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Abstract

An Erdés weight is of the form W := e~9 where Q is even and of
faster than polynomial growth at co. For example, we can take

Q(z) == expy(fal®), k> 1,0 >0, z€R

where exp; denotes the kth iterated exponential. We prove Jackson
theorems in weighted L, spaces with norm || fW||; ) for all 0 < p <
00. These are the first proper Jackson theorems for Erdés weights
even in L. An interesting feature is a Timan/Nikolskii/Brudnyi
effect: The degree of approximation improves towards the endpoints
of a certain interval. By contrast, there is no such feature for Freud
weights.
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1 Statement of Results

In recent years, there have been many advances in the theory of weighted
polynomial approximation, and orthonormal polynomials, associated with
the weights
W =e9, (1.1)
Here @ : R — R is even, and typically grows at least as fast as |x|}, some
A > 1, at infinity. In some contexts, there has been a distinction between the
case where ) is of polynomial growth at infinity (the so-called Freud case)
and where @) is of faster than polynomial growth at infinity (the so-called
Erdds case). To some extent, this is similar to the distinction between entire
functions of finite, and infinite, order. For further orientation on this topic,
see [7], [10], [15], [16], [21], [22].
In this paper, we discuss Jackson theorems for Erdds weights. That is,
we estimate

Eulflwg = ot (= P)W |0 (12)

0 < p < o0, where P, denote the polynomials of degree at most n.

Our methods are similar to those in [6], where Jackson theorems were
proved for Freud weights. The approach involves approximating f by a
spline (or piecewise polynomial), representing the piecewise polynomial in
terms of certain characteristic functions, and then approximating the char-
acteristic functions (in a suitable sense) by polynomials. This method has
the advantage of involving only hypotheses on @)’, in contrast with the more
complicated approach via orthogonal polynomials and de la Vallee Poussin
sums, that typically involves hypotheses on Q" [7], [10], [17], [21]. In the
Erdos weight context, some new features arise: the degree of approximation
improves toward the endpoints of the Mhaskar-Saff interval, and to reflect
this, we need a more complicated modulus of continuity, and some proofs
become more involved.

To state our result, we need to define our class of weights, as well as
various quantities. First, we say that a function f : (a,b) — (0,00) is quasi-
increasing if 3 C' > 0 such that

a<z<y<b= f(z) < Cf(y).

Definition 1.1 Let W := e~ 9, where



(a) Q: R— R is even, continuous, and Q' is positive in (0, 00).
(b) Q' () is strictly increasing in (0, 00) with right limit 0 at 0.
(¢c) The function

2Q' ()
T(x) = 1.3
()= 228 (13
is quasi-increasing in (C,00) for some C > 0, and
J}LrgloT(x) = 00. (1.4)
(d) 3 Cy,Cy,C3 > 0 such that
yQ' () Qw)\“
<C y>a>C 1.5
<o log) vzeze 9)
Then we write W = e~ € &,.
The archetypal example of W € & is
W(x) := W o(z) = exp (—expy, (|z]*)), &> 1,a >0, (1.6)

where exp, = exp (exp(...)) denotes the kth iterated exponential. For this

weight, we see
k—1

T(x) = az® [] exp;(z*), z > 0.
j=1
It is not too difficult to see that we can choose Cy > 1 in (1.5) arbitrarily
close to 1 in this case. Another example is

W(x) := exp (— exp [log(2 + xQ)]ﬂ) , B> 1.

Here
23x?
2 + x2

Again, we can choose C arbitrarily close to 1.

T(z) = [log(2 + )", & > 0.



The function T'(z) measures the regularity of growth of Q(z). In partic-
ular, (1.4) forces @ to be of faster than polynomial growth at co. The reader
is cautioned that in other papers on Erdds weights [14], [17] the function

_ SL‘Q"(.I)
was used (and denoted by T'), but it has essentially the same rate of growth
as T, for “nice” weights.

We need the condition that zQ'(x) be strictly increasing to guarantee the
existence of the Mhaskar-Rakhmanov-Saff number a,, the positive root of the
equation

1
2 dt

= — tQ' (ayt) —, u > 0. 1.7

U 71_O/auQ(au)\/ﬁau ( )

If we used something other than a,, we could require less of Q' (x), namely

that it be quasi-increasing for large x. However this would complicate for-

mulations, so is omitted. For those to whom a, is new, its significance lies
partly in the identity [18], [19], [20]

and that a, is the “smallest” such number.

Our modulus of continuity involves two parts, a “main part” and a “tail”.
The “main part” involves rth symmetric differences over a suitable interval,
and the tail involves an error of weighted polynomial approximation over the
remainder of the real line. The size of this “suitable interval” is determined
by the decreasing function of ¢,

a
o(t) := inf {au = < t} , t>0. (1.9)
u
Thus o is essentially the inverse function of the function u — ¢+, which
decays to 0 as u — oo.

For h > 0, an interval J, and » > 1, we define the rth symmetric difference

AT (f, 3, ) ;:i ( Z ) (=1)'f (w%—m), (1.10)

1=0



provided all arguments of f lie in J, and 0 otherwise. Sometimes the incre-
ment h will depend on z, and on the function

=]

o(t)

This is the case in our modulus of continuity

Oy () == ‘ ‘+T( ) zer (1.11)

wrp(f,Wit) 1 = sup W Ay (f5 @, R)HL (Je|<o(2t))
+pé%f,1”(f PIWIL, (agtan)- (1.12a)
and its averaged ‘cousin’
Dol W) = ( [ I S (xgg(%))dh)
© im0 = Pl ) (1.12b)

If p = o0, we set :

wr,p(favva;):wr,p(ﬁvva;)-

Observe that
Wrp (f, W 1) Swpp (f, W) 1)

for every fixed t € R.

The inf in the tail is at first disconcerting, but note that it is over polyno-
mials of degree at most r — 1, not n. Its presence ensures that for f € P,_q,
wrp(f, W,t) = 0. The modulus of continuity is rather difficult to assimilate
(as is the case with all its cousins [6], [7] for weighted approximation on R).
A good way to view the function o(t), is that for purposes of approximation
by polynomials of degree at most n, essentially { = %=, the main part of
the modulus is taken over the range [—az,axz], and the tail is taken over
R\[—@n/2, Gns2]. Moreover, the function ®,(x) describes the improvement in
the degree of approximation near £a,/,, in much the same way that v/1 — 22
does for weights on [—1, 1].



It is possible to replace o(2t) by the somewhat larger term o(t) — At
and o(4t) by the somewhat smaller term o(t) — Bt for suitable A, B in our
modulus, under additional conditions on (). However, it hardly seems worth
the effort, as the resulting modulus is almost certainly equivalent to the above
one. As evidence of this, we note that in [3], the first author proves that the
above modulus is equivalent to a natural K-functional /realization functional.

Following is our main Jackson theorem:

Theorem 1.2 Let W :=e @ € &. Letr > 1 and 0 < p < oo. Then
for f: R — R for which fW € L,(R), (and for p = oo, we require f to be
continuous, and fW to vanish at 00, we have for n > Cj,

(7% Qn,
En[f]W,p < Clwr,p (f> W, Cy ;) < Clwr,p (f, W, 02;) (1.13)

where C;, j =1,2,3, do not depend on f orn.

Remark.
We remark that it is possible using the methods of [6] and [3] to prove
Theorem 1.2 for n > r — 1.

Unfortunately, the modulus w,,(f, W,t) is not obviously monotone in-
creasing in ¢. So we also present a result involving the increasing modulus

w:,p(f7 VVJ t) o= sup ||WA:h‘1>h(a:) (f7 x, R) ||Lp (‘I‘<g(2h))
0<h<t =
0<7<L
+P€1%f_1 1(f — P)W||Lp(|m|20(4t))' (1.14)
Here L is a fixed (large enough) number independent of f,¢.
Theorem 1.3 Under the hypotheses of Theorem 1.2,
G,
En[f]W,p S C3w:,p <f7 VV: C4;> ) (115)

where C;, j = 3,4 do not depend on f or n.

It seems likely that one should only really need 7 = L in the definition of
w, ,, but we have only been able to prove this under additional conditions,
see Section 7.



The modulus of continuity is analyzed in [3], and in particular the re-
lationship to K-functionals/realization functionals, is discussed. These have
the consequence, that at least for p > 1, we can dispense with the constant
Cy inside the modulus w,, in (1.13) or (1.15). For p < 1, this requires extra
hypotheses on W.

The paper is organized as follows: In Section 2, we present some techni-
cal details related to @), a,, and so on. In Section 3, we present estimates
involving o(t) and ®;. In Section 4, we obtain polynomial approximations to
W1 over suitable intervals, and then in Section 5, we present our crucial ap-
proximations to characteristic functions. We prove Theorem 1.2 in Section 6
and Theorem in Section 1.3 in Section 7. Moreover, we discuss simplification
of the modulus w; , in Section 7.

We close this section with a little more notation. Throughout, C, Cy, C,, . ..
denote positive constants independent of n, x and P € P,,. The same symbol
does not necessarily denote the same constant in different occurrences. We
write C' # C(L) to indicate that C is independent of L. The notation ¢, ~ d,,
means that C; < ¢,/d, < Cs for the relevant range of n. Similar notation is
used for functions and sequences of functions. In the sequel, we assume that

W = B_Q € 51.
2 Technical Lemmas

Lemma 2.1

(a) For some Cj, j=1,2,3,and s > r > Cj,

(i)cmr) - Q(s) < (f) are: (2.1)

r Q(r) r
Moreover,
CRECRE BT

(b) Given § > 0, there exists C' such that

T(y) ~T <y<1 - %)) ,y>C. (2.3)



(c) Given A > 0, the functions Q' (u)u~* and Q(u)u~* are quasi-increasing
for large enough u.

Proof

(a) Firstly, (2.1) follows from the identity

Qls) _ [ T()
log o) —/ dt

t
and the fact that 7' is quasi-increasing. Then the definition (1.3) of T’
gives (2.2).

(b) We can reformulate (1.5) as

TW) o (Q(y))@_l.

T(x) = \Q(z)
Hence for z = y(1 — %), the quasi-increasing nature of 1" gives
T(y) [T(t)
Cis 7y S Ciew ((02 - 1)/Tdt>

T

< Cyexp <C5T(y) log %) < Cp.
Recall here that T'(y) is large for large y.
(c) From (2.2)if s >r > C,

I(g)gA ) /gy CoT(r)—1-A
8'ET;TA = ;Er; <_>

-
Here we have used the quasi-monotonicity of T, and also that if C' is
large enough, then C,T(r) — 1 — A > 0. Similarly for Q(s)s~4. O

> (.

Next, some properties of a,:

Lemma 2.2



(a) a, is uniquely defined and continuous for u € (0,00), and is a strictly

increasing function of .
(b) For u > C,
a,Q'(a,) ~ ul(a,)"?;
Qa) ~ ul(a) "2
(c) Given fixed 3 > 0, we have for large u,
T(agy) ~ T(ay)-

(d) Given fixed a > 1,
Gou 1

ay - T(ay)

(e) If Cy is as in (1.5),

Co—1

T(a,) < 06U2(02+1) = Cu**™"

with 6 > 0.

(f) If @ > 1, then for large enough u,

Q(aau)
Q(ay)

(g) For some Og,Cg, 010, 0117012, U Z Cg, and L Z ]_,

10g(ClzL)> > ALu >14 Cglog(olo[/)‘

> C7 > 1.

eXp (C“ T(a) )= a T(ars)

Proof

—~~
NG

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(a) The function u — a, is the inverse of the strictly increasing continuous

function

dt, a € (0,00),

1
2 dt

— = [ at@Q'(at) ——

a 7TO/(LQ((L) —

which has right limit 0 at 0 and limit co at co. (Note that this function

is continuous even if @' is not). So the assertion follows.

9



(b) For u so large that T'(a,) > 2, we have

u 2 {117(%) i ] a tQ (ayt)  dt

Q' (0u) T 0 +1—1/T(au) a, Q' (ay) V1 — 2
2 @ty 2 bt
ol 1/2 Qu ol
< ST) et | —
1-1/T(ay)
z 1/2 Q(a.) — Q(0) % —1/2
s Q) Ta
i 1/2 Q(ay) é —ip 8 —1/2
< 7TT(au) o (an) + 7TT(au) = 7TT(au) }

Here we also need u so large that Q(a,) > |Q(0)|. So we have
a, Q' (ay,) > %uT(au)l/Q.

In the other direction, (2.2) gives for large u,

u / a, tQ' (a dt
Q' () a,Q'(a Vi—-¢t

Cl / ClT (aw) dt
T(a V1—1t2

R - ERLEE

T'(ay) T(ay)

v

v

Z C3T(au)71/2.

Here we have used (2.3) and the quasi-monotonicity of 7. So we have
(2.4). Then (2.5) follows from the definition of 7.

10



(c) We can assume (> 1. Then by (2.5), and quasi-monotonicity of 7',

(d) Now

2 dt
ot = — [ auutQ (agut
= / Q (a0t) ——

vV
2N
—

S

S

<

o

&
—_

|
~+
I\

AV4
$
=
~N
—
=
SN
-
~
[N}
N
—_
‘@
IS
N——
a
~
no

by (2.4). Hence

In the other direction,

au/aau 1
2 e gt
v = ) [ [ et m
0 au/aau
Gu/Gau 1
2 dt 2
S - / aath,(aaut)—+_aauQ’(aau) /
) I ()T "
ay u/Oau
1
Qy 2/ , ds 4 , ( Qy
< |2 = jR—
o o 7T0 GUSQ (auS)m +7Taoch (G/OCU) o
1/2

< u+ CuT(a,)"? (1 — a—“)
aau

by (2.4) and (2.6). Then

< Tlaw) ™ l@if;uf/ l@&)rﬂﬁ -

dt
v1—t

)1/2



(e) We apply (1.5) with y = a, and z = Cj, so that

auQ,(au) 61462(0/11)02
= uT(a,)"? Cs(uT (a,) /%)%

<

<
Rearranging this gives (2.8).

(f) For large enough u,

Q(aau) _ . (a/auwdt)
t

Ay

> exp (CoT(a) log (%)) = exp(Cr) > 1,

a”LL
by (d) of this lemma.
(g) From (1.5) with y = ar,, and = = a,,
T(CLLU) <C (Q(aLu)>C2—1
B Q(ay) '

This forces Cy > 1, as the left-hand side — oo as L — oco. Then with
the constants in ~ independent of L, (2.5) gives

Qary) LuT(aLu)*l/2
Qla,)  ul(a,)1?

Then using (2.1),

C1T(ap, .
(aL“> ) ope
a, B

We deduce the right-hand inequality in (2.10) from this last inequality
and the inequality logt < ¢ —1,¢ > 1. In the other direction, (2.1) and

12



then (2.5) give

G (Q(aLu)>1/ (e27(aw)

Ay, Q(au)
B /(CoT(au))
LuT (ag,)~'/? ' 1/(C27(aw))
< (ot s

Here the constants are independent of L and w. Then the left inequality
in (2.10) follows. O

We finish this section with an infinite finite-range inequality: We provide
a proof as those in the literature [18], [20], [13], ...don’t quite match our
needs/hypotheses:

Lemma 2.3 Let 0 < p < o0, s > 1. Then for some L, Cy, Cy > 0,
n>1,and P € P,,

||PW||L1)(R) S ClHPW”Lp(_asnyasn)' (2]‘1)
Moreover,

—ConT(a, )1/
1PWI, (afsan) S Cre™ @ T IPW Ly oy (212)

|z|>asn

Remark Note that (2.8) of Lemma 2.2(e) shows that for some C3 > 0,
and large enough n,
nT (a,)"? > n%,

Proof We may change @ in a finite interval without affecting (2.11),
(2.12) apart from increasing the constants. Note too that the affect on a,
is marginal, and is absorbed into the fact that s > 1. Thus we may assume
that @' is continuous in [—1,1]. This and the strict monotonicity of ¢Q)'(¢)
in (0, 00), allow us to apply existing sup-norm inequalities to deduce that for
PeP,,

[PW|Loo@) < ClPWI Logl=aun asnl-

13



For a precise reference, see [25] and [9,Thm.4.5]. Moreover, the proof of
Lemma 5.1 in [13,pp.231-232] gives without change for p < co

1 2
PP (anr) < =

/|PW|p ant)dt, © > 1. (2.13)

Let (z) denote the greatest integer < x. Let 0 be small and positive, let
[ ;= (dn) and let T;(x) denote the Chebyshev polynomial of degree [. Using
the identity

1
T)(x) :5{(ZIZ+VI2—1)l+($— xz—l)l], x> 1, (2.14)
it is not difficult to see that
nu»z{

We now let m :=n+1=n+(én), m' := n+2l = n+2(én) and apply (2.13)
to P(x)T)(x/am) € Ppn. We obtain for z > 1,

exXp (% Vi=T), @ ( %)} (2.15)

z!, >1

B[ DN [ =

1 2
IPWP(amz) < Ti(z) " ———

Q/WWWam)

Replacing a,,x by y, and integrating from a,, gives

Jorrons (] imvrio) (i [ () e)

Ayt

Ayt —Qm

Here using (2.15),

[ e | =
a1 y_am am am “ /a xr — ]_
A l T
<C / exp ——p\/:c—l dx + /x_lpd:c
) x—1 V2 s

8 1/2 9 —lp
co )z ) )
O 1 am 8
< Csexp (—C4nT(an)’1/2) i

14



Here we have used (2.7) and our choice of . Now if ¢ is small enough,
m' < sn. Then (2.12) follows easily, and in turn yields (2.11). The proof for
p = oc is similar but easier. O

3

Technical lemmas on ®;

In this section, we present various estimates involving the functions o and
®, . Throughout, we assume that W = ¢~ @ € &. Recall that

O(t)::inf{au:a—ugt},t>0;
u

T) = —ﬂ o) V2
@, (x) ‘1 U(t)‘+T( )2, 2> 0.

Lemma 3.1

(a)

There exists sy, vg such that for s € (0, sg), we can write s = &, where
v > vy. Moreover, we can write

o(s) =0 <%> = Q) (3.1)

v
where .
1>0 (-) Jay = agay = 1 - C/T(a,). (3.2)
v
In particular,
lim 20 _ (3.3)
V—00 v

There exist C'1, Cy > 0 such that for $ <1 <s, and s < (1,

o t) CQ

olt)
P S T Temy

There exist C';, C5independent of s, ¢, x, such that for0 <t < s < (Y,

(3.4)

O, (z) < Cy®y(z), |z] < ols). (3.5)

15



(d) There exists C'1, such that for 0 < s < O, and § <t < s,
O (z) ~ Py(x), + ER (3.6)

(e) Uniformly for z € R, and n > 1,

Bun () ~ ‘1—’ ] + T (ay,) Y2 (3.7)

Qnp

Proof

(a) The existence of v for the given s, follows from the fact that u — a, is
continuous and a
— — 0, u — 00.
u
The latter in turn follows from the faster than polynomial growth of )
and (2.5), which implies (a,) = o(u). The continuity of a, allows us

to write o(s) = ag(y), some B3(v). Since

o(s)y=0 <%> < ay

v

the left inequality in (3.2) follows. For the other direction, we note that
by definition of o (a”) and ((v), we have 3(v) < v and

ap(v)

(v)

v iy ( Q(av) >1/ :
Bw) = Qlasw)
for large enough v, by (2.1). Usmg (2.5), we obtain

v vT (a,) 4?2 2 v \'"?
1<——<C =) <Glam)

VAN
SHES

=

SO

I/\
I/\

(v) ()T (asw) " (v
It follows that v < Cy3(v) and so v ~ F(v). Then
v a,
1< —< — 1, v = oo,
Blv) = asw)
by (2.7), so we have (3.3). Then (2.7) also gives the right inequality in
(3.2)

16



(b) Write s = %« and ¢ = %. Then as o is decreasing,

o(s)  ap

1> 76
O(t) aB(v)
If we can show that
U~ (3.8)
which in turn implies that
B(u) ~ B(v),
then (2.7) gives
>y C
—o(t) T T(a)

which together with (2.6) gives the result. We proceed to establish
(3.8). Suppose that it is not true, say, for example, we can have

u
— — OQ.
v

For the corresponding s, ¢, our hypothesis is

Then
— =0 (3.9)

and (2.1) gives

a”l)
S

again by our hypotheses on s,¢. This contradicts (3.9). So we have
(3.8) and the result.

17



(c) Let 0 > 0 be fixed. Firstly for 1 — |z|/o(s) > ¢/T(o(s)),

@s(x)w\ll—‘il)g\ll—ﬂg@t(x).

o(s o(t)
Next, for |1 — |z|/o(s)| < 0/T(o(s)),
B, (x) ~ T(o(5)) "%,

This is bounded by C®;(x) if [1—|z|/o(t)] > §/T(o(s)), for a fixed § >
0. Otherwise, we have |1 — |z|/o(s)| < 0/T(o(s)) and |1 — |z|/o(t)]| <

§/T(o(s)), so
= |- 2) 2t (5 )
< Cy0/T(0(9)).

If § is small enough, we deduce from (2.7) and (2.6) that
T(a(t)) ~ T(a(s))
and again (3.5) follows.
(d) Write s = %+ and ¢ = . Then we have (3.8), so

st = et b 50
< 50 ll * (Twl(s)))] o (T(;(S))>
Then we obtain for z € R,
‘1 — % v < Cdy(x)

O,(z) < CPy(x).

The converse inequality follows similarly.

18



(e) By (a), we can write

Recall that

Here by (2.6) and (a) of this lemma,

r(o(%)) i

and much as in (d),

for large n and |x| < an/e or |z| > agy,. In the range a, o < 2| < agy,
both the left and right-hand side of (3.7) are ~ T'(a,)~'/2. O

Lemma 3.2

(a) Let L > 0. Uniformly for u > 1, and |z|, |y| < ay, such that

o —y| < L™ ‘1—M, (3.10)
u Qy
we have
W(x) ~Wi(y) (3.11)
and
N LI (3.12)
A2y, A2y,
(b) Let L, M > 0. For t € (0,t), |z|, l[y| < o(Mt) such that
|2 —y| < Lt®y(2), (3.13)
we have (3.11) and
Dy (z) ~ Py(y). (3.14)

19



Proof

(a) It suffices to prove (3.11), (3.12) for large u. Moreover, (3.11) and
(3.12) are immediate for |x| < C, and large u. Let us suppose that

C<zx<y<zx+ L%w/‘l — %‘ Then as Q'(s) is quasi-increasing for

large s,

0<Qy) — Qz) < C1Q'(y)(y — ).

We have then (3.11) for
1
y—x—()(@,(y)>. (3.15)

We shall show that

a, Q' (y) ‘1 _Y < Cyu, (3.16)

Ay,

so that (3.10) implies (3.15) and hence (3.11). If firstly, 0 <y < %,
then

a, Q' (y) ‘1 -2

1
dt
< C4/ath'(aut) — < Csu
172 N
If on the other hand, % <y < ay,
Q') ‘1—£ <o/1 10 (aut) 2 < ¢
Qy, Yy y =~ V6 Qy, Qy, m >~ Cru.

y/au

So we have (3.16) in all cases. Next from (3.10) and as y < a,,

1 < j_l—FL_l—FO #
T u1/2
= 1+0 :1+0< () ):1+o(1),
uy /1 — e u

by (2.7) and (2.8).

20



(b) Write Mt = % so that |z|, |y| < o(Mt) < a,, and we can recast (3.13)
as

|

u

< C'gaﬂ 1— ﬂ
2u Aoy

o —y| < (Jl% 1— 24 Ta,) 12

by (2.7), (3.6) and (3.7). Then (a) gives (3.11), and (3.14) follows easily
from (3.12). O

4 Polynomial Approximation of W~!
The result of this section is:

Theorem 4.1 For n > 1, there exist polynomials G,, of degree at most
Cn, such that
0 < Gu(z) W Ha),  €R; (4.1)

and
Gn(z) ~ W H2), 2| < a,. (4.2)

We remark that this does not follow from existing results in the literature
on approximation by weighted polynomials of the form P,(x)W (a,x) [14],
[26] as our weights do not satisfy their hypotheses. The methods of Totik
[26] can be applied to give sharper results but we base our proof on:

Lemma 4.2 There exists an even entire function

G(x) =) g;2™, g; > 0V, (4.3)
§=0
such that
G(z) ~W Yz), z € R (4.4)
Proof Set



and
vl =1 Qi) = 5 V@ (vF)

Then ¢ is increasing in (0,00), and if A > 1, r > 1y, the quasi-increasing
nature of Q' gives for some C' # C()),

vOn) = () 2 3 VrQ (Vi) (AC-1) 21

if A is large enough. Moreover, ¢(r) := e?1(") admits the representation

o(r) = (1) exp (/ @ds) , r> 1.

By a theorem of Clunie and Kévari [2,Thm4,p.19], there exists entire
Gi(r)y=> gy, g; >0V
§=0
such that
Gr(r) ~ o(r) == exp (Q (VIr) =), 7 = 7.
Then assuming gy > 0 as we can, we see that

G(r) == Gi(r?)

satisfies (4.4). O

In the analogous construction for Freud weights, the second author and
Z. Ditzian used as the polynomials G, the partial sums of G. However in
the Erdés case, for partials sums of degree O(n), we only have

Gu(r) ~ W (x)
for |z| < ¢y, where g, is Freud’s quantity, the root of the equation

Although a,/q, — 1, n — oo for Erdés weights, in effect, ¢, is signifi-
cantly smaller than a,. (We cannot properly describe, using only ¢,, the
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improvement in the degree of approximation near +a,). So we use a more
sophisticated interpolant:

Proof of Theorem 4.1 Let J be a positive even integer (to be chosen
large enough later) and let T),(z) denote the classical Chebyshev polynomial
on [—1,1]. Let G,, denote the Lagrange interpolant to G at the zeros of
To(z/ay)” so that G, has degree at most Jn — 1, and admits the error
representation

(G = Go)(x) = = /G(t) (Tn(w/an)>‘]dt

_%F t—ax \ T,(t/an)

for x inside I'. We shall choose I' to be the ellipse with foci at +a,,, intersect-
ing the real and imaginary axes at % (p+ p ') and % (p — p~!) respectively.
Here we shall choose for some fixed small € > 0,

Pt (T(Zm)l/z |

Since G has non-negative Maclaurin series coefficients, and satisfies (4.4), we
deduce that

Wt (% (p+p7h)) 1
(P - 1)2 mingep |Tn(t/an)|‘].

5 = |G /G — 1l <0

—Gn,0n] —

Now for t € I, we can write t = %(z + z~") where |z| = p, so that

T (t/an)| =

T, (%(z + z1)> ‘ = ‘%(z” +2")

(0" = p ") = exp (ConT(a,) '/?).

>

DN | —

(Recall that nT(a,)""/? — oo as n — oo and in fact grows faster than a
power of n). It is important here that Cs is independent of .J. Next

an, _1 5
o < n 1 < n
2(p+p )<a ( +C3T(an)> < ay
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if £ is small enough, and n is large enough, by (2.7). Then

Wt (%L(p + p_1)> < exp (CyQ(az,)) < exp <C5nT(an)_1/2)
where again it is important that Cs is independent of .J. Since (p — 1)72 ~
T'(ay) grows no faster than a power of n, we see that choosing .J large enough,
gives

0, — 0, n — oo.

Then (4.4) gives (4.2).

We now turn to proving (4.1). It suffices to prove
0<G, <CW™

for then (4.1) follows on multiplying G,, by a suitable constant. Firstly,
we can assume n is even (for odd n, we can use G,1) so that H,(z) :=
G, (v/r) is a polynomial of degree at most 2* — 1 (recall T, and J are
even) that interpolates to the entire function H(z) := G (\/z) at the 2

zeros of 1), (aint)J that lie in (0,a2). Thus H,(z) is determined entirely by

interpolation conditions. Let v, denote the leading coefficient of 7}, (x/w /an).
Then the usual derivative-error formula for Hermite interpolation gives for
x € (0,00) and some & = £(z) € (0,00),

Jn

J
H( )
w) @)
2
(Recall that H is entire and has non-negative Maclaurin series coefficients).

Soin R
G,<G<CwW.

To show that G,, > 0 in R, we note that it is true in [—a,,a,| and we

must establish it elsewhere. We use an idea employed in the Posse-Markov-

Stieltjes inequalities [8,p.30,Lemma 5.3] (There the proof'is for (—oo, c0), but

the proof goes through for (0, c0) with trivial changes). Now H is absolutely
JIn

monotone in (0,00) and H — H, has = zeros in (0,a2]. If m is the number

of zeros of H,(r) in [a?,00), Lemma 5.3 in [8,p.30] gives

J J
7n+m§deg(Hn)+1§7n.
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So m = 0, that is H,, has no zeros in (a2, 00). Thus H,, > 0 there, so G, > 0
in R. O

5 Polynomials approximating characteristic func-
tions

Our Jackson theorem is based on polynomial approximations to the charac-
teristic function x4 of an interval [a, b]. We believe the following result is
of independent interest:

Theorem 5.1 Let | be a positive integer. There exist J, Cy, ngy such
that for n > ng and T € [—ay, ay], there exist polynomials R, , of degree at
most 2lJn such that for x € R,

(2)W (z)/W(7) < C, (1 n a”‘ﬁ%) . (5.1)

a2n

‘X[mn} — Ry r

We emphasize that the constants .J, C;, ng are independent of n, 7, x.

Remark. The method of proof of Theorem 5.1 in the unweighted case
goes back to an old paper of Brudnyi [1]. We also make heavy use of poly-
nomials from [12] built on the Chebyshev polynomials.

Lemma 5.2 There exist Cy, B, ny such that forn > ny and |¢| < cos -,
there exists a polynomial V, ¢ of degree at most n — 1 with

||VTL,C||LOO[71,1} = Vool = 1; (5.2)
B\/1—|C
Vet < 2L ve (1) 53)
Moreover,
|78 (t)>1 |t—§|<0;’d (5.4)
n,¢ =9 >0 " . .

The constants are independent of n, (, t.
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Proof The assertions (5.2), (5.3) are Proposition 13.1 in [12]. The
estimate (5.4) follows from the classical Bernstein inequality. O

The polynomials R, ; are determined as follows: Let us suppose that,
say,
a1 <7< .
Later on, we shall suppose that 7 exceeds a fixed positive constant. We define
T

¢:= (5.5)

a21Jn

and if G,, are the polynomials of Theorem 4.1,
x 17
JGn(s)Vie ( s ) ds

a21Jn

R, (z) = = : (5.6)

) T

[ Guls)Vae (75-) " ds

0

[e=)

The parameters 7* > 7 and J are defined as follows: Let A € (0, 1] denote
the constant in the quasi-monotonicity of (), so that

Q) 2 AQ @), y2 > 1. (5.7)
Let M denote a positive constant such that for say, u > uy,
Q'(z) < MQ'(ay), 1 <x < ag,. (5.8)
The existence of such an M follows from (2.4), (2.6). We set
21
H:=H(n,1) = " (5.9)

- AaQ(1)VT ¢
and if 7 = q,,
a
T — min { agy, ap, 7+ 222 /1 — CHlog H . 5.10
T "(n, T) mln{a2 Qp, T+ " (Hlog } (5.10)

The reason for this (complicated!) choice will become clearer later. We
assume that J > 4 is so large that G, has degree at most Jn — 1, and also

J > 16M/A (5.11)

where A, M are as above. We also assume that J is a multiple of 4. Note
that then R, ; has degree at most Jn + {Jn. We first record some estimates
of the terms in (5.6):

Lemma 5.3
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(a) For n > ny, and Cy < 7 < a,, we have

W(T)]*Gn(s)vn,g( i )lesz Vi TR CAL )

Qagljn
where Cy # Cy(n, 7).

(b) For z € (7, asm),

azijn

S
Vuc (o)
/ < a21.7n

T

wl:

-1
dsgol%\/ug(u%%) (5.13)

and for x € (—agn, 7),

’ S
oo
/ < a21Jn

—a2iJjn

Here Cy # Cy(n, 7).

Ml:

-
ds < 01%"\/1 ¢ (1 + %) . (5.14)

Proof
(a) Let us denote the left-hand side of (5.12) by I'. By (4.2) and (5.4),

T

Lo [ Wi (sds> Gty 1-¢,

T—C3&n& 1-¢
where we have used (3.11) of Lemma 3.2(a).

(b) These follow in a straightforward fashion from the estimates (5.2), (5.3)
and the fact that J >4, s0lJ/2>1+1. O

Now we begin the proof of Theorem 5.1. We first show that it suffices to
consider 7 in the range [S, a,], for some fixed S.

Proof of Theorem 5.1 for |7| < S, where S is fixed
Note first that since for such 7,

W (z)/W(r) < W(0)/W(S), v € R,
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we must only prove there exists R, ; of degree at most n such that

(¢) < C) (1+7”|$_T| )_ ,

a2n

‘X[T,an} - Rn,r

for |z| < as,, and then our infinite-finite range inequality Lemma 2.3 gives
the rest. Setting here { := 7/a,, and s := z/a,, and U,¢(s) := Ry, (x) =
R, :(a,s), we see that it suffices to show

‘X[ﬁal}(s) - Umg(s)‘ < 02 (1 + TL‘S - g‘)_l7 5 € [_27 2]

We have used here that |¢| < 3, for large n. The existence of such polynomials

is classical. See for example [4]. One could also base them on the V;, . above.
|

It suffices to consider 7 € [S,a,], where S is fixed
For, once this is done, we have the result for all 7 € [0,a,|. With the
result for 7 > 0, we set

R, _(x):=1—-R,,(—z), z €R

It is not difficult to check the result for —7 from the corresponding result for
7, using the identity

X[-ra0] (@) = 1 = X(r,00) (=), @ € [a_y,a,]. O

In the sequel, we define R, ; by (5.5)-(5.10).

It suffices to prove (5.1) for 7 € [S,a,] and |z| < agyy,
For then (5.1) for this restricted range implies

l

TGRS I N 1 i
U ay=z] ) =

Loo[—0217n,02175]

where Cy # Cy(n, 7). Since the polynomial in the left-hand side has degree
at most 20 + Jn + [Jn < n2lJn, some fixed n < 1, if [ > 2 and n is large
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enough (as we can assume), then the infinite-finite range inequality Lemma
2.3 gives

(H

Then (5.1) follows for |z| > ag . O

We can now begin the proof of (5.1) proper. We consider 5 different
ranges of x: [0,7), [T, 7*], (7%, anl, (@n, a2n]s [—G21sn,0). Moreover, we set

A@) = [Xpran) = Bur| (@)W (2)/W (7).

n(x —7) ’

T
(py /1 — =
a2n

W(r)

Loo(|z|>a2107)

) Rn,T(gj)M < C15 eXp(_nCG)'

Proof of (5.1) for z € [0,7)
Here using (4.1), and then (5.12),

Az) =

a21Jn

W(x) fw—l(s)vn,g ()" ds

IN
Q

< C

by the monotonicity of W. Then (5.14) gives the result. O

Proof of (5.1) for z € |1, 7*]
Here

Alz) =




by (4.1) and (5.12). Now for s € (z,7*), the property (5.8) of @)’ gives (recall
7" < agy)

Q(s) = Q(r) < MQ'(ar)(s —z) < MQ'(T)(s — 7).

Then using our bounds on V,, ¢ in (5.2), (5.3), we have

T* J
T exp (MQ'(r)(s — 7)) min {1, 22211 g,

Cbgnl In 1 _ C
n(r*—=r)
Peatrg Vi a1 Jjn 2IM Bu . 1 lJ
= (1B / exp mm{l,—} du
. a, AH U
Bagjnv/1-¢
%Hlog H 1 17/2
< Oy / g(u) min{l,—} du
u
n(z—1)
BayyynV/1-C

for say n > ny = ny(J,1) by (5.10), and where

(u) = AIMBu\ {1 1}”/2
glu) := exp AH min ' .

We claim that if J is large enough,

2
g(U) < O?)JU’ S |:07 EHlOgH:| ’
with C5 independent of 7, n. Firstly we claim that if [ is large enough,
H>e H>eP? (5.15)

uniformly for 7 € [S,a,] and n > ny(J,1). First recall that B, J, A, M are
independent of [ (see (5.3), (5.7), (5.8), (5.11)). Then also from (3.16) for
T €[S, ay]

an@'(7)4/1 — L < Cn,

Q2n
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with C # C(n,7,[). Then from (5.9),

o [(1-=—\"
H > 420 )
-2 ()

a2ijn

Here for n > ny(J,1), using 1 —u < log%, u € (0, 1], we obtain

_ _T T 1 — %2n
a2iin _ 1 + a2iin

T - T

1- = o 1 — L

a2n a2n

< 1+ ﬁ <1+ Cylog(lJ),

a2n

by (2.7) and the left inequality in (2.10). Thus for n > ny(J, 1), uniformly

for 7 € [S, ay],
Cyl

H > .
— doglJ

So (5.15) follows if we choose [ large enough. Then

glu) < exp <7> L ue (0,1].

Next, by elementary calculus, g has at most one local extremum in [1, 00), and
this is a minimum. Thus in any subinterval of [1, 00), ¢ attains its maximum
at the endpoints of that interval. In particular, we must only check that
g (%Hlog H) is bounded. Note that by (5.15), 2Hlog H > e > 1. So

2 M
g (—HlogH) = exp (llogH{8— — i} — glog

B A 2

2
ElogHD <1

as J > 16M /A (see (5.11)) and H > eB/2. So we have

o0 134/2
Az) < Cy / min{l,—} du
U
n(z—1)

Bagynv1i—¢

and then (5.1) follows as J > 4. O
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Proof of (5.1) for x € (7%, a,]

Here
. .\
W) ] Guls)Vag (557) s
Alz) = p 17
W) | Gul()Vac (557) " ds
0
. L7
[ exp (Q(s) — Q)Vae (75-) " ds
< T
> Cl a# 1_<’
T;T,
< O | @ T?)—W)/v ( - )Uds
< zanm J, e A21Jn

z s Ly
+ / VM( ) ds
” \Qan

Ttz

2

Cg{eQ(r;z)—Q(m) ll N %1 1l

; [1 ' TL(T_TH } (5.16)

by (5.3) and (5.13). Here if 7% > =% the first term in the last two lines can
be dropped and we already have the desired estimate. In the contrary case,
we must estimate the first term. We note that we can assume that 7* < a,,

for otherwise the current range of x is empty. We consider two subcases
(recall the definition (5.10) of 7%):

(I) 7" =7+2%/1—-CHlogH
We shall show that

A

L Q@ -Q(=)
llog (1 + 7{12(\“;/%)

Then the first part of the first term in the right-hand side of (5.16)
already gives the desired estimate; the second part of that first term

> 1. (5.17)

32



can be bounded by 1. By quasi-monotonicity (5.7) of @,

Q@) -Q(57) z 4@ (Y57).

2
Setting
. n(x —7) |
a1 — ¢
we have
F>AQ’(7’)%‘\/1—§U_ u

20log(1+u)  Hlog(l+u)’
(Recall that H was defined at (5.9)). But
n(r* — 1)
> ———==2HlogH.
uZ A= = 0g
Recall from (5.15) that H > e. Then since the function
increasing for u > 2H log H > e, we obtain

2H log H
r> .
~ Hlog(l+2HlogH)

Using the inequality 1+ 2tlogt < t2,¢ > 2, we have

rs 2losd
log (H?)

So we have (5.17) and the result.

T = ay
In this case, from (2.7),

T =T =y — QG ~ —— =

Now if 7* < & < 7(1 + 775), then

33
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and the second part of the first term in the right-hand side of (5.16)
already gives the desired estimate (the first part of the first term can

be estimated by 1). If z > 7 (1 + = ), then

()
v P41 P
(s2) =AM +17 T8I0

for large 7, so from (2.1),

T+T
Q) ( >< >)
> 1+ > (O3> 1.
Q (%) 3T()
(Recall that £ > 7). Then
. —l -
=) -ew ||, M D e [y, Gt
any/1 —C a, T (1)y/1—=¢
This will admit the desired estimate, namely
-1
n(z —T)
Cs |1 + ——=
’ [ T a/T=¢ <]
provided
.
eC1R@)/1 —T(T) > Cqr(x — 7).
But
£C1Q()/1

eC4Q(l‘)/l T

) > CSW > CoQ(z) > Crox > Cro(x — 1)

by (2.5), (2.8) and the faster than polynomial growth of @, so we have
the desired estimate. O

Proof of (5.1) for z € (ay, ayy)
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Here, much as in the previous range,

W(x)

a2ijn

GV ()" ds
Ax) = .

o oy

W(r) T Guls)Vig (52-)" ds

a2iJn

an/1— ¢

z s Ly
+ / VM( ) ds
” \Qan

Ttz

2

< Oy {eQ(T?)Q“) + [1 + ;(j%] _l} .

We must show that the first term on the last right-hand side admits a bound
that is a constant multiple of the second term on the last right-hand side.
Let us write z = a, (so v > n) and % = a,, (so that u < v). If firstly u > 2,
then

2 1J
< O eQ(T;Z)_Q(m)/an( : ) s
0

QW) -Q(57) 2 CiQaa)—7)
> CyonT() (e~ 7)
> ar =l
2

C+llog (1 n Z;(x 1—_72)

by (2.4),(2.7). (Recall that ¢ = 7/ag.,.) In this case the result follows. If

n
U<§,

Q(an) - Q(an/Q)
CsQ(ay) > ConT'(a,)~H? > Cyonnt

Q@) - ()

2

v
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by (2.5), (2.8). Since

e —1) |-

¢

n—Cn

the result again follows. O

Proof of (5.1) for = € [—agn,0)
Here using the evenness of W and (4.1), (5.12) as before gives

J
Aw) = :
]

VAN
>
I~
3
)| S
|
N
&k‘“\ma
=
~
I/~
S
: V)
3
N——
<
=
w0
+
™
Q
—~
[NIE)
N—
L
&
~—c
=
I/~
S
: V)
3
N——
<
QL
Va)
N~

!
nE—T‘ . nrT -
< 1 2 Q(%)-Qw@) |
~ C% { + o 1 —-C +e + 0 1 —-C
Here %—T‘:‘;—‘—FTN‘.T—T‘. Also, if |z| <7, then 7 ~ 7 + |z| = |z — 7.

Otherwise (recall 7 > S), we have
cQ(%)-Q) < e G0 < oGkl < (Cglz]) !

Again as |z|T > Cs (7 + |z|) = Cs|z — 7|, the result follows. O

6 The Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Recall that our moduli of continuity
are

wrp(f,W,t): = sup HWAM% (f,z,R)

0<h<t

—1—P1nf I(f = P)W| L(|z[>o (1))

7“—

Ly (|2 <o (2t))
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and

S =

wrp(f, W) 2 = ( /HWAh@ (f,z,R) Lp(‘IKU(%)) dh)

+ inf ||[(f = P)W|| L(jo[>0(4))

PeP._1

where "
o(t) = inf{au — < t}.
u

We need further moduli of continuity. If I is an interval, and f: I — R, we
define for ¢ > 0,

1/p
Anylfot, 1) = sup ( JES TR dx) (61)
T

0<h<t

and its averaged cousin

1 t 1/p
Op(fot, 1) (go/l/w foa, DP dz ds) . (6.2)

Note that for some C}, Cy depending only on r and p, (not on f, I, t)
Cl S Arvp(f7t>])/Qr,p(f> t? [) S CZ- (63)

It seems that (6.3) first appeared in [23]. See also [4] and [24,p.191].
For large enough n, we choose a partition

Oy, = Ton < Tin < ... < Tpp = Qyp, (6.4)

such that if
[]m = [Tkn7Tk+17n], 0 S k S n — 1, (65)

then uniformly in £ and n,

(6.6)
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(|I| denotes the length of the interval I). We also set I, := (). There are
many ways to do this. For example, one can choose 7y, = —a, and for
1 <k < n, determine 74, by

Tk,n

Ik L__ds
Tk—1,n 1—01;‘1 . ]_
f” L Js n
—an 1— sl
a2n
Let us set
n—1
I,: = [_arwan] = U [km (67)
k=0
On(@) 1 = Xirwd(@) = Xopoy, (0) (6.8)
and
Il;kn = IanIk-‘rl,n: OS k §n—1 (69)

By Whitney’s theorem [24,p.195], we can find a polynomial py of degree at
most 7, such that

1 = pelli, ;) < CoMeglfs 1T T (6.10)

with CQ # Og(f, n, k, I;;n)
Now define an approximating piecewise polynomial/spline by
n—1
Ly [f1(x) := po(2)bon(2) + D (0r — Pr—1) ()0 (@) (6.11)
k=1

We first show that L,[f] is a good approximation to f:

Lemma 6.1 Let ¥, : [—ay,,a,] — R be such that uniformly in n, and
T € [—ap, ay),
U, (z) ~ — m (6.12)
Qop

Then for 0 < p < o0,
1(f = LalFDWIIL gy
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g(]l{% [ LNl w}dh+||fW||’;p(w>an)}

pl—an,a
0
r p
< Cg( sup WALy, ) (f, 2, R) || (—an san]
0<h<Cpn Pl
- | 6.13
s HLP(W)) (6:13)

Here C; # C;(f,n), j = 1,2,3. Moreover, the constants are independent of
{V,}, depending only on the constants in ~ in (6.12). For p = oo, (6.13)
holds if we remove the exponents p.

Proof
We first deal with p < oo. Now
n—1
I = Lal DW= S A+ ISWIE (o (614)
§=0 P
where
Ajui= [ 1f = LA W, (6.15)
Iin

Note that in (7j,, Tj41,0), Ln[f] = pj, so that
Ajn = / |[f = pi["W?
Iin

< AW o, CEAZ, (F1050, 15,) (by (6.10))

T an
115,

in

- Cs . N
< HWHPOO(I;n)HW 1Hpoo([j*n)ﬁ / /‘WAs(f>x7[jn)‘ dx 0(57-16)
oo
mm

by (6.2), (6.3). Now from (3.11) of Lemma 3.2(a),

||W||poo(1% ) |W_1||poo(1% y ™ 1 (6.17)
jn jn
uniformly in j and n. Moreover, uniformly in j, n, and z € I7,,
* Qp “T’ Qnp
|5, | ~ o 1- 0 ;‘I’n(x)-
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Then we can continue (6.16) as

Ajp < \WAT foa,I3) \ ds dzx
u* |/ ¥a(@)
_ / WAL (oo 15| dt de
< / /‘WA o, 1) de dt. (6.18)

Adding over j gives

n—1
S A, < c5a / /\WA (oo ®)| de dt.
=0

This and (6.14) give the result. Note that we have also effectively shown that

Gn
an

ZQ (T L)W (530) < Cm [ [t ot ) do

A4
(6.19)
For p = oo, the proof is similar, but easier: We see that

107 = LaldDW gy < ma{ max 10 = piW gy s 150 itz -

The rest of the proof is as before. O

Now we can define our polynomial approximation to f:

n—1

Pu[f] = po(@) Rnr (@) + D2 (P = Pr-1) (%) R, (). (6.20)

k=1

Note that this has been formed from L,[f] of (6.11) by replacing the char-
acteristic function 64,() = Xr,,,a.](%) by its polynomial approximation
R, ... (z) formed in the previous section.
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Lemma 6.2 Let {¥,}, be as in the previous lemma. Then for 0 < p <
w7

||(Ln[f] - Pn[f])WHLp(R)

Cian

gc{(% / W Ay o (5,

1
p P

dh)
Lp[fanaan]

4‘Hf‘¢fHLpugn)}~ (6.21)

For p = oo, this remains valid if we replace the pth powers by appropriate
sup norms.

Proof
We see that if we define p_;(z) = 0,

n—1

(Lalf] = PalfD (@) = D2 (0 = Pr—1) (@) (Okn () — R ry,, (). (6.22)

k=0

We shall make substantial use of the following inequality: Let S be a poly-
nomial of degree at most 7, and [a, b] be a real interval. Then for all z € R,

min{|z — a|, |z — b|}\"
5] < c0- a2 (14 M) gy o2

Here C # C(a,b,x,S) but C = C(p,r). This follows from standard Nikolskii
inequalities and the Bernstein-Walsh inequality. See for example [24,p.193].
Hence forz € R, and 1 < k <n —1,

_ T — Tin |\
1P = P (2) < Cllin| (1 ; %) .

This is still true for & = 0 if we recall that p_;1 = 0. Now for 1 <k <n -1,
(6.10) gives
k

||pk - pk—lHLp([,m) <Cy Z AT,p(f7 |Ii*n|7 Iz*n)

i=k—1
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where Cy # C(f, k,n). This remains true for £ = 0 if we set

|I—1,n

= |IOTL|; |Ii1,n| = |Ign|7 T—1,n *— Ton;

and
Anp(ﬁ |Ii1,n|7li1,n) = ||f||Lp(13n) = an(fa |Ii1,n|7li1,n)
Since (see (3.6), (3.7), (6.6)) uniformly in k, n, and z € R,

|50—T/m| |50—7'k—1n|
_—~ ]l —
|Ikn| |Ik—1,n

we obtain from (6.23) and Theorem 5.1, uniformly for 0 < k¥ < n — 1 and
T ER,

1+

(0= D)0 B0 = B, ()
k ‘.T—T' ‘ r—I[
<Cy S |L|7HP <1+ I |’”> Qp(fL 15115, (6.24)
i=k—1 in

We consider three different ranges of p:

(I) 0<p<1
Here from (6.22) and then (6.24),

[ Q2071 = RIAWY < 5 [ (= prl in — R 07)

n—1
< D Meal L (F 1Rl T WP () X
k=—1
_ (r=0p
x / (1 + M) dv.  (6.25)
R |Ikn|

Here if (r — {)p < —1,

1 | — Thn| r=ie (r—1)
T [ (1) e = [ ful) Y = Oy < oo

R |I’m| R
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(1)

So
n—1
[ (1Ll = BLA = bigh)" < Cy 32 0, (1L L) WP (k).
R k=-1

This is the same as our sum in (6.19) except for the term for k = —1.
So the estimate (6.19) gives the estimate (6.21), keeping in mind our
choice of Q, ,(f, ]Iﬁlvn], Iﬁlvn).

1<p<o0
From (6.22) and (6.24) and then Holder’s inequality,

{ILalf] = Pl @)W ()}
< c{ S Ul (1 ¥ @) Qo (F 115 f;n>w<%>}

p

k=—1 |Ikn|

n—1 (r—Up/2

T — Tin

gczu,m\l(ui’ 7 f‘) X
k=—1 kn

XQ?,p(f? |Il>ckn|7 I;ckn)Wp(Tkn) ' Sn(x)p/q (626)
where ¢ := p/(p — 1) and

n—1 _ (r=Dq/2
Splz) =3 (1 + M) .

k=0 ‘Ikn‘
We shall show that if (r —)¢/2 < —1, then
sup sup S, (z) < C < o0. (6.27)
n>1 TER

Note that S,(x) is a decreasing function of z for x > a,, = 7, so it
suffices to consider = € [0, a,,]. Recall that
a B | Tk |

‘Ikn‘ ~ ’Ik+1,n’ ~— 1 .
n Aon,

It is then not difficult to see that

Qn ‘ ’ (Tfl)Q/z d

n n xr—Uu U
Suw) < O [ 14 I __a
(1) = G (+an 1_m> T

—an a2n a2n

1 — (r—)q/2
— d
C’gn/<1+n|x S|> i
1

IN

v1—s 1—s
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(I11)

where T := x/as,, so that
1—-T>1—ap/ag, > CT(a,)™t > Csn™2.

We make the substitution (1 —s) = (1 — T)w to obtain

(r=bgq/2 dw

S

Sa(z) < C3n\/m/ (Hnm!w—l\)

< OmV1-T /[1+@]

3/2

r—I
—i—/ [1+n\/1—f|w—1|]( 2
1/2
217 1 e dw

(We can omit the third integral if 2/(1 —7) < 3/2.) We now make the
substitutions w = n?(1—7)v in the first integral, v = ny/1 — T(w—1) in
the second integral, and v = n?(1 —T)w in the third integral. It is then
not difficult to see that the resulting terms are bounded independent
of n and z if [ is large enough. (The least obvious is the first integral:
there we need to ensure that (r—1)g/4—1/2 > 0, so that the integrand
is bounded after the substitution). So we have (6.27). Then integrating
(6.26) and using (6.19) gives our result.

p=0o0
Now

n—1
Lo f] = Pulf1] (x) < C Y Ik — pr-1](2)|0kn — R ry, [() W (2)
k=0
<C Q I | T )W (14 Je =l o
- —12%2)7(1—1 T,p(f, ’ kn’? kn) (Tkn) : kZ::() + W .

As before, the sum is bounded if [ is large enough. Then we can continue
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this as

0<k<n—10<h<|I}, |

< Cl{ sup — sup [|AL(f, 2, T )Wl o +HfW||Lool*}

< of s s (S W], IV )

0<k<n—10<h<Can/n

< 03{ sup HAh\If y(f, 2, R) WH

0<h<Can/n

; HlelLoo(lgn)} o

—an,0n)

We can now turn to the

Proof of Theorem 1.2

Now recall that R, ; has degree at most 2[.Jn, where J is as in the proof
of Theorem 5.1. So P,[f] has degree at most 2{Jn + r. So, if M := 3lJ, we
have for large n,

Exinlflwp < N0 = PulFDW Iz, ey
< O = Lal Wl )+ ILalf] = PO 0}
: {( / [y (s, W ip(—an,mdh);
+||fW||Lp(xZan(l_W(W]1))}. (6.29

Here we have used Lemmas 6.1 and 6.2, and also (6.6), which implies that

|]gn| ~ C;_” 1— An ~ %T(an)_l/?

Aon n

Furthermore, at this stage, the functions {¥,} are any functions satisfying
(6.12): they will be explicitly chosen later. Next for

Mn<j<M(n+1) (6.29)

we write
n = kKj,
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where k£ = k(j,n). Note that

n 1
=— = —, j—= o0 6.30
k=5 n i (630
We set v
a.
t:=1t(j) = J
() 3
Note that then
t 1 Mn a; 1
= — — = —(1 1 — 0. 6.31

Let § > 3. We claim that for large enough n,
an (1= CofnT(an)?) 1) > o(Bt). (6.32)
To see this, note from (2.8) that
[T (an)"?) ™" = o(T(an) ")

so that by (2.7),if 1 > a > 3/,

an (1= CofnT (@)1 7Y) > ay (1 —0 (T(lan)» > Gan

(V4
Q
N

‘@
o
3
N——
Il
Q
|
—
_I_
=2
=
N
(V4
N
)
=

for large enough j, by first (3.2) and then (6.31). Next, we claim that if
0 < v < 3, then for n large enough,

a, < o(vt). (6.33)

To see this, note that by (6.31) if 1 < < 3/

o10) =0 (Gt o)) 2 0 (52) =ty 1) 2 v

Here we also used the fact that o is decreasing, and also (3.2), (3.3) with n
large enough. Since also a,/n < 4t for large enough n, we can recast (6.28)
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as

Ej[f]W,p < EMn[f]W,p
4Ct 1

< {(275 / H w0 )W ( o(20),0(2t)) dh>p

W, (oo W} (6.34)

We now turn to our choice of {¥,}: we must ensure that (6.12) holds with
constants independent of x, 7 and n, that is

T
U, (z) ~ /1 — (|1—2|, lz| < ay,
n

But for this range of x,

|z| |z| —1/2
\/1—aN ].—a—"T((lQn) N@%(ZB)N(I%(ZB)

by Lemma 3.1(d), (e). We choose hy := h/(4C) and ¥,, := &;/(4C) so that
hW¥,, = h1®, a choice satisfying (6.12). Then we rewrite (6.34) as

=

t
4C . P ?
Ej [f]va S Cl{ (g / HAhlcbt(x)(fa €, ]R)W Lp(—O(Qt),O(Qt)) dh1>
0
+Hiwll, o (|z[>0( 4t))}

Replacing f by f — P, with a suitable choice of Py € P,_1, we have for
large enough 7,

Ejlflwp = '[f—Po]

{( /HA,W (f, 2, W

+I(f - PO)W||LP(9DZU(4t))}

1
P

[N

p
Ly(=o(2t),0(2t)) dhl)
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1

p P
dh )
Ly(—o@t)0(2t) 1t

A

{( /HA,H% (f, 2, 8)

b0 I~ P

M .
= C3wr,p(f7 VV; t) = O?;wr,p (fa W7 %) g

For use in [3], we record the following form of Theorem 1.2:

Theorem 6.3 Forn > 1, let A\(n) € [%, 1]. Then

Qnp
Eal o < Ciny (£, CaA(m) ) (6.35)
where C}, Cy do not depend on n or f or {A(n)}. Moreover,
Eulf iy < C1inf Ty (£, W.Cop™ ). (6.36)
pE($.1] n

Proof
Obviously (6.36) implies (6.35). The only difference to the above proof is

that for p € [%, 1], we choose

Ma;
3]

ty:=pt:=p
to replace ¢ above. Then from (6.31),

121 P
= b o)

4 4 1
and here £ € {15, 3

]. Then as 4p > 3, (6.32) above shows that
an (1= CaolnT(an)"?]™") > o (4pt) = o(4t1)

and as p < 1, (6.33) above shows that

a, < o(2pt) = o(2ty).
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Moreover, for large enough n, a,/n < 3t(1 + o(1)) < 4t,. Choosing h; :=

h/(4C) and ¥, (z) := @ (z)/(4C) we note that (6.12) holds uniformly in p
We proceed as before to obtain

a .
Ei[flwp < Ciry (f7 W, Czpj—.">

with constants independent of p, f, 7. O

7 The Proof of Theorem 1.3

We begin with a technical lemma, which refines part of Lemma 3.1:

Lemma 7.1

(a) For0 <s<t<C,

T(o(1)) (1 - %) < Cylog (2 + é) . (7.1)

t
< (o4]/1 (2 —). 7.2
P () = C2ylos (2 (7.2)

Hence, given v > 0,

7.3
zer \t/ Dy(x) (7.3)
Proof
(a) We write s = % and ¢t = %. Note (with the notation of Lemma 3.1)
that

agu) = 0(s) > o(t) = ag),
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so B(u) > B(v). Using the inequality

1
1—u<log—, ue€(0,1]
u

we obtain
t u
1_ﬂ < log@ :log%
0(8) O(t) ag(v)
Bw) B(u)
log Cﬁ(v) B logC’ﬁ

(v)
Tlanw) T(o(t)) (74)

by (2.10). Next, f(u) = u(1+o0(1)), and similarly for 3(v), so it suffices
to show that

> 1

t
log “ < Cylog (2 + —) . (7.5)
v s

But from (2.1) for s < ¢ and small ¢, and then from (2.5),
1/2

g/f _ o (Qa)

vl s ay Q(ay)

_ /2 —1/2\ 1/2
uT(a,) 2\ uT (as(w) w2
< _ < _— < —
= O (UT(av)_l/Q =G UT(aﬁ(v))_l/Q =G (U>

as B(u) > B(v). So

u\ 1/2 t
(5) <o (7.6)
and we have (7.5).
Now if x > 0,
S B T _a(t)
‘1 o] B = R 5 ‘1 o(s)
_ T _ T _a(t)
S =T *(‘1 =0 “) ‘1 o(5)|

Using (a) of this lemma, we obtain

1/2 ;
< Cra®y(x)4/log (2 + —).
V s
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Since o(s) > o(t), also
T(o(s)) * < CT(o(t) 2
So (7.2) follows. O

We turn to the proof of Theorem 1.3. We provide full proofs only where
the details are significantly different, and otherwise refer back. We begin
with an analogue of Lemma 6.1 for L,[f] of (6.11).

Lemma 7.2

I(f = Lal DVl ) < 01[ sup WAL, 0 (f, 7, R)

0<h<ag, /(3n) Lyp[~an,an]
0<7<L
W )| )

Here L is independent of f,n.

Proof
We do this for p < co. Recall that the crux of Lemma 6.1 is estimation
of
Ajr = [ f = piPWP < CiQ (17,1, 15,) P WP (740)
Iin
o 75, |
< ‘[f‘ / / WAL(f, o, 15[ ds de. (7.8)
anlps g
in

We now choose L > 0 such that for 0 < h < 1,

Ly (z)
L™ <
i}ég hq)h(l‘) o

1
5
This is possible by (7.2). Now we choose

_ g1-k%n .
5n,k($) =L 3 @Ll—kﬁn‘(x), k Z 1.
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Note that by (7.9),
5n k—l—l( ) 1
sup —————~ < —.
rek Ouu(r) T2
In view of (6.6), (3.6) and (3.7), we may assume that L is so large that

uniformly in n, j, z € I7,,

VAN

(7.10)

asy, %
| | < L33 @a?)n( ) L5n71(I)7 |I]TL| ~ 577/71(I)

Then from (7.8),

Léy, 1( )

A < 04/ / 5n1 \WNf:c, 1) ds de

Lép i (

afs T

k= 1L(5n k+1 517 !

(f,x, Jn)‘ ds dz

L
& 5n,k l’ %
_ 04/2 / N \W st ()| dr de

I, F=1L6, k1 (2)/60 1 (@)

L

o f B frsntien

dT dz.

Then

n—1 In oo

YA, <G / Z( ) /‘WAT(S whe B dr de

§=0
Qn,

< 2Cy sup /‘WAThq)h (fIR)‘ dx.
0<h<asy,/(3n)
0<r<p ~»

A

The rest of the proof is as before. O

The analogue of Lemma 6.2 is

Lemma 7.3

||(Ln[f] - Pn[f])WHLp(R)
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<y sup HWA:h%(I)(f’ T R)HL

wman] T WLz,

0<h<agzy,/(3n) pl—an,
0<7<L

Proof
This is exactly the same as the proof of Lemma 6.2, except that we
substitute for (6.19) the estimate of Lemma 7.2. O

Proof of Theorem 1.3
This follows from Lemma 7.2 and 7.3 exactly as Theorem 1.2 followed
from Lemma 6.1 and 6.2. O

Finally, we briefly show that under some additional conditions on @, we
can use the simpler modulus

W#p(f,W,t) = sup HWATLmh(a:)(faﬂ?,R)

0<h<t

+ b ([(F=P)WI,

Ly(Je|<o(2h))
(7.11)

€| >0(41)) "

We shall assume in addition to W € &, that Q" exists and is non-negative in
(0,00), and
Q') Q)

, x € (0,00). 7.12
@@ " Q1) (7.12)
Moreover, we assume that
2
T <t 5o (713)
x

Using (7.12) and the methods of proof of Lemma 2.2 in [13,p.209], we obtain

& ! > C (7.14)
—~ u .
an  ul(a,) = 7
and hence J
a a
— [ )~ = u > . 7.15
du ( u ) wt = (7.15)
Since v — % is then strictly decreasing for large u, we obtain the identity
Ay
o (—) = Gy, u > Cs. (7.16)
u

93



Differentiating this, and using (7.14), (7.15) leads to

't 1
AU 0<t<Cy

o)~ T (o))

and then using (7.13), we obtain

t—T(o(t))

‘ jt < CsT(o(t)), 0 <t < Chy.

These last two bounds easily give

d
0] < i)
for | |
0<t=C =00 2 Tew)

(7.17)

(7.18)

(7.19)

(7.20)

Here ¢ is any fixed positive number. We now estimate Aj, a little differently
from the way we proceeded after (7.8). Let us make the substitution s =
Lt®y(x) in the right-hand side of (7.8) and keep our choice of L, 9, () to

deduce that

d

1 . P
Aoz G f [ 7 W A (£, )|
0 "

dt

3nt

Cr3n " "
< X / / log (2 + ai) ‘WAthn(w)(f’x’ I
0

— 1@ ()]

dt dx

Pt d

by (7.19) and (7.2). In applying (7.19) we must ensure that the range con-
ditions in (7.20) must hold for x € I7, and ¢ < az,/(3n). In fact if |z| < ay,,

then

G, Qp,

1—

v

olan/Bn) = o)

> CsT(an) ' > CyT(o(t) ™"
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by (3.2), (3.3), then (2.7) and then (2.6). Thus

ap @3n/(30)

n—1
S A, < 083”/ / log (24&%) (WAL (f 2. B)| dt de
0

=0 G3n 3n

—an

An L
1
< G s [ WAL (e dr [ flog (24 ) s
0<t§a3n/(3n) 0 ’

—Qn

So under the additional conditions on () we obtain
Qn
Enlflwyp < ng#p <f7 W, Ow;) . (7.21)

We note that these additional conditions (7.12) and (7.13) are certainly sat-
isfied for Wy, o of (1.6).
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