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Abstract

For a real interval I of positive length, we prove a necessary and suffi-
cient condition which ensures that the continuous L,(0 < p < co) norm of
a weighted polynomial, P,w", deg P, < n, n > 1 is in an nth root sense,
controlled by its corresponding discrete Holder norm on a very general
class of discrete subsets of I. As a by product of our main result, we es-
tablish Nikolskii inequalities and theorems dealing with zero distribution,
zero location and sup and L, infinite-finite range inequalities.

AMS(MOS) Classification: 42A10, 33C45, 31A15.

Keywords and Phrases: Asymptotics, Discrete Norm, Extremal polynomial,
Infinite-Finite range inequality, L, norm, L, norm, Nikol’skii, Potential Theory,
Orthogonal Polynomial, Weighted Approximation, Zero distribution.

1 Introduction and Statement of Results

Let I be a real interval of positive length. A weighted polynomial of degree at
most n > 1 on I is an expression of the form P,w™ where P, is an algebraic
polynomial of degree at most n > 1 and

w: I —0,00) (1.1)

is a positive, non identically zero continuous weight on I. Throughout, @ :=
—logw will be the external field induced by the weight w. If I is unbounded, we
suppose further that

lim |zjw'™"(x) =0,z €1 (1.2)
for some 0 < 1 < 1. In this paper, we obtain a necessary and sufficient con-
dition which ensures that the continuous L,(0 < p < oo) norm of a weighted
polynomial, P,w", deg P, < n, n > 1 is in an nth root sense, controlled by its
corresponding discrete Holder norm on a very general class of discrete subsets of
I. As a consequence, we generalize a theorem of Kuijlaars and Van Assche, [9,
Theorem 7.2] and deduce sharp Nikolskii inequalities as well as theorems dealing
with zero distribution, zero location and infinite-finite range inequalities. The



problem of studying asymptotics of weighted polynomials in discrete L, norms
was initiated by Rakhmanov in [10] and has recently been investigated further
by Dragnev and Saff in [6], Kuijlaars and Van Assche in [9] and Beckermann in

[1].

1.1 Background

To formulate our main results, we require some needed notation and quantities:
Throughout IT,, will denote the class of polynomials of degree at most n > 1,
ITY the class of monic polynomials of degree n, n > 1 and

E, = {nl,n < ... < nn,n}zozl

a triangular scheme of points in I. If I is unbounded, we will suppose henceforth
that the points of E,, have no finite points of accumulation. Define, for each n,
the Hoélder function space:

LP,H(E") = {f : En I IR| ||f||Lp,H(En) < OO}

where,
s fl@), p=o
z€E,
Iz, m(E0) = »
> fP@)] . 0<p<oo.
zeE,
Moreover, for a measurable subset E C I, denote by L,(E), the usual continuous
L, function space for any 0 < p < oo. Throughout, C' will denote a positive
constant independent of n and P,, which may take on different values at different
times.

A crucial tool in our analysis will be the concept of an equilibrium measure.
Given a Borel measure y on I, its weighted energy is given by

Ly(p) = //log it‘du(S)du(t) —2/logw(t)du(t)~

|s

The equilibrium measure in the presence of the weight w, is the unique Borel
probability measure p,, on I minimizing the weighted energy among all proba-
bility measures. Thus

L (p) = min{Lo(s) : o € P(I)}
where P(I) denotes the class

P(I):={p: p is a Borel probability measure on I}.



Discrete sets A triangular scheme FE,, will be called admissible in I, if the
following conditions below hold:

Distribution Condition A

For each compact A C I, 0,,(A), n =1,2,... is finite, where
1
on(A) == card (AN E,)
n

denotes the normalized counting measure of E,,. Moreover, suppose there is
a Borel measure ¢ with support I and total mass > 1 satisfying that for ev-
ery compact K C I, the restricted measure o|x has a continuous logarithmic
potential U°!% and

lim | fdo, = / fdo

n—oo

for all continuous f on I with compact support. Such a measure, if it exists,
will be called an admissible constraint.

Separation Condition B

Let A7, < o be the unique probability measure which minimizes the energy

L= [ [ log g (s)u(r) 2 [ogutauy ()

over all Borel probability measures p where the difference ¢ — p is positive on
I and let Iy be a bounded interval with supp(A\9) C Iy C I. Consider the
polynomial

Rn(x) = H (‘T - ni,n)v zel

ni,n€lo

and let o := o|j,. Suppose that for q.e. n € Iy,

Ry (M) |7 — exp(=U (1)) (1.4)
as n — oo whenever
Nen — 7, k= k(n)
Here by q.e, we mean with the exception of a set of logarithmic capacity zero.
Condition C to control the discrete L, norm of P,w™ from far away
points
Assume that for all e >0 and 0 < p < 00

lim sup || (m1+5w(x))n H}:C:LH(En) < 0. (1.5)

n—oo



We find it instructive to present a short remark dealing with the generality
of our discrete sets defined above with natural examples. This is contained in
Remark A below. None of the statements in Remark A are used in our proofs
and so the reader may read this remark independently of the rest of this paper.

Remark A: Discrete sets.

(a) Tt is true that the following stronger separation condition implies Condi-
tion B:

Assume that there exists p > 0 with

P

£ (1.6)

ming|1it1,n = Nin| >
Secondly, Condition B implies that if I is bounded, then an admissible
triangular array in I may be taken as the zeros of any system of orthogonal
polynomials with respect to a weight W > 0 a.e. on I with all moments

/x"W(x)d:c, n=0,1,..
I

finite.

It is also true that Condition B is implied by the relative distance condi-
tion proposed by Rakhmanov in [10, Theorem 2] as well as the separation
condition of Dragnev and Saff in [6, Definition 3.1]. Finally, in ([8], (8.1))
and [1, pg 4], Beckermann and Rakhmanov have suggested another sepa-
ration condition which was used extensively in [1]. More, precisely, if I is
bounded, Condition B is replaced by Condition R1:

. 1 1
z,Yy€EEn, x#y
and if I is unbounded, Condition B is replaced by Condition R2: There

exists an open set V with

1 1
Supp(A7,) C Vand lim — Z log Tyl =1I(o]V) < 0.
" T, YyEE,, x#Yy rT=Y

We remark that it can be shown using general principles in potential
theory that the separation condition of Dragnev and Saff in [6, Theorem
1.8] implies Rakhmanov’s Condition R1 and that the separation condition
(1.8) of [9, Definition 3], does not imply Rakhmanov’s Condition R2. It is
an open question as to the exact relationship between our Condition B and
Conditions R1 and R2. Very general points of this type have recently found
other important applications in interpolation and numerical integration,
see [4] and [5].



(b) The L, condition on the admissible triangular arrays E, is needed to
control the contribution to our discrete L, norms from far way points.
Its present form with € = 0 appears in [1, Theorem 1.3] and suffices for
the Fekete point results proved in the latter paper. A more restrictive
condition to ours can be found in [9, page 208].

1.2 A Weighted Polynomial Inequality

. We shall prove:

Theorem 1.1: A weighted polynomial inequality. Let0 < p <g¢q <
oo and let B, n > 1 be an admissible triangular array in I with admissible
constraint o. Then for any sequence of polynomials P, € 11,

n 1/m
lim (”RLw”Lq(I)) L -1 (1.7)
n—oo \ [|Phaw"||L, ,(E.)
iff
e < 0. (1.8)

Remark B Theorem 1.1 is a basic result and all our other results below
depend on it. The formula (1.8) means that the measure o — p,, is a positive
measure. The sufficiency of (1.8) was first proved by Kuijlaars and Van Assche
in [9, Theorem 7.2] under the conditions that I = (0,00), p = oo and for sets E,,
that satisfy the stronger separation condition (1.6). The necessity of Theorem
1.1 is new for all the classes of points considered in [10], [6], [9] and [1]. Thus
Theorem 1.1 generalizes [9, Theorem 7.2] in two aspects. Firstly it shows that
(1.8) is in fact necessary and secondly it works for any real interval I, for any
0 < p < oo and for a larger and more general class of sets F,,.

It is instructive at this point to illustrate the usefulness of Theorem 1.1 by
means of an example.

1.3 Example 1

Let natural numbers N and n be given and let E,, be any sequence of discrete
subsets of N equally spaced points in [—1, 1] with spacing p/n for some fixed
p > 0. Moreover, suppose that
N
lim —=A>1.

n—oo N

ri=+v1-—\"2

In [11], Rakhmanov has asked the following question: Find the largest set A C
[—1,1] such that for any sequence of polynomials P, € I,

For the given A set

Pn 1/n
lim sup <L°°(A)> <1. (1.9)
n— oo HP’VIHLOC,H(En)



If "WZ is bounded, then Coppersmith and Rivlin, see [3], proved more than (1.9)

namely:
n’ ) ( 1Pl Lo —1,11 ) (C’nQ)
exp| == | S| | Sexp| — -
(CN [Pl e i (22 N
Under our different assumptions of n and N we ask what can be said about A?

Indeed, using the necessity of Theorem 1.1, it is well known that the equilibrium
measure for the interval [—1,1] given by

1
du(z) = ﬁdﬂ?a z € (-1,1),

clearly violates (1.8) with o, the uniform distribution, given by
do(x) = Az, z € (—1,1).

Thus (1.7) cannot hold with A = [-1,1].

1.4 Sharp Nikolskii inequality

As a consequence of the proof of Theorem 1.1 we will deduce an important
Nikolgkii inequality, (see Theorem 2.1 below), which in its sharp form is new
even under the weaker conditions of [9, Lemma 8.3(b)].

Nikolskii Inequality Assume the hypotheses of Theorem 1.1.

(a) Then uniformly for any polynomial P, € I1,, and n > 1,

L < (IIin”|Lp,H<En)
= P L (B0)

)gC’nl/”,O<p<oo.

(b) Moreover, there exists 6 > 0 such that uniformly for every polynomial
P,ell, andn >1

1 Enw™ |2, o ()

1 —exp(—dn) < ( ) < Cont/P7V 0 < p < g < oo

1Pnw™| Ly b (£2)

1.5 Where does the nth root discrete L, norm of a weighted
extremal polynomial live?

In what follows we now describe the size of the largest set A € I where (1.7)
holds without (1.8). We first consider infinite-finite range inequalities for
weighted discrete polynomials. Their analogues for the continuous case can be
found in [12, Theorem 3.6.1].



1.6 Sup norm: Infinite-finite range inequalities

Theorem 1.2 Assume the hypotheses of Theorem 1.1 and for each k > 0,
define

Sp = {m el: UM (z)+Qz)— F < k} (1.10)
where F¢ is the unique constant satisfying the variational inequalities:
UNe (x) —logw(x) < F2, € supp(\%) (1.11)
and
UNe (x) —logw(x) > FS, x € supp(o — \%). (1.12)

(a) Then for every € > 0, there exists Ny such that for every n > Ny and for
every polynomial P, € 11,

[Prw”|(2) < |[Ppw” || Lo i (22,) X (1.13)
X exp (fn (UAZ(x) +Q(z) — F — 5)) , ¢ € I\S;.

(b) In particular, we have for every sequence of polynomials P, € 11,

n L 1/n
lim sup 1P v <L (1.14)
n—oo ||P7Lwn||Loo,H(En) B

Theorem 1.2 says that the nth root sup norm of a weighted discrete polyno-
mial essentially lives in the set I\:Sy. The next result says that the size of this
set is essentially best possible:

Theorem 1.3 Assume the hypotheses of Theorem 1.1. For any 0 < p < oo,
let Py, € 1L}, be an extremal polynomial with respect to Ey, and w satisfying

12 07 ey () = 0 [ Pa” s, - (1.15)

Suppose there exists a set A C I satisfying

I\So CACI
for which
Pt 1/n
limsup ( [Prw" |z ca) ) <1 (1.16)
n—oo ||P':L<wnHLooH(Eﬂ)
Then

cap(A\(I\So)) =0 (1.17)
where cap denotes logarithmic capacity.

Example 2 If we return to Example 1 above with o the uniform distribution
and w = 1, it is known, see [10], that I\ Sy = [—r, 7] where

ri=+v1-—\"2

Thus [—r, ] is the largest set in the sense of (1.17) for which (1.7) holds.




1.7 L, norm: Infinite-finite range inequalities

We now turn to the question of where the nth root L, norm of a weighted
discrete polynomial lives. Let us set for this purpose:

S :=supp(Ag,) Nsupp(o — AY).

Then as we will show below, the nth root L, norm of a discrete weighted poly-
nomial is supported on the set .S, the free part of the measure \J,.

Theorem 1.4 Assume the hypotheses of Theorem 1.1 with 0 < p < oo.
(a) Then for every sequence of polynomials P, € 11,

n 1/
- <|Pw”w>> "L (1.18)
n—oo ||innHLp,H(En)

(b) Let P, €I be an extremal polynomial with respect to E, and w given
by (1.15). Moreover suppose that for p = oo, S has positive logarithmic
capacity and for 0 < p < oo, S is the union of a finite number of finite
non degenerate intervals. Then

P* w" 1/n
lim ( L"’pn Iz, cs) ) ~1. (1.19)
n—0o0 H n,pw ||Lp,H(En)

(¢) Finally, suppose that for 0 < p < 0o, we only require S to have positive
logarithmic capacity, then

P* n 1/”
liminf< 1Py ) > >1 (1.20)

n—oo \ [P} w1, »(E.) -

where N is a neighborhood of the larger set Sy given by (1.10). We remind
the reader that in view of (1.11) and (1.12)

S C supp(Ay,) C So.

1.8 Zero distribution of weighted discrete extremal poly-
nomials.

The following theorem for an admissible triangular array, is the analogue of [1,
Theorem 1.3], which is in turn the analogue of [12, Theorem 3.3.1] for sets of
positive logarithmic capacity.

Theorem 1.5 Let 0 < p < oo and assume the hypotheses of Theorem 1.1.

Let v, (Py) be the normalized counting measure of the zeros of Py .

Then the following are true:



(a) For any sequence of polynomials P, € T

lim inf 1Paw™ |1, (. > exp(—F). (1.21)
Moreover,
. * nnl/n o
Tim [Py w1 ) = exp(=FY). (1.22)

(b) For every sequence of polynomials P, € II¥ with

1/n

T ([Pt ) = exp(—FY) (1.23)
we have

Un(Pp) = X9 (1.24)
In particular,

Vn(P;:,p) - )‘Z) (125)

1.9 Location of zeros of weighted discrete extremal poly-
nomials.

The following theorem for an admissible triangular array is the analogue of [14,
Theorem 2.2.1] and [12, Theorem 3.3.4] for sets of positive logarithmic capacity.
See also [1, Remark 1.5 d].

Theorem 1.6 Let 0 < p < 0o and assume the hypotheses of Theorem 1.1.
Then the zeros of Py, only accumulate in the convex hull of Sy, and the number
of zeros of Py, , lying in compact subsets of I\Sy, is bounded uniformly in n.

The remainder of this paper is devoted to the proofs of Theorems 1.1-1.6.

2 The Proof of Theorems 1.1 and 1.2

In this section, we proceed with the proof of Theorems 1.1 and 1.2. This will
be achieved through several intermediate steps.

We first present the:

2.1 Proof of the Sufficiency of Theorem 1.1: p= ¢ =00

Suppose first that (1.8) holds. We begin by showing that we have

P.w™ 1/n
i ( | Prw™|| (1) ) . (2.1)
n—00 \ [|Paw™| L. (B2)

We claim that we may assume without loss of generality that P, € I} and
has n real uniformly bounded zeros separated by the points of F,,. To see this,



suppose that (2.1) holds under these hypotheses. We may further assume, using
[12, Theorem 3.2.1] if necessary that I is bounded. Now let P# € II,, satisfy

| PFw™ L) _ { | Pow™ L (1)
1PFwr o e 1Pt [ Lo e )

| P, € Hn} . (2.2)

By a suitable renormalization of P7*, and using [12, Theorem 3.2.1], we may
assume that there exists xg € supp(p,,) for which

[PFw"|(z0) = | PFw" L) = 1P w" | L. (2.3)

oo (supp(pw)) =
Now if ¢y € E,, then there is nothing to prove. Thus we may assume without

loss of generality that x¢p ¢ E,, and P# minimizes the norm

[ Paw" || L s ()
over all polynomials P, € II,, satisfying | P,w"|(zo) = 1.

We proceed to analyze the zeros of P# and to this end we consider an
equivalent problem for monic polynomials.

We set for a given n

E,: = {sel|a " +u€E,},
w(z): = o 'w@ ' +x0), zebB,

and
2" P# (27! + x0)

Qf(x) = Pf(l’o)

, T¢el.

Note that as I is bounded, 0 ¢ E,. Thus it is easy to see that Q7 € II¥ and
minimizes ||Q,w"|| Lo(F,) amongst all monic polynomials of precise degree n.

Moreover, it is well known that Q7 has n simple zeros in the convex hull of En
and its zeros are separated by the points of En

Thus P7 has at least n—1 real simple zeros in the convex hull of E,, separated
by the points of E,. Suppose first that P7* has degree n for every n and all its
zeros are uniformly bounded. Then by a suitable renormalization of P# and
applying (2.2), we have our claim. Thus we may assume henceforth, that either
P# has degree n— 1 with all its zeros uniformly bounded or that P has degree
n for every n and there is one zero of P# denoted by ¢, with

1/e, = 0, n— oco.

This is possible as recall that we assumed without loss of generality that I was
bounded.

Suppose first that P7 is of degree n— 1 with all its zeros uniformly bounded.
Then we may choose a bounded sequence {A,} such that for each n, |A,| >

10



2sup |I| and the zeros of (z — A, )P# are separated by the points of E,,. Now
put R
P,(z):=Ch(x— Ap)Pr(z), z€l

for a suitable sequence {C,} chosen so that P, is monic for every n. Then
observing that the function

1
T e A
is uniformly bounded on I for every n, we see that (2.1) holds for P, and so it
holds for P#. Thus our claim again follows from (2.2).
Suppose next that P has degree n for every n and there is one zero ¢, of
P7# with
1/e, = 0, n — oco.

Then we may define the sequences {4,,} and {C,} such as before except this
time we set

Po(z) = cnmpg(xx zel

and observe that the function

x—x/en
e
|z — Ay

is again uniformly bounded on I. This completes the proof of the claim.

We are now in a position to prove (2.1). Choose P, € II,, and without
loss of generality we may assume that P, is monic and has n simple uniformly
bounded zeros separated by the points of E,,. Let v,,(P,,) = v, be the normalized
zero counting measure of P,. As E,, is admissible, we may assume, (by taking
subsequences if necessary), that the measures v, converge weak* to a probability
measure v where v has compact support in I and v < 0. Now we write

[1Pnw" | oo 1y < [1Pn exp(nU”) || oo () [ exp(=nU")w"|| Lo (1)

and observe first that the weak* convergence above, [12, Theorem 3.2.1] and
the continuity of U¥ guarantee that

lim sup || P, eXP(nUV)”Z:(J) =1L
Thus to prove (2.1), it is enough to show that
A nnl/n v
timinf | o[}, 5, > [lexp(=U" )]z )

We break down the proof into several steps.

11



Step I: We first show that given any ¢ > 0, there exists a point yy €
supp(o — v) satisfying (1.4) for which

| exp(=U")w|(yo) > [lexp(~U")wllz. (1) — .

We first claim that U#+»~" is subharmonic in

C\ (supp(c — v) N supp(p))-

To see this, observe first that p,, < v outside supp(c — )N supp(pty). Thus the
positive part of the signed measure p,, —v is supported in supp(c—v)Nsupp (i)
and thus gives rise to a subharmonic function in C\ (supp (o — ) N supp(tiy)).
The negative part of the measure on the other hand always gives rise to a
subharmonic function in C, see ([12], Chapter 0, Theorem 5.6). Thus we have
our claim. Now the maximum principle for subharmonic functions implies that
UHw =" attains its maximum on supp(o — v) N supp(i, ). Recalling that

= UM (2) — Fp, @ € supp(jiw)
logw(x) — U"(x)
SUmeT(z) = Fu, zel

immediately shows that wexp(—U") attains its maximum on supp(c — v) N
supp(fw) and so there exists y§ € supp(o — v) N supp(fiy) for which
w(ys) exp (= U"(y5)) = llexp(=U")wlr(1)-

Now we use the continuity of wexp(—U") to deduce that there exists a neigh-
borhood V of y§ with
cap(supp(c —v)NV) >0

and such that for all y € V
’exp(—U”)w‘(y) > |lexp(=U")wl|L_ ) — ¢

Finally, recalling that (1.4) holds q.e., we apply the identity, (see [6], Theorem
2.6)
supp(ftw) C supp(Ay,)

and choose yo to satisfy (1.4) as well.

Step II: For the given point yg, we now establish the identity

nnl/n
I

hnH_l‘loréf Hpnw o, i (En) Z w(yO) exp(—U” (yO))

Then combining the above equation with the argument above and letting { — 0
establishes (2.1).

To this end, for a given sufficiently large n > ng, put Ay, := (yo—1/n, yo +
1/n). We may choose n so large that [A;/,| < 1/2. Now choose 0 < d < 1/n
and similarly define As. We write P, = T}, S,, where T, is a monic polynomial

12



whose zeros coincide with those of P, in A/, and S, is a monic polynomial
whose zeros coincide with the zeros of P, in I\Ay .

First let v1 denote the restriction of the measure v to I\A,,,. Then applying
the continuity of U** and the weak® convergence of v, yields

lim |S,[""(z) > exp (— U"(y0))-

We now estimate the polynomial T,,.

Recall first that yg € supp(o—v). Let [,, denote the number of zeros of T}, in
As and m,, the number of points in E, N Ag. It follows that as n is sufficiently
large, v, (T)(As) < 0,(As) and thus m,, is much larger than [,. Since the
intervals

(n:l:il,n + nzti,n7 Ntin T 77:|:7,'+1,n> i=0,1,2, ..

2 2
contain exactly one point of E,, there exists at least one such interval which
contains no zeros of P, and whose centre is in As. Let us denote this centre by
n;n and its adjacent points by 1;_1, and 1;41,, respectively. Recalling that
the zeros of P, separate the points of E, and using the fact that |A;,,| < 1/2
yields the following estimate on T;,:

1/n
T > (|77j,n = Nj—1,nllMjn — 7Ij+1,n|) "

- 4
1/n
X H |77j,n - 77:ti,n|
N+in€81/n
Nti,nFNjn
2/n
> (19 H M5, — Natiynl

nii,neAl/n
Nti,nFENj,n

Observe that
Nj,m — Yo, M — Q.

Thus applying (1.4)and the dominated convergence theorem gives

lim inf |}, (7;.,)[*/™ > 1.
n—oo

Combining our arguments above yields

|

liminf || Pyw” |7, (5,) 2 exp (= U (y0))w(yo)

as required. This completes the proof of Theorem 1.1 for p = ¢ = co. We
provide the remaining details for the proof of Theorem 1.1 later in Section 2.4.
O

13



2.2 The Proof of Theorem 1.2

We now present:

Proof of Theorem 1.2 For the given weight w, let us recall, [12, Theorem
1.1.3], that there exists a unique constant F,, such that

Ut (z) —logw(z) = Fy, = € supp(pw)
Ubw(z) —logw(x) > Fy,, x € 1.

We set: ;
wo(x) := min (w(x),exp(UAw (x) = FJ)), z€l. (2.4)

It is straightforward to check that wy satisfies both (1.1) and (1.2). Moreover,
the uniqueness of the equilibrium measure p,, and F? together with (1.11) and
(1.12) easily give that:

(a)
exp(U™e(2) — Ff), = € supp(A7,)

wo(®) := { w(x), otherwise (2:5)
(b) _
wo(x) = w(x), =€ I\Sy
(2.6)
wo(x) <w(z), zel
(c)
Py = Ay (27)
(d)
Fy,, = FS. (2.8)

We claim that (1.7) holds with p = ¢ = oo with wyg. Firstly (1.3) and (2.7)
show that (1.8) holds with wq. Thus it remains to show (1.4). To see this, let
Iy be a bounded interval with supp(Ag, ) € Io C I. Set

R, (z) := H (x —nwin), z el

n+i,n€lo

and let o1 := o|f,. Then (1.4) follows from (2.7) and the identity, (see [6],
Theorem 2.6),

supp(pw) C supp(Ay,)
since
supp(Ay,) = supp(fiw,) € supp(Ay,) < lo.

Thus we may apply (1.7) with wo together with (2.5), (2.6) and [12, Theorem
3.2.1] to obtain (1.13). O

14



2.3 Nikoléki Inequality

In this section, we prove a Nikolski inequality which in this sharp form is new
even under the weaker conditions of [9, Lemma 8.3(b)]. We have:

Theorem 2.1-Nikolskii Inequality Assume the hypotheses of Theorem
1.1.

(a) Then uniformly for any polynomial P, € II,, and n > 1,

< (LBl ace
- Hinn”Lw,H(En)

) <Cn'P 0 <p<oo. (2.9)

(b) Moreover, there exists 6 > 0 such that uniformly for every polynomial
P,ell, andn>1
||innHLp,H(En)

1 —exp(—dn) < <
1Paw™| L, 1 (E.)

> < CnMPY1 0 < p< g < 0.

(2.10)

Proof We define for k& > 0, the compact set S, given by (1.10) and set for
n>1:
En,k =S, NE,.

We will write
card(E,, 1)

to mean the cardinality of the set E, ; which is well defined.

Let € > 0. Observe first that there exist positive numbers ¢ and d; so that
for all z € I\ S,

UNe(x) + Q) — F9 — ¢ (2.11)
> Q(x) — (1 + d1)loglz| + 0.

Applying (1.13) with (2.11), we deduce that

1Paw™[ sy < (2.12)

<||Paw |} (5. exp(—0np) ZE: |2 ()| P
RASY

n 5 n
< (1P|} .y exp(=0mp)[| (@ P w(@) | ).

Now let us apply (1.5) to (2.12). We have shown the following: For every ¢ > 0,
there exists a § > 0 and Ny such that for n > Ny and for every polynomial
P, ell,

[ Pow" ||z, wEans) < 1Paw” L, 4 (B,) exp(—dn).
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From the above, we conclude that for every € > 0, there exists a § > 0 and Ny
such that for n > Ny and for every polynomial P, € 11,

| Prw™ ||, b (E.) > 1
1< L - < . 2.13
(ninnan,H(En,E) T~ exp(—om) (213)

Now let 0 < p < ¢ < 0o and € > 0. We claim that for every polynomial
P, ell,,n>1,

P,w™
min 4 1, card(E, E)l/q_l/p < | LIPS §card(En5)1/p_1/q. (2.14)
’ Hpnwn”Lq,H(En,E) )

To see this, observe first that (2.14) follows for 0 < p < ¢ < oo from Hélders
inequality. For g = oo, it again persists by definition of the discrete Holder
norm (for the lower bound) and by a trivial estimation (for the upper bound).

To complete the proof of Theorem 2.1, we need to invoke (2.13), (2.14) and
the fact that
(card(E, ) /P11 =0 (nl/p—l/q)

which we may obtain using distribution condition A. Observe that if ¢ # oo,
then Theorem 2.1 follows easily. If ¢ = oo, the right most inequality in (2.9)
follows using the same argument as above and the fact that

En,e C En

while the left most inequality in (2.9) is true by inspection. We have proved
Theorem 2.1. O

2.4 The Proof of Theorem 1.1
We now provide the remaining details in the
The Proof of Theorem 1.1 We claim that (2.1) implies

P,w"™ 1/n
lim (”w”“”) =1 (2.15)

oo \ [|Paw" (L, 4 (1.)
as required. To see this, we observe first using (2.9)and (2.10), that it is imme-

diate that 1/
<||inan,H(En)> -1

lim [ ——2 7
HinnHLq,H(En)

n—oo

Next, we recall first that by [12, Theorem 3.6.2], there exists a compact set

B C I such that Y
P,w"™ "
lim ( [ - Iz, ) L
n—oo \ || Pow™| L, B
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Thus we may cover B by a bounded interval J C I and obtain using the above
and [14, Lemma 2.1.7] that

limsup [Py [/, < limsup [P},
el n—oo
< limsupHinn”lL/g(J)
n—oo
< timsup | Pl .

Similarly using [12, Theorem 3.2.1], we can easily show that

1/n

nnl/n
| Loo(I)'

linrr_l)ioréf || Prw Lo(D) > lgr—lgéf | Pow™ ||
(2.15) then follows easily and we have shown the sufficiency of (1.8).

Next suppose (1.7) holds. Then using a similar argument to the above, we
may conclude that for every sequence of polynomials P, € II,

P.w™ 1/n
lim ( [P 1) ) —1. (2.16)
n=00 \ [[Paw™|| 1oy 4 (E.)

Assume that (1.8) does not hold. Firstly, we recall that that there exists a
unique constant F, satisfying the variational conditions:

Utw(z) —logw(xz) = Fy, « € supp(tw)
Utv(z) —logw(z) > Fy, x€l.

We claim that
F, < F}. (2.17)

To see this, we first observe that (1.11), (1.12) and the variational conditions

above give
Uro(z) — UM (z) < FS — Fy, © € supp(\9).

By the principle of Domination ([12], Theorem 3.3.1), we infer that
UNe(z) — Urw(z) < FS — Fy, z € C. (2.18)
Letting |z| — oo in (2.18) we learn that
F? > F,.
But by assumption, (1.8) does not hold. Thus as A7, < ¢ it follows that
Ao 7 -

As the measures A9, and p,, are both supported on the real line, (2.17) follows.
Next, using (4.3) below (which is independent of the proof of Theorem 1.1), we
know that there exists a sequence of polynomials @,, € II satisfying

limsup [|Quw" /" 5 ) < exp(—Fg).

n— oo OO’H(En)

17



Thus using (2.17), we have

limsup [Quuw"[|}/" | ) < exp(~Fy). (2.19)

n—oo

Then (2.19) and the identity, see [12, Theorem 3.2.1],

1@nw" | Lo (1) = 1@nw" | Log (supp(pu)) = exP(=nFu)

give

n 1/n
liminf( |Qnw" o ) > 1.
n—oo \ |Qnuw™ |1 4 (E,)

This last equation contradicts (2.16) and so (1.8) must hold. This completes
the proof of Theorem 1.1. O

3 The Proofs of Theorems 1.5 and 1.6

We begin with the

Proof of Theorem 1.5 Firstly define wy as in (2.4). Then given P, € I}
we always have, using (2.6), the relation

limiinf | Pow |}/, ) = limint |2 17 o - (3.1)

Thus using (2.1), (2.8) and the identity, see [12, Theorem 3.4.1],

HinnHLOQ(I) = ||innHLoc(supp(pw)) > GXP(—an)

we may write (3.1) as

lminf | Py |/" ) 2 liminf | Pawg]l” )
> exp(—Fu,) = exp(—F2). (3.2)

This last inequality establishes (1.21) for p = oo and the lower bound in
(1.22) for p = oco. We now claim the existence of a sequence of monic polynomials
Q@ € II} satisfying

limsup | Quuw"[|}" | ) < exp(~F). (3.3)

Notice that if we can establish (3.3), then the minimality of P; . yields

lim sup || Py ocw" ||}/ ) < exp(~F). (3.4)

n—oo

18



(3.4) together with (1.21) will then imply (1.22) for p = co. Moreover if p # oo,
Theorem 2.1 and the minimality of P , yields

. 1
lim sup (P70} s
n—oo
<lim sup [Que”I}", )
n—oo ’
. 1
< lim sup ||ann||L/£,H(En)

n—oo

< oxp(~F)

so that again we have (1.22). Also, if (1.23) holds, then we may apply it with
the weight wg given by (2.4). If we do this and also apply Theorems 1.1 and
2.1 recalling that (1.8) is now satisfied, we obtain that

. nnl/n
lim || Pawf |} ) = exp(—Fu,)-

But then by [12, Theorem 3.4.1], we must have

V(Pn) = flwy = X3,
(1.25) will then follow from (1.24) using (1.22). Thus everything boils down to
proving (3.3).

Our method of proof makes use of Theorem 1.1, the weight wq defined in (2.4)
and a delicate construction of the polynomials in question by specifying their
zeros and carefully discretizing the measure AJ,. Some of our ideas appeared
first in ([10], Lemma 4.1) but we provide full details for the readers convenience.

We choose € > 0 small enough, set

S—c:={z eI | UM +Q(z) > F] — ¢}

and consider L
NS_.={zecl|U" +Q(z)<FJ—¢}.

We now break up our argument into several steps.

Step I: We first show that for sufficiently large n,
on(I\NS_¢) < L.

Observe that I\S_. is compact with 9(I\S_.) = 0. Here 0 denotes the usual
topological boundary. This is possible by the continuity of U*» and @ and by
choosing € small enough. Moreover (1.11) implies that I\S_. C supp(Ag,) and
so consequently,

A7 (I\S_2) < 1. (3.5)
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Next we observe that Condition A implies that the measure ¢ has no mass
points. Thus, see ([2], Theorem 25.8), we have

lim 0,(K) =o0(K)

n—oo

for every compact K C I with 0(0K) = 0. In particular, applying the above
with K = I\S_. gives

nlLH;o on(INS—¢c) = o(I\S_¢). (3.6)

Now observe that (1.11) and (1.12) imply easily that o = A9 on I\S_. and
thus (3.5) together with (3.6) imply that for sufficiently large n

on(I\S—_¢) < 1. (3.7)
This completes the proof of Step 1.

Step II: 'We construct monic polynomials P, with n zeros for which:

E,NI\S_. C Z(P,) C supp(AY) (3.8)

n(vn(P,)) = X, n— oc. (3.9)

Here, Z(P,) denotes the zero set of P,.

To do this, we proceed as follows. Choose ny := n(1 — 0, (I\S_.)) zeros of
P, in supp(Ag,)\(I\S_¢) which we denote by x; »,, 1 <14 < ny and satisfying

/\Zj([-ri,n17xi+l,n1]) = 1/”7 1<i<ny.

Now as A%, has no mass points, for any fixed a € I, the function A, ([a, z]) is a
continuous function of z and so

*

Un(Po)lsupprg W5 ) — A

wlsupp(rg )\ (V8 2)- (3.10)
The remaining no, (I\S—.) < n zeros of P, we take from the set E, N I\S_..
Then finally recalling that ¢ = A9, on I\S_. and using (3.10) yields (3.8) and
(3.9).

Step III: Completion of the proof of (3.3).

First note that P, = 0 on F,, N I\S_.. Thus using the definition of I'\S_.
and (3.8), we must have

||P7lwnHLoc,H(En) < exp(—F{Z + €)n||PTL exp(nU)\Z))HLoc(supp()\fu))' (311)
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Moreover, by (3.8), (3.9), (2.7) and [12, Theorem 3.4.1] we have

. nyl/n .
nlLH;O ||in0 HLoc (Supp(ﬂwo)) =1
where wg was defined by (2.4). But then using (2.5) this implies that

1/n

Lo (supp(pg)) — 1° (3.12)

lim HPn exp(nU)‘fU)H
Substituting (3.12) into (3.11) and letting ¢ — 0+ gives (3.3). O

The Proof of Theorem 1.6 This follows using (1.13), [14, Lemma 1.3.2]
and [12, Theorem 3.3.4]. O

4 The Proofs of Theorems 1.3 and 1.4

In this section, we present the proofs of Theorem’s 1.3 and 1.4. We begin with
the

Proof of Theorem 1.3 We first claim that the following holds:

o

lim |Prw V" (z) = exp (— UM (z) — Q(a)) (4.1)

for q.e. x € I.

To see this, we first observe that A7 and the measures {v,,(P;)}, n=1,2,...
are of compact support on I. Thus we may invoke the Lower Envelope theorem,
see ([12], Chapter 1, Theorem 6.9), to deduce that

lim U (z) = UM (2) (4.2)

n—oo

for gq.e. x € I. Letting (. n, 1 < k < n denote the zeros of P}, we may write

* — 9 #
—(1/n)log|P;|(z) = Un};log |z = Chon

1 . L ip
= [lor man () = U @)

and then easily deduce (4.1) from (4.2). We proceed by contradiction. Suppose
that

cap(A\(1\5o)) # 0.

Fix y € A\(I\\Sp) so that (4.1) holds. Then by the definition of the set I\Sy we
must have

~UM(y) - Qy) > —F. (4.3)

21



Combining (4.1) with (4.3) then implies that

liminf |[Pfw”Y"(y) = exp (—UMo(y) — Q(y))

> exp(—Fy). (4.4)

Thus (4.4) and (1.22) imply that

1/n
Pruw™ 1/n P;wn .
liminf< H*"f o) ) > liminf | ‘ |LLOO(A\(I\S()))
n—oo \ [|[Prw™||L (&) n—00 1Prw (L (i)
Pru™ 1/n
> liminf( *l n " |(y) )
n—oo \ |Prw"||L ()

> exp(—Fg +F))=1.

This last statement contradicts (1.16) and so we have completed the proof
of the theorem. O

We now proceed with the

Proof of Theorem 1.4 Firstly, as S is compact, (1.18) follows immediately
using Theorem 1.3 and Theorem 2.1. To see (1.19), we may assume firstly
because of Theorem 2.1 that p = g. Next we observe that (1.11) and (1.12)
imply that

UNe(z) + Q(x) = Fy (4.5)

for every x € S. Applying the method of Theorem 1.3 above, we may fix y € S
such that

Tim [Py Y7 (y) = exp(—F). (46)
Then (1.22) and (4.6) easily yield,
P* w" 1/n
lim inf ( | 1 [NE) ) (4.7)
n—oo ||Pn7pwn||Lp‘H(Eﬂ/)

P* n 1/”
> liminf( | n,pt ) >

n—oo \ [|Pr w1, »(E.)

>exp(—Fg +Fj)=1.
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Now we apply the method of [14, Lemma 2.1.7] and the above to deduce
that

127w L ()

1Pz w™|z,(s) )”"
)

1/n
>1. (4.8)
||P';7‘j,pwn||Lp,H(En >

lim inf (

n—oo

> lim inf <

HP;;:DU}" ||Lp,H(En)

This last inequality establishes (1.19). We note that (4.7) holds if S has positive
logarithmic capacity and that we only require S to be a finite union of finite
non degenerate intervals in the transition from L, to Lo in (4.8). Finally to
see (1.20), we first recall, see (2.4) above, that there exists a continuous, not
identically zero weight

wg : I — [0, 00)

satisfying (1.2) and the following:

wo(z) = w(x), z€Sy.
wo(x) < w(z), ze€l.
Py = Ay
Fo, = F°.

Indeed, wy is given by the formula
wo () := min {w(x), exp (U’\Z () — F{;)} ,x el
Observe first that w = wg on S. Define:
Seri=A{xel: UM (x)+Qz) < Fyu}.

Then using the definition of wg, we observe that if N is a given neighborhood of
So, then N is the same neighborhood for S;* . Thus we may apply, [12, Theorem
3.6.1] to deduce that

. . 1 . . 1
liminf | P oy 2 lminf |27 ep]
. 1/n
> liminf |27 wg oy
. 1/n
> liminf [Py wg] /"
> 1/n

s * n
liminf [ 27w [ -

Recalling that (4.7) holds if S has positive logarithmic capacity and applying
the above inequality yields the result. O
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