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Abstract

We establish pointwise as well as uniform estimates for Lebesgue
functions associated with a large class of Erdds weights on the real
line. An Erdds weight is of the form:

W = exp(-Q)

where () : R — R is even and is of faster than polynomial growth at
infinity. The archetypal examples are

(i)
Wi,a (€) := exp (=Qp,a (€))

where
Qk,a (z) :=expy (|z|*),a>1, k> 1.

Here exp,, := exp (exp (exp(...))) denotes the kth iterated expo-
nential.

(ii)
Wap (z) :=exp (—Qa,5 (7))

where

Qa,B () :=exp (log (A + xz))B ,B>1and A > Ay.
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In this paper, we investigate Lebesgue bounds and uniform convergence of
Lagrange interpolation for Erdds weights. We recall that an Erdds weight

For a carefully chosen system of nodes

Xn = {517527 "'7571}777‘ 2 ]-7

our results imply in particular, that the Lebesgue constant

HAn (Wk,aaXn)HLOO(R) = sup ‘An (Wk,aaXn)’ (37)
TER
satisfies uniformly for n > Ny,

HATZ (Wk,CHXTl)HLOO(R) ~ ].Og’]’l

Moreover, we show that this choice of nodes is optimal with respect
to the zeros of the orthonormal polynomials generated by W2. Indeed,
let

Up:={zjn:1<j<n}n>1,

where the zy ,, are the zeros of the orthogonal polynomials p, (W?,.)
generated by W?2. Then in particular, we have uniformly for n > N,

1
k 6
H log;n | .
j=1

Here, log; := log (log (log (...))) denotes the jth iterated logarithm.

We deduce sharp theorems of uniform convergence of weighted La-
grange interpolation together with rates of convergence. In particular,
these results apply to Wy , and Wy p.

[

1w (Wi Un)l, gy ~

Introduction and Statement of Results

has the form:

where () : R — R is even and is of faster than polynomial growth at infinity.

W = exp (—Q)

The archetypal examples are

(1)

Wk,a (.T) = exp (_Qk,a (.Z')) 5



where
QO (2) = expy (Je]), k> La> L.

Here exp, := exp (exp (exp(...))) denotes the kth iterated exponential.
(ii)
W (2) = exp (=Qa,5 (7)) (1.2)

where

B
Qap (v) :==exp (log (A + xZ)) ,B > 1 and A is large enough but fixed.

Throughout, let f : R — R be continuous and satisfy the decay condition,

om |fW](z) = 0. (1.3)
We set
En[flweo = nf I(f = P) (2) W (@)1 ) (1.4)

to be the error of best weighted polynomial approximation to f from P,,n >
1.
Here, P,, denotes the class of polynomials of degree < n.

It is well known ([9]) that

By [flyee — 0as n — oo,

Now let
Xn = {517527 "'75”}771 Z 17

be an arbitrary set of nodes. The Lagrange interpolation polynomial to f
with respect to x;, is denoted by L, [f, W, x,]. Thus, if

lin(Xn) € Poo1,1 < j <,
are the fundamental polynomials of Lagrange interpolation at §;,1 < j <mn,
satisfying,
Lin (Xn) (§in) = 05k, L <k <m,
then, )
Lo [f, W xa] (@) = D7 f (&5:0) L (Xn) () € Prcr (1.5)

J=1



Now write,

W (f = Lalfs W, Xa Dl 1o )

S Enfl[f]W,oo 1 +

W) z 1 O0) (@) W 1(E))

Lo (R)
= Bl flwoo (14 18 (W, X)) (1.6)

where [|A, (W, Xn)||, () 1 called the Lebesgue constant with respect to the
weight W and the set of nodes x,, and A,(W,x,) is the corresponding
Lebesgue function.

Using (1.6), we see that estimates of the size of the Lebesgue constant
enable one to deduce theorems on uniform convergence of Lagrange interpo-
lation. As the subject of weighted Lagrange interpolation is an extensively re-
searched and widely studied subject, we refer the reader to [1,5,6,7,10, 11,12,
13,14, 15].

Now given a weight W : R — (0, 1] as above, we may define orthonormal
polynomials

() == pa (W2 1) = 2™ + ..., with 7, = v,(W?) > 0,
satisfying

/pn(WQ,x)pm(WQ, 2)W?(2)dx = Spp.

R
We denote the zeros of p, by

—00 < Ty < Tp_1p < ... < T2y <Tp, < O0.
Put
Uy ={2jn:1<j<n}n>1 (1.7)

To formulate our results, we need a suitable class of Erdds weights from

8]

Definition 1.1. Let W := exp (—Q), where @) : R — R is even, continuous,
Q" exists in (0,00),QY) > 0in (0,00), j = 0,2,Q" > 0in (0,00) and the

function
SL‘Q"(.I)

Q'(z)

T(z):=1+ (1.8)



is increasing in (0, co) with

lim T(xz) =00, T (0+) = lim 7T (z) > L. (1.9)

Tr—>00 r—s0t
Moreover, we assume that for some C; > 0,1 < j < 3,

T (x

A
3
S
v
S

Ci < o (1.10)
Q(z)
and for every € > 0,
T(z)=0((Qx))°), x — oc. (1.11)

Then, we write W € £.

The principle examples of W € £ are Wy, and W4 p given by (1.1) and
(1.2) respectively. For more on this subject we refer the reader to [2, 3,4, 8].

To state our results, we need some more notation:
We need the Mhaskar-Rakhmanov-Saff number a, defined as the positive
root of the equation

a, tQ' (aut) dt
—/ T ,u>0

Here, a, exists and is a strictly increasing function of u [8,9]. Amongst
its uses is the infinite-finite range inequality

(1.12)

1PWlL @y = IPW,, P € Pu, (1.13)

[—an,an]’

Note that a,, depends only on the degree of the polynomial P and not on P
itself.

Now choose yy € [—ay, a,] so that

aW (o)l = [l2aW o (w) - (1.14)

As W is even, we may assume that yo > 0. We will show later that in
fact yo > 0 and is very “close” to a,. Fix y, as above.

Finally set
Op = (nT (ay))™ ,n > 1, (1.15)

5



_ =l 1 <
W, (z) = max{\/l o+ Lon, R n} ,|x|_an. (1.16)

\I/(Cln) ) ’.Z" Z Qnp,

Here, L > 0 is fixed, but large enough throughout.
For more on these special sequences of functions, we refer the reader to
5, 8].

Here and throughout,
a, = O (b,) ,a, ~ b, and a, = o (by,)

will mean respectively that there exist constants C; > 0, j = 1,2, 3, inde-
pendent of n, such that

a a .
<0, 0, < < (5 and nhm

bn " —00

=0.

n
n
Similar notation will be used for functions and sequences of functions.

Bounds for Lebesgue constants and uniform convergence of La-
grange Interpolation for U,,n > 1.

We begin our investigation with the sequence of nodes, U,,,n > 1, defined
by (1.7).
We prove:

Theorem 1.2. Let W € £ . Then, uniformly for n > Ny,

D=

[ AR (W, Un)”LOO(R) ~nsT (an) (1.17)

In particular, given € > 0, there exists C' > 0 independent of n such that

[ AR (W, Un)”LOO(R) < Cns™,

We deduce:



Corollary 1.3. Let W € £ and r > 1. Then there exists C; > 0 7 = 1,2
independent of n and f so that for n > Ny,

(a)
1(f = Lalf, WU ) WL

< C1Ep_i[flweentT (a )%

< Cowpoo (s W, V08T (a,)¢ . (1.18)
n
Here,
wr,oo(f7VV7t) =
sup ||[WA" . + inf - P)W ol>0 ,t>0
L<hft b oy T Wl etz

is the weighted modulus of smoothness of f |
. Qy,
o(t) = mf{au :— < t} : (1.19)
u

O, (z) == ‘1 — ﬂ‘ +T (@) ", reR (1.20)

o (1)

and for an interval .J and h > 0,
r T R rh
Ao, ) = ( ; ) (0" f (o435 —ih) akged
0 ,othervvlse
(b) Moreover, if f satisfies f™W € L, (R), then given € > 0,
H(f - Ln[f» VV: Un]) WHLDO(R)
< Oy (%”) nT (an)® (1.21)
< Cynote, (1.22)

Here C5 > 0 is independent of n.

Thus we can ensure uniform convergence for every r > 1.

7



Remark.
It is instructive at this point to recall that for Q) = Q) of (1.1),

k
T (an) = [] log; n.
j=1

Moreover, in general, given ¢ > 0 and n > 1,
T (ay) = O (n).

(See also (2.7)). We thus observe that we may dispense with the T’ (an)% on
the right hand side of (1.17) by inserting an extra weighting factor into the
left hand side of (1.17) in the following sense:

Under the hypotheses of Theorem 1.2, we have uniformly for n > N,

UL

Qn,

~ns. (1.23)
L (R)

+T (an)_1>%

This follows easily using the proof of (1.17) and (2.11).

A better behaving Lebesgue function.

We observe that although (1.21) yields uniform convergence for every
r > 1, we can substantially improve our results, by choosing our interpolation
points more carefully. For weights on the real line, J. Szabados was the first
to exploit this idea and many of the proofs in this section rely heavily on
his ideas [14]. Motivated by (1.13) and recalling the definition of y, in (1.14)
and U, in (1.7), we set:

Vn—l—? = {_yUJyO} U U’TLJ n Z 17
and prove:
Theorem 1.4. Let W € £. Then uniformly for n > Ny,

2V, Visa) ey ~ log (124



Thus, by adding two completely new points of interpolation, we can

1
achieve the much better order logn in comparison to the order (nT (a,))®
that we obtained merely using the zeros of p,,.

We deduce,

Corollary 1.5. Let W € £ and r > 1. Then there exists C; > 0 7 = 1,2
independent of f and n so that for n > Ny,

(a)

1(f = Loea[fs W, Va2 ) Wl gy
S OlEn[f]W,oo log n

< Cowroo( £, W, =) log . (1.25)

(b) Moreover, if f satisfies f™W € L, (R) then, given ¢ > 0,
1(f = Lalfs W UR) WL gy
< (%)Tlogn (1.26)
< C3n~ " logn. (1.27)
Here C5 > 0 is independent of n.

Remark.

A natural question arises as to whether (1.24) holds (in a lower bound
sense) for any system of nodes, at least for some Erdds weight. This and
related questions will be considered in a future paper.

Pointwise estimates for A, (W, U,).

We present pointwise estimates for A, (W, U,,). We emphasize our results
and briefly sketch their proofs in Section 5 as the arguments are straightfor-
ward, but rather lengthy.

Theorem 1.6. Let W € £.
(a) Then for n > Ny,there exists C' > 0 such that for |z| < a, (1 + één) ,

AW, Up) () < CL+ an [p W] (2) (1.28)
[, Kl (e Eaa)y )
L(l an+L5n> log T, (2) —1—1“.

9



Moreover, we have uniformly for |z| < z;, and n,

AW, Un)() ~ 1+ an [pa W] (2) (1.29)

Y (1
(1—|ax—|+L5n> log( (1 \Ila’l(x—{)—[/(sn))—i-l”.

(b) Uniformly for n > Ny and a,(1+ £6,) < |z| < 2a,,

X

Au(W, Un) (&) ~ v/ [pa W] (2)[1 + 6] (1.30)

(¢) Uniformly for n > Ny and |z| > 2a,,

3
az |paW| (2)

o +64]. (1.31)

Au(W, Up) () ~

Structure of this paper.

We close this section with some notation and remarks concerning the
structure of this paper. Throughout, C,CY,C,... > 0 will denote constants
independent of n,x and P € P,. The same symbol does not necessarily
denote the same constant in different occurrences. We write C' # C (L) to
indicate that C' is independent of L.

This paper is organized as follows:

In Section 2, we present our technical lemmas. In Section 3, we present
the proofs of our upper bounds for (1.17) and (1.24). In Section 4, we prove
Theorems 1.2 and 1.4 and Corollaries 1.3 and 1.5. Finally in Section 5, we
sketch briefly the main ideas in the proof of Theorem 1.6.

2 Technical Lemmas

Lemma 2.1. Let W € £ and set
T = T1,(1 + Ldy,) and x,, 41 1= —Zo p-

(a) There exists A > 0 independent of n and L such that for n > 1,

Tin _ 1‘ < A, (2.1)

Qn

10



b) Uniformly forn >2and 0 <j<n—1,
( y J

an
Tjn = Ty ~ W (Tjn) (2.2)

(c) Uniformly for n > 2 and 0 < j <n—1,

il g Bl s (2.3)
(7% Qnp,

and

U () ~ Vi (Tj41,0) - (2.4)

(d) Forn > 1,
1
ol 2
sup [p,W|(2) |1 = —| ~ar’ (2.5)
TER n

and

=1
2

an’ . (2.6)

D=

sup |[p W] (x) ~ nsT (ap)
TER

Proof. This is part of Lemma 2.1 of [5].0
Now fix Ain (2.1).

Lemma 2.2. Let W € £.
(a) Given ¢ > 0 and n > 1, there exists C' > 0 independent of n such
that,
a, <Cn°, Tl(a,) <Cnf and 6, < CT (a,) °. (2.7)

(b) Given 0 < a < 3, we have uniformly for n > C,
T (aan) ~ T (agn) - (2.8)

(¢) Uniformly for u € (C,00),v € [§,2u] , we have

Ay, u 1
|~ = = 1T (a,) 2.9
% \ : \ (a2) (2.9)

(d) Given m € N and n > N, we have for every {P;},", € P,

W | Pl

= ‘ (2.10)
Loo(R) k=1

‘WZ|P1€|

k=1

Lo [*an 7an}

11



Moreover, given r > 1, there exists C' = C (r) > 0 independent of n,m
and P, such that

H—
v

Proof. (a)-(c) are part of Lemma 2.3 of [5],(2.10) follows as in Lemma 1
of [14] and then (2.11) follows using (2.10) and the method of Lemma 3.3 in
[3].0

Loo(R)

+ T (a > ZyPk

<C L (2.11)

Lo [7ar(n+l)=ar(n+1)}

Our next lemma establishes how “close” g is to a,,.
Lemma 2.3. Let W € £,n > Ny and yp as in (1.14) . Then, we have
an(1 = B3,) < yo < an (2.12)
for some B > 0 independent of n and L.

Proof. By (2.5),(2.6) and the definition of §, [see (1.15)], there exist C; >
0,7 = 1,2 such that

< Cha? min ‘1— o ,57?}. (2.13)
an
Then, this gives
max{‘l _% ,5n} < s, (2.14)

Now by the definition of ¥y, we have clearly that yy < a,. Moreover, if
Yo > ap, (1 — 9,) then (2.12) is satisfied with B = 1. Suppose then, that

0<yy < an(l — (Sn)
Then (2.14) becomes



which again implies (2.12) with B = (.0
Now, fix B in (2.12).

Lemma 2.4. Let W € &.
(a) Uniformly forn > 1,1 < j <nand x € R,

N

Pn (.T)

r — xj,n

3
U)ol ~ S0 (a3 (1 2204 15,

Qnp,

(2.15)

(b) There exists C' > 0 such that uniformly for n > 1,1 < j < n and

T €R,
[ (Un) (2)W ()| W (2,) < C. (2.16)

(c) Uniformly for n > 1 and 1 < j < n,

3 1
an Tin 2
) (1 2204 28,) v a1

n

! . T

n

(d) Forn > 1,1 < j <nand |z| < a,, there exists C' > 0 such that
-1
P (z)|W(z) <C X

Qnp,

U, () ¥, (2,) (1 _ [2ial + L5n>

SIRIE

X |z — x5, (2.18)

Proof. (a), (b) and (c) are (2.13),(2.14) and (2.11) resp in [5]. (d) is (10.28)
in [8].0

Lemma 2.5. Let W € &£ and let [,11 40 (Vigo) and li0n10 (Vige) be
respectively the fundamental polynomials of degree < n + 1 at the points ¥,
and -yo. Then there exists C' > 0 such for all x € R,

[lnstns2 (Vo) | (@) W () W (o) < C (2.19)

13



and
llns2nto(Vayo)| (2) W () W (=yo) < C. (2.20)

Proof. We prove (2.19). (2.20) is similar. First observe that

P (%) (Yo + @)

lnt1in2(Vaso) (@) = € Pri (2.21)

2yoPn (Yo)
and satisfies
ln+1,n+2(vn+2) (yO) =1, (222)
ln+1,n+2(vn+2) (Ij,n) - 07 1 S ] S n (223)

and
ln+1,n+2(vn+2) (—yo) = 0.

Observe that by (2.10) , we may assume that |z| < a,4;. Then by (2.6), (2.9),
the definition of yg, (2.12) and (2.21),

W (z) [pn ()] |yo + 2|
290 [P (o) | W (0)

a? nsT (an)% an,
1 -1

2a,, (1 — Bé,,) an* nsT (ay,)
< (0,0

bitips2(Vap2)W () W (yo)‘

A

C

IN

[

We next need a lemma which gives an estimate of the distance between
yo and |zj,],1 < j <n.

Lemma 2.6. Let W € £. Then for n > Ny and uniformly for 1 < j < n, we
have

Yo — |jml] ~ an (‘ + L6n> . (2.24)

n

14



Proof. We begin with our lower bound. We consider two cases:
Case 1: |z;,| > a, (1 —2L6,).
Note that here,
11— M + Lo, < 3Lo,.

G,

Moreover (2.1) implies

+ Lo, < 3L5, (2.25)
Qnp,

if L is large enough.
Next observe that by (2.12) and the definition of ¥,, [see (1.16)], we have
that

=

)_1. (2.26)

Now as @ and |p,,| are both even functions, the definition of ¥,, (1.16), (2.6),
(2.18), (2.25) and (2.26) yield

Wi () = (T ()6 (B+ L)

|y0 - |Ij,n|| Z Olan(sn Z CQG’TL (‘1 - M + L5n>
Qn
uniformly for 1 < 7 <n.
Case 2: |z;,| < a, (1 —2L6,).
Observe that if L is large enough,
Tin
1Yo — |@jnl| > an (‘1 - |a]—’ + L(Sn) — (an (1 + Ldy) — o) - (2.27)
Now by (2.12),
(an (14 L6,) — yo) < %” | [Tl Lén] (2.28)
an
if .
1 iﬂ > 25, [B + 5} . (2.29)



But then it is easy to see that |z,,| < a, (1 —2Ld,) implies (2.29) if L is
large enough and so we have (2.28). (2.27) then becomes

-2 a

Yo — |$j,n
n

+L%>

and we have our lower bound for this case as well.
The upper bound is easier. We again distinguish two cases:

Case 1: |z;,| < ay.
Here, if L is large enough, we have by (2.12),

an
an

+L%>.

Case 2: a, < |z;,| < a, (1 + Ad,) .
Here if L is large enough, we have by (2.1) and (2.12),

|Z/0 - |Ij,n|| < Bayo, + Tip — Ap

Tin
< a0, (B+A) <a, 1—w +L5n] X
G,
The lemma is proved.O
Let us put
AZjp = Tjn — Tjpim ,1 < J < n.
We prove:

Lemma 2.7: Let W € £, n > Ny, > 1 and |z| < a,,. Then there exists
C; > 07 =1,2such that for 1 < j <n,

(a)
W (@) L (Un) (@) W (@)

%
) (-2
an

16

Qn

+L(5n> AT (9 30)

|z — Ij,n|.




(b)
W (@) sz (Vaga) (@) W (@)

cap-ln)” -2

Proof. We begin first with (2.30) . First note that (2.5) and (2.6) show that
uniformly for n and =,

Ax

O (2.31)

3

. 4
1- %] + L6, :
[z — Tl

Qnp

G,

pn (2)| W (2) < Cram? (‘1 Ll L(Sn> B : (2.32)

Then by (2.32),

W (@) (Un) (2) W (25)
W (@) pu ()] W ()

P, (Ij,n)| |z — Ij,n|
~1

o (1= 12 4 £6,)F W (.
S Cl <‘ ,an ) ( J> )
1Pl (50)| [ = 0]
| { LA,
< Cy (‘1 _ 125a] + L5n> ( 1— lz] + L5n> Lin
an, a, |z — 25
by (2.2) and (2.17). So we have (2.30).
We now proceed with (2.31).
First observe that for 1 < j < mn,
Yo —
Lintz (Vas2) () = (ﬁ) Lin (Un) () . (2.33)
Yo — xj,n
Next, we claim that
lyo — z| < Csay, (‘1 — @ + L(5n> ) (2.34)

We consider two cases:

17



Case 1: |z| < ay.

Here much as in the proof of Lemma 2.6,
G

lvo — |z|| < Bayo, + ay (1 — m)

S C3Cln (‘1 — m

G,

+ L6n>

if L is large enough.

Case 2: a, < |z]| < apy.
Here, using (2.9),

|I| — Qp S Arp — Qp
S C4anT(an) !
< on 1)
Gp

so that

Yo = [zl < lan = yol + [an — ]|
Qn

so (2.34) is established. Then (2.24),(2.30), (2.33) and (2.34) yield (2.31) .0

3 The Proofs of our Upper Bounds

In this section we establish our upper bounds for (1.17) and (1.24) . Through-
out we assume that W € £, x € Ris fixed and 2 (4),, is that zero of p, closest
to .

We need two lemmas.
Lemma 3.1. There exist M and 6 > 0 with the following properties:
(a) If 2] € [0,a, (1+ £4,)] then:

18



‘SL’ — Tp(a)thn| < 5%&% (x),k=0,1
(i)
o erean] > T (2). (3.2)
(b) If |z] € [an(1 + £46,),00),
|z —xjn] > ]\4:” v, (z) (3.3)

foralll <j <n.

Proof. Suppose first that = € [0, G, (1 + %%)] . Observe that if t € [2,41.0, Tjn],
1 < j <n, we have

1- Uy rg, 1 Tjm — 1
- -1l < — ;
1 - kel g, an |1 — Banl 4 15,
< 1| in=Tinn | o C¥nltin) 1 (3.4)
p 1_‘%&‘_{_[,5” n(L—A)é, ~ 2
by (1.16),(2.1) and (2.2) if L is large enough.
We conclude using (1.16) and (3.4) that
U, (t) ~ ¥, (z;,) uniformly for j,n and ¢t € [Tj41,, Tjn]- (3.5)

Now by definition of z4(;),, We must have x € [xk(x)—i—l,n:xk(a:),n} or r €
[xk(x)m,xk(x)_l,n] at least when z < xy,. Using (2.3) and (2.4) if necessary,

we may assume without loss of generality that x € [xk(I)Hm, xk(x),n] .
Then by (2.2) and (3.5),

< ‘xk(m)—Q,n — Tk(z)+2,n

< C%\Ifn (xk($)7n>

‘l‘ — Tk(z)£2,n

~ “—;\1/" (z). (3.6)

19



Using (3.6) and (2.2) we see that it is possible to choose M such that
(3.1) holds at least when = < 1 ,. Suppose x > x1,. We may then suppose

that L is chosen large enough such that 3, > a, (1 — ﬁén) and then

L L
|t — 23, <a ( + 5 a 1

a
ity ~ (1)

using (1.15) and (1.16).
Thus also in this case, it is possible to choose M such that (3.1) holds.
Parts (ii) and (iii) of the lemma then follow similarly.O

Now fix M and ¢ in Lemma 3.1 and put
o = [Tn g T10) \ [Thie) 2, Taie)—2] (3.7)
if |z| € [O,Gn (1 + §5n)] and
In = [Tnn, T10] (3.8)

if |z € [an(1 + £0,,00).
We modify the definition in (3.7) accordingly if |z| > xy,.

We have the following estimate.

Lemma 3.2. Uniformly for 1 < 57 < n and n > Ny,

. O (al™®) O<a<l
3 ALjpn _={ Of(logn) o= (3.9)
j=1 ’27 - xjvn’ O n a-l 1

k() +2,k(x)—2] (wn(x)) & > L

Proof. First note that if |z| < a, (1 + één) ,we have uniformly for n > N,
and 1 <7 <mn,

v —t| ~ o = zjn| € [@jh10, Tjn] 5 & [k () + 2,k (x) = 2] (3.10)

20



This follows much as in [3] using Lemma 3.1 (a) and (2.2) since,

z—1 _1‘ _ t—Zjn
T —Tjn T — Tjn
S 'Ij/n/ — $J+17n S O
Tr — Z]ij
and similarly we can bound

r—1
Then, from (2.2) and the definition of J,, in (3.7), we obtain

i JAV 7 dt
Z 7ja =0 (/t<an<1+AanJ W)

tedy

O (al™) O<a<l
—{ O(logn) ya=1

The case for |z| > a, (1 + gén) is similar but easier.0
We may now proceed with the proofs of our upper bounds. We begin
with:

The Proof of the Upper bound in (1.17).
From (2.30) we have for 1 < j <mn,

=

n ijvn
w ) e =il
Thus, by (1.6) and using the above, we have
A (W, U) (2) = YW (2) [1n(Uy) ()| W (270)
7j=1
< > W (@) 1 (Un) ()] W (25,0

JEk(z)+2,k(x)—2]

h
+ C, > (

k() £ 2 k() ‘1

N,

=Ll 4 Loy, Az;jn
+ Lo,
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First observe that we may write

1 — |j,n
an

+ Lo, |7 — .
<1+ e .
+ L, “"<1_E +L(5n)

e (3.12)

Next we observe that using (2.10) , we may assume without loss of general-
ity that |z| < a,. Then (3.12) becomes using the definition of §,, [see (1.15)],

1 — el
( ‘1—% + L6, )

=0(1)+0 (”%T (@)

U)I»—‘

= 2l ) (3.13)

1
1
an

Thus using (2.16), (3.9) and (3.13), we now rewrite (3.1

gT n %A n
AW () < G % 1+0( > Z (an)" A, )
(2)-2) k()

1 3
j€[k(@)+2,k(z)— ©)+2,k(@)-2] G |T — T p|

Az,
+0 ( Z A)
J¢[k(2)+2,k(z)—2] |z — Ljn

= O(1)+O(logn)+ O (TL%T (an)%)
= 0 (n%T(an)%) (3.14)

and so we have taking sups,
1 1
140 (WUl = O (05T () (3.15)

as required.O

We now present,

The Proof of our Upper bound in (1.24).
Firstly, from (2.31) we have for 1 < j < n,

W (x) lj,n+2 (Vn+2) (x) Wt (xj,n)

-3
‘1— inll 4 18,\ " Awy
=G ( ‘1— + L6, ) ]

(3.16)

2 — @]
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Thus by (1.6), (2.19), (2.20) and (3.16), we have
Apt2 (W, Vi) (2)

<O0(1)+ > W (@) [nra(Viga) (@) | W (@50)

()4 2,(2)—2]
-3
n 1 4 A
+ Cy ‘ |;1:| e
=1 ‘1 + Lé |gj I],n|
JElk(z)+2,k(z)—2
3.17)
=0+ (2)+> (2) 3.18)
1 2
where
Y (2) = > W () |2 (Viga) (@) | W (25)
1 j=1
J€k(z)+2,k(z)—2]
and

=3

4
Al'j,n
|7 — 20|

We observe that using (2.11), we may assume without loss of generality
that || < a,41. We begin with the estimation of Y, ().

Note, that by (2.24),(2.33) and (2.34),

yg —a? 1
> (@) = Z B W (@) [l (Un) (@) W ()
' Jelk(e) s ok(z)—2] o
n ]_ _
= O > - ) (3.19)
Jelk(@) k(o)

XVV@ﬁWm(nﬂwﬂw’ @mﬁ)
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Next, using (2.1), (2.2) and (2.4) , it is easy to see that if L is large enough,
we have uniformly for x and j € [k (z) + 2,k (x) — 2],

1 - &+ 1s, :
(‘1—% +L5n> ”

= 0(1) (3.20)
by (2.16).

We now turn to the delicate estimation of -, () .
Much as in (3.12) ,we observe that for 1 < j < n we have

3
1— 4 rs, \* T
(‘ e ) <1+ — = i - (3.21)
1 Sl L6 ok (- el 4 1,)

Then, using (3.20), we may write

AIj,n

2 jeS!x—xm\ IS ag |v — x; |i<‘1—‘ﬁ"&‘
Jsm an

+ L(Sn)%

S = {j:1<i<n, j¢ k(@) +2k(x) -2},

= O(logn)+0O (Z Ajn é)

1
JeS |I - Ij,n|4 (|an - |Ij,n|| + anL(sn)

by (3.9)

= O(logn)+0 >

) T — T 4 A — |2
\xj,n\ﬁjfns(l—(sn)’ gl (@n = [2.n)
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M

Ax-nn%T Ak
+ 0 > 4 ( 2 : (3.22)
jes |z — 2j0|* an

|2j,n[>an (1=0n) ’

Next, using the Geometric and Arithmetic mean inequality and (3.9)
again, we may continue (3.21) as

> (@) = O(logn)

2

Ax;p Az,
+0 S Gr 1o ) sl
jES |'I - 'Ij7n JjES a/n - |’I],TL
j,n] <an(1-0n) |j,n]<an(1-0n)
1 1
n2T (a,)? Az,
B
an jes |z — |
2,0 >an (1-54)
= O(logn)+0O > 1 (3.23)

JES
|j,n]>an(1=0r)

where in the last line we used (1.15), (1.16),(2.1) and (2.2).

Now it remains to observe that the spacing (2.2) and (1.16), imply that
there exist at most a finite number of j such that |z;,| > a, (1 —d,). Then
(3.22) yields,

> (z) =0 (logn)+ O (1) = O (logn). (3.24)
2
Combining (3.23) with (3.19) and taking sups yields
A O, Vo) ey = O (log ) (3.25)

as required.0

4 The Proofs of Theorems 1.2 and 1.4 and
Corollaries 1.3 and 1.5.

In this section we present the proofs of our lower bounds in (1.17) and (1.24).
We deduce Theorems 1.2 and 1.4 and Corollaries 1.3 and 1.5.

25



We begin with,

The Proof of our lower bound in (1.17).
Write

An (W, Uy) (2)

In particular, (4.1) becomes using (1.16), (2.9),(2.12) and (2.17),

-1

afnéT an, s
NURISTIRESNCD S )
0<a;j n < a2<1_m+L5)4
> OnoT(a)F Y 1. (4.2)
0<a;,, <%

Now it remains to observe that the spacing (2.2) and (1.16) imply that there
exist > Csn j such that x;, € [0, %*]. Then (4.2) becomes

D=

A (W, Uy) (90) > Cans T (ay)

so that

D=

1A (W, Ul ) = Ao (W, Un) () = Csns T (an)® (4.3)
as required.O

We now turn to the proof of our lower bound (1.24). Here a choice of
x = 1o is not sufficient to achieve our lower bound and we need to proceed
more carefully. Indeed, we will show that the point we need sits “far” away
from a,,.

The Proof of our lower bound for (1.24).
First we claim that there exists y € R satisfying |y| < aa,, for some
0 < a < 1 and uniformly for n > 1,

aZpaW (y) ~ 1. (4.4)
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To see this, observe first that if 0 < o < 1 is given, then by (1.16), (2.2)
and (2.9), there exists > Cin j, 1 < j < n+ 1 such that |z;,11| € [0, aqa,)].
Now choose y = y; = xj 41 for some 1 < k < n+ 1 such that |y;| € [0, aay,].
Then (2.9) and (2.17) give

1
ai [paW | (y1) ~ 1

and (4.4) is established. Fix y; as above.
We now proceed as follows. Since y; < cyo, for some 0 < ¢ < 1, we have
by (1.29),(2.12),(2.33) and (4.4),

Mt (Vo) () 2 3 ()W (03] (%y‘g%)@,nwn) ()

CLY W () W (25) ™ i (Un) (y1)

j=1
Col\yy W, U,) (y1) > Csad |pW| (y1) logn
Cylogn.

v

(AVARVS

Thus,
[Ans2 (W, Vn+2)HLOO(R) > Cylogn (4.5)

and we have proved our lower bound.O
We may now present:

The Proof of Theorem 1.2.
This follows immediately from (3.15) and (4.3) O

The Proof of Corollary 1.3.
(1.18) follows from the representation (1.6),(1.17) and Theorem 1.2 of
[4]. (1.21) and (1.22) follow from (1.18) ,Corollary 1.7 of [3] and (2.7).0

The Proof of Theorem 1.4.
This follows immediately from (3.24) and (4.5).0

The Proof of Corollary 1.5.
(1.25) follows from the representation (1.6),(1.24) and Theorem 1.2 of
[4] . (1.26) and (1.27) follow from (1.25) ,Corollary 1.7 of [3] and (2.7).0
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5 Pointwise estimates of A, (W,U,)

In this section, we sketch briefly the proof of Theorem 1.6.

Fix x, Tj(4),n, M, 6 and J, as in Section 3.
Step 1: Set

oay,
Sy = {ji1§j§n7|$—$j,n|§i‘1’n($)}ﬂ
n

Say, May,
Sy 1= {Jlﬁjﬁn,i‘l’n(@ﬁ v — zj,] < - \Ifn(37)}
n n

and Y,
S3 = {j:lgjgn,|x—xj7n|> an\lfn(x)}.
Now write:
Ay (Un, W) () = D0 (@) + Y (2) + D ().
jeSL JES2 JESs

Step 2: Estimation of >°;.¢ (7) and Y ;cq, (7).

First observe that it suffices to estimate the above sums for € [O, an, <1 + één)]
for they are identically zero outside this range of x. Moreover, recall that we

may assume by symmetry that x > 0.
Then the following holds:

Lemma 5.1. Let W € &.
(a) There exists C; > 0 such that uniformly forn > 1 and z € [0, ay, (1 + één)],

0< > () <Ch. (5.1)

JEST

Moreover, uniformly for n > 1 and x € [0, z1,,],

3 (@) ~ 1. (5.2)

JESTL
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(b) Uniformly for = € [0, p (1 + één)] and n > Ny,

> @) ~ vl (1- 4 15, ) 5.3

JES2 "

Proof. First note that (2.16) gives

> (@) = W(2) X lin (Un) (@)W (20)

JEST JESL

<CY 1<Cy

JESL

for some C'; > 0 independent of x and n as the above sum is finite.
For the lower sum, we use the weighted Erdds-Turan inequality
(see for example [5]),

L (Un) (@) W (@) W (@50) + v (Un) (2) W (@) W (@j500) 2 1 (5.4)

valid forn > 2,1 <j<n—1and z € [zj11,, %]
If v < 1 ,,we may assume without loss of generality that x € {xk(I)H,H, :ck(x)vn] .
Then (5.4) gives

k(z)+1
X @2V 3 )@V ) 2y

Thus (5.1) and (5.2) follow.

It remains to show (5.3). Here we first observe that by (2.2) we have
uniformly for j € S5,

Qp,

;\Iln (xj,n) ~ |Ij,n - Ijil,n| ~ o — Ij,n| . (5.5)

Then (2.15) and (5.5) easily yield

Y (@) ~ v/ |V () ( _ \Z_\Hén)i

JES2 n
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as required.O

Preliminary estimation of }_,cq, ().

Lemma 5.2. Let W € &.
(a) If |z| < 2a,,we have uniformly for x and n > Ny,

W=

(1 — 4 +L5n)
|z — t|

> (@) ~ VapaW (@) fusopisrase dt.  (56)

jES, ted,

(b) If |z| < 2a,,we have uniformly for z and n > Ny,

S (a) ~ Y2V (2) Josopsasn (1 _liy L6n> " (5.7)

JES3 |z teJn n

Proof. We consider the case « € [0, ay (1 + %(LL)} and x < x1,. The other
cases are similar.
By (2.2) and (2.15),

N

dt.

> (@) ~ VanpaW (z) >

J€S3 Fe[ln\[k(z)+2,k(z)-2]

[ (- esa)
Tj+1,n |I - ’I],TL|

(5.8)
Then much as in (3.10), (5.8) readily yields (5.6) for this case.O

Step 4: Estimation of

t '
J = /tlgan<1+A6n) — —+ Lo, | dt.

teJn Gp

We now record the following technical estimate for J :

Lemma 5.3. Let W € £ and suppose that x € {O,Cln (1 + één)} Then
uniformly for x and n > Ny,

T {1 s %1 nfl— it L) 1 5.9
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Step 5: The Proof of Theorem 1.6.
Observe that for |z| < a, (1 + één) ,

n(i-2 5 15,)
log = > 0 if L is large enough.

Then (5.1),(5.2),(5.3) and (5.9) yield the result for this case. Theorem
1.6 (b) and (c¢) are similar but easier.O
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