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Abstract

In this note a new characterisation of smoothness is obtained for
weighted polynomial approximation in L,(1 < p < oo) with repect to
a large class of exponential weights in (—1,1) which include the classi-
cal Pollaczek weights. Along the way we prove Marchaud inequalities,
saturation theorems, existence theorems for derivatives and generalize a
theorem of D. Lubinsky.
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1 Introduction

The purpose of this note, is to generalize [5, (1.22)] of Lubinsky for a large class
of symmetric exponential weights on (—1,1) which include the classical Pol-
laczek weights and thus extend earlier results of Ditzian and Totik for Jacobi
type weight functions. Along the way, we prove Marchaud inequalities, satura-
tion and quasi r monotonicity theorems, existence theorems for derivatives and
clarify a statement made by Lubinsky in [6, Section 5, pg 19].

In [5], Lubinsky has recently investigated forward and converse theorems of
polynomial approximation in L,(1 < p < 0o) for a class of symmetric non Szegd
weights in (—1,1). By a symmetric non Szeg6 weight in (—1,1), we mean a
weight

w = exp(~Q)



where @ : (—1,1) — R is even and uulike classical Jacobi weights, vanishes so
strongly near £1 that it violates the classical Szeg6 condition

! logw(x)

1 \/1—%2

dx > —o0.
As examples we mention
w(z) = wo,qo(x) := exp (—(1 — x2)7o‘) ,a>0z € (—1,1)
and
w(z) = wy,o(z) := exp(— exp;([1 — 22]79),a >0,k > 1,z € (—1,1).

Here exp,(;) := exp(exp(...(exp(;)))) denotes the kth iterated exponential and
expo(z) = z. In particular, wo /5 is the well known Pollaczek weight, see [9,
(1.10), pg 389].

For such weights, w, we define the error of best weighted approximation by
Eulflug = it I(f = Pols,ipsf € Lw(-11) (L)
where II,, denotes the class of polynomials of degree at most n > 1,
Lypu(~1,1) == {f : (-1,1) — R: fw € L,(~1,1),1 < p < o0}
and if p = oo, f is further continuous and satisfies

lim fw(z) =0.

|z|—1
It is well known, see [6], that
Enlflwp = 0, n — .

We denote by Py, = Pj, the best approximating polynomial at which the
infimum in (1.1) is attained.

For parameters r > 1, 0 < a < r, 1 < p < o0, a modulus of smoothness
wr p(f,w,;) which is defined in (1.4) below and for positive constants C;, j = 1,2
independent of n and ¢, Lubinsky in [5, (1.22)] established the equivalence:

(a)
Eolflwp <Cin™ % n — 0. (1.2)

(b)
wrp(fyw,t) < Cot®, t — 0% (1.3)



The importance of the above result lies in the fact that it enables one to
say something about the ‘smoothness’ properties of the function f knowing in
advance how fast one can approximate it by weighted polynomials and visa

versa.

Indeed will show the following:

(1)

(2)

For 0 < a < r and for rates of decrease as fast as a negative power of n,
there exists a new and more optimal characterisation of smoothness which
implies (1.2) and is equivalent to (1.3).

The importance of this new characterisation lies in the often different
behaviour of the rth and (r 4+ 1)th moduli of smoothness and to this end
we completely describe this relationship by proving a Marchaud inequality
and a corresponding converse theorem which works in L,(0 < p < 00).

A closer examination of (1.2) and (1.3) reveals that they also hold for a
certain logarithmic rate of decrease ¢ slower than a negative power of n
and that for such ¢, the characterisation (1.2) and (1.3) is more optimal
so that in general both characterisations are applicable to different ranges
and supplement each other.

A saturation theorem, quasi r monotonicity theorem and existence theo-
rem for derivatives hold true and in the process we clarify a statement of
Lubinsky in [6, Section 5, pg 19] and extend results of Ditzian and Totik,
see [4, Chapter 7,8].

To state our main results, we define formally our class of weights, our mod-
ulus of smoothness and introduce some needed notation.

First we say that a real valued function f : (a,b) — (0, 00) is quasi increas-
ing (quasi decreasing) if there exists a positive constant Cy such that

a<z<y<b= f(z) <Cif(y) (f(z) > C1f(y)).

For any two sequences (b,,) and (¢,,) of nonzero real numbers, we write

bn . cp,

if there exists a constant C; > 0, independent of n such that

and

bn S Cl Cn

bn ~ Cp,



if there exist positive constants Cj, 7 = 2,3, independent of n such that
CSCn S bn S 020n~

Similar notation will be used for functions and sequences of functions. By C
we will mean a positive absolute constant which may take on different values in
different places.

Our weight class, much as in [5], is defined as follows:

Definition 1.1

Let
w = exp(~Q)

where @ : (—1,1) — R is even, continuous, has limit oo at 1 and Q' is positive
in (0,1). Then we shall write w € £ if the following conditions below hold.

(a) zQ'(x) is strictly increasing in (0,1) with right limit 0 at 0.
(b)

Q'(z)
Q(x)

is quasi increasing in (Cy,1) for some 0 < Cy < 1.

T(z) :=

(c) Assume that for each € > 0, there exist constants C; > 0,7 = 1,2 such
that uniformly for © and y

Q'(y) Q)\ '
0'(x) <O (Q(x)) Ly > > Ch.

(d) For some >0 and 0 < Cy < 1, (1—x2)"*0Q!(z) is increasing in (Cy,1).
In particular, wo o and wg,o € £.
In [5], the following modulus of continuity was studied for the class £.
Definition 1.2
Letwe &, 0<p<oo, fe€Lyy,(—1,1),r>1,te (0,t) and set:

Wr,p(fvwvt) o= Oi]*;}it||Azq>t(x)(f7xv(_1v1))||Lp(|w|§a1/2t) (14)

+ Relgf,l H(‘f a R)w||Lp(|$|Zal/4t)'



Here,

6w = [1- L vt ee i, (15)
ay/t
. () (=Dif(r+ 2 —dh) Lz + e (-1,1
A (f,z,(=1,1)): = { OZFO (l)( Hers - ztherzwise( :

is the rth symmetric difference of f and a/, is the (1/t)th
Mhaskar-Rakhmanov-Saff number for w? defined by

1/t = 2 ' ay/eu@’(ay/pu)
™ Jo vV 1—u?

For those who are unfamilar, its significance lies partly in the identity

du.

||Pw||Loo(7171) = ||Pw||Loo(7aman)a Pe Hn

For example for classical Jacobi weights, the interval [—a,,, a,,] is essentially
[-1—n"21—n"?] and thus the remaining subintervals of [—1,1] of length n =2
are negligible. For the class of weights £ however, a,, is much smaller and so it
is more significant. For example for wy, o,

1—a,
(logy, )~ */«
where log;, denotes the usual kth iterated logarithm.

The function h®; is a suitable replacement for the well known factor hv/1 — 22
in the Ditzian-Totik modulus, see [4], i.e. it describes the improvement in the
degree of approximation over {z : aan < |2| < az} for any fixed a € (0,1/2) in
much the same way as v'1 — 2 does for Jacobi weights on [—1,1].

Following is our first main result:

Theorem 1.3
Letwe &, 0<a<r, 1<p<ooand f € Ly (—1,1). Further define

(1) =714 72>0.

Then
wrp(frw,t) .t t — 0 (1.6)



iff
125 % wllp, 10y - 0" (1/n), n = 0. (1.7)

Moreover (1.7) implies

Eplflwp-n" % n— oo. (1.8)

In particular it is well known, see [8], that
Enlflwp-n"", n— oo.

does not imply that
wrp(frw,t) .t t — 0T

but as we have seen
1P @ w4y 1) - 1, m = 00

does.
We deduce that in the range for which w, ,(f,w,;) and wy41 p(f, w,;) have
different behavior, E,[f],,p yields information on wyy1,(f, w,;) only while

||P;(j)q>£w||Lp(7171)

yields information on w; ,(f, w, ;) for j = r and j = r+1. Concerning the precise
relationship between wy ,(f,w,;) and wy41,(f,w,;) the following Marchaud
inequality and corresponding converse theorem hold true.

Theorem 1.4

Letwe &, 0<p<oo, ¢g=min(l,p), t € (0,¢) and f € L, ,(—1,1). Then
uniformly for f and t,

¢ 7 (log. (1))"9/2
wrp(fow,t) . A7 [/ wriplhw ' (og (§)) ", )
t urd
1 rq/2 1/q
+ (on (7)) el o]
Moreover
WT—&-l,p(f,U),t) - wr,p(fvwvt)- (110)



The appearance of (1.9) might seem at first unatural because of the presence
of the logarithmic terms. However they arise because of the function ®, in the
modulus (1.4) which is necessary to depict endpoint effects in the Mhaskar-
Rakhmanov-Saff interval. They also appear for Erdds weights in R, see [2], and
in earlier work of Ditzian and Totik, see [4]. The estimate (1.10) is classical and
follows [4] and [1].

Theorem 1.5
Let we &, 0>0,1<p<ooand fe€ Ly,(—1,1). Further define for ¢

sufficiently small and positive

(1) = (logl/7)"°, T €[0,¢).

Then
(a)
wT‘7P(f7w7t> . ﬂ’(t): L= 0+ (111>
iff
En[fluwp - ¥(1/n), n — cc. (1.12)
Moreover
||P;(T)‘I’%w||/;p(7171) .n"P(1/n), n — oo (1.13)

yields essentially no information on the function f.

(b) We always have

1/n
P OIS wlly g . 0" wrplfrw,7) 1.14
n o p( ’ ) 0 T

We deduce that for the slow decreasing 1 as above, the characterisation
(1.2) and (1.3) is better whereas for faster decreasing ¢, Theorem 1.3 is the
correct replacement. Thus both theorems are applicable to different ranges and
supplement each other. A similar effect occurs in the unweighted case, see [4,
Theorem 7.3.2], for Jacobi type weights on (—1,1), see [4, Chapter 8] and for
Freud and Erdés weights on R, see [1, Theorem 2.5 | and [3, Theorem 2.2].

Concerning, (1.14) this is non trivial as the modulus in (1.4) is not necessary
increasing. Nevertheless, using a strong quasi r monotonicity property of the
modulus (1.4) which we will establish in Theorem 1.7 below, we are able to
establish (1.14) and this may then be used to give an alternative proof of the
implication :

125 Lwllp,-1,1) -7 n— oo



if
wrp(frw,t) .t t — 0
forO<a<r.

We pause briefly to outline the structure of this paper. In Section 2, we
present the proofs of Theorems 1.3-1.4 and the implications (1.11), (1.12) and
(1.13) of Theorem 1.5. In Section 3, we formulate and prove a saturation the-
orem, Theorem 1.6, a quasi r monotonicity theorem, Theorem 1.7 and in the
process clarify a statement of Lubinsky in [6, Section 5, pg 19]. We then prove
(1.14) of Theorem 1.5 and finally formulate and prove an existence theorem for
derivatives, Theorem 1.8. We close with some final remarks and open problems.

2 The Proof of Theorems 1.3-1.4 and implica-
tions (1.11)-(1.13)

We begin with the:
Proof of Theorem 1.3

The proof follows from the following observation which is of independent
interest,.

Suppose that uniformly for n > ng

*(r) HT r 1
| Pr) %WHL},(—M) .n"Pp (ﬁ) (2.1)
for some quasi increasing or quasi decreasing
¥ :(0,e) — [0,00)

satisfying
Y(x) — 0,2 — 0.

Here, ¢ is a sufficiently small positive number.

Then the following hold:

(a) Uniformly for n > ng and t € (0,#9)

(i)
1/n .
Eolfluy - ( /O @m) . (2.2)



ct
wrp(f,w,t) . ( Md7'> . (2.3)

0 T

(b) In particular, if uniformly for ¢ € (0, o),

G

0 T

dr . (t) (2.4)

then uniformly for n > ng and ¢ € (0, t)

Elflas - (g7 25)

and

w7’7p(f7w7t> . "/}(t) (26>

We follow the method of [4, Theorem 7.3.2] and let Py (f) = P5, be the
best approximant to f from Ils,, satisfying

1(f = P )wlli,(-1,1) = Ean[flw.p- (2.7)

Moreover let P¥(Py,) be the best approximant to Py, from II,, satisfying,

(P2, = P (P))wllL,(-1,1) = EnlPsp]w,p- (2.8)

First observe that using (1.1) and the fact that P¥(Pj,) is a polynomial of
degree at most n gives

Eulflow =t I(f = Pyullz, o

I(f = Ba (Bn))wll L,y (—1.0)- (2.9)

IN

Then (2.7) and (2.9) yield

1(Fs, — P (Pou))wllp, (-1,
1(f = PP ))wlln, (-1, = I(f = P)wlle, (-1,
En[f]uup - E2n[f]w4)~ (21())

I,: =

(AVARAY



We now need the estimates, see [5, (1.17)], [5, (5.9)], [5, (1.23)],
1P @ wll, -1y (2:11)

L
2n

1
Wr7p(f,w, 1/TL) ~ ||(f - P;n>w||Lp(—1,1) + (%)

and
Wrp(Payw, 1/n) 0|2, w1 (2.12)

Combining these with (2.1) gives

I, . wrp (P;n,w, %)
1
" (ﬁ) . (2.13)

(2.10) and (2.13) then readily give

= 1
En[flwp - Y (W) =5y (2.14)
k=1
where
= 1
Spi=> ¢ <—> ,n > ng. (2.15)
l; 2kn 0

First observe that for each fixed k

Qk—lln 1
/ —dr =log?2
1 T

2k n

and assume without loss of generality that ¢ is quasi-increasing for the other
case is similar.

Then the quasi-monotonicity of i gives,

Su o> T p(n)dr (2.16)
k=1’ 7% T
. /% Mdr
0 T

Substituting (2.16) into (2.14) gives (2.2).

To see (2.3), we let ¢t € (0,%9), define n to be the largest integer < 1/t and
use (2.11) and the identity

wﬁp(fawat) ~ Wﬁp(fawal/”) (217)

10



which holds unformly for n.

Then (2.3) follows as in (2.2) using (1.1) and (2.1). Thus we have shown
(2.2) and (2.3). Applying the claim above with ¢(7) := 7 shows that (1.7)
implies (1.6) and (1.8). The reverse implication follows from (2.11). O

We next present the:
Proof of Theorem 1.5: (1.11)-(1.13)

We first observe that the implication (1.11) to (1.12) follows from (2.17) and
the identity, see [5, (1.20)],

Enlflwp - wep(f,w,1/n) (2.18)

uniformly for the given n. Moreover, it is clear that we cannot deduce from
(1.13) anything about the smoothness of the function f if we recall (2.4) and
the definition of ¢. Thus it remains to prove the implication (1.12) to (1.11).
To this end we choose n > ng, set | := log, n and recall the identity, see [5,

(1.21)]
l

wrp(fyw,1/n) . (1/m)" > (1= +1)"*27 Ex; [flup- (2.19)

i=—1
From (2.19) and assuming (1.12), we obtain

l

wrp(fyw, 1/n) . (Lfn)" Y (1= j+1)72277p(1/27).

j=-1

Then the above becomes

orplfrwtjn) - ) Y =g+ U (o)

Now for the given ¢ € (0,%p), we set n to be the largest integer < 1/t. Then
the implication (1.12) to (1.11) follows from (2.20) and the identity (2.17). This
completes the proof of the implications (1.11)-(1.13). 0.

Next we present the:

Proof of Theorem 1.4 (b)

Let n > ng, ¢ = min(1, p) and let P be the best approximant to f satisfying
(1.1). Then it follows from (2.11), (2.18) and the Markov-Bernstein inequality,
see [5, Lemma 2.3],

125D @ |y 1y -l PO L wlln, (2.21)

11



that for n > ng,

1 q
wr+17p <f7w7 E)

1 (r+1)g L L
M= rell, o+ (3) IR

1\
B+ (3) IRVl
1 q
- Wrp (f7w7 E) -

Finally for the given t € (0,19), let n be the largest integer < 1/t and apply
(2.17) and (2.21). This establishes (1.10). O

Before we may proceed with the proof of Theorem 1.4 (a) we need a lemma
which generalizes [7, (7.2)] and which will prove useful in the proof of Theorem
1.6 as well.

Lemma 2.1 Let w € &, ¢, a > 0 and for any y,z > 0 set

@y (z)
. ()

U, .(z) = Lz € (-1,1) (2.22)

where @, is defined by (1.5). Then uniformly for 0 < s <t < 1o,

<log(2 + é)) * (wes[u;l)ﬂ (qu(x))) N (é) . (2.23)

Proof

Firstly the lower bound in (2.23) follows from (7.2) of [7]. Thus it suffices to
establish the corresponding upper bound. Firstly if |x| < a,/, then the result
follows by (3.2) of [7] since in this case

‘Ilt7s(.fb'> .1
uniformly for s, ¢t and x. Thus we may assume without loss of generality that
|z| > ayy;.
We first show that uniformly for ¢t and x

1/2
By (z) . ‘1— =l

/2t

12



To see this, first observe that [5, (2.3)] implies that

max (‘l_ﬂ 7T(al/t)1/2> ) ‘l—ﬁ
ai/t

Qi /2t
for our range of |z|.

1/2 1/2

Now using the estimate above, the lower bound in (2.23), [7, (7.1)], the
triangle inequality and (1.5) yields

o, (1) (2.24)
1/2 1/2 l 1/2

+1
%
a a s
B, (x) + ( 1/s> ‘1 VT
Qayi/2t ai/s

1/2 1/2 1/2
al/s 1/2 (T(al/s) )
+ | —= T(a — P, (x
<a1/2t> ( 1/2t> T(a1/2t) (=)

() () e 2o

We now estimate each of the terms in (2.24).

=l ai/s

Qayi/2t

|z]

.‘1 1-

#]i-

ai/s Qai/s
1/2

o, (z)

ay /2t
Qai/s

1

Firstly as T is quasi increasing it follows from Definition 1.1 (¢) and [7, (2.7)]

that T(a,s) 1/2 Qarye)\
(T(al/t>> '<Q(a1/t)> - (t/s)".

On the otherhand we always have

<a1—/> 7
ay/t
Inserting these estimates into (2.24), recalling that logarithms grow slower than

any polynomial and dividing by ®,(z) yields the upper bound in (2.23) and
hence the lemma. O

We are now ready for the:
Proof of Theorem 1.4 (a)

We let first n > ng. Then if [;] denotes the largest integer <;, we may write
using (2.11) and (2.18)

1 q
Wr,p <f7w7 E) (2.25)

13



P*(r) {/nw‘

n

1\? 1\
Wr+1,p (fﬂ%ﬁ) +<E> ‘

Now choose | = [ (n) with

q
Lp(-1,1)]

r2lt? >n> r2ltt
and n > 2r. We then write
-1

Pr@) =S (P @) - P (@) P (@)
> (a1 0 o) @) + P

2k+1 ol+1
=0

Applying (2.23), (2.21) and (1.1) yields

-1

() NT

' k=0
e () it

q
P ;/anLp(_m) (2.26)

q

(Pﬁﬁﬂw)_fﬁﬁﬁ]@»>u}LAhU

For our given ¢, set n = [1/¢]. Then we may, using (1.1) and (2.18), express
(2.26) as an integral and combining this with (2.25) and (2.17) obtain the result.
Thus Theorem 1.4 is completely proved O.

3 Saturation theorem, Quasi r monotonicity the-
orem, Existence theorem for derivatives and
(1.14)

In this section, we establish a saturation theorem, a quasi r monotonicity theo-
rem, and an existence theorem for derivatives which are of independent interest
and arise naturally from our previous considerations. In the process, we clarify
a statement raised in [6, Section 5, pg 19] and prove (1.14).

We begin with:

Theorem 1.6 Letw € £, 1 <p<oo, f € Lyw(—1,1) and r > 1. Suppose that
for a given € > 0,
r7p(f7w7t>

L. W
lim inf
t—0+ trte

= 0. (3.1)

Then f is a polynomial of degree r — 1 a.e.

14



The essence of (3.1) lies in the fact that it easily follows from (1.4) that for
any P € Il._;, we have
w’r‘7p(P7w7 5) = O

and so (3.1) is a strong converse.
We observe that (3.1) is false for 0 < p < 1.
Indeed set:

flo) = { 7 e (0,1).

Then f € L,, p <1, and

W (f,t) == sup [|AF (A1) - TP
0<h<t

As f is of compact support,

w"(f,t) ~ wr,p(fv w, 1)
and so (3.1) holds for any 0 < e < =1+ 1/p.

The essential ingredient in the proof of Theorem 1.6 is the following result
which is of independent interest:

Theorem 1.7 Let w € £, 1 <p < oo, f € Ly (—1,1), 7 > 1, and t € (0, ).
Then uniformly for A € [1, tTO] and f and t

wrp(f,w, At) ~>\T< sup ‘I’Ant(fﬁ)) wrp(fyw, 1) (3.2)

z€[—1,1]

where Uy was defined in (2.22).

In particular, given € > 0, we have uniformly for 0 <t < ty,
fand X e [1, %]
Wnp(f: w, )‘t) : )‘T+Ewr7p(f7 w, t)' (33>

Remark

We remark that the analogue of Theorem 1.7 for Erdds weights is Theorem
2.1 in [1]. Moreover in [4, Theorem 4.1.2], (3.3) is established for a large class of
Freud weights with no € on the right hand side in keeping with classical results.
The reason for this unexpected extra factor is again due to the function ®; in
the main part of the modulus which depends on ¢ and is necessary to describe
endpoint effects. These endpoint effects do not occur and are not natural for
Freud weights. (3.3) then clarifies a statement of Lubinsky in [6, Section 5, pg
19] where it is claimed that (3.3) holds with € = 0 and for every A > 1.

15



Before we prove Theorem 1.7, we show how Theorem 1.6 follows from it.
Thus we present the:
Proof of Theorem 1.6

Our method of proof follows that of [1, Theorem 2.3] and [4, Theorem 4.2.1].
Choose t € (0,tp) and define for 0 < p < 00

KoplFwnt) = inf (I = Pwll,can + 1P Rl 1) (39

Then it follows easily from (2.11) and [5, (5.9)] that we have uniformly for ¢

KT,p(f,w,tT) ~ Wr,p(fvwat)- (3.5)

Now choose t; € [t,tp]. Then applying (3.3) with A := ¢; /¢ and using (3.5)
yields
KT,P(fv w, t{) =0. (36)

Now using (3.4) and (3.6), we may choose a sequence of polynomials (FP;)$2, €
I /¢, such that

1(F = P)wlln, 1) + P @7 wllp, 1y < 27 (3.7)

Then for a.e € (—1,1) we have,
o0
fla) = Pi() + > (Pir1 — Py)(x)
=i
and so using (3.7) gives

1@} wlp, (1) - 2714+ 27U 4o (3.8)
j=i
274,

As (3.8) holds for each ¢ > 1, we must have
||f(r)q);w||Lp(—1,1) =0
which implies that for a.e ¢ € (—1,1)

FO@7 w(z) =0

16



or f is a polynomial of degree r — 1 a.e 0.

We now present the:
The Proof of Theorem 1.7

Let t € (0,%0), A € [1,%], ¢ > 0 and let n = the largest integer < 1/t. By
(3.4) we may choose P € Il ;; such that

I(f = PYwlle, 1,0 + " wP O @1, 11y < 2K p(fyw,87). (3.9)

Then using (2.11), (2.12) and (3.5) we may choose R € II;/y, such that

I(R = P)wllz,-11) - A" IPDw L, -1)- (3.10)

Similarly we obtain
()‘ty||WR(T)‘I’§t||Lp(—1,1) (3.11)
Ky p(Pyw, (A)7) . wyp(Pw, At)
Q)P wd |1, —1.1)-

Then using (3.10), (3.11), (2.11), (3.5) and (3.4) gives (3.2). (3.3) then
follows from (3.2) and (2.23). O

We present and prove the following existence theorem for derivatives.

Theorem 1.8
Letwe &, 0<p< oo, f€Lpw(—1,1), n >ng and ¢ = min(l,p). Then if

Z 2j(5+kq>”qu2i—ln[f]Z;,p < o0

j=1
for some € > 0 and positive integer k the following hold:
(a)
FPw e Ly(-1,1).
(b) -
I(f — P )(I’%U)HLP(—Ll) (3.12)

q

o0
) Z 2](E+kq)nqu2j’1n[f]Z;,p

j=1
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Proof

Let P} be the best approximant to f satisfying (1.1). Then much as in the
proof of Theorem 1.4, we write for a.e z € (-1, 1),

f(&) = Pi(2) + Y (B3 (2) = Py (@) (3.13)

o0
=1

Now let € > 0 and apply (3.13) together with (2.21), (2.23) and £. This
gives:

IN(f — P;>(k)q)k%w”%1,(f171)

[o o)

. Z2J(E+kq)nkq||(P;jn - ;j_ln)wH% (_1 1)
]71 P El
[o o)

i Z 2j(€+kq)nqugj—ln[f]w7p'
j=1

Taking qth roots completes the proof of the theorem. O

Finally we present the:
Proof of (1.14)

Let P be chosen to satisfy (1.1) so that (3.13) holds. Then using Theorem
1.7 and (1.1) we may write

1(f = Po)wllL,(—1.1)

o0
" Z ||(P2*Jn - P;jfln)wHLp(*Ll)
j=1

> .
. Z wr,p(fv w, 2_]’”_1)'

j=1
Then observing that for each fixed j

2j711n 1
/ —dr =log2
1 T

27 n

and using Theorem 1.7, we obtain the identity

/n
En[flwp - /01 wrplfrw,7) dr. (3.14)

T
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Set [ := log, n. Then combining (2.11), (2.19) and (3.14) yields
||P;(T)‘I’%w||Lp(—1,1) (3.15)

! 1/279
nm Y (- /2D / wrp(fyw,7) o
T
j=—1 0

Let 0 < € < r/2. Then Theorem 1.7 shows that we have for each fixed j

1/29 172!
/ Orplls05T) g =) irte) / wrplh 0T g (3.16)
0 T 0 T

Thus combining (3.16) and (3.15) yields (1.14). O

We close with some final comments and open problems:

As is illustrated in this paper, the modulus of smoothness (1.4) has the
advantage that it illustrates endpoint effects in the Mhaskar-Rakhmanov-Saff
interval by virtue of the function ®;. This however does introduce extra loga-
rithmic terms in Theorem 1.4 (a) and an extra ¢ term in Theorem 1.6. Moreover
and more importantly, it is not obvious that in L,(0 < p < 1) the modulus in
(1.4) tends to zero for small ¢ as there is a symmetric difference of f in the main
part of the modulus multiplied by w. For the case p > 1 this follows by the
equivalences (3.5) and, see [5, (1.24)],

Kpp(fow,¢7) ~inf ([ = 9wl 1) + 1 lg" el 1)

where g1 is locally absolutely continuous.

Thus it would be interesting to investigate in detail the relationship between
the modulus (1.4) and one with ®, replaced by ®,, for the class £. Moreover,
in L,(0 < p < 1) it seems appropriate to replace symmetric differences in the
main part of (1.4) by a backward difference operator

Ar(f,a, (—1,1)) = { g‘z?:o () (=1)if(w—ih) ,z€(-1,1)

, otherwise
and then use the relation

w(@)|f(x —h)| <w(x —h)|f(x—h)|.
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