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Abstract

We establish uniform estimates for the weighted Lebesgue constant of
Lagrange interpolation for a large class of exponential weights on [—1,1].

We deduce theorems on uniform convergence of weighted Lagrange
interpolation together with rates of convergence.

1. Introduction

In this paper, we investigate the Lebesgue function and Lebesgue constant
of Lagrange Interpolation for weights w := exp(—@Q) where @ : (—-1,1) — R
is even, convex in (—1,1) and grows sufficiently rapidly and smoothly near £1.
Classical examples of these weights are:

(1.1) wo,a () == exp (—(1—2%)"%), a>0

(1.2) Wi,a () := exp (—expy(1 —2%)™%), a >0,k > 1.
Here exp,, := exp(exp(exp(...))) denotes the kth iterated exponential.

We note that for o > %, wo,q violates Szeg®’s condition,

Y logw(x)
-1V 1— 22

dx > —o0.

We are interested in approximating continuous functions f : (-=1,1) — R
by weighted polynomials P,w of degree at most n, n > 1 in the uniform norm

*The research of this paper was completed while the author was visiting the University of
South Florida during the Fall Semester, 1996.



and to this end it will be necessary to impose a decay condition on the given
function f. More precisely, we will suppose henceforth that our given f satisfies

(1.3) lim |fw|(z) =

|z]—1

The following important notation will be used in the sequel. Let P,, denote
the class of algebraic polynomials of degree at most n and set:

(1.4) Enlflw.oe = juf [[(f = P)(@)w(@)ll1oi-1-

This quantity is the error of best weighted polynomial approximation to f
from Pp,n > 1 and it is well known [8] that

En[flw,co — 0 as n — oo.

For our approximation we will use weighted Lagrange interpolation operators
and to this end we let

Xn = {gl,n7€2,na---a€n,n}a n Z 1

be an arbitrary set of nodes in [—1,1]. The Lagrange interpolation polynomial
to f with respect to x, is denoted by Ly[f, xn]. Thus, if I;,(xn) € Pn-1,
1 < j < n are the fundamental polynomials of Lagrange interpolation at the
&, 1 <j < nsatisfying for 1 < j < n then it is well known that

(15> f7 Xn Z.f fj n g n Xn)(-r) € Pn_1.
Jj=1

It is customary to write

(16) ||w(f_Ln[faxﬂ])HLoo[—l,l}

S En—l[f]w,oo 1 + Hw(w) Z |lj7n(Xn)($)|w_1(€j,n) Lo[-1,1]

= Bt oo (L4 A ) )

Here, ||Ay(w, xn)llp.[—1,1] is called the Lebesgue constant with respect to
the weight w and the set of nodes x,, and A, (w, xn, ) is the corresponding
Lebesgue function.

Using (1.6), it is well known and easy to see that estimates of the size of
the Lebesgue constant and the error E,_;[f]w,co yield theorems on uniform
convergence of Lagrange interpolation.



Recently, Szabados in his paper [12] investigated the order of the weighted
Lebesgue constant for Freud weights on R. His methods were further explored
by the author in [1] for Erdés weights on R. These papers laid the ground for
our current investigations. We mention that this paper also complements recent
work of Mastroianni and Russo in [10] and Vértesi in [14]. The author thanks
the above authors for showing him their preprints.

Our class of weights will be assumed to be admissible in the sense of the
following definition.

Definition 1.1. Let w := exp (—@Q)), where
Q:(-1,1) — R

is even and is twice continuously differentiable in (—1,1). Assume moreover
that

(1.7) Q (z)>0and Q (z) >0, z € (0,1).
(1.8) tlil?f Q(t) = 0.
The function,
N0
T):=1+ 0] ,t€10,1)

is increasing in [0, 1) with
(1.9) T(0+) > 1

and there exist constants C; > 0,j = 1,2 of ¢ such that

T(t)
¢ < o) < Oyt — 1.
Q)
Suppose that for some A > 2,
(1.10) T(t) > m,t — 1.

Then we write w € A

Remark 1.2. (a) The definition above appeared first in [7].

(b) The principle examples of w € A are wy o and wy,, defined by (1.1)
and (1.2) respectively.

(¢) The function T' measures the rate of decay of the weight w at 1. It
plays much the same role as its “cousin” for Erd6s weights [3] and [5].

We need some notation that will be used repeatedly for a given w € A.



For real sequences (A,) and (B,) with |B,| # 0, n € N, we adopt the
following convention throughout:

A, =0(By), A, ~ B, and A, = 0(By,)
will mean respectively that there exist constants C; > 0, j = 1,2, 3 independent
of n such that

A, A, . A,
— < b < — < — | =0.
B, < C1,0, < B, < Cs and lim ‘Bn 0

n—oo

Similar notation will be used for functions and sequences of functions. C, (1,
Cs... > 0 will always denote constants independent of n,z and P € P,,. The
same symbol does not necessarily denote the same constant in different occur-
rences. We write C' # C(L) to indicate that C' is independent of L.

As is traditional in weighted approximation for fixed weights, we define a,, =
a,(w), u > 1 as the positive root of the equation

(1.11) — " autQ'(aut)dt w>0
' mJo VIt '

This number, which as a real valued function of u is uniquely defined and is
strictly increasing in (0, 00) [6,15], is often called the Mhaskar-Rakhmanov-Saff
number. Amongst its important uses is the infinite-finite range inequality

(1.12) [Pwlr (-1, = [[Pwl|g an]y P € Pp.

col—an,

For the context of this paper, it is important that a,, n > 1 depends only
on the degree of the polynomial P and not on P itself.

For classical ultraspherical weights, 1 — a,, ~ n~2 uniformly for n > 1. In
contrast, we have for wg o and wg, o given by (1.1) and (1.2),

l—ap~n~="% and 1 — a, ~ (logy, n)= where log,, := log(log(log(...)))
denotes the kth iterated logarithm.

Our interpolation points will be chosen as follows.

Define the orthonormal polynomials

pn(w) = pn(w27m> = W/nmn + ..., with v, := ’Vn(wz) >0

satisfying
1
/ pn(wQ,w)pm(wQ,w)wQ(w)dw = { 0 m#n

-1



It is well known [14] that such polynomials exist and they have n simple
zeros. We denote these zeros by z;,,,1 < j < n and order them decreasing from
left to right as follows:

1< Tpp <Tp_1pn <. <Tap<x1, <L

We set
(1.13) Upi={zjn:1<j<n},n>1L

Now fix yo € [—an,a,] so that

IPnw(yo)| = llpnwlz.[-1,1]

and set
(1.14) Vat2 := Un U{~Y0, 40}

As w is even, we may assume that yo > 0. Moreover, we will show [cf.,(3.18)],
that yo is very close to the largest zero of p,, which in turn is very “close” to
an. We will assume henceforth that yo is always fixed for the given w € A.

In order to describe the spacing of our interpolation points, we need to define
some special sequences which appeared first in [7].

Let n > 1 and L > 0 be fixed but large enough. We set

=2

(1.15) 6n = (nT(ay))®, n>1.

(1.16)

@, ()

/ l2] . 1
_ max{ — ¢ T 2Ldy; Tan/i-Elr Lo, } Sz < an(1 4+ Ldy)

®(an(1l+ Ldy)) san (14 Léy,) <z < 1.

(1.17) U, () := min { (1 _ el + 2L5n> _1;T(an)} , ¢ € [-1,1].

Qn

To see how these sequences relate to our examples consider the weight wyg o
as in (1.1). There, [cf.,[7]]

2(_ 2a+3)
Op ~n3' 241/ — 00



and .
T(ay) ~ (1 —ap) ™ ~nts, n = oco.
In particular as a — 07, wp o approaches the classical Legendre weight and

“roughly”

T(a,) — n® and §,, — n™%, n — oo.

In general (see (3.8)), for some € > 0,

T(ay) = O(u*~%) and 6, = O(T'(ay)) _3’2(3:_2), u — 00.

We finish this section, with a note on the structure of this paper.

This paper is organized as follows:

2. Statement of results

2.1. Bounds for Lebesgue constants and uniform convergence of
Lagrange Interpolation for U,,n > 1.

We begin our investigation with the sequence of nodes, U,, n > 1 defined
by (1.13) and prove:

Theorem 2.1. Let w € A and r > 1. Then, uniformly forn > 1,

o=

(2.1) 1A (U2 -1,y ~ 13T (@n) .
In particular, for some € > 0, there exists C > 0 independent of n such that

(2.2) 1An (Ul pwfor] < CnEE.

Remark 2.2. (a) Under the hypotheses of Theorem 2.1, (2.1) together
with (1.6), (3.8), [9,Theorem 1.2] and [8,Corollary 1.6] immediately imply the
following result on uniform convergence of Lagrange interpolation.

Let n > Ny. There exist C; > 0 j = 1,2 independent of f and n so that,

D=

IN

(2.3) ||(f_Ln[fa Un])w”Lw[,Ll} ClEn—l[f]w,oon%T(an)

o=

IN

1 L
02(*}7"700 <f7w7 m) ngT(an> .



Here, [cf.,(8)]

(24) wrool(f,w,t): = [sup HwAZHt(w)(f,:U,(—l,l))H

0<h<t Loo(\w\éa%)

+ Pelgf 1 I(f — P)w||Lm(a%§wsl>]

is the weighted modulus of continuity of f,

and for an interval J and h > 0,

AL (f,z, ) = { S (V(=Dif(x+ 2 —ih) ,ettheJ

0 ,otherwise.

(b) Moreover, if f satisfies f("w € L.[—1,1] then for some ¢ > 0 there
exist C; > 0,j = 3,4 independent of n such that

[N

£_
6T,

(2.6) || (f — L,[f, Un])wHLm[_Ll] < C3n%7TT(an)% < Cyn

See (3.8)
Thus, we can ensure uniform convergence for every r > 1.

We remark that it is possible to replace n — 1 in (2.3) by n [cf.,(4)] but
this is non-trivial as the modulus is not necessarily monotone increasing in ¢.

Moreover, the Jackson estimate in (2.3) can be shown to hold for n > r. See
[4]-

Remark 2.3. It is possible to show that the rate in (2.3) cannot be improved
in the following sense:

Under the hypotheses of Theorem 2.1, there exists a sequence of continuous
functions G,, and a constant Cs > 0 independent of n such that

lim Gp(z)w(z) =0

|z]—1

and satisfying

o=

1 )
2.7) | (Gn - Ln[Gn,Un])wHLm[_LH > Cswr.00 (Gn,w, m) nsT (a,)s.

We are not able to remove the dependence on n in (2.7) and pose this as an
open problem.



2.2. A better behaving Lebesgue function

We observe that although (2.6) yields uniform convergence for every r > 1,
we can substantially improve our results, by choosing our interpolation points
more carefully. The idea goes back to D. L. Berman, J. Egervary, G. Freud,
J. Santha, P. Szdsz and P. Turdn [13] although exploited for the first time for
Freud weights by Szabados [12].

In order to introduce our results, we recall the definition of V,,;o defined as
in (1.14).

We prove:
Theorem 2.4. Let w € A. Then uniformly for n > 1,

(2.8) 1 Ant2 (Vi) L o[-1,1) ~ logm.

Remark 2.5. It has recently been shown in [14], that the lower bound in
(2.8) holds for an arbitrary set of nodes xy.

Remark 2.6.: Uniform convergence of Lagrange interpolation with
respect to V,42,n > 1.

(a) Under the hypotheses of Theorem 2.1, (3.8), (1.6) [9,Theorem 1.2] and
[8,Corollary 1.6] immediately imply the following result on uniform convergence
of Lagrange interpolation.

Let n > Ng. Then there exist C; > 0 j = 1,2 independent of f and n so
that,

(2.9) | (f = Lusalfs VareDw]l (L,

IN

ClEn—i-l [f]w,oo IOg n

1
< CZW’I‘,OO (f7w7 TL—H> logn

(b) Moreover,if f satisfies f(Ww € Lo, € [—1,1] there exists C3 > 0 inde-
pendent of n such that

logn

(2.10) | (f = L2l V"JFQ])U)HLOO[—Ll] <Cs

nr -

Remark 2.7. It is possible to show that the rate in (2.9) cannot be improved
as in the same sense as Remark 2.3.



3. Preliminary lemmas

Throughout this section, we assume that w € A.
3.1. Orthogonal polynomials on [—1, 1], some essential estimates

Our first three lemmas, are a collection of results concerning the behavior
of ap,py, the spacing of the zeros of p, and bounds on [; ,(w, ;). Recall L was
fixed in (1.16).

Lemma 3.1. Set
(3.1) Top = L1 + Op and Ty i1 = —Top.

(a) There ezxists an A > 0 independent of n and L such that for n > Ny,

(3.2)

‘”1—7"—1‘ < A5,

an
(b)  Uniformly forn > Ny and 0 < j<n-—1,
1
(3.3) Ljn = Lj+l,n ~ E@n(xjm)~

(¢) Uniformly forn > Ny and 0 < j <n—1,

(3.4) o minl g g el s
Qg Qp

and

(35) (I)n(xj,n) ~ (I)n(xj-i-l,n)'

(d) Formn>1,

1
4

(3.6) sup |ppw|(z) |1 — Jzl ~1
z€[—1,1] Qn

and . .

(3.7) sup |ppw|(z) ~ nsT(ay)s.
ze[—1,1]

Proof. (3.2), (3.6) and (3.7) are respectively (1.33), (1.38) and (1.39) in [7].
(33) for 1 < j <n—11is (1.35) in [7] and follows for 0 < j < n using (1.15),
(1.16) and (3.1). (3.4) follows using (3.3) much as in [7] an (3.5) follows from
(3.4). O

Lemma 3.2. (a) For somee >0,

3—¢

(3.8) T(ay) = 0(~%) and 6, = O(T(an))® =), u = co.




(b) Given 0 < a < 3, we have uniformly for u > 1,
(3.9) T(agy) ~ T(agy).
(¢c) Given fizedr > 1,

(3.10) % — 1~ T(an)"", u € [1,00).

Proof. (3.9) and (3.10) are (3.7) and (3.10) of [7]. Moreover, (3.8) follows
from (3.8) of [7] and (1.15). O

The final result in this subsection is a lemma on the fundamental polynomials
of Lagrange Interpolation. Its proof can be found in [7].

Lemma 3.3. (a) Uniformly forn>1,1<j<nandz e (-1,1)

1| palx)

B 1 @)@ ~ o) ot (1= 2220 4 15, )

Qp

T—Tjn

(b) There exists C > 0 such that uniformly for n > 1, 1 < j < n and
T € (_17 1)7
(3.12) Lin(Un)(@)w(z)w(z)n) < C.

(¢) Uniformly forn>1and 1 <j <mn,

(3.13) nmin { (1= 224 26,) " e} " ()

Qn

1
. 1
~ |pn71w|($j7n> ~ (1 _ |-Tj7n| +L(5n> )
Qn

(d) There exists C > 0 such that uniformly for n > 1,1 < j <n and for

d(x;,
(3.14) |z — x;pn] < C%, T, Tjn € [—an, an),

we have

(3.15)  |pn(@)|w(z) ~ 1|z — 25|07 (2).0) (1 _ Jmial Lén)

Qn

3.2. Infinite-finite range inequality and some important spacing
results

In this subsection, we present three lemmas which appeared for Freud weights
in [12] and Erd&s weights in [1]. As the proofs are similar, we omit them and
refer the reader to the cited references.

10



We begin with an infinite-finite range inequality.

Lemma 3.4. Given m € N and n > 1, we have for every {Py}7" | € Pr

w > | Py wy |yl
k=1 k=1

(3.16)

Loo[—1,1] Loo[—an,an]

Next we present an important spacing lemma.

Lemma 3.5. (a) Forn > Ny, we have uniformly for 1 < j <mn,

3.17) o = lesall ~ o J1 = 2221

+1,).

(b) Letyo be as in (1.14). Then, we have for n > Ny,
(3.18) an(1 — Bdyp) < yo < an

for some B > 0 independent of n and L.

Our final lemma is a bound for the fundamental polynomials of Lagrange
Interpolation.

Lemma 3.6. Let lyy1 nt2(Vat2) and lyyo ni2(Vigz) be respectively the
fundamental polynomials of degree < n+ 1 at the points yo and -yo. Then there
exists C > 0 such for all x € [-1,1],

(3.19) Lt 1,m42 (Vig2)| (@)w(z)w™ (yo) < C
and
(3:20) it 2,42 (Vat2)| (@)w(z)w™ (=yo) < C.

3.3. Fundamental polynomials revisited

In this subsection, we set
(3.21) AZjp  =Tjp —Tjrin, 1<j<n

and prove

Lemma 3.7. Let n > Ng,r > 1 and |z| < an. Then there exist C; > 0,
j=1,2, such that for 1 < j <mn,

(3.22) w()ljn (Un) (@)t (2),0) 1
+ L5n>Z (‘1 - %

11

b
L
&
S
3

<0 (\1—m +L5n>
Qn




and

(3.23) w(@)ljnya(Var2)(@)w™ (zjn) 7
+ L6n> N (‘1 . %

Proof. We begin with the proof of (3.22). By (3.6), (3.7), (3.11) and (3.13)

3
4 Al’jm

| — 2l .

<Oy (‘1 - —|$j’n|
a

n

+ L(Sn)

(3:24) w(@)ljn (Un)(@)w™" ()

1
. 4
an

27
Then using (3.3), (3.24) becomes
w(@)ljn (Un) (@)w ™" (5,n)

1
. 1
an

QA
as required and so (3.22) is proved. We now proceed with (3.23).

+L6n> T 2al@in)

n|r — ;.|

—1
T )
Azjy

| — 2]

+ L6n>

First observe that for 1 < j <n,
2

(3.25) Lints (Vo) () = <L> L (Un) ().

2
Yo — Ljn

Next, we claim that

(3.26) Yo — 2| < Caan (‘1 _ley L6n> .
an
We consider two cases:
Case 1: |z| < ay,. Here,
an, an,

if L is large enough.

Case 2: a, < |z| < ayy,. Here, using (3.10),

lz]

|$| — Qap S Qrp — Ap, S C4anT(an>_1 S C5an <‘1 -

).

Qn

12



Thus,

|yo—|w||Slan—yo|+|an—|x||§06an (‘1_M
QAp

+ L(Sn)

and so (3.26) is established. Then (3.17), (3.22) and (3.25) easily yield (3.23).
O

4. The proofs of our upper bounds

In this section we establish our upper bounds for (2.1) and (2.8). Throughout
we assume that w € A, x € [-1,1] is fixed and xy(,),,, is that zero of p, closest
to x.

We need a lemma which appeared in [1] and in a slightly different form in
[2] and [12].

Lemma 4.1. Uniformly for 1 < j <mn and n > Ny,

° A O(1) ,0<ax<1
Zin  _ ) O(logn) a=1
4.1 _BTin g ’
Y O 0(s25)" " La>1
J¢k(z)+2,k(x)—2] Tn @) , .

Proof. This follows much as in [1].

We are now ready to proceed with the proofs of our upper bounds. We begin
with

The proof of the upper bound in (2.1).

From (3.22) we have for 1 < j <mn,

1
+ Lo, * ij "

1— [25.n ]
an

(42)  w(@)ljn(Un)(@)w™ (250) < C1

1-lvrs, ) o= @ial

Now using (4.2) and the definition of A, (U, z) (see (1.6)), we have,

(4.3) An(Un,x) = ZW(w)Ilj,n(Un)(x)wal(xj,n)

IN

> w(@) [l (Un) (@) w™ (25,0)

JE[k(z)+2,k(x)—2]

+Cy >

||
JE k() +2,k(x)—2] ‘1 -

1
4
+ Lo\ Ag,

1— EZRA
2%

+ L6, |z — @jnl|

13



Using (3.16), we may suppose without loss of generality that |z| < a,. Then
as in [1], using (1.15), (3.12), (4.1) and (4.3), we have

(4.4) M\(Un,z) < Co > 1
JEIk(®)+2,k(2)—2]
1 1
nsT(a,)s Az;
+0 nt Dlan) A
JElk@)+2k(z) 2] On T — Tjn|3

Ax;
0 D — L
" ( |z —x; n|)
Jélk(z)+2,k(x)—2] ’

= O(1) + O(logn) + O (n%T(an>%) =0 (n%T(an>%) .
whence,
(4.5) AUl 10y = O (13T (an)?)
as required. O
We now present
The proof of our upper bound in (2.8).
We follow the ideas of [12]. Firstly, from (3.23) we have for 1 < j <mn ,

=3
7

[,n]
1 3 Lén Az
4.6 Ui nao (Vi Nz <C ‘ i o0
(4.6) w(@)ljnt2(Vag2) (@)w™ (z5n) < 1( ‘1 eIl 4 15, ) |z — 25,5l

Using (3.16), we may assume without loss of generality that |z| < apq2.
Then as in [1], (1.6), (3.2), (3.3), (3.4), (3.12), (3.17), (3.19), (3.20) and (4.6)
give
(47) A71—}-2(‘/7%"-27'7:) = Z(x) + 0(1)7
where

+ Lén A.Tj,n
+ Lo,

+lL

n _ lzial
48 Y@=c 3 (11 -
] o

€ k() Tk (2) =2

We now turn to the delicate estimation of 3 (z).

14



Observe that for 1 < j <mn,

3
‘l—m +Lé, \ T
(4.9) lan ‘ <1+ . |z — jn|? .
Tj,n 3 s 1
‘1—T +L(5n al <‘1_ |af,n‘ +L6n)4

Then, using (4.9), we may write

3 .
R =

i
+ L(Sn)
where,

§={i:1<j<ni¢k@)+2k) -2}
We continue our estimate as

Az,
= O(logn) + 0 | 3 REE

jes [T — 5, 1 (| an = |Tjn] | + anL&n)

whence by (4.1)

(4.10) = O(logn) + O Z AZjin

1
jes |z — $j7n|4 (an — |w1n|)

3
4

40 Z Azj,n2T(a,)?

JES
|@5,n]>an(1=0n)

Next, using the geometric and arithmetic mean inequality and (4.1) again,
we may continue (4.10) as

(41) > @) = O(logn)+0 S Afn

+0 3 _Ajn



n jes
|25, |>an(1—06n)

= O(logn) + O > 1
JES
[€5,n|>0n (1—65)

where in the last line we used (1.15), (1.16), (3.2) and (3.3).

Now it remains to observe that the spacing (3.3) and (1.16), imply that there
exist at most a finite number of j such that |z;,| > an(l — 6,). Then (4.11)
yields,

(4.12) > (x) = Ologn) + O(1) = O(logn).
Combining (4.12) with (4.7) and taking sup s over [—1, 1] yields

(4.13) sz (Vasa)lly 1.y = Ollog )

as required. O

5. Proof of Theorems 2.1 and 2.4

In this section we present the proof of our lower bound in (2.1). The cor-
responding bound in (2.8) has been shown in [14] for any system of nodes xy.
We deduce Theorems 2.1 and 2.4.

We begin with
The Proof of our lower bound in 2.1.

Write
(5.1)  An(Un,2) = w(@) (@) > p(@sin) tw(@jn) o — 20l "
j=1

In particular, (5.1) becomes using (3.10), (3.13) and (3.18)

(5.2) AUnsgo) > Cin T T(a)d Y 1.
0<aj n <5

16



Now it remains to observe that the spacing (3.3) and (1.16) imply that there
exist > C3n j such that z;, € [0, 4+]. Then, (5.2) becomes

An(Unyy0) > CanST (an)®

so that

(5.3)

||A’ﬂ(w7 U”I)HLOO[_LH Z )\n(U’myO) Z Cf5ngT(an>6

as required. O

The proofs of Theorem 2.1 and Theorem 2.4. These follow using (4.5),

(5:3),

(4.13) and the result of [14]. O
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