt & Seewaldt, 1981). However, this orien-
tation does allow us to make statements about how well the broad program
contributes to teachers’ knowledge of mathematics for teaching.

In order to investigate the effectiveness of the MPDIs, we administered a
preassessment to teachers at the beginning of the institute and a postassessment at
the conclusion of intensive summer work. These assessments did not contain the
same items; in order to reduce the possibility of teachers recalling or discussing their
prior answers and of providers tailoring instruction to the assessment, we designed
the pre- and postassessments with only a small number of common items {6 1in the
area of elementary numbers and operations content knowledge) and 2 larger number
(approximately 16-20) of items specific to each form. This strategy required
equating forms to control for the difficulty of items presented to teachers, a process
we describe below.

As shown in Table 1, the numbers and operations scale on each form contained
13-14 stems and 23-26 items. Sample items appear in the Appendix. The differ-

Table 1

Information for the Content Knowledge (CK) Scales for Teaching Elementary Numbers and
Operation

Scale Number of stems  Number of items Reliability
CK-Form A 13 : 26 g2
CK-Form B 13 24 .78
CK-Form C 4 23 .71
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ence between stems and items arises because some stems, such the one in item 2
shown in the Appendix, contain multiple items beneath them. In particular, the work
for Student A, Student B, and Student C constitutes muktiple items within one stem
(“Imagine you are working with your class . . .””). Other stems, such as Fhe third item
in the Appendix, have only one item. In addition to items measuring teachers’
content knowledge for teaching, each form also contained items meant to gauge
other constructs we saw as being important to this analysis: factors that motivated
teachers to participate in MPDIs, teachers’ perceptions of MPDI mathematical
content coverage, and teachers’ perceptions of how content was covered—in what
depth, with an emphasis on particular mathematical practices, and so forth. In
¢ontrast to the content knowledge for teaching items, which could be scored as
correct or incorrect, these measures of motivation and MPDI content were
constructed in conventional Likert formnat, which asked whether teachers agreed or
disagreed with statements such as “The Mathematics Professional ].)eveiopr.nent
Institute will help me learn the mathematics I need to know for teaching,” an item
included in the “motivation to attend” set. :

An important part of data analysis was developing scales from both the Likert
and content knowledge for teaching mathematics items contained on our forms:, and
we provide details on this process here. The main goal of scale-building is to iden-
tify a set of items that help represent an individual’s position on some unobser.v-
able trait, and then to assess with what precision the items make that estimate. With
motivation, for instance, we were interested in whether any of the set of six items
written to represent teacher’s various reasons for attending the MPDI captured a
construct we had intended to be desire to learn. A factor analysis of all motivation
items suggest that three (including the one above) represent teachers’ desire to leal.n
within MPDIs yet these three only had an average internal reliability of .58. This
suggests that the three items are insufficient, by conventional standards, to accu-
rately represent individuals’ position on this construct. Another way of saying this
is to note that since reliability is defined as the proportion of true score to true score

“and error combined, this particular measure is error-filled, and cannot be counted
on to accurately discriminate between teachers with different levels of de‘?ire ?0 learn.
We completed this process with other Likert items of teachers’ motivation and
perception, and present the results of one key scale below. ‘

We began data analysis on the content knowledge items by performing a factor
analysis on all items from each of the forms,* looking for items tha_t together woul.d
represent a single construct, or ability, in teachers’ knowledge. This factor analysis
was more complex than those from Likert items, since methods had to be used to
factor analyze dichotomously scored items where stems had multiple items neste‘d
beneath (e.g., item 2 in the Appendix). Results from this specialized factor analysis

4 Teachers cycled through the three forms as pre- and postiests. One group, for instance, took Form
A as a pretest, Form B as a postiest, and recently completed Form C after the year of program follow-
up. Another group took Form B as pretest, Form C as posttest, and Form A as the follow-up test, etc.
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suggested a strong content knowledge dimension runming across items written to
represent both number concepts and operations (Hill, Schillin g, & Ball, in press).
We took these items and, for each form, fit item response theory (IRT) models to
confirm and learn more about these number concepts and operations content
knowledge scales (see Hambleton, Swaminathan, & Rogers, 1991 and McDonald,
1999 for additional information on IRT). Additional details on the resulis from the
factor analyses and IRT modeling, including information on specific factor struc-
tures and the number of misfitting items, can be found in Hill, Schilling, and Ball
(2003). :

To enable pre- and postcomparative analysis, forms were linked using common
item equating methods. The need for equating arises in situations where individ-
uals take different pre- and posttests in which one form of the test may be more diff3-
cult (because of having a selection of more difficult items) than the other. To
control for this possibility, analysts use the items common to both assessments to
gauge the relative difficulty of the rest of the items on the test. We did this for our
study, using pretest data to equate forms and arrive at an estimate of the forms® rela-
tive difficulty vis-3-vis one another, and then correcting for imbalances in that diffi-
culty. However, because of modest sample sizes on each of the pretests, we were
not able to equate forms using a two-parameter IRT model. Instead, we used a one-
parameter Rasch model that, after deleting two badly misfitting items, produced the
scales in number and operations content knowledge across the three forms listed
in Table 1. The interpretation of the reliability estimate is similar to the Likert case
described above, although the reliability itself is much better (.78 instead of .58).
The intuitive explanation of reliability is the proportion of “signal” to “signal plus
noise” in the data, this scale captures more “signal” than the motivation scale.
Conventional scaling rules of thumb suggest that reliabilities of above 70 are
required to detect moderate effects in large groups, and we appear to have met that
criterion here.

One additional wrinkle pertains to the scoring of our content knowledge for
teaching mathematics scales and interpretation of the results. We did not score the
forms in terms of raw score or percentage correct because percentage correct is not
a linear measure—the difference between 10% and 20% is a more substantial
difference in true ability than the difference between 50% and 60%. Instead, Rasch
models report performance in terms of a linear measure called logits. Logits are
equal-sized units, and range in our data from -3.0 to 5.0, with higher scores indi-
cating teachers with more mathematical knowledge for teaching,

We believe the final scales reported in Table 1 represent teachers’ knowledge of
mathematics as used in teaching. The scales include items that both assess teachers’
common knowledge of content (e. g., knowing that the number § can be written as
008; see item [ in the Appendix) and their specialized knowledge of content for
teaching. These specialized tasks included representing numbers and operations
using materials or stories, providing reasons and explanations for concepts and algo-
rithms, and making mathematical appraisals of students’ work. We attempted to
balance items on each form across grade level, across whole numbers (45% of
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items), fractions (42%), and decimals (169}, and across number concepts (54%)
and operations (46%). _ '

Finally, our work to assess the validity of our measure 1s’ongomg. A best-case
investigation of validity would include comparing teachers’ score on our content
knowledge for teaching mathematics scale with an assessment of their use of math-
ematics content in actual classroom teaching; this work is cusrently uflder way. Les.s
convincing, although more often done in the field of test c‘onst.ruc‘tlon, are cogni-
tive tracing interviews, in which individuals talk throug,h their thinking and answers
to particular items. If respondents answer a particule.xr 1.tem correcifiy, but explain it
incorrectly, then problems of validity are likely. This is allso true 1f corre@ rr.lat.he-

" matical reasoning underlies incorrect answers. An analysis conductec! with suml?)r
items to these suggested that for knowledge of content itefns, teacher§ answers did
in fact represent their underlying reasoning process (see Hill, 2002'). Fm.ally, we also
studied content validity by comparing item topics to strands in Principles and
Standards of School Mathematics (Nationai Council of Teachers of_ Matlhemattcfs
[NCTM], 2000) and California’s Mathematics Framework for California Pul_‘)lzc
Schools, Kindergarten through Grade Twelve (California Sta‘te Board of Educatl‘on,
2000). The K-5 NCTM’s Standards, written at a relatively mgh level of generality,
were well covered by the elementary number and operations items used here. The
California standards, written at a greater level of speciﬁcity,lsuggeste‘d that we
should include more items to represent K—2 subject matter (Seidel & Hill, 2003).

Sample and Data Analysis

ALMPDI sites, we collected complete pretest and positest data from 398 teaf:her.s
in 15 institutes, or from an average of 26 teachers per institute. Overal.l, each insti-
tute served about 37 teachers. Because attrition is always a concern in th_ese pre-
and poststudies, we performed a ¢ test to examine whether those whq left their M?DI
before completing a positest were significantly weaker, mathemaﬂcall_y spcakmg,
than teachers who stayed. Pretest scores for the two groups were not significantly
different according to this analysis (p = .86). '

After IRT scaling and form equating was complete, data analysis proceeded _ﬁmt
using simple descriptive statistics and exploratory ANOV As, a.nd then mixed
models using Hierarchical Linear Models (HLM), a program written to accom-
modate multilevel data (i.e., teachers nested within insntutcs') (s‘ee Bryk &
Raudenbush, 1988). Unfortunately, the absence of adequate }onglmdma.l da_ta on
teachers’ growth of content knowledge for teaching mathematl?s in th_ese x.r_nstltutes
prevents us from using the more powerful growth modejl analysis possible in HLM
Instead, we present here results from a covariate ald]u§tment model, 'prt_adlctmg
teachers’ posttest scores from pretest scores plus 1nst1tu.te ch.aractenst'lcs, and
observe that Rowan, Correnti, and Miller (2002) argue that in then: data, this mode}
underrepresents the influence of inputs on outcomes in comparison to a growth

model. Such might also be the case here, with the effect of institutes on teachers

underestimated.
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RESULTS

Across all institutes for which we have data, the average teacher score on the
equated pretest was .47 logits,” and the average teacher score on the posttest was
1.06 logits, for a gain of .48 logits. The standard deviation of the pre- and post-IRT
scales were 1.05 and 1.29 logits, respectively, making this gain somewhere between
a third and half standard deviation in size and statistically significant at p < .0001.
Substantively, this gain corzesponds roughly to a 2-3 item increase in the raw
number correct on our assessment. Considered in light of the fact the assessment
was not designed to match the curriculum of any particular institute, which decreases
the likelihood of finding positive teacher growth, this gain is a promising finding,

An analysis of variance (ANOVA) using institutes as the dependent variable found
significant differences between institutes on a number of key measures. First, there
was significant variation among institutes in the baseline mathematical knowledge
of teachers as measured by percentage correct on the pretest (p <.001). Some insti-
tutes worked with, on average, teachers who scored a hatf standard deviation lower
than the mean on the pretest; other institutes worked with teachers who scored a
half standard deviation above the mean. Second, institutes were differentially
effective in increasing teachers’ content knowledge. Roughly one third of institutes
had teachers who performed no better on the posttest than on the pretest; about half
the institutes had teachers who gained between a third and two thirds of a standard
deviation on the scale representing content knowledge for teaching; about one sixth
of institutes had teachers who gained, on average, a standard deviation or more., In
these highly effective institutes, teachers answered 5-6 more items correctly on the
posttest than on the pretest. This difference in institute effectiveness is statistically
significant at p < .0001. This finding suggests that overall positive program effects
were not due to taking a posttest that is similar to the pretest, because if this were
the case, we would expect to see similar growth m all institutes. The degree of vari-

ation in institute effectiveness also suggests that modeling these results using hier-
archical linear modeling (HL.M) might be fruitful.

An initial two-level HLM model using only teachers’ posttest scores as an
outcome and no independent measures confirms variation among institutes. In this
model, Jabeled Model 1 in Table 2, 13.6% of the variation lay between institutes.
To contro] for teachers’ preexisting mathematical knowledge of teaching, we next
entered teachers’ pretest score as an individual-leve] predictor of outcomes. This
within-institute effect of pretest on postlest score was highly significant (b = 0.80,
P <.0001), and resulted in a reduction in the amount of within-institute variance
by 47% as shown in Table 2, Model 2. Put differently, within each institute,
teachers’ pretest scores positively, significantly, and strongly predicted posttest
scores, a common finding in evaluation and educational research studies.

5 Winsteps, the program used for form equating, calibrates its scale on the average jtem difficulty,
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Table 2 o )
H?erZrchical Linear Model (HLM) Predictions of Institute Outcomes

Model § Meoedel 2 Model 3 Model 4

For intercept, B, - | op#s
1.0F*% Kol 98 .
Intercept (foo) (14) (14) (10) (.09)
.33% 36%*
Length (o) (13) (11
Average institute pretest (yp,} (:ig)
- Number of teachers in institute (y,3) (888) .
Proof/analysis focus (yy,) (:32)
For pre- and postslope (8,) . o -
Intercept (y;y) . . (o o
i ts
¥ nsctote mean (i zew ggwe s gges
Residual (1) 1.47 78 81 81 .
f freed
D%%?:lfe? iev(::? o 397 396 393 . 3?3
Institute level 14 13 11

Note. The numbers within parentheses represent standard errors.
*p < 05 % p< 01 %% p < 001

Because teachers’ pretest scores were centered around the mean teacher w1l;hm
their institute, the intercept, or Byin this second model corresponds to the mean insti-
tute outcome, controlling for teachers’ knowledge as measured on the pretest.
Because the reliability of this intercept is relatively high (.87), we were abl_e to model
mean institute outcome based on teachers’ reports of factors such as desire to learn
and institute content, the length of summer institute (1, 2, or 3 weeks), the average

. pretest score of the group of teachers in the institute,.and. the number of teachers
who completed both pre- and posttests within each mstltt;te. Because the. s_maﬂ
number of institutes included in this data set (ie., 15 institutes) prevents JOiqtly
testing all these variables, we ran separate models for survey (tc.:acher motivation
and MPDI content) and nonsurvey variables {length, average institute pretest score,
number of teachers in each institute). We also constrained the sl.ope of Pretest on
posttest—or the amount by which teachers’ pretest scores pl:edlcts their p_osttest
scores—to be equal for all institutes (see y;q in Table 2) on evidence that this rela-
tionship varied only marginally among institutes (p < :03). In the case of survey
results, we deleted variables that did not meet conventional staljxdards for signifi-
cance from our model and controlled for the length of institutes, to prevent
confounding between length and institute content; in the case that these character-
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istics were interconnected. Table 2, Models 3 and 4, show the results of this
exploratory analysis.

Model 3 in Table 2 shows average institute pretest score (Yoo = 43) was a posi-
tive yet nonsignificant predictor of gains across institutes; the institutes with more
able entering teachers, then, did not differ significantly from those with less able
entering teachers in the amount added to the average teachers’ score: Nor was the
number of teachers that completed the posttest assessments (yy; = .006) in an insti-
tute (Which we used as a proxy for institute size) significant. Length of the institute
(Y1 =-33 in Model 3) measured in weeks(n=1,2,0r3), wasa significant predictor
of institutes’ effectiveness; teachers with more contact hours tended to learn more.
This echoes findings from other studies of professional development (Cohen & Hill,
2001; Garet, Porter, Desimone, Birman, & Yoon, 2001) and reinforces the conven-
tional wisdom that longer sessions can enable more learning (e.g., Corcoran 1995).

We constructed a variable from teachers’ answers to the following questions about
institute content based on a 4-point scale from Strongly Disagree to Strongly
Agree:

a) The MPDI helped me understand how to analyze similarities and differences
among mathematical representations, solutions, or methods.

by The MPDI contained opportunities to learn about proof and Justification in
mathematics.

¢) The MPDI contained opportunities to learn about mathematical comnmunication
and representation.

d) The MPDI has shown me classroom activities that can involve students in
exploration and investigations.

When scaled, these items had an internal reliability of .77. When entered into the
model as a variable that we called opportunity to engage in mathematical analysis,
reasoning, and communication (Yoa = .76), this scale significantly and positively
predicted institute outcomes as shown in Table 2, Model 4. Thus, MPDIs in which
teachers reported more mathematical activities of this type were likely to influence
teachers’ knowledge for teaching mathematics positively. Other variables (e. g.,
teachers’ desire to learn within institutes; mathematical content covered) were not
significant, because of a true lack of effect, because of poor question design, and/or
because of low reliabilities in scales created from these variables, We hope to report
on the effects of an improved set of measures of institute content (e.g., qualities of
the mathematics explored, focus on student thinking, extent of grounding in class-
room work) within the next few years, as these measures are developed and results
become available, ,

To ensure the veracity of results given such a smail sample of institutes, we
performed several conventional statistical chécks of the models reported in Table 2.
Posttest scores, at both the teacher and institute levels, were fairly normally distrib-
uted. Although teacher-level residuals wefe not strictly normal due to “holes” at
certain ranges, their distribution did not suggest a violation of hormality either. Based

_Reproduced with permission of the copyright owner. Further reproduction prohibited without permission
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on a residual analysis, we deleted one outlier institute, reran the models, and
returned nearly exactly the same results. And the rate of convergence for models,
itself a diagnostic (see Bryk & Raudenbush, 1988, p. 202), occurred relatively
rapidly, at under 20 iterations for all models reported here.

DISCUSSION AND CONCLUSION

In this article we report on a first analysis of a novel instrument for measuring
teachers” mathematical content knowledge for teaching. Because of its novelty, the
analysis Is limited. The fact that several of the measures were under development
at the time of this study, combined with problems with data quality (both response
rates of institutes and, to a more limited degree, individuals within institutes) and
the fact our data capture only two time points per teacher mean that these results
are suggestive rather than definitive. This is particularly true of null findings like
the one on the motivation variable desire to learn. The low scale reliabilities for
our survey-based independent measures mean that we cannot say definitively that
any of our null resulis will hold in an iraproved analysis. Subsequent analyses should
be undertaken that account for the effect on outcomes of both teacher character-
istics, such as motivation, educational background, teaching methods, and instituze
characteristics. These institute characteristics should include not only those typi-
cally measured by studies of professional development—for example, length,
coilaboration, focus on classroom-relevant practices—but also those that describe
how content is actually addressed, including the mathematical topics covered
within an institute, the treatment of mathematical ideas, and the nature of the tasks
in which teachers are engaged.

In future studies, researchers should also apply strengthened research designs to
programs of this sort. Because we did not have a control or even a comparison group,
we cannot be sure that teacher leaming would not have occurred anyway or that it
was not a result of taking a similar assessment twice. However, we think it doubtful
that teachers would have learned mathematics for teaching simply by balancing their
checkbooks and reading the newspaper; instead, professional development,
curriculum materiai use, interactions with students, and mathematics course taking
are the most likely precipitants of increases in teacher learning in our study. The
teachers participating in the MPDIs were engaged in professional development, but
were not participating in other professional development outside of the MPDIs
during the summer institute portion of this program. Test-retest effects are more of
a threat to our results. However, we attemnpted to mitigate this possibility by using
two different forms of the assessment, then linking these forms through IRT
equating methods. Results that show institutes were differentially effective in
improving teachers’ scores from pretest to posttest suggest this strategy was -eff'ec—
tive, since a positive effect from retaking a similar assessment would be of similar

size across all institutes.
Despite these problems with our design and analyses, the results do sugges.t some
important findings. Our results show that teachers can learn mathematics for
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elementary school teaching in the context of a single professional development
program. This alone is news: policymakers, mathematics educators, and others can
successfully design programs that improve teachers’ content knowledge for math-
ematics teaching, a goal named prominently in many of today’s published reports,
policy recommendations? and research programs (e. g., Achieve, 2002; Conference
Board of the Mathematical Sciences, 2001 ; Kilpatrick, Swafford, & Findell, 2001 ;
National Commission on Mathemaiics and Science Teaching, 2000; NCTM, 2000,
RAND Mathematics Study Panel Report, 2002). We were less successful in
modeling institute characteristics connected with improving teachers’ outcomes.

- We discuss the implications of each below.

Policymakers and others might use the overall positive results from this study to
help shape future programs intended to improve teachers’ content knowledge in
mathematics. In our visits to these institutes, we noticed potential explanations for
the success of this program that were not captured in our attempts to model results.
First, program staff focused mainly on mathematical content itself, rather than on
how to implement or modify instructional activities without discussion of those
activities” mathematical content (e. g., Hill, 2004; Wilson, Theule-Lubienksi, &
Mattson, 1996). By foregrounding mathematical content, providers increased .
teachers’ opportunities to learn that content. Second, teachers had opportunities to
work together on elementary-level problems that addressed problems that arise when
teaching mathematics content. Teachers in one institute, for instance, investigated
the mechanics of the long division procedure by matching steps in the symbolic algo-
rithm to steps taken when dividing with concrete manipulatives, Teachers in another
institute analyzed word problems to better understand their mathematical structure
and listened to and observed both verbal and visual explanations for why 100=1,

A third observation centered on who was involved and what they brought to the
quality of the institutes’ work: The institutes were taught by mathematically knowl-
edgeable individuals (e.g., university mathematicians and mathematics educators),
and participants were well-paid volunteers. Finally, although we identified similar-
ities among the institutes, we also noticed that institutes differed in tone and content.
Moreover—and particularly promising for future investigations—different
“curricula” for teachers sometimes nonetheless produced comparable results in
teacher growth. In one observed institute, professional development providers spent
the better part of a day proving addition and subtraction algorithms using scientific
notation. Teachers appeared engaged and asked extensive mathematical questions.
In another institute, teachers worked on classifying subtraction problems according
to the situations they model (e.g., compare), watched a demonstration of the stan-
dard muliidigit subtraction algorithm using base ten blocks, then analyzed student
errors in multidigit subtraction. These two institutes gained roughly the same amount
on our content knowledge for teaching scale. This suggests that there may be more
than one viable approach to improving teachers’ mathematical content knowledge.

We were less successful in modeling how teachers gained knowledge within these
institutes. However, we did find a clear effect of fength of institute on the size of
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have higher gains. This finding, though, does _not mean .that only longer 1.nst1tt_ut§s
can increase teachers’ knowledge. An inspection of mst}tutt& 1311gfh E?y gains fin 1S
several counterexamples: the institute that tied for the highest gains in our samp ;
was of only 1 week’s duration. Further, several other l—weck‘ ms_mutes ;/:lac
improved teachers’ knowledge by the same a:_nou'nt as 3—week,mst1‘tutei-s. c)l:c1
remains to be understood about the interpla;:11 off 1nst;n:ute6 structure, curriculum, an
g rovider preparation and gualifications. _
pes\?; (ﬁsy;) ?Zlci Is)hox‘t in riogeling instifute gains bass—:d on the variables meafnt to
represent teachers”™ motivations and perceptions of institute co.ntent. One o 01:1'
scales, however, notably did positively affect postl_:est scores. This sc.:ale repl;;:seix ]
" teachers’ opportunities for learning as they engage in analyses of solutxc.mslan s0 u:
tion methods, prove answers and outcomes, and learn about mathematica connm;h
nication and representation. This suggests tha.lt' the more teacher§ engage v:il
mathematics in ways that afford them opportumnf:s to explore and 11.nk altema_ ve
representations, to provide and interpret ex.planatlons, and to delye into ;ngamnﬁi
and connections among ideas, the more flexible and developed their knowle ige w
be. It may even be that the extent to which. teachers encounter ma@em&;ﬁcs ;:’sn :
domain in which reasoning and represemhatloln are central, and not simply as
isi and routines, the more they learn.
Coflli;ls:;%r;:;iminaiy, these findings re_inforce growing signs that &;e focus atz]i:
content of teachers’ learning opportunities may have 1rn1_)ortant efdeasp%[‘lu‘
development of their mathematical knowledge for teac'hmg (Sow ;:I;u 1ti1;),
Armstrong, & Schappelle 1998). Whereas many stress thﬁ? unportancle o c:ca 4
sufficient time to and extending the length of profess:smai deve opmen age.g.,
Corcoran 1995), our finding that the opportunity toengage in mathemauc?lll atu yS}Cs:
reasoning, and communication can improve teach-er knowleldgC suggests af curfr;s_
ular variables may play an equally important rolg in the quahty and 1mpat<1:t o pl('iol_Iill
sional development. In a recent study of professional dlevelopment, Col e;ln arf i
(2001) found that professional development was most likely to affect_tealc ers Pweu
tice when it was focused on particular content as r'epresented by curricu ut?l], as vel
as on mathematical ideas, and on students’ t.hmk.mg about that same ma ema}fu ‘1:1 .
and on teaching that content. Qur results point to the qeed t'o probg m(lJre care blejs/
into the content of professional development and to identify curricular varia
i ith teachers’ learning. .
aS;C;:;alif t‘g'ili:zdy demonstratei that eval}iations using relatively macl)re II(’lgOI'OcLilS
measures of outcomes can be organized and implemented on a large scale. : en:xiz n);
{1999) describes a chain of evaluation that moves from ﬁrst—le\'fel aPprox;maLli ons
to indicators of student oufcomes (e.g., classroom ol?servaUOns, :ltlan ff;r fzed
student assessments) to fourth-level indicators (e.g., testlmo'ny about ) :k e detc of
policies or programs). The better the indicator, the closer it can be linked to

A . insti-
& Table 2 shows that variation between instituies remains in both models {p < .001 for among-ins
tute variation).

ion of theZBB{EEAED MR Hfh Festaoro@Tctidteprohibited without permissin
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quality of ciassroom instruction and student achievement. Typically, professional
development studies include on) y fourth-level indicators, asking teachers to report
on the extent of percéived learning or change in practice as a result of the profes-
sional development encounter. However, Kennedy concludes that “teachers . . . may
not be good judges of whether they have learned from a program” (p. 358). Some
studies, such as Cohen and Hill (2001) and Garet et al., (2001) aiso include what
Kennedy categorizes as third-level indicators, that is, nonsituated reports on class-
room practices, but these measures are still at a distance from what teachers actu-
ally do, both because of problems of validity and reliability of reports {Mayer 1999)
and because many of the terms used in such measures (e.g., exploration; problem
solving) are highly open to interpretation. These third-Ievel predictors also do not
capture teachers’ content knowledge; to the extent that improving content knowl-
edge is a program goal, however, sole nse of practice measures is problematic. By
contrast, this study employs what Kennedy (1999) calls second-leve] predictors. We
use data drawn from instruments that present teachers with particular sityations and
mathematical problems that arise in those situations, then infer facility in teaching
from their ability to solve those mathematical problems in the context of practice.
Thus, although not a direct measure of teachers’ classroom work with students,
the dependent measure based on pretest and posttest results used here does have
several advantages. One is that it does not rely on teacher perceptions of program
effect; it also measures the knowledg_e needed to teach mathematics. Tt measures
such knowledge more objectively than other indicators, which rely on teachers’
perceptions of growth or practice as a result of professional development, and thus
leaves less room for positive findings based on sociat desirability of responses. With
the continued development of these and similar measures for other content areas,
as well as for other teaching domains such as knowledge of students, and ability to

make appropriate instructional decisions, we hope more evaluations of this kind will
become possible.
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APPENDIX

Sample items

1. Ms. Dominguez was working with a new textbook and she noticed that it gave
more attention to the number 0 than her old book. She came across a page that
asked students to determine if a few statements about 0 were true or false.
Intrigued, she showed them to her sister who is afso a teacher, and asked her what
she thought.

. ‘Which statement(s) should the sisters select as being true? (Mark YES, NO, or
I’'M NOT SURE for each item below.)

Yes No I'mnot sure
a) (is an even number. I 2 3
b) 0 is not really a number. Itis a
placeholder in writing big numbers. 1 2 3
<) The number 8 can be written as 008. 1 2 3

2. Imagine that you are working with your class on multiplying large numbers.
Among your students’ papers, you notice that some have displayed their work
in the following ways: '

Student A Student B Student C
35 35 35
x 25 x 25 x 25
125 175 25
+ 75 + 700 150
875 875 100
+ 600
875

Which of these students would you judge to be using a method that could be used
to multiply any two whole numbers?

Method would Method would -
work for all NOT work for aill

whole numbers whole numbers I'm not sure
a) Method A 1 2 3
b) Method B _ 1 2 3
¢} Method C 1 2 3

Heather C. Hill and Deborah Loewenberg Ball 351

/

3. Ms. Harris was working with her class on divisibility rules. She told her class
that a number is divisible by 4 if and only if the last two digits of the number
are divisible by 4. One of her students asked her why the rule for 4 worked. She
aske[i the other students if they could come up with a reason, and several
possible reasons were proposed. Which of the following statements comes
closest to explaining the reason for the divisibility rule for 47 (Mark ONE

answex.)
a) Four is an even number, and odd numbers are not divisible by even numbers.
b) The number 100 is divisible by 4 (and alse 1000, 10,000, etc.).

¢} Every other even number is divisible by 4, for example, 24 and 28 but not
26.

d) 1t only works when the sum of the last two digits is an even number.
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