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Abstract

We obtain a new characterisation of smoothness for weighted polyno-
mial approximation with respect to Freud weights together with an ex-
istence theorem for derivatives. Our methods rely heavily on realisation
functionals.
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1 Introduction

Recently, there has been much interest in the study of rates of polynomial
approximation in weighted L,(0 < p < 00) spaces, associated with fast decaying
weights on the real line and [—1,1]. We refer the reader to [1-5], [8-11] and the
references cited therein, for a detailed and comprehensive account of the above
topic.

In this paper, we obtain a new characterisation of smoothness in L,(1 <
p < 00) for weighted polynomials associated with Freud weights on the real line
complementing earlier work of [3], [4], [9] and prove an existence theorem for
derivatives in L,(0 < p < 00). In order to state our results, we need to define
our class of weight functions and various quantities. First we say that a real
valued function f : (a,b) — (0, 00) is quasi increasing if there exists a positive
constant C' such that

a<z<y<b= f(z) <Cfly).



Our weight class will assumed to be admissible in the sense of the following
definition.

Definition 1.1

Let
W =exp(—-Q)

where () : R —> R is even and continuous. Then W is an admissible Freud
weight and we shall write W € £ if the following conditions below hold.

(a) Q' emists and is positive in (0, 00).
(b) xQ'(x) is strictly increasing in (0, 00) with

lim zQ'(z) = 0.

|z]—0t

(¢c) For some A>1, A>1,B>1and C >0,

D

A< '(Ax)

Remark 1.2
(a) The archetypal example of our class of weights is
Wi () := exp(—(|z|})),z € R. (1.2)
Here, in particular, A = B = \\.

(b) (1.1) first appeared in [8]. It implies the more frequently used condition,

see [12,13],
Q( ) = 1, - 1-

for positive constants A;, B; and C}.

A <

Armed with the above class of admissible Freud weights above, we now define
a suitable measure of weighted distance.

Let I C R be an interval and

Low(I)={f:I—R: fWeLy,(I),0<p< oo}



where if p = oo, f is further continuous and satisfies

lim fW(z)=0.

We equip L, w(I) with the quasi norm

_ 1wy o< p< oo
W oo {Su{)m'ml(w) 0<p.

and interpret (L, w(I),|];]]) as a metric space in the usual way. In particu-
lar, taking I = R, we may define the L,(0 < p < o0) error in best weighted
polynomial approximation by:

Enlflwp = Jof [[(f = PYWl|z,®), ] € Lpw(R) (1.3)

where P,, denotes the class of polynomials of degree at most n > 1.

In [8], Jackson and Bernstein estimates for E,[f] for fixed f € L, w(0 <
p < 00) were investigated. In order to describe these results, we need the notion
of the Mhaskar-Rakhmanov-Saff number and a suitable weighted modulus of
smoothness which we define below.

Mhaskar-Rakhmanov-Saff number

Let W € £ and define the Mhaskar-Rakhmanov-Saff number, a,,u > 0 by
the equation:

_ 2 [T autQ'(aut)

B T Jo Vv1-— 12
For those who are not familiar, we quickly recall that its significance lies partly
in the identity, see [12,13],

dt,u > 0.

||PW||LOO[7G/T”U/TJ = ||PW||LOQ(R)7 Pe an n Z 1.

Under our assumptions on @, it was shown in [8] that a,, is uniquely defined,
is a strictly increasing function of w and is continuous for u € (0,00). For
example for Wy, a, = Cu'/* for some C' > 0 independent of u.

The Weighted Jackson Modulus of Continuity

The following weighted Jackson modulus of continuity for Freud weights was
introduced and studied in [8].



Definition 1.3
LetWe&, 0<p<oo, feL,w(R), r>1 and set:

wrp(f, W,t) := sup [|AL(f, 2, R)|L, (jx|<o(n)) (1.4)
0<h<t

+ I(f = BYW L, (|20 (t))-

Here a
o(t) := inf {au 2t < t} >0 (1.5)

and for a real interval J,

. T DED e+ —ih) e e
Ak(fr,J) = { 0 ,otherwise

is the rth symmetric difference of f.

Remark 1.4

(a) The essential feature of the function o in (1.5) is that it satisfies the
following important condition. Uniformly for n > 1, there exist constants
C; >0, j = 1,2 such that

a

Thus, in a sense, o(%~) serves as the inverse of the function

a
an :— —.n > 1.
n

Typically, ¢ is small and will be taken as % for n > ng for some fixed but
large enough ng. This latter quantity always tends to zero for large n for
our class of admissible weights, see (3.3).

(b) The tail of the modulus w,,(f,W,;) reflects the inability of weighted
polynomials (PW), P € P, to approximate well beyond [—ay,a,]. Its
presence ensures that for f € Pp_1, r > 1,

wT,p(fa W7 5) = 0

(c) Traditionally for Erdés weights on R and non Szegd weights on [—1, 1], see
[1,11], the increment h in the main part of the modulus in (1.4) depends
on z to allow for endpoint effects in [—ay,,a,] much as in the classical
Ditzian-Totik modulus on [—1, 1] which admits a factor of /1 — z2. This
is not the case for Freud weights on the real line.



We finish this section with two important theorems which were established
in [8,9]. In order to state them, we adopt the following convention that will be
used in the sequel.

Throughout, for real sequences {A,} and {B,} # 0

A, = O(B,,) and A,, ~ B, will mean respectively that there exist positive
constants C;, Cy and C3 independent of n such that % < (Cy and Cy <
Ay /By < Cs.

Similar notation will be used for functions and sequences of functions.

Theorem 1.5
Let We &, 0<p<oo, feLpw(R), r>1andn > ng. Assume that there
is a Markov-Bernstein inequality of the form

' n
||R WHLP(R) < Cla_HRWHLp(R)? ReP,. (16)

Then there exists Cp > 0 independent of f and n such that

Bulflwp < Cruog, (£, W, 22). (L7)

Moreover, if p > 1, we may dispense with the assumption (1.6).

In order to establish (1.7), the following realisation functional was used which
we define below.

Set:
A _ | p(r)
Kop(F, W) i= inf {7 = PYW e+ EIPOW iy} (18)
Here t is chosen in advance and n depends on ¢ by the relation:
n=n(t) = inf{k : % < t}. (1.9)

The concept of realization should be attributed to Hristov and Ivanov [7].
It enabled the authors in [8] to use a general technique of Ditzian, Hristov and
Ivanov [7] to show:

Theorem 1.6

Let We&,0<p<oo, fe LowR), r>1, a >0 and assume (1.6). Let
t € (0,D) where D is a small enough fized positive number and determine n by
(1.9). Then uniformly for f and t the following hold:

(a)
wT‘7P(f7 W7t> ~ KT‘7p(f7 W7tT)- (110)



o (£ Wt) ~ wrp (£ W) ~ gy (LWL 22) (111
(©)
Ky p(F, W, 17)
~ (= PoW L, @) + 1P O WL, ®)- (1.12)

Here, P; ,(f)=P;(f) is the best approximant to f from P, satisfying
I(f = POW Iz, ®) = Enlflwp- (1.13)
(d) If 1 < p< oo and f satisfies the extra smoothness requirement
FW € Ly(R)
then there exists C7 > 0 independent of t and f such that

wrp(f, W, 1) < Cot"[| FIW |, ) (1.14)

(e) Moreover if in parts a — c above we only assume p > 1, then the results
hold without the assumption (1.6).

This paper is organized as follows: In Section 2, we present our main results
and in Section 3, we establish Theorem 2.2, Theorem 2.3, Theorem 2.5 and
Theorem 2.6.

2 Statements of Results

Throughout this paper, C, C,... will denote positive constants independent of
t, n, x and P € P,, while the symbol D will always denote a small enough but
fixed positive constant. The same symbol does not necessarily denote the same
constant in different occurrences. We shall write C # C(L) to mean that the
constant in question is independent of the parameter L.



2.1 A Characterisation Theorem
In order to formulate our main result, we need the following important theorem
which was stated in [8] without proof:
Theorem 2.1
LetWe&, 0<a<r,0<p<oo, feL,w(R) and assume (1.6).

Then the following are equivalent:

(a)

En[f]Wm:O(%)a,n—)oo. 2.1)
(b)
wrp(f,W,t) = O(t*),t — 07 (2.2)

Under more restrictive conditions on W, this was established in [9, pp.185-
186] and may be proved using the methods of [1, Corollary 1.6]. For our pur-
poses, it is more important to observe that Theorem 2.1 is not suitable for
characterizing optimal orders of smoothness, i.e., it does not include the impor-
tant case a = r. To this end, we replace (2.1) by a different characterisation
and prove:

Theorem 2.2
Let W e &, 1<p<oo and f € L, w(R). Suppose further that

n ap

IPEOW |, ) < Cy (—) v () n— o0 (2.3)

an
for some quasi-increasing
¥ : [0, 00] — [0, 0]

satisfying
Y(x) — 0,2 — 0.

Then the following hold:

Enlflwp < Cs (/Cg% ¢(T)d7'> ,—> 00 (2.4)
0 T
(i) i,
wrplfW,8) < €4 ( "o dr) pp— (2.5)

Here the Cj,j =1,2,3,4,5 are positive and independent of t and n.



In particular, if ¢ satisfies for some positive constant Cg

/Cﬁt YT 4 — 0@w(t), ¢ —s 0
0

T

then there exist C; > 0,7 = 7,8 independent of t and n such that

En[flwp =0 (ﬂ} (07%>> ;W —> 00 (2.6)

and

Wr7p(f7 W: t) = O(w(c8t>>7t — O+' (27>

We deduce the following analogue of Theorem 2.1.
Theorem 2.3-Characterisation Theorem

Let We&, 0<a<r,1<p<ooand f € L, w(R).

(a) Then the following are equivalent:
wrp(f, Wit) = O(t%),t — 0% (2.8)

i n r—a
IR W e, =0 () o0 —oo, 2.9)

n

(b) In particular, the following are equivalent:
wrp(f, W, 1) = O(t"),t — 0. (2.10)

|1PrOW ||, @) = O(1),n — oco. (2.11)

Remark 2.4

(a) We believe that is unlikely that (2.1) and (2.2) should hold with o = r.
Indeed it seems that the characterisation (2.9) is the better replacement.
We deduce that in the range for which w,,(f,W,;) and wrt1,(f, W, ;)
have different behaviour, E,[f]w, yields information on w41 ,(f, W, ;)
and ||P;(])W||LP(R) yields information on w; ,(f, W,;) for j = r and j =
r+1.

(b) Concerning the relationship between w, ,(f,W,;) and wyi1,(f,W,;) a
Marchaud inequality was proved in [8].



We now establish:
Theorem 2.5-Quasi r-Monotonicity of the modulus

Let We&, 0<p<oo, fe L,w(R), t €(0,D), r>1 and assume (1.6).
Then there exists C1 > 0 independent of f and t such that

wT+1,p(f7 W7 t) S Cle,P(fv W7 t) (212)

Finally we are able to prove:
Theorem 2.6-Existence Theorem for Derivatives

Let We&, 0<p<oo, feL,w(R), n>ng and ¢ = min(1,p). Moreover
assume (1.6). Then if for some positive integer k

0/ 9i=1p\ ¥
< > E2j—1n[f](ll/V7p <X

A9j—1
j=1 21—1n

the following hold:
(a)
FOW € Ly(R).
(b) For some Cy # C1(n)

I(F = B Wll,w)

Q=

o0 i1 kq
< 2(2] ”) Esi a1, | - (2.13)

= A9ji—1y

Remark 2.7

We remark that it is possible under our hypotheses to reformulate all our
results for n > r — 1.

3 Our Proofs

In this section, we present the proofs of Theorems 2.2, 2.3, 2.5 and 2.6.



3.1 Characterisation Theorem

We begin with:
The Proof of Theorem 2.2

We choose a large natural number M and fix it. For the moment we do not
specify the size of M as this will be done later in the proof for clarity.

Let Pj,,,(f) = Pj;,, be the best approximant to f from P, satisfying

1(f = Pyn) Wz, =) = Ennlflw,p- (3.1)

Moreover let P} (Pj;,,) be the best approximant to Py, from P, satisfying,

1(Parn = Py (Prira IW L, ) = EnlPhrn]wp- (3.2)

First observe that using (1.3) and the fact that P (Pj};,,) is a polynomial of
degree at most n gives

En [f]Wm

Pig;n I(f = PYWlL,®)
I(f = Py (Pan )WL, (R)- (3.3)

IN

Then (3.1) and (3.3) yield
1(Parn = Py (Para DW |, )
IS

F =B (P )W, ) — I(F = Prarn) WL, 2)
En [f]Wm - EMn [f]W7p~ (34>

I, :

(AVARLY,

Next we need the following estimate of a,, which follows from [8, (2.7)]:

Given u > 1 and v > wvg, there exist positive constants «, 3, v and §
depending only on A, B and A (recall (1.1)) such that

Sul/H8 < C;ﬂ < qut/tte, (3.5)
v

Then using (1.7), (3.2), (1.14), (2.3) and (3.5) we have
. a
I, < Ciwr, (PMn,W, ;”)

< czw(%j). (3.6)

10



Here, Cz 75 CZ(TL)
The estimates (3.4) and (3.6) then readily give

En[flwp < Cs Z Iy,

ey ()

c4sn (3.7)

IN

where

f}w(“M" )n>1 (3.8)
k=1

and 04 75 C4(TL)

We now estimate (3.8) in terms of an integral.

Using (3.5) and recalling that v and o were independent of v and v, we
choose M at the start of the proof so large that

1 «
M>exp( ZO[)fy%.

(3.5) then shows that there exists ng such that uniformly for £ > 1 and n > no,

@ark—
k 1n 1
/ v —dr > 1.
M’» T

kn

The quasi-monotonicity of ¢ then yields,

C5Z/Mk 1n

Cs / GG (3.9)
0 T

LZJ dr

Sn

IN

IN

where Cg # Cs(n).
Substituting (3.9) into (3.7) gives (2.4).

Now let 0 < t < D and define n := n(t) by (1.9).

11



Then using (1.10), (1.11), (1.8), (1.13), (2.3) and (3.7), we proceed much as
in the proof of (2.4) and obtain

wrp(f, W,1) < Croy (f, ‘]‘\14”;)

< cuti (10, (02))
< G5 (I0F = Pina) Wllzy e+ (22) NP3 Wl )

Mn
< Oy (Batalflws + 0 (52))
(Zw (T )) < Cs OW @dr (3.10)

Here Cs and C7 are independent of ¢t. Thus we have (2.5). (2.6) and (2.7)
then follow easily. O

We may proceed with
The Proof of Theorem 2.3

We apply Theorem 2.2 with ¢(7) := 7%. This then shows that (2.9) implies
(2.8). The other way follows from (1.10), (1.11) and (1.12). The equivalence of
(2.10) and (2.11) follow from part (a) of Theorem 2.2 by setting o = r. O

We now present:
The Proof of Theorem 2.5

Let ¢ = min(1, p) and let P} be the best approximant to f satisfying (1.13).
Then (1.10), (1.13), (1.6), (1.7) and (1.12) give for n > ny,

an\ 9
Wr+1,p <f7 W:;)
* (079 (T+1)q *(r
<Gy <||(f —POWIL )+ <7) 177 +I)WH%p(R))

< s (Bl + (22) " 1Bz )

<03wrp<f, “n") . (3.11)

Here Cg 7é 03 (f, TL)

Now let 0 < ¢t < D and determine n := n(t) by (1.9) Then (3.11) and (1.11)
together imply (2.12). O

12



We finish this section with
The Proof of Theorem 2.6

Let Py be the best approximant to f satisfying (1.13). Then much as in [3,
Theorem 2.3] we write for a.e z € R,

o0

F(&) = Pi(@) + Y (P, (@) = Py (2))- (3.12)

j=1

Now apply (3.12) together with (1.6). This gives,

I = DWW

./ 2in ka
< 012<a2j ) (P35, = Po-r )W )
j=1 "
> /9i-1p\ "
=1 "

Here, Cy # Co(n, f). Taking gth roots gives the theorem. O
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