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Abstract

We investigate weighted L,(0 < p < oo) convergence of Hermite and
Hermite - Fejér interpolation polynomials of higher order at the zeros of
Freud orthogonal polynomials on the real line. Our results cover as spe-
cial cases, Lagrange, Hermite-Fejér and Krylov-Stayermann interpolation
polynomials.
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1 Introduction and Statement of Results

We study mean convergence of Hermite and Hermite-Fejér interpolatory poly-
nomials of higher order for Freud type weight functions on the real line. More
precisely, let X := {xg,} C R,

—00 < Tpp < Tp—tp <0 < Tap < T1p <00, n=1,2,---,

be a set of pairwise different nodes. Then for any real-valued function f on R
and an integer m > 1, see ([25]), the Hermite-Fejér interpolation polynomial of
higher order Hy,,,,(f, X) of degree < nm — 1 with respect to X is defined by

{ Hnm(f7X7$kn):f(wkn>7 ]_S]{ZSTL,

1.1
H(f, X, 21) = 0, 1<t<m-1,1<k<n. (1)

We note that by definition, H,,; are the Lagrange, H,> the Hermite-Fejér and
H,,, the Krylov-Stayermann interpolatory polynomials [7], [22] and [23]. By
(1.1), we may write for = € R,

Hy (f, X, 2) =Y f(@rn)Bhnm (X, 2), n=1,2,---.
k=1



The polynomials

m—1
hi(X, @) = hjpnm (X, ) = 17, (X, ) Z Ciknm (T — Tpn)', 1<k<n
i=0

are unique, of degree exactly nm — 1 and satisfy the relations
R (X, 21n) = Soedu, L <k, 1<, 0<t <m—1 (1.2)

where for nonnegative integers v and v

1, u=vw
6“”'_{ 0, u#w.

Here, I, (X, z) are the well known fundamental Lagrange polynomials of degree
n — 1 given by

= wn(®) 1 T—x
Lin(X, ) = TN ];[ o)

If f € CU"")(R), then the Hermite interpolation polynomial of higher order
H,..(f,X,z) of degree < nm — 1 with respect to X is defined by

HO (F, X wpn) = FO(hn), 1<k<n,0<t<m—L

We may write for z € R,

m—1 n
Hy (£, X,2) = 30 3 SO @hn)her(X,2), m=1,2,-+,
t=0 k=1
where
htk(Xaw): = htknm(X -T)
—z tm 1-t '
= ll7cr7L1(X k’ﬂ Z etzknm -Z'k:ny, 0<t<m-1

is the unique polynomial of degree nm — 1 satisfying
W (X, 2j0) = 640k, 0 < i, t <m—1,1<j,k <n. (1.3)

The coefficients e;; := €jknm and egr = €pignm may be obtained from the
properties of hy and hyy, (1.2) and (1.3), see e.g. (2.6). It follows that we may
write for any polynomial P of degree <nm — 1, and z € R

m—1 n

P(z) = Hym(P, X,2) = Hyn (P, X,2) + Y Y PO (apn)his(X, 7). (1.4)
t=1 k=1



In this paper, we are interested in investigating L,(0 < p < 00) convergence
of Hermite-Fejér and Hermite interpolation of higher order for an interpolatory
matrix X whose lines are the zeros of a sequence of orthogonal polynomials
with respect to a class of Freud weights on the real line. As special cases of
our main results, we are able to recover known results on weighted Lagrange,
Hermite and Hermite-Fejér interpolation for even Freud weights on the real
line. In particular, we are also able to derive new results for Krylov-Stayermann
interpolation and higher order processes for Freud weights on the real line for
arbitrary fixed values of m. We thus believe that our main theorems provide a
unified method by which all of the above results may be obtained.

More precisely, we are concerned with Freud weights w of the form w =
exp(—@Q) where:

e () : R — R is even and continuous.
e Q® is continuous in (0, c0).
e ' >0in (0,00).

e There are constants A and B with 1 < A < B so that
d
A< E(mQ'(w))/Q'(:U) < B,z € (0,00).

This class is large enough to cover the well known example
ws(z) = exp(—|z|’), z € R, B >1

of which the Hermite weight ws is a special case.

For a given Freud weight w, we denote by
pa(w?, 2) = Y (wh)z" + ..., ya(w?) > 0,1 >0

the unique orthonormal polynomials satisfying
/pn(wz,x)pm(wz,x)w2 (x)dx = 6, m,n=20,1,2,---
R

and denote by
Ty (W?) < Tyt p(W?) < - < Ty p(W?) < T 0 (W?)

their n real simple zeros. We henceforth set X := {@p, (w?)}1_, = {zpn ;-

The subject of general orthogonal polynomials and weighted approximation
on the real line and on finite intervals of the real line of positive length, is a rich
and well established topic of research and we refer the reader to [3], [8], [15],



[17], [18] and the many references cited therein for a comprehensive account of
this vast area and its applications.

The results in this paper are motivated, in part, by the following papers
dealing with the theory of Lagrange, Hermite and Hermite-Fejér interpolation
for weights on the real line and on finite intervals. In [11], [14], [16] and [20] the
above authors studied weighted uniform and mean convergence of Lagrange
interpolation for Freud weights on the real line while in [4], [10], [13] and
[20], mean convergence of Hermite-Fejér and Hermite interpolation processes
for Freud weights on the real line were investigated. In [19], [23], [24], [26] and
[27], Sakai, Vértesi and Xu studied weighted uniform and mean convergence of
Hermite and Hermite-Fejér interpolations of higher order at the zeros of Jacobi
polynomials. Earlier work on Krylov-Stayermann interpolation for Jacobi poly-
nomials can be found in [7] and [22] and an interesting survey on this topic and
related subjects may be found in [25]. Finally in [6], Kasuga and Sakai have re-
cently investigated, in particular, convergence of Hermite-Fejer interpolation of
higher order for the Freud weight of the form w?(z) = exp(—z™), m = 2,4,---.

Before stating our main results, we find it convenient to introduce some
needed notation. Firstly, we will henceforth suppress the dependence of the
matrix X on the sequences of functions defined above. For example we will
often write Hpn(f, X, 2) = Hpp[f](z) and adopt similar conventions for other
sequences of functions. For any two sequences (b,) and (c,) of nonzero real
numbers, we shall write

b ~ Cn,
if there exists a constant C' > 0, independent of n such that
b, < C¢, for n large enough
and we shall write
bn ~ Cp,

if b, < ¢ and ¢y, < b,,. Similar notation will be used for functions and sequences
of functions. Given m > 1 and 0 < p < oo, we will always set for every natural
number n

* logn, mp # 4
(logn)mw = { (logn)1+1/p’ mp = 4.

The symbol C will always denote an absolute positive constant which may take
on different values at different times and II,, will denote the class of polynomials
of degree at most n > 1.

Finally, let a,(w?) := ay, for u > 0, be the u-th Mhaskar-Rahmanov-Saff num-
ber, which is the unique positive root of the equation

2 L, tQ' (ayt)
T 0 V1-—t2

dt, u > 0.

4



Throughout, w will denote a Freud weight as defined above and a, will
denote the Mhaskar-Rakhmanov-Saff number for the weight w?. Following are

our main results.

Theorem 1.1a Let 0 < p < oo, 1 < m < 4 andlet A € R, a > 0 and

a :=min{l,a}. Then the following hold:
(A) Suppose that for 0 < p < 4/m, we have uniformly for n > C
1

a—(a+A)+1/pnm/6—1/3 - -
(logn)5, p

n

and

Then
lim ||(f(2) = Hum[F](x))w™ (@)(1 + |2]) 2L, @) =0

n—>00

for every continuous function f : R — R satisfying

Jim | F(a) e (@) (14 [2]) = 0.

Moreover,

lim ||(f(2) = Hum[f1(@))w™ (@) (1 + [2]) "1, ) = 0

n— o0
for every f € C"=(R) satisfying (1.8) and

sup /0 )™ (2)(1+[2])°] < 00, t=1,2,0+,m 1.
TE

(B) Suppose that for p > 4/m, we have uniformly for n > C

a;<a+A>+1/pn<m—1>/3—2/<sp>,s( 1 )
logn

and

a;(&+A)+1/pnm/672/(3p) < ( 1 ) .
logn

(1.9)

(1.10)

(1.11)

(1.12)

Then (1.7) holds for continuous functions satisfying (1.8) and (1.9) holds

for continuous functions satisfying (1.8) and (1.10).

Theorem 1.1b Let 0 < p < oo, m > 4 and let A € R, a > 0 and a :=

min{l,a}. In addition, assume that uniformly for n > C

1
7anm/671 N

n (logn)1/»”

Then the following hold:

(1.13)



(A) Suppose that for 0 < p < 4/m, (1.5) and (1.6) hold. Then (1.7) holds
for continuous functions satisfying (1.8) and (1.9) holds for continuous
functions satisfying (1.8) and (1.10).

(B) Suppose that for 4/m < p < 1, there exists 61 > 0 and d2 > 0 such that
uniformly forn > C

a (@FAF/py(m=1)/3=2/3 5 (1,=01) (1.14)
and

a;(aJFA)Jrl/pnm/ﬁd/3 NS (Tf‘h) . (1.15)

Then (1.7) holds for continuous functions satisfying (1.8) and (1.9) holds
for continuous functions satisfying (1.8) and (1.10).

(C) Suppose that for p > 1, (1.11) and (1.12) hold. Then (1.7) holds for con-
tinuous functions satisfying (1.8) and (1.9) holds for functions satisfying
(1.8) and (1.10).

Remark

(a) It is instructive to briefly discuss the assumptions (1.5)-(1.6), (1.11)-(1.12)
and (1.13)-(1.15). Firstly, it is well known, see ([18], Theorem 3.2.1), that
for every polynomial P, € II,,, n > 1 and for a given Freud weight w

| PrwI| Lo [—an,an] = I1Paw||L o ®)-

Thus in particular for weighted approximation, it has become natural to
impose minimal growth assumptions on the sequence a,, in order to estab-
lish convergence of interpolation operators in suitable weighted spaces on
the real line, see [1], [2], [4], [11], [16], [20] and the references cited therein.

(b) For a Freud weights w, it is well known, see [8], that uniformly for u > C,

ut/B < QG < l/A
so that in particular, the assumption (1.13) only becomes significant for
m > 6. Indeed, it is easily seen that (1.13) is readily satisfied for 1 < m <
6. If (1.6) holds, then an® AP decreases to 0 for large n. If p > 4/m,
then it is easy to see that that the exponents of n in (1.12) are positive. In
particular, (1.12) implies (1.6). Similarly, if m > 4, (1.15) implies (1.6).

(¢) In particular, for the weight w = wg, it is well known, see ([18], Chapter
4), that a,, = Cn'/? and thus we obtain the following result.

Corollary 1.2a Letw =wg, 8 >1,0<p < oo and 1 <m < 4. In addition,
let A€R, a>0 and @ :=min{l,a}. Then the following hold:



(A) Suppose that for 0 < p < 4/m,

Then (1.7) holds for continuous functions satisfying (1.8) and (1.9) holds
for continuous functions satisfying (1.8) and (1.10).

(B) Suppose moreover that for p > 4/m we have

- m A 1 2 m -a m A 1 2
6

1
— =< =t ==+ =< ===+ —.
8 6 8 pB8 3p 3 8 6 B8 pB8 I

Then (1.7) holds for functions satisfying (1.8) and (1.9) holds for functions
satisfying (1.8) and (1.10).

Corollary 1.2b Assume the hypotheses of Corollary 1.2a except we assume
that m > 4. Then the following hold:
Suppose that for 0 < p < 4/m, we have

_—a+@<min{1 é—i+1}- a+A> =
B 6 "B ps 37 ’

for 4/m < p <1, we have

—a m ,{1A 1+2
— 4+ —<mindl, — - —+ - —
g6 B pB 3

and for p > 1 we have

m, -, m A 1
6 3J° 6 3

—a+m< '{IA 1+2 m+1} —a+m 1+2
—+—=<mnsl, -——4+———+-¢; — +— — 4+ —.
B 6 B ps 3p 6 3 B 6 pB  3p

Then (1.7) holds for continuous functions satisfying (1.8) and (1.9) holds for
continuous functions satisfying (1.8) and (1.10).

A
B

We observe that Theorems 1.1a and 1.1b allow us to recover as special cases,
results on weighted Lagrange, Hermite, Hermite-Fejér and Krylov-Stayermann
interpolation for Freud weights. For Lagrange, Hermite and Hermite-Fejér in-
terpolation, special cases of our results for our class of weights have already
appeared in ([4], Theorem 1.1), ([11], Theorem 1.3) and ([14], Theorem 1.1).

1.1 Lagrange interpolation: The case m =1

Corollary 1.3 Let 0 < p < 00, A€ R, a >0 and & := min{l,a}. We assume
that for 0 < p <4,
1

a+A> -
p



and for p > 4,

a;(a+A)+1/pn1/6(1*4/P) s ( 1 ) .
logn

Then we have

lim ||(f(z) = Lulfl(2))w(@)(1 + |2)) 2|z, @) =0

n—oQo

for every continuous function f: R — R satisfying

lim |f(@)lw(@)(1 + |2)* = 0.

|z| =00

1.2 Hermite and Hermite-Fejér interpolation: The case
m =2

Corollary 1.4 Let 0 < p < 00, A € R, a > 0 and & := min{l,a}. We assume
that for 0 <p < 2,

. 1
a+A> -
b

and for p > 2,

a; @A)+ /Py 1/30=2/p) S ( 1 > )
logn

Then we have

lim ||(f(2) — Han[f](2))w® (@) (1 + )=, @) = 0

n—oo

for every continuous function f: R — R satisfying

lim |f(z)|w?(x)(1 + |z))* = 0. (1.16)

Moreover,

lim [|(f (@) = Hanlf](@))w?(@)(1 + [2]) 2|1, @) = 0

n—o0
for every f € CO(R) satisfying (1.16) and

sup | f(z)|w? (z)(1 + |2])* < 0.
z€R



1.3 Krylov-Stayermann interpolation: The case m =4

Corollary 1.5 Let 0 < p < 00, A € R, a > 0 and & := min{l,a}. We assume

that for 0 <p <1,

SRR EE VN VL
(logn)4,p
and
1
a+A>-—.
p

Moreover for p > 1 assume

q—(e+8)+1/p,1-2/(3p) < L
n logn

and

q- (@A) +1/pp2/3-2/(3p) < b .
n logn

Then we have

lim || (f(2) = Kanlf](@))w" (@)(1 + ) =1, @) = 0

n—oo

for every continuous function f: R — R satisfying

lim |f(2)|w? (@)(1 +]a])® = 0.

|z]|— o0

Moreover,

lim ||(f(2) = Kanlf)(@)w* (@) (1 + )21, @) = 0

n—o0
for every f € C®)(R) satisfying (1.17) and

sup [ f*) (2)|Jw* () (1 + |2])* < o0, t = 1,2,3.
z€R

(1.17)

This paper is organized as follows. In Section 2, we state and prove a quadrature
theorem which is of independent interest and in Section 3, we prove our main
results. Section 4 contains an appendix with a technical lemma which we use

throughout.
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2 Quadrature and derivative estimates

In this section, we prove a quadrature estimate which is of independent interest.
Throughout for convenience, we set, for n > 1

— —2/3 o —2/3
Top ' =Ti,n+Cn / Gp, Tptln = Tnn—Cn / Q-

Following is our main result in this section:

Theorem 2.1 For 8 € (0,1/2),v e R, r=0,1,2,--- ,m —1and z € R, let

n " — m r —v

X}@*:<_> > (@) w ™ (@xn)) ™ & = zpn]"(L+ i)™
" ekl 2Ban

Then for some positive constants Cy, Cy and Cy with zo,, < (1 + Can~=?/%)a,,
we have uniformly for n > C,

An(z), |x| < Ba,/2
B(z), |z > 2an

w™(x) ZT(:L') N a, V< Cp(z), Ba,/2< x| § an (1 — Cln_2/3) ‘
D, (x), ap(1-— Cln_2/3) <zl <ap(l+ an_2/3)
E,(x), a,(1+ C'gn’2/3) < || < 2ay,.

(2.1)

. ,max{m/6—1,0} IOgTL, m =6
An(z) =n { 1, m # 6.

logn, m==6

B, (x) :%MMHwmewﬁl it

Culw) = (1= fol/an) /> 4 nmextm/o=1/30} |12y, (2yw(z)| " logn.
(Y —2/3 "

Du(r) = (a—> 2] = (1= Csn=*)an|  +

+ nmax{m/6—1/3,0} ‘ai/zpn(w)w(w)‘ logn

m
En(z) = npmax{im/6-1/3,0} ‘a%ﬁpn(w)w(w)‘ log n.

In order to prove Theorem 2.1, we need two auxiliary lemmas.
We begin with:
Lemma 2.2 Let n,r > 1. Then uniformly for 1 < k <mn,

S (%)1 . (2.2)

10

P ()




For the weight exp(—™), m an even positive integer, Lemma 2.2 was first
proved in ([5], Lemma 4) for all » > 1. We emphasize that our method of
proof differs from that used in [5] as there, heavy use was made of differential

equations satisfied by the orthogonal polynomials in question.

Proof. We write

Pu(t) = len () (t — Tpn)P), (Thn)

and introduce the reproducing kernel

n—1
Ku(x,t) ==Y pr(@)pi(t), o,t € R
k=0

and Cotes numbers
)\km = Kn($k7naxk7n>7l7 k Z 1.
Then it is well known, see ([3], Chapter 1), that for 1 <k <mn

L n(t
Kn(t,opn) = ’;\"—() teR

k,n

and for every polynomial P,_; of degree at most n — 1

P, 1(z) :/RPn,l(t)Kn(t,:ckm)w?(t)dt.

Applying these well known identities gives

pg)(mkn) = /pgl’“)(t)Kn(t,:Ukn)wz(t)dt
R

= L 0@ )
)\kn R

= p—%g:n‘) /Rakn(t)(t — )l () (1)t

(2.3)

= BB (4000 = ) + 1 O (0) w01

/\kn

U
= ) [0 g, (R .
Akn R

Then by Hoélder’s inequality and Markov’s inequality, see ([9], Theorem 1.1) we

11



learn that

1P ()| =
|

P M (=1 (100 2 1/2 w2 1/2
o5 ] ) (o)
_ WHV D @w®)]] o) o Qw2 )

! (¢ n (r=1)
< W(a> lkn (OwO)I, )

It remains to observe that

1 .
ankn(t)w(t)nig(]l&) = / Kn(t:wkmﬂkm(t)wz (t)dt = lyn(Th,n) = 1.
RO R

This completes the proof of (2.2). O
Next we use Lemma 2.2 to prove:

Lemma 2.3 Let 7 > 0 and n,m > 1. Then uniformly for 1 <k <n,0<t<

m—land0<s<m-1
< [N "
S = 2.4
() 24)

mn i mn i
lesk] < (E) lecsr] < (E) ) (2.5)

Proof We prove (2.4) by induction on m. {From (2.3) we easily obtain by using
Leibnitz’s rule for differentiation

1] (@)

and

pgzr+1)(wkn)

(r + Dpi (wkn)

and so (2.4) holds for m = 1 by Lemma 2.2. Now assume that (2.4) holds for
m =1,2,---,t — 1 for t > 2. Then using Leibnitz’s rule for differentiation we
obtain

T

|[l§gn:|(r)($kn)| < li;() 19 ()l 1] (r—i) (o)
s() (1) (1)
(o)

12
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This completes the proof of (2.4). To prove (2.5), we proceed by induction on
s. Firstly for s = 0, (2.5) is trivial since eg, = 1 and ey, = 1. For s > 1, we
have by (1.2)

s

0= hl(cS) (xkn) = Z €ik (j) Z'[ kn] (s—1) (-T/'kn>

=0

so that

1s—1 S\ . yrim 1(s—i
esk:—ggeik(i>z![lkn]( ) (2 1n)- (2.6)

Thus if we assume that (2.5) holds for s =0,1,--- ;¢ —1 for ¢t > 1, then by (2.6)
and (2.4), we have

— (t—i) —/n\[/n\" n\'
< ) m —1 5 B o ,.S _
|etk| ~ E |elk| ‘[ kn] (wk") Z <a > <an> (an> '

=0 =0 n

Ll
By the same process for hy, we have |e;sp| N (ai) . This completes the proof
of Lemma 2.3 O.

We now present the proof of Theorem 2.1:

Proof. For |zg,| > Bay, |Trn| ~ an by (4.2) so we may assume without loss of
generality that v = 0. We consider various cases:

Case 1. |z| < fa,/2: First we observe that uniformly for |zg,| > Ban
|z — Zgn| ~ |Tkn| ~ an.
Moreover, for this range of z, (4.3) implies that

jar/*pu(@)w(z)| < 1.

Thus (4.7) yields

N
7N
S
£s
N~~~
5
X

% -2/3 1 —1/4 lpn(z)w ()] " r
X Z p max{n=°,1 — |zpu|/an} ————F | |r—

| [> Bt |7 = T

N

(a_”)mira:;m Z max{n"2/%,1 — |zga|/an} "/

n
|Zn|>Bar

13



Now using (4.2) we see that

Z max{n"2? 1 = |zg,|/an}~™/*

|Zgn|>Ban
S5 max{n 1 el /an} Y (@010 i)
“n |Zrn|>Ban

n
S P [Er1 + Xy

n

where

DS > max{n 231 — |zgal/an} ™2 (@)1 0 — Thrn)
Ban <|zun| <(1-n=/3)a,

and

Y= Z max{n "3, 1 = |zral/an} "™ Y (@ 10— Thia )
[€kn |2 (1—n=2/%)an

Then we have by (4.1)

Z < p—2/3(-m/at1/2) ‘x(m —(1- n_2/3)an‘ < a,n™/6=1
T2

and since 1 — |z |/an ~ 1 — [t|/ay, for t € [Tr41 n,Tr—1,,] from (4.5), we have

1,n

Z S Z (1- |~Tkn/an|)_m/4+l/2/ Cdt

rl Ban <|zpn |<(1—n=2/3)an Ftin

(lfn_z/s)an
S / (1= [t]/an) ™4+ 2dt.
6]

[
Thus, we have

Z max{n"2? 1 — |zp,|/an}~™/* (2.8)

|Zn|>Bar

(1-n"2/%ya,
L l/ (1 —t/a,) ™24t + an™/ 61
8

an an

N n1+max{m/67170} logn, m =6
1, m % 6.

Substituting (2.8) into (2.7) proves Case 1.
Case 2. |z| > 2a,,: Here |z — ;| ~ |z| and for this range of z,
<

|/ *pn(@)w(@)| < 1

14



by (4.3). Thus using (2.8) and proceeding as in Case 1 gives

N
7N
S
£s
N~
5
X

3/2 m
> (7 max{n /%, 1 - mn|/an}—1/47"’”(x)w(x)') .

X
W |£IZ' — -Z'k:n|
m—r
e T T
|$kn|2ﬁan
S

—(m—-r maxym/o— 10n7 m:6
aolel O mestnso-ton {108 28

as required.
Case 3. fa,/2 < |z| < 2a,: We choose | = I(z) such that © € [x141.n,Zin], if
possible, and split

ZT(@ = Zrl(w) + Zﬂ(m)

where > 1 sums over those &k in ), for which k € [[—3,]+3] and >_ ,» contains
the rest. Here, if |z| > xo,, we set > 1 = 0. Then we have much as in Cases 1
and 2

W (@) S o) (2.9)

.
< n
~ =] x
(an>
3/2 m
an —2/3 —1/4 |pn (z)w ()] r
x n_ 1- PnlZ ST _
ZTQ ( p max{n=/", |Tkn|/an} F— |z — Tpn
< ap\Mm—T—1 1/2 m (mkflm - mk«klm)
- <;) ‘a" pn(w)w(w)‘ Zrz |z — @pp ™7 %

xmax{l — |&pp|/an, n2/3ym/AT/2

Then (2.9) becomes

A

G m _ p—
al/zpn(:v)w(:v)‘ pmax{m/6-1/3,0} Z " (wicx 1_7nxk Tr];tlrn)
n

m nmax{m/ﬁ—l/B,O} %
Ti+3,n Z0o,n dt

/ +/ m—r | "
Ban T 3.n |°77 - t|
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Here, for r <m — 1,
Ti43,n To,n dt
[T s
Ban Ti—3,n |:U - t|

Ti4+3,n dt T0,n dt
/ o @opm / (t—z)m—

)—(m—r—l)

A

)—(m—r—l)

<
~ (xl—&-l,n — L14+3,n + (-Tl—S,n — Tl-1,n

_ —(m—-r—1)
< ([t ~ ays) V2
(n max{l ||/ an,n }
m—r—1
< E a3 B (m—r—1)/2
(Z) (o)
N

m—r—1
n
an

and forr=m—1

Ti43,n To,n dt
Ban Ti—3,n |:U - t|

Therefore, for r =0,1,2,--- ,m —1

Ti43,n To,n dt < n m—r—1
/ +/ T ™ (—) logn.
Ban Ti—3.n |'T - tl Qn

Thus we have shown that for this range of x,
(@)Y palw) S pr /O30 gl 2p, (ay(a)| logn.

Case 3-1. f8a,/2 < |z| < (1 — Cin~?/3)a,: We have
n T
@ @) = () (@an@u @) u@) e = a0
+ooot (s (@)w H(z3)w(z)™ |z — :L'l,37n|7’).
Thus by (4.8) we have

n

@ @ £ () faman - sl ~ 0= /)7

Qn

Case 3-2. (1 - Cin~?®)a, < |z| < (1 + Cyn~2/%)a,: By a similar argument
to the above we see that there exists a constant C3 > 0 such that

@) i) & (2 ol = (1= Con )|

Case 3-3. (1+Caon ?/%)a, < |z| < 2a,: Finally for this range of =, we observe
that >~ ,1(z) = 0. Combining all our estimates completes the proof of Theorem
2.1 00
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3 Proof of Main Results

In this section we prove our main results, namely Theorems 1.1a and 1.1b. We
find it convenient to split our functions to be approximated into pieces that
vanish inside or outside [ —fBay, Ba, ] for some 5 > 0. For simplicity, we shall
write

Hy il f1(2) = Huna /(@) := ) eanlin (@) (@ = 2rn) " f (@)
k=1

so that

m—1

Hy[f1(@) = > Homil f1(2).

=0

We break up the proof of Theorems 1.1a and 1.1b into several lemmas. The
first is given in:

Lemma 3.1 Let 1 < p < 00, A € R, @ > 0, & := min{l,a} and € > 0.
Let 8 € (0,1/2) and assume further that {f,}52, is a sequence of measurable
functions from R to R satisfying

fulz) =0, |z| < Ban
and
|frw™|(z) <e(l+z])" % ze€Randn>1. (3.1)

Let m > 1.

(a) Suppose for the given m, 1 < p < 4/m. Then assume that (1.5) and (1.6)
hold.

(b) Suppose that for the given m, p > 4/m. Then assume that (1.11) and
(1.12) hold. Moreover, if m > 6, assume that (1.13) always holds.

Then for r =0,1,--- ,m — 1, we have

lim sup || Honr [ o] ()™ (@) (1 + )~ 2|1, 2) ~ -

n—oo

Proof. Firstly we have by (2.5), (3.1) and the definition of >, in Theorem

17



2.1,
| Hpmr [ fr] (2)w™ (2) (1 + |$|)7A| (3.2)

w™(@) Y enplily (2) (@ = wpn) fulwra) (1 + |2]) 2
k=1

< m n ' -1 m
@) (2) 5 e )| %
| xn|>Ban
X |ac—:v;m|’“(1—|—|ac/m|)_°‘(1—|—|:v|)_A
<

ew™@) Y r(@) (1 + a2

Thus to prove Lemma 3.1 it suffices to estimate (3.2). We find it convenient to
adopt the following notation. Set:

Ay ={z| |z| £ Ba,/2},

Ay ={z| |z| > 2a,},

A ={z| Ban/2< |z < (1= Cin *P)an},

Ay ={x| 1-Cin7P)ay <a| < (1+ Con™*?)an},
As ={z| (14Con %a, < |z| < 2a,}.

Firstly by (3.2) and (2.1)

= |[Hume (o] (@)w™ (@) (1 + |2) 7, a0)
< —a, max{m/6— — lo n, m= 67
S ea, Onme {m/6 170}||(1 + |$|> A||Lp(A1) { ) g m 6
N —a+max{—-A+1/p,0}, max{m/6—1,0} logn, m = 6,
" LT e
X (logn>1/p7 Ap =1,
1, Ap #1
ay*(logn)' /7, (1) m <6,Ap>1,
S . ap TP 166, (2) m<6,Ap <1,

a;anm/ﬁ—l(logn)l/p’ (3) m > G,Ap Z 1?
a;(aJrA)Jrl/pnm/G—l’ 4) m>6,Ap<1.

Case (a) : Suppose 1 < p < 4/m and (1.6) is satisfied. Then it suffices to
consider the possibilities m = 1,2, 3.

If Ap > 1 then (1) = O(1), since a > 0.

If Ap < 1 then (1.6) implies a;(a"_A)H/p < a;(a+A)+1/p, but here, — (@ +
A) +1/p < 0. Hence (2) = O(1).
Case (b): If p > 4/m,

if m <6 and (1.12) is satisfied,

18



if Ap > 1, then (1) = O(1), since a > 0;
if Ap < 1, then (1.12) = (2) = O(1), because

a; et B) TP )oey a; @R oep

IN A

a;(a+A)+1/pn%(p*%) logn
a;(a+A)+1/pnm/6*2/(3p) logn = O(1);

if m > 6 and (1.12),(1.13) are satisfied,

if Ap > 1, then (1.13) = (3) = O(1) ;

if Ap <1, then (1.12) = (4) = O(1), because
@

a+A)+1/pnm/6—1 < a

ar—L( - +A)+1/pym/6-1
n

= (GHA)+1/pym/6-2/(3p) 2/ (30)-1

1 —1+2/(3p)
—0(1).
log n) " o)

= 0

Therefore, we have

lim sup TT(LU Se.

n—o0
Next,
D= Hamelfal @™ @)L+ )72, (a0
< ganaJrlnmax{m/ﬁLO}{ llign, 2;27
|||z~ (1 + |w|)7A||Lp(A2)
S 5a;(a+A)+1/P—(m—r—l)nmax{m/ﬁ_lp}{ 11(:gn7 2;27
N sa;(a+A)+1/pnmax{m/6—1,o}{ llojgn, z;g’

Case (a) : If 1 <p <4/m and (1.6) is satisfied.
Then m < 6 and (1.6) implies

aT—l(a—i—A)—i—l/pnmax{m/G—l,O} — aT—l(a—l—A)—i-l/p < ar—L(&—Q—A)-&-l/p — O(l)

Case (b): If p > 4/m and (1.12) is satisfied,
if m <6,
a—(a-l—A)-l—l/pnmax{m/G—l,O} IOgTL, m = 67
" 1, m # 6
a; (@HA)FL/P g p,
a;(a+A)+1/pn%(p*%) logn
a;(a+A)+1/an/6—2/(3p) logn = O(1);

?

VAN VAN VAN
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if m > 6, (1.12) implies

IAIN

Therefore, we

Now we have

N

<
~

+

af(aJrA)Jrl/pnmax{m/ﬁfLO} IOgTL, m = 67
n 1, m # 6

a;(a«%A)«kl/pnm/Gfl

a; (@A) +L/pym/6-2/3p, ~142/(3p)

o (L) n-r2/Gn — o).
logn

have

. <
limsup 72 < e.
n—00

||Hnmr[fn](x)wm (z)(1 + |$|)7A||LP(A3)
+

Qp
Lp (Ag)

Sa;(AJra)nmax{m/Gfl/&O} logn H (0711/21?”11)) m ‘
_|_

(-2
n
LP(A3)

Sa;(AJra)nmax{m/Gfl/&O} logn||a;/2pnw||2nmp(R)_

5CL;(AJroz)

Lp(R)

Observe that firstly

(1-Cn=2/3) - Lp
al/P (/ (1—t)7dt>
B/2

and secondly by (4.6)

||a1/2

pan?}m

LP(A3)
1, rp < 2,
~ a}/P<{ (logn)'/P, rp =2,
n_2/3(_r/2+1/p), rp > 2
5 a;/pnmax{r/3*2/(3p)70}(10gn)1/p
1, mp < 4,
L(R) S alf/Pq (logn)™*t, mp=4,

n"n/672/(3p)7 mp > 4

A

gl/ppmax{m/6-2/(3p).0} | (10g n)™/*, mp =4,
" 1, mp # 4.

20



Thus if m > 2, we have

w3 S g (AT TL/p(1gg ) pyme(r/3-2/(30),0}

+ gar—L(A+a)+1/pnmax{(m—l)/3—2/(3p),m/6—1/3}(103;”);%10
= e(by +cp)
where
by, i= a;(AJra)Jrl/p(logn)l/pnmax{r/SfQ/(Bp)p}
and
Cn = a, (AT T/ ppmax{(m—1)/3-2/(p)m/6-1/3} (Jog n) -

Moreover if m =1 we have
T,(f) N 5a;(A+a)+1/p
+ Sa;(A+a)+1/pnmax{1/672/(3p)70} (log n)ip
= ed,
where
d, = a;(A—i—a)-ﬁ-l/p + a;(A+a)+1/pnlllax{l/ﬁ—z/(3p),0}(lognﬁ b
First assume that m > 2. Then for b,,, we have
bp < a; BTOTLP(log )t /P (1 4 n(m=1/3-2/0Gp)y,

Case (a): If 1 < p < 4/m and (1.5) are satisfied, then (m —1)/3 —2/(3p) <
m/6 —1/3 and 2 < m < 4, (1.5) implies

A

a;(A+a)+1/pnm/6*1/3 (log n)l/p

< a;(A+a)+1/pnm/671/3(logn):mp — O(l)

bn

Case (b): If p > 4/m and (1.11),(1.12) are satisfied, then

by = a; ATOTYP(ogn)t/P(1 4 plm=1)/3-2/Gp))

a By 0= E) (og n)1/P

IN

tay (AHHL/Py 5 =55 (log n) /P
a, (AFEOFL/Pym/6=2/(3P) |6y

IN

ta,, ATOTL/PR "5 5 og

= 0(1).

For c,,
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Case (a): If 1 < p < 4/m and (1.5) are satisfied, then (m —1)/3 —2/(3p) <
m/6 —1/3, (1.5) implies

= a;(A+a)+1/pnm/671/3(logn):mp — 0(1)

Case (b): If p > 4/m and (1.11) are satisfied, then (m — 1)/3 — 2/(3p) >
m/6 — 1/p, (1.11) implies

Cn = a;(A+a)+1/pn(m*1)/3*2/(3p)(1Ogn)7*n7p

= g-(A+a)+1/p,, (m=1)/3-2/(3p)

n

= 0(1).

logn

Hence for m > 2, we have

lim sup Tr(f) Se.
n—o0
Ifm=1,
Case (a): if 1 < p <4 and (1.6) is satisfied, then 1/6 —2/(3p) < 0 and (1.6)
implies
d, = a;(Aﬂl)H/p + a;(A+a)+1/pnmax{1/6*2/(3p)70}(logn)ip
S a, AT e logn)} , < a, AT P(logn)} , = O(1).

Case (b): if p > 4 and (1.12) is satisfied, then 1/6 — 2/(3p) > 0 and (1.12)
implies

A

dn A+&)+1/pnmax{1/6—2/(3p)70}(

a;( log n)ip

— ag(A+&)+1/pn1/G*2/(3p) logn = O(1).
Therefore, we have for m = 1,

. <
limsup 73 < e.
n—00

We consider two further cases. Firstly using Case 3
= | Hur [l (@)™ (@) (1+ 2) 71, (a0)

_ 5% n " - "
aan(A+ : (a_) [(Jz] = (1 = Csn 2/3)an) ||LP(A4)

n

N

tear (a1 /pymax{(m=1)/3-2/(3),m/6=1/3} (o 1)

*
m,p*
Since

1(J2] = (1 = Cn™**)an) |1, (a0)

(1+Cn=2'3)a, 1/p
= ( / (x| — (1= 20n—2/3)an)7“pdx> S (n=?3ay,) P
(

1-Cn—2/3)a,
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it follows that we deduce for m > 2 that

F) S eqm(Ata)HLyr/3=2/(3p)
+ Ea;(A+oz)+1/pnmax{(mfl)/372/(3p)7m/671/3}(logn>:n’p
< elby+cn)

and for m =1,

TT(L4) N Ea;(A+a)+l/p +€a;(A+a)+1/pnl/672/(3p) (log n)ip =ed,.
Hence, much as in Case 3,

. <
limsup 7(4 < e.
n—00

(5) (5)

Finally, we see that for m > 2, < ec,, and for m = 1,7 3 ed,,, where

7'7(15) = | Hpmr[fn]w™ (z)(1 + |$|)_A||LP(A5)'
Hence, we also have

. <
limsup 7> < &
n—oQo

Therefore, we have for r =0,1,--- ,m — 1,

lim sup || Hyyr [ f] ()™ (2) (1 + J2]) 2|1, ) ~ €

n— 00
and this last statement proves the lemma. O

Having dealt with functions that vanish inside [—fa,, 8a,], we turn to
functions that vanish outside that interval.

We begin with:

Lemma 3.2 Let 1 < p < 00, A € R, @« > 0 and @ := min{l,a}. Let
G € (0,1/2), € > 0 and assume that {¢,}52; is a sequence of measurable
functions from R to R satisfying

Yn(z) =0, |z| > Ba,
and
[pnw™|(z) <e(l+|z))~%, ze€R n>1 (3.3)
Let m > 1.

(a) Suppose for the given m, 1 < p < 4/m. Then assume that (1.6) holds.

(b) Suppose that for the given m, p > 4/m. Then assume that (1.12) holds.
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Then for r =0,1,--- ,m — 1,

Lim sup || o () (@)™ (@) (L + |2)) 2|1, (2] 2200,) ~ €.

n—oQo

Proof. Indeed from (2.5), (3.3) and (4.7), we have for |z| > 28a,
|wm(w>Hnmr[wn]( )(L+[a) =2

Zerklkn J¥n (@) (@ — Tpn)" ‘

< —Am
~

A
m
N
Sl
>
/—\
o
3
\/
3
wM
3
=
S
g
~
8
bl
3
SN
g
8
~
3

A

[0

Q

S
>
7N
S

£l=
~

X

x Z immax{n_z/3 1- |wkn|/an}_1/47|pn(x)w(x
n )

|z — Tknl

|2kn|<Ban

x|e = wpn|"(1+ |2gal)
m—

T m
s sa;A(n) (a}/zpn(w)w(w)) X
X Z |w—xkn|_(m_T)(1+|xkn|)_°‘
|wkn|§ﬂﬂn
- an m—r—1 m—r m
S eap? (?) ||~ )( L2, (2w ($)>
x Y (U ok T @t~ Trrn)
[2xn|<Ban
a m—r—1 o m
S e () el (a2 pa@u(@)
2Ban,
x/ (L+ ) dt
—2Ban,
. m _
S ea,® (a}/zpn(:z:)w(:v)) a; ™ al"%¥logn
<

ea; (6+8) (ai/zpn(:z:)w(:v)) " logn.
It follows that using (3.4) and (4.6) we have

| Huar [] ()™ () (1 + 2)) ™2 |1, (121>2600)

S eay EHAV L ppmax(m/6-2/0) 0} (og p)r

Now observe that if mp > 4,
max{m/6 — 2/(3p),0} = m/6 — 2/(3p).
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Thus by (1.12), the polynomial growth of a,, and (1.6) we have,

Lin sup || Hupnr (] (@)™ (2) (1 + [2]) 2|1, (1o] 2250,) ~ €

n—o0
and this proves the lemma. O
Next we present

Lemma 3.3 Let 1 < p < oo and assume (1.6). Let ¢ > 0, 8 € (0,1/4)
and assume that {¢,}°2, is a sequence of measurable functions from R to R
satisfying

Un(x) =0, 2| > Ban
and
|Ypw™|(z) <e(l+|z|)~% z€eR, n>1. (3.5)
Then for r =0,1,--- ,m — 1,

Lim sup || Houpar () (@)™ (@) (L + |2]) 2|1, (2] <2000) ~ &

n—oQo

Proof. We find it convenient to consider the estimation of the sequence of
operators Hy, y, m—1 first and then the sequence Hy, , » for r < m —2. Thus let
|z| < 2Ba,, and observe that using (4.3) we have

ai/zpn(x)w(x)‘ <1

Thus for this range of |z| we have

|w"™ (%) Hp,mym—1[1n](7)]

> em— 1l (@w™ (@) (@ = Tn)™ 0 (Tkn)
k=1

Y em—tilin(@)w(@) len (@)w(@) (@ = 5n)) ™ Yn(@rn)
k=1

|pn (2w ()"

3" et klin (@) w (@) (D, (10)) "D (@)
k=1

A

= A —(m-1)
Zemeklkn(m)w(w) (a,ll/zp;(mkn)) ' U ()| -
k=1

For each n > 1, we define two sequences of functions «,, and Jn as follows: Set
forx e R

. —(m—1)
an(z) = { Cm-1Lk (a}ﬂp;(wkn)) L r=zpa k=12, n
0, otherwise
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and
V(@) = Yp(¥)an(z), =€ Randn> 1.
Then clearly
Un(z) =0, |2 > Bay. (3.6)
Moreover, applying (2.5), (4.9) and (3.5) yields for |z,| < Ban
|G (@hn)w(@rn)| = [ (@) [0 (n) ~ (14 [2ha]) (3.7)

Thus we have shown that for |z| < 2fa,,

N

|w™ (@) Hym,m—1[tn] (€) (1 + |w|)_A| | Z lkn(w)w(w)Jn(xkn)(l + |$|)_A|
k=1

= |Laln](@)w(@)(1 + Jz]) 2|
where 1, satisfy (3.6) and (3.7). Then applying ([11], Lemma 3.4) gives

B sup || Hyp m,m—1[Un) (@)w™ (@) (1 + |2]) 2|1, (j21<260,)  (3-8)

n—oo

X limsup | L[] (@)w(@) (L + @) 7|1, (e1 <280 ~ €

n—oo

Next we turn to the estimation of the sequence of operators H, ,, , for r < m—2.
Set

V(@) = [ (@) w2 (z), xR, n>1.
Then it is easy to see that
(@) =0, |a| > Ban (3.9)
and
[ (@)w? ()] = [thn (@)™ ()] < e(1+]))™, z€R. (3.10)
Moreover for r < m — 2 and |z| < 2fa,,, we apply (2.5) and obtain
W™ (2) Hpmr Y] (7))

Z erlin (D)™ (@) (T — Tkn)" Y (Thn)
k=1

N

() 3 lunl@wlo)e = el lin @)™ () 0)]
n k=1
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Since

pu(z)w(z) |

[len (@)w () (2 — z4n)|" =

Py(Tkn)
and
len (2)w(@)| ™77 R W™ (),
we have
|wm(w)Hnmr[¢n]( )|
N N w(x) |, 2 m—2
s ( ) Z( ) 1/2 (w)w(w)‘rllzm(x)wz(w)wm_z(xkn)llpn(wkn)l
k=1

Z llzcn (x)wz (w)wm—2 (wkn) |wn (-Tkn)|

Z lkn wn(wkn)

Thus we have shown that

| Humr ] ()™ (@) (L + |2]) 2|1, (2] <260.)

S IIZZ 2)n (Tan) (1 + 12]) 2L, (0)<26an)

where the sequence of functions ¢, satisfy (3.9) and (3.10). Thus we may apply
([4], Lemma 3.3) and obtain for r =0,1,--- ,m — 2,

tim $up || H s ] () 0™ (@) (L + )21, el <20m) S & (3.11)

n—oo

Combining (3.8) and (3.11) proves Lemma 3.3. O
For x € R, let

Hon f160) = () S 1 (0)o = 1) o)
n k=1

If we inspect the proofs of Lemma 3.1, Lemma 3.2, and Lemma 3.3, we see
that they hold for this operator as well under all the hypotheses of these former
lemmas and under the weaker condition that the real variable z in (3.1), (3.3)
and (3.5) may be replaced by the subsequence {zg,}, k = 1,...,n. That is, for

/s
[ f(@pn)w™ (@pn)] <e(l+ |zpa])~% k=1,..,n, a> 0.
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With this observation, we prove our final lemma in this section, namely:

Lemma 3.4 Let 1 < p < oo, A € R, @ >0 and & := min{l,a}. Let m > 1
and € > 0.

(a) Suppose for the given m, 1 < p < 4/m. Then assume that (1.5) and (1.6)
hold.

(b) Suppose that for the given m, p > 4/m. Then assume that (1.11) and
(1.12) hold. Moreover, if m > 6, assume that (1.13) always holds.

Then for any fixed polynomial R,

lim sup || (Hym[R](@) — R(2))w™ (@)(L + [2]) 2|1, @) ~e.

|z| =00

Proof. For any fixed polynomial R, by (4.4)
|IR® (x)w™(z)(1 + |))*| <M ze€R, t=0,1,---,m—1,

where M is a constant independent of x and ¢. Then for n > deg R(x),

m—1 n
R(z) — Hym[R](z) = Z ZR(t) (Tpn ) ek ().
t=1 k=1
Here, for 1 <t <m—1
¢t m—1—t
T — Tk i
o) = 1@ IS e )
i=0
1 m—1—t )
= F Z etlkl%(m)(w — Z’kn>t+z
=0

| Moot Crin - - i
a >, — P in (@) (@ = T )T
= ()
If we set
Rl (z) == RO (2)rld (2)

where 7l (z) is a function satisfying

T%ﬂ(lﬁ'kn) = Crik k= 1727 N,

t+1
n
()
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then for sufficiently large n,
|REA (@rn)w™ (n) (1 + |zan)?|

ei m o
= | —L RO (2n) 0™ (@0 ) (1 + |2kn])*

t+1
n_
()
Ctik n\""
ti <
— |~ | — <e.
(L)HZ (an>

an

A

Then
R(z) — Hnm [R](2)
m—1 n m—1—t Crin n t+1i
- oy X e () e o)
t=1 k=1 i=0 <a ) n
m—1m—1—t¢ 1 n t+1i
= > X tZR[“ Thn ( ) (@) (& — )
t=1 =0 =
m—1m—1—t
1~
= FHnmtJrl [tl]]()
t=1 =0
and

|(Hy [ J(z) = R(z))w™ (@)(1 + |2) 2|, )
< > Z IIHnmm[R[”]]( Jw™ (@)(1+ Jz)) 2]z, w)

Let x,, be the characteristic function of [ —a,/4,a,/4] and
RS = R + (1= xn) B o= fo o+ o

Then using the observation just before the statement of the lemma,

lim sup || (Hym[R](@) — R(2))w™ (@)(L + [2]) 2|1, @) ~e.

n—o0o

We are now ready to present the:

Proof of Theorems 1.1a and 1.1b We assume firstly that 1 < p < co. Since
the conditions of Theorem 1.1a and Theorem 1.1b ensure the assumptions of
Lemma 3.1, Lemma 3.2 and Lemma 3.3, we will use the results of these lemmas
in our proof. Given any ¢ > 0, we may find a polynomial P satisfying

If — Pl(x)w™(z)(1+ |z))* <&, z€eR
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Then for n > C, we may write

1(f = Hum[FD (@)w™ () (1 + |2]) 2|1, )

< |I(f = P)(@)w™ @) (1 + |2))" 2|1, &)
+ (P = Hu [P))(@)w™ () (1 + |z]) 2|1, =)
+ | HumlP = fl(@)w™ @)1+ |z)) 21, ®)-

Here, (o + A)p > (@ + A)p > 1 so that firstly

1(f = P)@)w™ (@) (L + [2) 2|, @) < el|(L+ |2)) =, @) ~ e
Moreover by Lemma 3.4, we have

lim ||(P — Hum[P])(@)w™ (2)(1 + |2)) 2|, @) = 0.

n—oo

Let xy be the characteristic function of [ —a, /4, a,/4] and let us write

P—f=@F=f)xn+ = f)L=xn):=Un+ fn
Then applying Lemmas 3.1-3.3 with g = 1/4 yields

lim sup ||Hnm[P - f](w)wm(l‘)(l + |x|)_A||LP(R)

n—o0

m—1

< Z lim sup || Hppmr [P — f](2)w™ (2)(1 + |$|>7A||Lp(R) Se.
0

n—00

Thus

limsup ||(f = Hum [f]) (@)w™ (@) (1 + [&]) =21, =) Ne

n—oo

and so letting ¢ — 0+ yields (1.7). To see (1.9), we apply the representation
(1.4), the method of proof of Lemma 3.4 and (1.7). This completes the proof of
Theorems 1.1a and 1.1b for the case 1 < p < cc.

Now, we assume that 0 < p < 1.

The idea of the proof is simple. We first apply an idea of ([14], Theorem 1.1)
whereby we reduce the problem to an application of Theorems 1.1a and 1.1b
for p > 1. This is accomplished as follows. Let ¢ > 1 and ¢’ be its conjugate
satisfying the relation

Using Holder’s inequality, we observe that for any such ¢ and any real A; we
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have the inequality

Hym[£)())w™ (2) (1 + |2]) 2], &

=
/ |(f = Hum[f)(2))w <w><1+|:c|>—A1<1+|w|>—<A‘A“|pdw

IN

([ 167 = HonlrlDum @)1 + fa = az) (312)
(/(1+ |z])~(A=20pd dw) v (3.13)

Next we analyze the sufficient conditions (1.5)-(1.6), (1.11)-(1.12) and (1.14)-
(1.15) carefully and prove the existence of a ¢ with pg > 1 and A; so that
Theorems 1.1a and 1.1b may be applied to (3.12). We will also show that with
this careful choice of ¢ and Ay, the term in (3.13) is also uniformly bounded.
This will establish Theorems 1.1a and 1.1b for 0 < p < 1 as required.

First, we consider the case 1 < m < 4. Note that in this case we have
0 < p < 4/m and so we may choose ¢ with 1 < pg < 4/m. By (1.5) and (1.6),
there exists some constant A > 0 such that for the given n > C

X

ay, (@A ppm/6=1/3 (Jogpn)r < A (3.14)
and
a; AP <, (3.15)
From (3.14) and (3.15) we obtain respectively the relations
a;a+1/pqnm/671/3(log n)*, p/A < aA 1/p+1/pq
and
a;&Jrl/pq < aﬁfl/zﬂrl/pq_
Thus from the above, we may choose A; satisfying
a;a+1/pqnm/6—1/3(logn):mp/A < aﬁl < aﬁ—l/p+1/pq (3.16)
and

a, P < B < gAL/r AL P (3.17)

We summarize our findings as follows:

From the left most inequality in (3.16) we obtain the relation

a;(o‘+A1)+1/pqnm/6_1/3(logn);%p < A, (3.18)
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from the left most inequality in (3.17) we obtain the relation
—(@+ A1) +1/pg<0 (3.19)
and finally from the right most inequality in (3.17) we obtain the relation
—(A—=A))+1/p—1/pg<0. (3.20)

Thus (3.18) and (3.19) are just (1.5) and (1.6) respectively with p replaced by pg
and A replaced by A;. Thus Theorems 1.1a and 1.1b for the case p > 1 together
with (3.20) ensure that Theorems 1.1a and 1.1b hold indeed for 0 < p < 1 in
this case.

Now, we consider the case m > 4. Clearly if 0 < p < 4/m, we may apply
exactly the same argument as above, so without loss of generality we assume
that 4/m < p < 1. We choose g with

1 < pg < max{l — 36,/4,1 — 365/4,0} "
where §; and 02 are as in (1.14) and (1.15). Then since
(logn) /% < (logn)~1/71,
we have
a;o‘nmm_1 N (logn)_l/pq
and since (1.14) and (1.15) hold we also have the relations
CL;(CerA)Jrl/pn(m*l)/3*2/(31711) logn < n?/3-2/Bra)=0/2
and
ag(&+A)+1/pnﬂI/6*2/(3pq) logn < n?/3-2/Bra)=02/2 7
From the above two relations we deduce that
a; @ tH/pap(m=1/3=2/0p) Jog p, < gS=1/PH1/Pa
and
a;aJrl/pqnm/G*?/(BM) logn < aﬁfl/pﬂ/pq_
Let us now choose A; satisfying
a;a+1/pqn(m*1)/3*2/(3pq) logn < a5t < aﬁfl/zﬂrl/pq

and

a;&+1/pqnm/6—2/(3prn logn < aﬁl < aﬁ—l/p-i-l/pq_
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It follows that we have (1.11) and (1.12) with p replaced by pg and A replaced
by A;. Moreover (3.20) again holds. Thus we conclude that

i [(f = Hom 7)) 0™ (@)1 + o)™ "z = 0

n—oo

and
/(1 + |z]) (A2 g < 0.
R

Therefore,
T ([(F ~ Ham[£1(2))w™ (2)(1+ )25 = 0.
By the same method as above, we also have

lim |[|(f = Hum[f1(@)w™ (@) (1 + |2)) 2]} ) =0.

n—>00

This completes the proof of Theorems 1.1a and 1.1b. O

4 Appendix

In this last section we present a technical lemma concerning some estimates for
the orthogonal polynomials for our class of weights. This lemma was used in
Sections 2 and 3 and its statement in its present form can be found in ([11],
Theorems 2.1-2.2). We emphasize that it is only included as a reference for
easier reading.

Lemma 4.1

(a) Forn > 2,
11— 21, /an| < n=2/? (4.1)
and uniformly for 1 <k <n —1,

G . —1/2
Tkp — Thtl,n ~ —INAX {1 — |Zknl/an, n*2/3} . (4.2)
n

(b) Forn > 1,
sup pn (o) [w(@)|1 = ol fan] /" ~ @, (43)
EAS

and

sup |pp(z)|w(z) ~ n1/6a51/2.
z€ER
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(c) Let 0 <p<oo.Forn>1and Pell,
1Pwll,@) ~ I1PwllL, ana. (4.4)
(d) Uniformly forn >2and 1 <k <n-—1,
(1= |zknl/an) ~ (L= |zki1,nl/an)- (4.5)
(e) Let 0 < p < o0. Uniformly for n > 1,
; p <4,

1
1pntwl|L, @) ~ an' /P72 x § (logn)t/?, p=4, (4.6)
n(l/ﬁ)(174/p)7 p > 4.

(f) Uniformly forn >1,1<k <n,and z € R

3/2

~ 23 “VA o)
in (@) ~ (g )max {023 1=zl fan} | L
and
o () |0 (2p)w(z) S 1. (4.8)
(g) Uniformly for n > 1 and 1 <k < mn,
n B 1/4
P (@h )W (Tg ) ~ =7 (max{n 2301 — |xk,n|/an}) : (4.9)
Ay
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