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Abstract. In this paper, we complete our investigations of mean convergence
of Lagrange interpolation for fast decaying even and smooth exponential weights
on the line. In doing so, we also present a summary of recent related work on
the line and [—1,1] by the authors, Szabados, Vertesi, Lubinsky and Matjila. We
also emphasize the important and fundamental ideas, applied in our proofs, that
were developed by Erdds, Turan, Askey, Freud, Nevai, Szabados Vértesi and their
students and collaborators. These methods include forward quadrature estimates,
orthogonal expansions, Hilbert transforms, bounds on Lebesgue functions and the
uniform boundedness principle.
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1. Introduction and Statement of Results

The idea of this paper arose from recent work of the authors in [6], [7],
[9],work of one of us and Lubinsky in [11] and [12], work of Lubinsky
and Matjila in [22] and [23], work of Lubinsky in [15], [16], [17], work
of Lubinsky and Mastroanni in [20] and [21] and Szabados [26]. The in-
vestigations involved studying weighted mean convergence of Lagrange
interpolation for smooth, even and fast decaying exponential weights
on the line and [—1, 1] for two specific choices of interpolation nodes.
Related results on uniform convergence, Hilbert transforms, converse
quadrature, higher order interpolation and distribution of arbitrary
interpolation arrays, can be found in [1], [2], [3], [5], [12], [7], [8], [10],
[13], [15], [16], [17], [19], [21] [27], [29], [30] and the many references
cited therein. All of our results rely heavily on bounds and estimates
for the associated orthogonal polynomials and their zeroes, see [14]
and we will refer to this latter excellent reference many times in what
follows. We do not consider weighted mean convergence of Lagrange
interpolation for non even exponential weights or exponential weights
of less smoothness on the line, [—1,1] or arcs of [—1, 1] but delay these
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for further investigations. See [4]. We also omit the topics of Lebesgue
functions, Birkoff interpolation, and distribution of interpolation arrays
for weights on the line, in the plane and [—1, 1]. We refer the reader to
the still largely cited books and survey [28], [24] and [25] for fundamen-
tal earlier work of Freud, Nevai, Bonan, Erdés, Turan, Muckenhoupt,
Askey and Wagner, Szabados and Vértesi.

First, we require a general class of strongly admissible weights similar
to those of [11]. The main feature of our weights is that they are of
faster than smooth polynomial decay at infinity. Thus they differ from
the well known Freud weight class which are of smooth polynomial
decay at infinity. For a detailed perspective on this subject, see [18],
[14] and the references cited therein.

DEFINITION 1.1. Let w := e~ 9 where Q(z) : R — [0,00) is even,
continuous, Q" (z) exists in (0,00), QY (z) > 1 in (0,00), j = 0,1,2,
and the function

T /I(x)

T(z):=1+ Q')

is increasing in (0, 00) with

lim T(z) =o00; T(0T):= lim T(z) > 1.

T—00 r—0+

Moreover, we assume that

T~ e

and for every ¢ > 0
T(z) < C (log Q' (=) (1.1)
Then w will be called strongly admissible.

Given w such as above, we let p,(z) := p,(w?,x) be the n-th or-
thonormal polynomial with a positive leading coefficient v, > 0 and
let

Up:={-00<Zpp<Tp_ip < <oy <1y <00}

be the set of zeros of p,(w?, ). For each n > 1 and for the given weight
w, we define an interpolatory matrix

Vn+2 = Un U {yO} U {_yO}
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where yo maximizes ||p,w||r (&) The Lagrange interpolation polyno-
mial of degree n + 1 to a continuous f : R — R with respect to the
array V12 is denoted by Ly to(f, Vi42). See for example [26].

To set the scene for our investigations, we begin with the main result
of [7, Corollary 2.4].

THEOREM 1.2. ([7, Corollary 2.4]) Let w be strongly admissible and
assume that (1.1) is replaced by the weaker condition:
For every € > 0

T(z) < C(Q(z))".

Let 0 <p < oo, A,a € R and & := min{w, 1}. Then if « > 0 and

a+A>1/p, (1.2)
Jim [ (Lo (F, Vi) = o)+ |e)=2] =0 (1)

for all continuous f: R — R with
lim fw(z)(1+ |z|)*=0. (1.4)

|z] =00

Moreover, if (1.8) holds for every continuous function [ satisfying (1.4)
for a € R then necessarily (1.2) holds.

In particular, if we set A = 0 in the above, we see that necessarily
a > 1/p > 0 which means that we cannot hope for Theorem 1.2 to
hold for continuous functions f where fw is uniformly bounded. See
for example [15] and [16] where this phenomenon occurs for exponential
weights on [—1, 1] and [17] and [20] where it fails for Freud type weights.
We show that for Erdés weights, we can relax the polynomial decay
condition on fw in (1.4) to allow for logarithmic decay. The price we
pay is that in general, we obtain a stronger weight in the convergence
norm given by (1.3). On its own, this observation is somewhat expected.
See Theorem 1.6 below. The important observation is that the weight
we need for convergence is much weaker than the one which appears
in the main result of [11] under a logarithmic decay condition on f.
The reason for this is that we use an extended system of interpolatory
nodes which gives far better results. The idea of using such extended
systems was first applied on the real line to Freud weights by Szabados
in [26] and to Erdds type weights on the line and [—1, 1] by Damelin in
[1] and [2]. See Theorem 1.6 and its remark below. Our results below,
essentially complete our current investigations for mean convergence of
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Lagrange interpolation for fast decaying even Erdés weights on the line
for the interpolation points defined above.

Following are our new results:

THEOREM 1.3. Let w be strongly admissible, 0 < p < 00, k>0 and
B € R. Then for

1

Ly(®)
(1.5)

lim ||(f = Lo (f, Vara) w(@) (1 + o))~ (log(2 + Q(2)))~

n—0o0

to hold for every continuous f : R — R with

lim |f(2)]w(z)(log|e)) F =0 (1.6)

|z] =00

it is necessary that § > 1/p. Moreover, if p > 1, it is also sufficient
that B> 1/p and if 0 < p < 1, then it is sufficient that 5 > 1/p.

THEOREM 1.4. Let w be strongly admissible, 0 < p < oo, k>0 and
B € R. Then for

lim ||(f = Los2(f, Vara))w(@) (L + o)) 77 (log(2 + Q()))

=00 Ly (R)
(1.7)
to hold for every continuous f : R — R with
. 1+k
lim |f(z)|w(z)(log|z]) ™ =0 (1.8)

|z] =00

it is necessary that B > 1. Moreover, if p > 1, it also sufficient that
B> 1, while if 0 < p <1, it is sufficient that 8 > 1/p.

REMARK 1.5. Theorems 1.3 and 1.4 are not artificial. Indeed, they
constitute substantial improvements on earlier work for strongly ad-
missible weights. To appreciate this, we find it appropriate to state
the following Theorem which follows from the main result of [9] and
[11] for strongly admissible weights and which is sharp for the different
interpolation array, U,.

THEOREM 1.6. (/9, 11]) Let w be strongly admissible, 0 < p <
00,A €R and kK > 0. Then for

=0
Lp(R)

lim [(/ = La(F Ua)) w (14 Q)2

n—00
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to hold for every continuous function f : R — R satisfying,
lim |fw|(z) (log|«[)'"" = 0

|z| =00

it 1s necessary and sufficient that,

A> e {0.7 (771}

We deduce that under a logarithmic decay condition on fw, a poly-
nomial decay term together with a log(2+ @) decay term are necessary
and sufficient for weighted convergence in L, (0 < p < oo) with respect
to the interpolatory matrix V,12. A comparison of Theorems 1.2-1.4
with Theorem 1.6 then show that in the sense of mean convergence,
interpolation with the nodes V), 12 is more optimal than interpolation
with the nodes U,.

We close with a brief explanation of the structure of this paper.
In Sections 2 and 3 we prove our sufficiency. To do this, we rely on
two important old ideas. The first, see Section 2, is a bound for a
Lebesgue function. The second, see Section 3, is splitting up our func-
tion into smaller pieces which vanish on carefully chosen intervals. We
will also rely on forward quadrature estimates, Hilbert transforms and
orthogonal expansions. In Section 4, we establish our necessity. Here
we illustrate the idea of using the uniform boundedness principle. Our
proofs use the methods above as they are applied in [11], [1], [7] and
[26]. Many of the ideas originate earlier, see [24], [25] and [28].

2. The idea of the Lebesgue Function

In this section, we establish the sufficiency of our results. Throughout,
for any two sequences (b,) and (c,) of nonzero real numbers, we shall
write

by, S Cn,

~

if there exists a constant C' > 0, independent of n such that
b, < Cc, for n large enough

and we shall write b, ~ ¢, if b, < ¢, and ¢, < by,. Similar notation
will be used for functions and sequences of functions. We will also often
need technical estimates on p,(w?), n > 1 and their zeroes. For these
we refer the reader to [14].

We begin with the following auxiliary lemma which is a Lebesgue
type estimate adapted from [11]. Here, if w satisfies the conditions of
Theorem 1.2, we denote w € &;.
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LEMMA 2.1. Letw € &, B € (0,1/4) and let
S = Y aeVh) o @au), @)
|Zj,n|>a5n

where {Tp+1n, Tni2n} = {£yo}. Then uniformly forn > C and z € R

1 if |z] <ap, orlz| > az
Bn(@) S { 2 ' (22)

logn if as, < || < .
2
We remind the reader that in [2, Theorem 1.4], it was shown that if we

sum over all the zeros in (2.1), we obtain a uniform order of logn in
(2.2) and this order is sharp.

Proof of Lemma 2.1 By [2, Theorem 1.4], it is clear that (2.2) holds
for @gn < |z| < agp, and so it suffices to prove Lemma 2.1 for the range

lz| < agn or |z| > ag,. To this end, we fix z € R and let k(x) denote
the closest zero to x. Write for n > 1

S(z) = 3 Cjnr2(Vaga) [ w™H@jn)w(z)  (2.3)
itlwjnlZag,
jelk(z)+2,k(z)—2]

+ |2 (Vag2) o™ (@j0)w(@)  (2.4)
vjnl2agn

jil=
JEk(2)+2,k(z)—2]
= 2n,1($) + Emg({I)).
)

We first estimate ¥, 1(z). We have
Z]n,1(37) < Z |£',n+2(vn+2)|w71($j,n)w($)
[ZjnlZ2agn Tjn€Un
JElk(2)+2,k(2)—2]
|l 1n+2(Vage |w (yo)w(x) + |€n+2,n+2(vn+2)|w_1(—y0)w($)-

Then using the estimate

entjmr2(Varo) o™ (£yo)w(z) S 1, j =1,2

which is easily established for the class &£, see [2, Lemma 2.5], we see
that uniformly for 1 < j <n

Yna(e) S1+ > |2 (Vag2) w™ (zjm)w(z).  (2.5)
|w]',n|2aﬂn,w]'n€Un
jelk(z)+2,k(z)—2]

Next we need the following identities below which hold uniformly
for z, n > C and j € [k(z) + 2,k(x) — 2]. They may be found using
the results of [14] and ([2], (2.33) and (3.19)).
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(a)
y2 _ .’L‘2
Uinto(Vare)(z) = (h) Lin(Un) ()
7n
y \1 — ) 4 L(nT(an)) =2/ . »
~ ‘1 _ Ea.n&‘ o+ L(nT(an))_2/3 j,n( n)($) ( . )
(b)
‘1 - ? + L(nT(a,))~%/?
< — |~ (2.7)
1= Ll 4 1 (07 (a)) 22
(c)
|€j,n(Un)w($)|w_l(xjvn) S (2.8)

Using (2.6)-(2.8), we see that (2.5) becomes,
Ypi(z) <1 (2.9)

uniformly for n > C and the given z.

Next, we estimate X, 2(z) so we assume henceforth that j ¢ [k(z) +
2,k(z) — 2]. We will need the inequality, see [2, (2.31)],

S Vnse(Vage) w Hzjm)w(z)

|Zjnl>agn
. —3/4
1 — |2, ] L(nT —2/3 '
iy 1= Bal] 4 [(nT(an) Ajngg 1)
2, ml2apn ‘1 — B 5 L1 (an)) 23 | = @jn
a?anUn

together with two observations which follow using the methods of [11]
and which hold uniformly for n > C,  and 1 < 5 < n. Firstly

t _ ZTi; _
L L)) ~ 1= il @), b e sl

(07 Gnp,

and secondly

|z —t| ~ |z — zjnl, t € [Tj11,0,Tjnls T & [Tj2n, Tj2.n]-
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In applying these identities we see with the help of [14] that

1= &)+ L(nT(an)) 2 e
S s [ T E [+ oy 75 el
agp<lti<an an "
‘t_x‘zcarﬂﬂ:(x)
(2.11)

uniformly for the given x and n > C. Here for |z| < ap,, n > 1

1= B (7(0) 2+ Tan)

an
iz

and ¢n(x) = ¢n(an) for |:U| > Qp.

+ (nT(ay))~2/3

Armed with the estimate (2.11), we realize that to establish Lemma
2.1, it suffices to estimate (2.11). We suppose without loss of generality
that 0 < x < agn for the other case is similar. For notational simplicity,

2
we set S :={j: j & [k(z) + 2,k(x) — 2]}. Then following [2, (3.20) -
(3.23)] and a similar argument to the case ag, < |z| < agp, we obtain
2

uniformly for the given z and n > C,

Ax;
Zop(r) S D = — i+ (2.12)
jES J,n
A.’L‘j,n
3/4
7ES ai | — wj |14 (‘1 - —'“ij:' - L(nT(an))_2/3>
1
< / dt
|t — |
agnilt\ian
|t_m|zcan¢77;(w)
T / ¢ — | L4 (1 _ L—' + L(nT(an))2/3) dt
I g glti<on "
‘tiw‘zcand;n(m)
1 —1/4
apgn 1
< 14 g-3/4 / pn & 4
~ + an an, an, (1 _ 3)3/4 §
%Bn
< 1+a,%4 T (an) VT (an)V* < 1. (2.13)

This last estimate proves Lemma 2.1. O
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3. The idea of splitting

In this section, we establish the sufficiency of our theorems. The es-
sential idea which goes back to [24], is to write the function as a sum
of functions which vanish on carefully chosen intervals and centre our
analysis on each of these subintervals. We now present the details of
this analysis. We find it convenient to set for some fixed k> 0,

(z) = (log(2 + a;z))flfic, zeR (3.1)

We begin with:

LEMMA 3.1. Letw € &1, p>1 and let {f,} : R — R be a sequence
of measurable functions satisfying for n > 1,

fu(z) =0, |z| < az (3.2)
and
frwl(z)  pla), o € (33)
Then,
Jim | Lusat Vi) @)ta) (L+ ) 7 (log(2+ Q) ], =
(3.4)

Proof. We distinguish two cases:

Suppose first that [z| < ax or [z| > agn. Then (2.1), (3.2) and (3.3)
give

|Ln+2(fnavn+2)w|(x) = Z gj,n(vn+2)w(x)fn($jan)

zjn|>an
S dlan). (3.5)

(3.5) and the fact that @ grows faster than a polynomial then imply
that

Lo Vi) @) (1 + )™ (10g(2 + Q(a)

< @lap) =o(1), n — oo.

~

Ly(le|<%2)
(3.6)
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Next suppose that an < [z] < agzn. Then (3.5) and [14] give,

Hsz(fm Vara) (@)w(@) (L + J]) 72 (log(2 + Q(‘T)))_IHLP (a

&k

1 0
< % = o(1), n — oo. (3.7)

Combining our estimates (3.6) — (3.7) gives the lemma. O

Next, we treat functions that vanish for [z| > axz.

LEMMA 3.2. Letwe &, p>1ande € (0,1). Let {gn}: R = R be
a sequence of measurable functions such that for n > 1,

gn(z) =0, |z > az (3.8)
and
lgnw|(z) Se, z € R (3.9)
Then,
i || Loy (9o, Viero) (@)w(@) (1 + [2]) P (log(2 + Q)™ 1y (jeg) =
(3.10)

Proof. Let n > C and fix |z| > a,/3. We may further assume that
|z| < agy,. Then for such z we may apply the estimate (2.10) together
with the identities (3.8) and (3.9) to obtain

|Ln+2(gn7 Vn+2)w| (.’E) ,S € Z |£j7n(vn+2)(x)| Iw_l(xjyn)

|5’7j,n|fag
_ lal oz \ ¥
oy O ( 1= ]+ L(nT(an)) )
ey g 177 Bl \ U= Bl L0 (o)) 20
an
9
< eT(ap) 3/4a3/4/(a _ )T
0
<e. (3.11)

Thus using (3.11) and the fact that @) grows faster than a polynomial

gives,
HLTL+2(9n7 Vi) ()w () (1 + |z]) 7P (log(2 + Q((x)))il LP(\x\Zaﬂ)

<e H(l n |x|)71/17(10g(2 +Q(z))) L, <|$|2M)

<e. (3.12)

1
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Letting ¢ — 0% in (3.12) gives the lemma. O

Now we estimate the L, norm in (3.10) for the range |z < axz. Here

we follow ideas and methods from ([11], Lemmas 4.3 and 4.4). More
precisely we shall prove the following:

LEMMA 3.3. Let w be strong admissible, p > 1, ¢ € (0,1) and let
{gn} : R = R be a sequence of measurable functions satisfying (3.8)
and

lgnw|(z) < ep(x), z € R (3.13)
Then
1 [ L g Vo) (o) (1 + )P (log(2 + Q(a)) ™ =

Ly (jel<ep, )
(3.14)

Proof. We first establish the following inequality which is of indepen-
dent interest.

Orthogonal expansion and Hilbert transform lemma :

Let 0 : R — R be a bounded measurable function. Then uniformly
for u > C and o

Sulogw™Jw(l + |z))~/7 (log(2 + Q(x))) "

Lp(\x\ga%) (315)

S0l Lo @)

Here, S,[;] denotes the nth partial orthonormal expansion of ;.
To see this, we assume without loss of generality, that ||o||, &) =1
and write as in ([11], (4.10)) for x € R and n > 1

[Salodw ] (2) < a}f? (1—@)_1/4 > |Hlodnsul|(a).

n j=n—1

Here for suitable f : R - R

denotes the Hilbert transform of f.
We choose ¢ = ¢(n) with

92t < IV 9241
<3<
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so that uniformly for n > C,
£~ loglogn
and
Qp = Gophys, 1 <k <L
Moreover we define
T 1= [Qgok, Qi gy ], k2> 1.

Our choice of ¢ is motivated in part by the following identity which
follows using [14] below. Uniformly for k£ > 1,

(log (2 + Q(ag ) ) ~ 2. (3.16)

It now follows exactly as in ([11], Lemma 4.3), that we obtain uniformly
for k>1andn>C,

Hgn[gqsw—l]w(l +z)) Y7 (log(2 + Q(ﬂﬂ)))_1 L)

S [[og(2 + Qay)] ™ 10g (T(ay 1)) T (ay ) /*74/7]. (3.17)

Applying (1.1) for suitably small ¢ > 0 which we may, yields a 6 > 0
so that for the given n > C' and uniformly for £ > 1,

! <27k (3.18)

“Sn[aqsw*l]w(l +[a)) 7 (log(2 + Q(x))) Lo(ms)

Summing (3.18) then gives for the given n

Slogw ™ w(1 + |z)) 77 (log(2 + Q(x)) '

Lp <a4§\w\§a%)

)4
S 3 |Sulogw w1 +1al) 7 (l0g(2 + Q@))
k:1 p\Tk
4
<y 2 g (3.19)

k=1

Similarly and more easily it also follows that uniformly for n > C,

Thus (3.15) is established.

Salodw™ Jw(1 + |z|) 77 (log(2 + Q(z))) <1 (3.20)

Lp(0<|z|<a4)
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Next we shall show that given € € (0,1) and measurable g : R —
[0,00), we have uniformly for n > C

| Los2(gn, Vas2)g| S £|Sulon g™ ug|

Ly (jel<ay )
(3.21)

Ly (jel<ey )

Once this is established, (3.15) and the above prove the lemma. In
order to proceed to prove (3.21), we find it convenient to introduce
some notation.

Letting sgn and yx denote the usual signum and indicator functions
respectively, we define for n > 1 the following quantities:

Hylgn)(z) := Z(y% — x?vn)flﬁjvn(Un)(:v)gn(xj,n), reR (3.22)
j=1

] . (3.23)
hn(z) == (3.24)
—1 — —
sgn(Hulgn]) [Hnlga] "™ (@) xn (@)u? 7 (2)g? (2)lyg — 2* P}, z € R,
opn = sgn(Sp[hy)])- (3.25)
First note that using (3.8), we may conclude that g, (+yo) = 0. Thus
1 Znt2(gn; Vago) (@)w(z)g(2)]”
L, (jzl<ey )

= [ [Laralgn Vo) (0)0" (@)g” (a)do

z|<ag
n y2 x2 P
SR G = CRCAETER PP
‘I‘Sa% j=1 Yo Jin
= ‘y(Q) - *732’ Hn[gn]($j,n)hn(x)w2($)d$
|z|<ag
a2
S’T(aib)z Hy[ga](z) b (2)w? () dez. (3.26)
R
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14 S. B. Damelin, H. S. Jung and K. H. Kwon

Now recalling that for n > 1, hy, — Sy[h,] L 11,1 and Hy,[gn]Sn[hn] €
Iy, 1, we may apply Gauss quadrature and continue (3.26) as

’|Ln+2(gn, Vn+2)w($)g($)||ip<w<an>

2/\

/H 0:)(2)Sulhl () () do

a

T(an)? Z i gn)(25,0) Sulhn](2)0)

j=1

a;, NinGn(Zin
S Z ],29_( 2j )Sn[hn](xjm)
Yo x_],n

Now by ([11], Lemma 3.2), we may continue (3.27) as

| Lnt2(gn, Var2) (@)w(z)g ()|
L, (jzl<ey )

Se / |hnwg™ 4 (z)dx |Snlondw w(z)g(z)| dz

lz[<an |z|<a
B

S € | Lns2(gn, Vira) (@)w(z)g(z) ]| x
Lp(|a;|<an)

X

wlongw™(z)w(z)g(x)

Lp(ms%) : (3.28)
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(3.28) then establishes (3.21) and hence the lemma. O
Armed with Lemmas (3.1) — (3.3) we are ready for the

The Sufficiency Proof of Theorems 1.3 and 1.4 for p > 1.
Let € € (0,1). We may choose a polynomial P such that,

I(f = Pywp™ |, g <e (3.29)
See for example [12, pg 752]. Let n > C and for z € R, let
gn(z) := (P — f)(%‘)X{ ](%‘) (3.30)

and
fal@) = (P = )(@) (1 - X[_MM]) @ (3]

Note that gn(z) = 0 for |z| > az, fn(z) =0 for |z| < ax and

=P =fn+gn

Thus Lemmas 3.1-3.3 show that

Jim || Zo(P = £, Vo) (@)w(@)(1+ fol) =7 (log(2 + QL)) )| =0,
(3.32)
Moreover by choice of P we have
— —1
|7 = Pa@)w@) @+ 1277 (log1 + Q@)
S e+ 2) @ @)]}7, e (3.33)
Now write,
[ = Ensalf, Viso)) @) (1 Lal) P (log(2+ Qo)) |,
_ -1
< (7 = Py 1+ ja) 7 (og(2+ Q)T
—1/p -1
2P = 1 Vi) @) 1+ o) (log2+ Q) |
Then (3.32) and (3.33) give,
limsup | (f = L2/, Vasa) (@) (1 + fal) 77 (log(2+ Qo)) |, 5
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16 S. B. Damelin, H. S. Jung and K. H. Kwon
Letting ¢ — 07 gives the result. O
We now present

The Sufficiency Proof of Theorems 1.3 and 1.4 for 0 <p <1

We begin with Theorem 1.3. Let us choose some constant ¢ > 1
satisfying pg > 1. Since 8 > 1/p, we may choose some ) satisfying

B—1/p+1/pg> p1 > 1/pq.

Now by Holder’s inequality, with 1/g 4+ 1/¢' = 1, we have
_ _1|P
| = ZnsalF, Vaso)) wi(a) (1 + Jal)~* (log(2 + Q) |[]

— [ = Luald, Vasa)) wia) (1 1)~ (log(2 + Qo)) | ds

VAN

1/q
([ 1 = Lt Vas) wia) 0+ ) g2 + QL)) [ de)
([ asa-+1aposmtas)".
Since 81 > 1/pq and (8 — B1)pq’ > 1,

! d
/(1+ [])——Bopg 0 <

and by the result of Theorem 1.3 for p > 1, we have

i ([ [(F = Lusald, Vi) wla) (L + Jal) " (log(2 + Q@) " do) Y

n—0o0

Therefore, we have the result for this case. For Theorem 1.4, let 8
satisfy 1/8 < p <1. Then 1/p < % and so we may choose ¢ with
l/p<q< %. This implies that 5 —1/p+1/pg > 1 and so we may
choose ) with 1 < 8 < f—1/p+ 1/pq. Summarizing the above imply
that pg > 1 and (8 — B1)pq’ > 1. Thus we may proceed as in Theorem
1.3 and deduce that

[ = Loa £ Ve wla) 1+ fa) ™7 (o2 + Q) P,
< H(f — Lyso(f, Viso)) w(z) (1 + |z) /77 (log(2 + Q(x))) ™™ JZMGR)

(/ (L + Ja])(log 2 ; Q) #50wd )

and so Theorem 1.4 holds for this case as well. O.

djkl.tex; 18/07/2002; 10:13; p.16



Mean Convergence of Extended Lagrange Interpolation for Exponential weights 17

4. Necessity

In this section, we establish our necessary conditions. The argument
we shall use, relies on an application of the generalized uniform bound-
edness principle. The original idea should be credited to Paul Nevai
in [24] and later modifications have appeared in [20], [23], [11], [12],
[7] and [9]. For our purposes, we require additional new ideas and the
analysis is presented below. We shall deal with Theorem 1.3, Theorem
1.4 is similar.
We begin with a lemma which we will need in the sequel.

LEMMA 4.1. Letw € & and 0 < p < oo. Then uniformly for n > 1,

arlz/pilﬂ 5 ||panLp[“Tn7“Tn]' (4-1)

Proof. Using ([12], Lemma 5.1), for every interval 7, C [—ap,ay]
containing at least two zeros of p,(w?; ) we have

4
(R
Qp,
an

uniformly for n > 1. Applying this with 7, := [%, %] and using [14]
below gives the lemma. O

—1/4

lpnwlls, sy 2 an'’?

+ (nT(an))—2/3>

Lp(Tn)

We are ready for the

Proof of Theorem 1.3.

Fix we &, 0 <p < o0, k > 0 and 0 € R. Assume moreover that
we have convergence in (1.5) for every continuous f satisfying (1.6).
Let n: R — (0,00) be a positive even continuous function decreasing
in (0,00) with limit 0 at oco. For clarity, we choose its rate of decay
later.

Let X be the Banach space of all continuous functions f: R — R
with,

Il 2= sup | Ful(e) (log(2 + ) ™~ Fn() ™! < o0,

Moreover, let Y be the space of measurable functions f : R — R for
1 < p < oo with

< 0.
Lp(R)

1flly = || f@)ew(@) (1 + |2)~# (log(2 + Q(x)))

|
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18 S. B. Damelin, H. S. Jung and K. H. Kwon

We note that Y is a metric space for 1 < p < co with metric

1f = gll := | (f = 9)(@w(@) (1 + |z)) 7 (log(2 + Q()))

1

Lp(R)

For 0 < p < 1, let Y be the space of measurable functions f : R — R
with

P

Iflly == Hf(:p)w(a;)(l + ]x\)*ﬁ(log@ + Q(l‘)))*l . < o0.
We then note that Y is a metric space with a metric
If =gl :== H(f — g)(@)w(z)(1 + |z|) 77 (log(2 + Q(fﬁ)))il I;p(R).

Since for 0 < p < 1, the method is the same as for 1 < p < oo, we only
prove for 1 < p < co. Now each f € X satisfies (1.6) so we have

Jim. |(f = Loso(f, Vag2)) ||y = 0.
That is, for each f € X, there exists € > 0 such that for n > 1

I(f = Lalfs Vaya))ly <e.

Then by the generalized uniform boundedness principle, the metric of
the operator I — Ly[;] is uniformly bounded in n. That is, for each
feXifwelet f:= ITfHLX’ there exists a constant m independent of f
and n, so that for every n > 1

HJZ— Luta(f, Vn+2)HY <m.
Hence,

1f = Lnt2(f, Var2)lly < mllfllx (4.2)

for every f € X and for every n > 1. Now we recall that

Liio(f, Vay2)(z) = Zgj,n+2(vn+2)($)f($jvn)
j=1

Honvinr2(Var2) (@) f(yo) + lny2nre(Vir2) (@) f (—yo)
where

_ pn(.’r)(’y + ‘T)
bnirnra(Voya) (2) = W

and

_ Pn(@)(yo — )
Cnyoni2(Vay2)(z) = m
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Then a straightforward calculation shows that for functions f satisfying
£(0) = 0 and f(£yo) =0

Ls(f,Us)(z) =0 for every x € R.
Thus applying (4.2) for such f with n =1 gives,

If = Ls(f, Us) ||y <mllfllx
which implies that || f|ly < m||f|x-
It follows that we have,
[ Ln2(f; Vas)lly < 2m]|fllx (4.3)

for every f € X with f(0) = f(£yo) = 0. Here m does not depend on
f so we fix it.

We will now show that (4.3) with a careful choice of f implies
our necessary conditions. To this end, we proceed to define a special
sequence of functions and establish some of its important properties.
Choose {gn} : R — R continuous with

(i)

(if) For zj, € (%, %),
1(25) " (9nw0) (2n)580 (0], (5,0)) $@j0) ~H = 1
and |lgnllx = 1.
In particular, it is easy to see that g,(0) = 0 and g,(%yo) = 0.
Moreover, by definition of g,, we have for n > C and for every
z € [%, %],

4 2
|Ln+2(gna Vn+2)|(x)

= y3_$2 Pn(2) T;
e (y3 - fr) (pa(xj,m(x - xj,n>> (i)

3 P(@,n)70(jn) —

) (@0 = @) [P (250)w(0) | (Y5 — 275,

) an 3ap
zjn€ (%%

2 1‘2 a
> |pn(a)| <y0 - ) $(an)n (37) x

oo (@i —2) 7 P (i) w(zin)|

- (4.4)
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20 S. B. Damelin, H. S. Jung and K. H. Kwon

Indeed, using [14], we see that for n > C, and for every z € [%, %]

|Lnt2(gn, Vns2)| (@)

3/2
an/

@l () %

2
C2n 1

2l @t (4) 3 1
k

Thus we learn that for the special sequence {g,} we have:

(i) gn(0) = gn(£yo) = 0.

(ii) For every z € [%, %] and n > C,

Loea(gns Vi) | (@) 2 022l @) ) (tog i (552) - (45)

Now we apply (4.3) to g, and use (4.5) and (4.1). This gives for n > C,
2m = 2mllgnllx > ||Lnt2(gn, Vas2)|ly

= | Zuse(gn, Vasa) @yw(@) (1 + le]) # (log(2 + Q)

(log )~ ay "0 L yo(g, Vis2)wll o

2 ay B0y (%) (log )~ log ngb(an )y |[pnwll o

a; max((3,0) (log an)_l_’%af}z/pn (%) . (46)

1

Ly(R)

Vv

M]
2

Vv

4

We now choose 1 at the start so that n (3—3&) > (log log(an))fl.
Then (4.6) implies that for n > C,

alL/P~max(5.0) (Jog g, ) L (log log(an)) ™ < 2m. (4.7)
Suppose that § < 0. Then (4.7) implies that for n > C,

a}/p(log(an))flffc(log log(an)) " < 2m.

~

But this is impossible for n > C. So necessarily § > 0. Then (4.7)
implies for n > C,

arll/pfﬂ(log(an))_l_k(log log(an))_1 < 2m.
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If 8 < 1/p we again obtain a contradiction. So necessarily g > 1/p. O
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