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Abstract

We establish the uniform boundedness of the weighted Hilbert trans-
form in function spaces associated with a class of even weights on the
real line with varying rates of smooth decay near +oco. We then con-
sider the numerical approximation of the weighted Hilbert transform
and to this end we establish convergence results and error estimates
which we prove are sharp. Our formulae are based on polynomial in-
terpolation at the zeros of orthogonal polynomials associated with the
weight function under consideration, augmented by two carefully cho-
sen extra points. Typical examples of weights that are studied are: (a)
wo () = exp (—|2|%), @ > 1, z € Ry (b) wy s(z) := exp (—expy, (|z]%)),
6>0k>1, 2R
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1 Introduction and Statement of Main Results

Let I denote the open interval (—oo, 00) and w : I — (0, 00) a weight function
with all power moments

a"w?(z)dz, n >0
I

finite. We consider the Banach space (Lo, || - ||) = Loow 0f continuous

functions f : I — R satisfying

lim f(z)w(x)=0

|z| =00

with norm ||f|| := max {|f(z)w(z)|: © € I} and define the weighted Hilbert

transform

HiFw?(@) = £ LD w2yt = 1im A ) IO ewat, wer, )

jt—x e—0+ t—x

i.e. the strongly singular integral in (1) is to be interpreted in the Cauchy
principal value sense. It appears in numerous areas in analysis, in particu-
lar, weighted approximation, numerical quadrature, integrable systems, and
orthogonal polynomials. We refer the reader to [3, 7, 8,9, 10, 11, 13, 14, 16,
17, 20, 21, 24, 25, 28, 29, 30, 31, 32, 33, 37, 38] and the many references cited
therein for a detailed account of this vast topic. Our interest in the operator
given by (1) is to firstly establish its boundedness in suitable weighted sub-
spaces of Lo, and secondly, to numerically approximate it by a quadrature
procedure, which is based on polynomial interpolation at the zeros of orthogo-
nal polynomials associated with the weight w under consideration augmented
by two carefully chosen points. Interest in the numerical evaluation of the
weighted Hilbert transform is primarily due to the fact that integral equations
with Cauchy principal value integrals have shown to be an adequate tool for

the modelling of many physical situations. However, only a small number of
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publications, see [7, 13], deal with this problem for the large classes of functions
and weights presented here. Typically, our classes of functions are allowed to
increase exponentially without bound near 00 and so our weights are chosen

to counteract this growth.

1.1 Boundedness of the Weighted Hilbert Transform

It is a classical result, see [28, Chapter II, §2], that for finite intervals [a, b],
the unweighted Hilbert transform H|[-; 1] is a bounded operator from L, [a, b] to
L,la,b] for 1 < p < oo and is unbounded if p = oco. In the latter case, results of
[2] imply that H|-; 1] is bounded in suitable subspaces of L..[a, b]. In a weighted
setting, there are numerous old and quite recent results which deal with the
boundedness of the weighted Hilbert transform in various weighted spaces from
L, to L, and from L, to L. We refer the reader to [8, 10, 11, 20, 24, 25, 28,
30, 31, 32] and the references cited therein for an account of some of the results
in this direction. The boundedness of H|[-; w?] in subspaces of Ly, however,
is far less known. The only result in this direction, to our knowledge, is [13,
Thm. 3.1] which deals with the Hermite weight w(t) = exp(—t?/2), t € I. This
weight is a special case of the class of weights presented here.

In our first result, Theorem 1.2, we establish for large classes of exponential
weights w on I, the boundedness of H|[-; w?] in suitable weighted Dini-Lipschitz

type subpaces of Ly ,. Our weights are of the form

w(t) = exp(=Q(1)),

where the function ) : I — [ is smooth and of sufficiently fast growth near

+00. Our class of weights include the canonical examples:
(a) wy(t) :=exp(—|t|*),a>1,tel.

(b) wy(t) == exp (—expy ([t|?)), B8 >0, k > 1, ¢ € I, where exp;, denotes
the kth iterated exponential.

For those who are not familiar, the weights listed above are respectively ex-
amples of Freud and Erdds weights. Freud weights are characterized by their

smooth polynomial decay at infinity, and Erdds weights by their faster than
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smooth polynomial decay at infinity. For a detailed exposition of our classes of
weights, we refer the reader to [4, 12, 19, 22] and the references cited therein.

In order to formulate our results, we need to define our class of admissible
weights w and a suitable Dini-Lipschitz subspace of L .. Let us agree from
this point that I, will denote the interval (0, 00). For any two sequences (b,,)
and (¢,) of non-zero real numbers we shall write b, N (by, R Cn), if there

exists a constant C'; > 0 independent of n such that
bn S Olcn (bn Z Clcn)7 n— 00

b, ~ ¢, if

< <
b, ~ ¢, and ¢, ~ b,

and b, = o(c,,) if

Analoguous notation will be used for functions and sequences of functions.
Throughout, C' will denote a positive constant which may take on different
values at different times, and II,, will denote the class of polynomials of degree
at most n > 0.

We need to define a class of admissible weights in the following sense.

Definition 1.1 Let w = exp(—Q) where Q : [ — I is even and continuous.
The function w shall be called an admissible weight and we shall write w € A

if it has the following defining properties.

(a) Q" and Q" exist and are nonnegative in IT. Moreover () exists and is

strictly positive in IT.

(b) The function

- SL‘Q"(.I)
T(x):=1+ O) xel,
satisfies uniformly for x € I,
Q)
10~ 0w

Moreover T satisfies either:



(bl) There exists A > 1 and B > 1 such that
AST($)§3,$EI+,

or

(b2) T is increasing in I, with

lim T'(z) = oo, lim T'(z) > 0,

|z] =00 z—0+

Ve >0, T(z) ~ (Q(z))°, w eIt
and for |x| > C,
T%(x)

T

1" (@)] ~

(¢) We have uniformly for large enough x € I,
log Q(z +1) ~ exp(Q(z — 1)).

The essence of Definition 1.1 is that it covers as special cases the archetypal
examples given above. In particular, (b1) forces the function @) (that is usually
called the external field of the weight function w) to grow as a polynomial near
infinity, so we have a Freud weight, while (b2) forces the external field to grow
faster than a polynomial at infinity, which yields an Erdds weight. Thus we will
treat simultaneously, even weights with different rates of decay near £o00. The
assumptions in (a) and (b) are weak smoothness and regularity assumptions
which are at present sufficient for our methods of proof. Finally we note that
we will often need to compare the behaviour of Q(z+1) with Q(x—1) uniformly
for all large enough x. To this end we require the weak assumption (c¢) which
is certainly satisfied by all our prime examples.

For what follows, we shall need to construct a suitable subspace of L 4.
To this end, we shall define some important quantities:

Let a,, u > 0 be the positive root of the equation

2 [ a,tQ (ayt)

== Dl Wy,
T Jo V1—1t?



which exists under our hypotheses on w. For those who are are unfamiliar,
one of its uses is the Mhaskar-Saff identity (e.g., [33])

Vn > 1VP € Hn . ||Pw||Loo([) = ||Pw||Loo[7an;a/n]7

which establishes where the sup norm of a weighted polynomial of degree at
most n is supported. In particular, it is well known, see [22, 23], that for

admissible Freud and Erdds weights,

a, logu
— 0,u — o0.
u
Now let
o(u) ::inf{an: a—n<u},u>0
n

and for A > 0, define

Ay (f,x, 1) = f(x+h/2) — f(x —h/2), 2 £ h/2 €I
A}(f,-, I) is just the first symmetric difference operator, while o, see [19, 12],
typically satisfies the relation

o <%> ~ Gy, > 0. (2)

u
Thus the function ¢ can be thought of as the inverse of the map

Gy
U= —.
U

Moreover, we shall be using a suitable modulus of continuity that will be
defined as follows.

Let w first be a Freud weight. Then, see [19], we define:

Wl,oo(f:w>u) = oi%g HwAllz(f7'7[)HLoo[*ff(h)aU(h)}
u

(3)

+ b [|(f = P)wllzemn-ow.ow-

Moreover, if w is an Erdds weight, see [12], we set for some fixed and large
enough L > Ly

Wioo(fyw,u) = 0315 [wALpa, () (F s D Lo [ o(2h),0(2m) ”
<u 4

+ Pléll'flo s = P)w||Loo(f\[—a(4u),a(4u)])
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where

1/2

O, (x) = ‘1 R + (T(o(u)) Y? foru>0and z € I.

o(u)

We briefly recall, see [12, 4], that the function ®, illustrates endpoint improve-
ments in the degree of weighted polynomial approximation for Erdés weights
in the Mhaskar-Rakhmanov-Saff interval while no such effect is present for
Freud weights.

We now set:

Lo = {f € Lovw : /01 Croolfs W u) g, oo} (5)

[

and state our first result:

Theorem 1.2 Let w € A. Then uniformly for f € Lo ww

! wLOO(f? w, U) du
—u .

0 & 1 ln + [ ©
0

We remark that, in particular, (6) shows that H[-;w?] is a bounded map
from Loy t0 Loo -

We now specialize Theorem 1.2 to Freud weights and discuss some simple
but particularly important subsets X of L. ., with the property that the

operator H|[-;w?] is a bounded map from X t0 Lo ,. This is contained in:

Corollary 1.3 Let w be an admissible Freud weight. For f € Lo and
n>1, we set
Buelfiw] = nf 110 = Pyl
= |I(f = Bo)wllewm),

Here P denotes the best approzimating polynomial where the infimum above

is attained. Let X be the set of functions f € Loy Satisfying

ap\ @
Bngelfw] = 0 (<) (7)
for some 0 < a <1, or
| Pyw]| Loy = O(1). (8)
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Then H[-;w?] is a bounded map from X to Ley.. In particular, defining the

Sobolev function space

L = 1 € Loow : 1 f Wl Loty + 1wl Lo(ry < 00},

we have that H[-;w?] is a bounded map from L, , , t0 Lo .

1.2 Numerical Integration of the Weighted Hilbert
Transform on [

We consider the problem of the numerical approximation of the weighted
Hilbert transform given by (1). The quadrature formulae we investigate are
so-called interpolatory product methods, given by the following approach: For

a given admissible weight w, we denote by

po(w? x) =y (wHa™ + ..., Yn(w?) > 0,1 >0

the unique orthonormal polynomials satisfying
/pn(wQ,x)pm(wQ,x)uJQ(x)dx = O0mn, m,n=20,1,2,... 9)
I

and denote by
xn7n(w2) < xn_m(wQ) < e < Ig,n(UJQ) < xl,n(wQ)

their n real simple zeros. Moreover, following [36, 5], we define z, to be a

point with the property that

[Pn(20.0)w (w00 )| = [lPntwll Lecr)

and set z,41, = —%o,. Here and in the following, we shall often use the
abbreviated notation p, for p,(w?, ). It is instructive to note that in [5, 36],
it was shown that £x, are close to the largest and smallest zeros of pn(w?, ).
The points xj,, j = 0,1,...n,n + 1 will serve as the nodes of our quadrature

formula H,, which is therefore defined by

n+1

H,[f;w®)(z) = Z Wi () f(250)- (10)

8



The weights wj,, are chosen such that the quadrature error R, satisfies
Ry[f;w?)(x) := H[f; w?|(2) — Hu[f; w?](x) = 0

for every = and every f € Il,,;. It is clear then that H, must be defined

according to
Hy[f3w*)(2) := H[Lnyo[f]; 0?](2)
where L, o[f] is the (Lagrange) interpolating polynomial for the function f

with nodes @, j = 0,1,...,n+1. For simplicity, we will henceforth suppress

the dependence of H,, on w. In other words, we shall write

H,[f](x) := H,[f;w?](z).

We briefly mention that the quadrature formulae obtained according to this
product integration approach, but using the zeros of the orthogonal polyno-
mials only and not the extra points xy, and x4 ,, have been investigated in
[7] for a class of admissible Freud weights using estimates for functions of the
second kind. Comparing our new results with those of that paper, we see that
the introduction of the extra points leads to improved error estimates. See also
Remark 4.1 below. The observation that the addition of the extra points gives
rise to improved behavior in weighted polynomial approximation has also been
made in connection with weighted mean and uniform convergence of various
Lagrange interpolation processes whereas for weighted Hermite-Fejér interpo-
lation this phenomenon is not present. A completely different approach for
the numerical approximation of Hilbert transforms has been proposed in [18],
albeit without a very detailed error analysis.

Our main results in this section are as follows:

Theorem 1.4 Let w € A and f € L. Then uniformly for f and large

enough n,

| L2 Flwl Loy ~ || f0] Lo log n. (11)

The above result indicates that (L,12)22, is an unbounded sequence of
operators from Lo, t0 Lo, Whose growth, however, is only very moderate;

indeed, from classical results for corresponding problems on bounded intervals



we may assume that a sequence of interpolation operators with slower growing
norms does not exist. Weaker versions of this result have been proved in [5, 36]

and L, analogues can be found for example in [8].

Theorem 1.5 (a) Let w € A and f € Lo . Then uniformly for f and

large enough n
<
Hn W ooty ~ [[fw]] Lo (1) Log (12)

and

IRl f)l bty ~

1
/ DD gy ) )y logmn. (13)

0

(b) Moreover, if w is an admissible Freud weight and fU) € Ly for j =
0,1, then uniformly for f and large enough n

an/n W1,00 f?wau
||Rn[f]||Loo(I) s / & (U )du+En+LOO[f7 U}] IOgTL (]‘4)
0

In particular, uniformly for f and large enough n

a, logn
IRl ) < - (15)

n

In order to assess the quality of the estimate (15), we now state the following
theorem which shows, in particular, that the bound in (15) is sharp and cannot
be improved in general. Moreover, it follows that no other quadrature rule can

exist that allows a better estimate.

Theorem 1.6 Let s € Ny, n € N, and w € A. If the quadrature rule Q,, is
given by

Qulf)(@) = D asnl@) f ()

with arbitrary functions a;, and arbitrary real nodes x;,,, then there exist two
positive constants Cp, Cy, both of which are independent of n, and a function

f* € Loow (that may depend on n) with ||w2f*(s)||Loo(I) < Cy such that

sup | HLf "5 w?)(z) = Qulf (@)] = € () logn. (16)

zel
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We have thus shown the nonexistence of a quadrature rule of the form
stated in the theorem that allows an error estimate of the form

sup [ f5w?)(z) = Qulf](@)] =0 ((**) logn)

zel

for all f with a bounded sth derivative. Actually, a careful inspection of the
proof (that we shall give in Section 5), reveals that the statement holds for a
much larger class of quadrature formulae, namely for formulae with multiple

nodes of arbitrary order r, i.e. for methods of the form

n

i > k(@) fP (w0).

k=0 j7=1

Using Theorem 1.6, we conjecture that (15) should hold for a suitable sub-
space of L, ,, for admissible Erdds weights as well. We delay this investigation,
however, for a future paper.

The remainder of this paper is organized as follows. In Section 2, we present
the proofs of Theorem 1.2 and Corollary 1.3, and in Section 3 we present some
auxiliary results which are of independent interest and the Proof of Theorem
1.4. In Section 4, we present the proof of Theorem 1.5 and in Section 5, we
present the proof of Theorem 1.6. Section 6 contains the proof of a technical

lemma, Lemma 5.1, which we use to prove Theorem 1.6.

2 The Proofs of Theorem 1.2 and Corollary
1.3

In this section, we present the proofs of Theorem 1.2 and Corollary 1.3. We

begin with the former.

2.1 The Proof of Theorem 1.2

We first fix a positive constant C'. For later use, we mention that it will be

important to choose C' large enough to ensure that

1
Ve >C: —— < 1.
r= Qx+1)
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Then we choose x € I and consider first the case that |z| > C. Without loss of

generality, we may suppose that z is positive for the symmetric case xr < —C

is similar. Let us write

H[f;w?(x)

(/mw /2a; /2> t—g; it

(17)

L(x) + I2(7) + I3()

We first estimate I;(x). In the region of integration for this integral, we note

|t — ] > Jt] —
Thus,
L) <
<
<
N
Thus

Next, we observe that

|12 ()]

Thus similarly we see that

|| = [#] —

t1/2 = [t]/2.

O

g
[t|>2x ‘t’

(D))
g

2
| fwl Lo

t

1L (@) < | fwll e (18)

O F(Hwi(t
_ ‘/ f()w()dt‘

—2x t—x

0 w(t
< Aol [ 2t
3x du

< ||fw||Loo(l)w(0)/ "
S fwll e
1L(@)| ~ || fwllp (19)
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We now proceed to estimate I3(x). To this end, we find it convenient to set

for the given x

Observe that by choice of A(x)

w(y) ~ w(x) (20)

uniformly for every y € I with |z —y| < A(x). To see this, we recall that C

was chosen large enough from the start to ensure that

1

Qa+y ="
Then
w(z) w(z)
wly) ~ <x+ o a:+1))

- (0 o)
= “p( (*+2e71) der)

< ( :c+1 +1)> = exp(1).

We then split I3(x) as follows: Write

L - %f213>ﬁ

([ )

= 131 )+I32(I)+133($)+134(I).

Firstly,

r—1
< w(t) | < <
|31 ()| ~ ||fw||Loo(I)/ el [fwllwnllwlleay ~ [[fwllwm
0

Thus
<
[ Is1(2)| ~ || fw]| oo (n)- (21)
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Next,

z—A(x) wlt
@) 2 ol [ S
z—1 r—1
Il — ) 1ogQe+ 1)

S w(e = 1) log Q(x + V|| fwllpm ~ 1 fwllpwm-

In the last line, we used assumption (c¢) in Definition 1.1 and the fact that

for large enough y. This inequality follows immediately from assumption (b1)
in Definition 1.1 in the Freud case. In the Erdds case we use the following

argument. Since

oo @@ Q)4

and Q(x) — oo as |x| — oo, it follows that

Crlog@Q'(z) <logQ(z) < Cylog Q' (x).

Thus
<
[32(2)] ~ || fwll Lo (n)- (22)

Similarly, we find that

[Isa(2)] =

fwaﬂ%4

tA@ t—T
T

A

| fwllL.yw(e+ A(z)) / L

Az) U

S| fwllpe yw (@) (log Q' (x + 1) + log x)
<

1wl Lo-
Thus the above estimate together with (21) and (22) yields for the given x
[ I51.(x) + Lo () + Lsa(2)] ~ || foll ooy (23)

It remains to bound |I33(x)|. This is the most difficult estimate and to this

end, we will need the definition of our moduli of smoothness in (3) and (4).
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We write

x+A(x) w?
| Lss(2)| = ][ 7]0(75) (t)dt

z—A(x) t—x

IN

/W‘(@ W) — w'(a)

—A(x) t—x

+ w?(x)

/HA(@ f(t) - f(x)dt
x—A(x) t—x
= |zs1()] + [I332(2)]. (24)

Here we used the triangle inequality and the identity

x+A(x) 1
f it = 0.
z—A(x) t—x

Suppose first that w is a Freud weight; the problem for Erdds weights will be

discussed below. We begin by making the substitution t = u/2+ x into I332(z)

n (24). Recall that x is fixed large enough and so both v and ¢ vary. Thus
240 | fx4+u/2) — flz —u/2
T A e e [
0
flz+u/2 x—u/2
N wQ('I) |:/)‘<u<ZA(z)+%<u<2A(z:| ‘ /2) — J /2 d

(w)>x u

= I3301(x) + I3302(). (25)

u

First observe that

< 2A(x)
Lggor ()~ /0 max. Ay (fry, 1) \—du
2A(x) . 1
: /o oilligu HAh(f’ Y I)w(y)HLm(ly\Sa(h)) Edu
1
< / Wieolfyw u) (26)
0 u

Next we estimate I3300(x). Observe that as > o(u) and 0 < u/2 < A(z), we
may apply (20) to deduce that

AL (f o, Dw?(x)| < |fle+u/2)w(@)| + |(f(z — u/2)w(z)]
< fwllreu max{w T)w” (I—I—U/Z),w(x)}
S wllmw(@) 2 fwllpgnw(o(w). (27)
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Combining (26) and (27), we see that
A(z)
W10 (f,w, u) w(o(u
ha@) & [ ey, [T,
0 0

lw o w, U 1 1
< / Wioo([f5 W, 1) f du—I—waHLoo(I)/ e
0 ’ '
W1,00 f w,u
< /%d u+ || fwl]| Lo (1)- (%8)
0

In the last line we used the fact that for u sufficiently small, and thus for o(u)
sufficiently large, w(o(u)) < u'/2. We may ensure this by simply choosing C
large enough at the start.

We now proceed with the estimate of |I33,(2)]. To this end, we write

v +A(z) w?(t) — w?(x
[ e,

[I331(2)|] =
—A(z) t—x

z+A(x)
S Wl [ Ol )i

z—A(x)

for some n € (z,t). Using (20), we may continue this as:

ssi(@)] ~ A@)|wQ|rayw(@ — A@@)w™ (2 + A@))]| fwll .

S
<
~ el (29)

Finally combining (29) with (28) and (23) shows that, for the given x > C, we

have the estimate

1
Hl750@) | & ol + [ Dol 0 0) g, (30)

[

Suppose now that 1 <z < C. Then (18) and (19) follow in exactly the same

way. For I3, we write

]3(x) — /% Mdt

t—ux

z—1/x x+1/x )
- ([ / e OI0) gy
z—1/x +1/x t_ z

= ]31(.Z')+[32( )"‘[33(.%'
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Observe that we do not need (20) as z is bounded. Proceeding as before, we

obtain

[H[f;w’)(@)] ~ (@lwllpw +w(l/z)logz + 1) || fw]l )
LWl oo (f, w, )
ool 1) g
+A ’

[

1
w o0 f7w7u
Wl + [ Db,
0

U

If 0 <z <1, we proceed much as above except we split

Hummmz/zﬂ%%@mz(f:+fj}f:>@§%@#

Thus we have shown that if w is an admissible Freud weight, we have uniformly

for every x € I,

! leoo(fa w, u)
u

\waﬂwﬂéwwmﬂn+/ .
0

As the right hand side of the above equation is independent of x, we may take
the maximum over all z and deduce (6).

Suppose now that w is an admissible Erdds weight. We only dicuss ex-
plicitly the case that x is sufficiently large for the other cases are similar.
Inspecting the proof above, we find that the only difference between the two
types of weight functions arises in the bounds for I33(x). Firstly, a cursory
look at the proof of the estimate for I33 (z) shows that by its construction, it
works simultaneously for both admissible Freud and Erdds weights. Thus we

consider (25) for large enough x and make some suitable modifications. Let

us write
flz+u/2)— flx —u/2)

2A(x)
mw@n:iw%w/
0 u

2
w (x) (/0‘<u<2A(x) +ﬁ<u<2A(w)
o(2u)>z o(2u)<w

= I3301(x) + L3300 ().

‘du
Faetuf2) — fw—uf2)

[

A

)

The estimate for 3390 (2) is similar to the Freud case so it amounts to estimating

I3391 (). We may write x = a, for some large enough s > 0 and so we learn,
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see [10, (2.16) and (2.21)], that

1 1
<
Qx+1) ~ Q(x)
We may now make the substitution u = Lv®,(x) into I339) () for some large
enough but fixed L > Ly and apply the method of [12, Theorem 1.3] to deduce
that

aS
fSJ ?q)zg(l')

&3_&
Lz (x) ~ / |ALya, @) (fr 2, Dw \—dv
0
We remark that the choice of L ensures that upper bound on the integral is

%, Astis sufficiently large, this latter fact and [10, (2.21)] allows us to argue
that

a3 5 a3
oy < 28 <2 < (5t/4)as, .
V=36 (5t/4> (5t/4)asis

Thus using [4, (2.13)], we deduce that

o(2v) >z
It follows then that we have
I _ [ Al L
s321(7) < /0 oilfllg H Lh®y, (z (f>y> Nw ()HLOOUy\ga(zh)); v
< / foie(fiww) 0
0 u .

We observe that we actually proved more than (6) and to this end we

record:

Theorem 2.1 Assume the hypotheses of Theorem 1.2. Then given any e > 0
sufficiently small,

S Wi f,w,u 1
IH[f; 0] Loo(r) ~ {HfUJHLoo(I)Jr/ Dol 0 ) g, log—.  (31)
0

U

2.2 The Proof of Corollary 1.3

Assume first that f € L/ We recall the inequality, see [19, Corollary 1.8],

o0, W,w*

Wieo(fyw, u) ~ ul fwl| po (32)
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which holds for sufficiently small u. Now choose fixed € > 0 sufficiently small
so that (32) holds for all u < £. Applying (31) with this € gives the result in
this case.

Suppose next that (7) or (8) hold. Then using [19, Corollary 1.6] or [6,
Theorem 2.3], we deduce that for sufficiently small v and for any 0 < a <1

w100 (f,w, u) T (33)

The result then follows again. O

3 The Proof of Theorem 1.4

In this section, we present the proof of Theorem 1.4. We begin by fixing some
notation and stating some auxiliary results that will be helpful in what follows
and of independent interest.

We begin by recalling the Christoffel function A,, n > 1, for w? defined by

Ao(w?)(z) ;==  inf /00 P (tyw*(t)dt/P*(z), x € T

© o per,\{0} ) o

and we let
Men(W?) = A (0?) (), 1 <k <m0

be the corresponding Cotes numbers. In describing the spacing between suc-
cessive zeros of p,(w?), we will also use the following sequences of functions:

Define for every n > 1 the sequence
0 := (nd'(ay))~%/?

and for |z| < a, let

) o= [1- 21

G,

+ 0p,

and

dale) + Tan) 1=
¥n(z) h—ﬁi+%

Qn

+0p + T'(a,)?
d)n(g:) = .

19



We set ¢, (z) = ¢n(a,) for |z| > a,. We recall that T'(z) > 1 for all = by
definition. Therefore, 6, = o(1). Hence it is an immediate consequence of
these definitions that, for all x,

Op < ) <140, X1 (34)
and thus
— ; N —1
i@ = VI = SV,
N (nT(an))_l/?’ S n1/3T(an)_2/3 (35)

in view of the fact that T(a,) ~ n?, which was shown in [12, Lemma 2.2(e)]
for Erdos weights and is fulfilled trivially because T is bounded by definition
for Freud weights.

We will establish the following fundamental lemma.

Lemma 3.1 For a given x € I, let x4,, 1 < d < n denote the node of the

quadrature formula that is closest to x, and let
Ln+2[f] (xdn) - Ln+2 [f] (.T)

2 .
Adn (W)L, o[ f](@an) if Tan = .
Then, uniformly for |x| < a,(1 + d,),
[Da(@)] ~ [lwLoso[ N ctry- (36)

For the proof of Lemma 3.1, we require the following rather technical result.
Lemma 3.2 (a) The Christoffel numbers \g,(w?) satisfy
Nan (0%) ~ 02 (40) B0 (40) (37)
uniformly forn>1 and 1 < d < n.

(b) Uniformly for n > C and P € 11,, the Markov-Bernstein inequality

< N
1P Cnwly oy ~ NPl (38)

mn

holds, where

L\ 1/2 -
wd@:{<hﬁﬂ +T(an) V2 for |2l < an,

T(a,)~Y%  for |x| > ay,.
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(¢) Uniformly formn>1and1<j<n-—1,

a
Tjn — Tjtln ~ ;n%(l‘jn) (39)
and
‘1 _hin) <
an,

(d) Uniformly for u >0 and j = 0,1,

ul (a,)I~1/?

al,

Q(j) (au) ~ (40)

The Freud case of part (a) of this lemma follows from [22, Thm. 1.1]; the
Erdés case is discussed in [23, Thm. 1.2] (see also [10, Lemma 2.1(a)]). As far
as part (b) is concerned, the Erdds case is discussed in [4, Thm. 3.1]. For the

Freud case, from [1, Lemma 4.3] we have

< n
1P wllp iy ~ = 1Pw]| e

Qnp,

which implies (38) in view of the fact that, for Freud weights, T'(z) ~ 1
uniformly for all 2, and hence also ¥, () ~ 1 uniformly with respect to x and
n. The proof of part (c) for Freud weights is contained in [1, eq. (4.17)]. For
Erdés weights, we take this result from [23, Corollary 1.3(b) and the remark
following it]. Finally, part (d) for Freud weights follows from [1, eq. (4.3)], and
for Erdés weights we take it from [12, Lemma 2.2(b)].
We may now present:

The Proof of Lemma 3.1. Owing to symmetry, we may restrict our atten-
tion to the case x > 0.

By the Mean Value Theorem, we see that

Dy (x) = Aan (w2)L’n+2[f] €3]

for some ¢ located between x and w4,. Thus, using (37) and the Markov-

Bernstein inequality (38), we deduce that

[Dn(@)] = Aan(w?)|L3, 15[ 1(6))] (41)

~ w0 (@an) On(@an) | Dy [ F1(6))]
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< ;w%xdn)@o:n(xdn)wn(xdn)—lqu;H[f]Hme
~ w3/2(QTdn)wil(€)¢n(xdn)\1[n(xdn)il
X (@ g0) |0 L2 Al oo ) (42)
We now prove that
W (24w (€)W (24n) ™" < 1 (43)
and
w?(x) () X 1. (44)

Combining (43) and (44) with (42) then gives the lemma. Thus we proceed to
prove (43) and (44). We begin with (43). Here we take into consideration that
the distance between x4, and £ is bounded from above by the distance between
Tgy and its neighbour node x4 ,. This latter distance is by (39) bounded by

Can,n~'¢n(14,). Thus, again using the Mean Value Theorem,

w(zg)w (€)= w0 (@) exp(QE) — Q(an))
= W% (xq) exp((€ — 240)Q' (1))
s w1/2 (Idn) eXp(Oann_ld)n(Idn)Q,(Idn))'

Using (39) and (40), the continuity of the map
U Ay, u >0

and the fact (see Lemma 3.2(c)) that the nodes x, and z,.1, are in the
interval [—agy,, as,) for large enough n, allows us to write x4, = ay for some
s > 0. (We may assume that x is sufficiently large for this purpose, otherwise
(43) and (44) are trivial.) Hence we deduce

wg/z(gjdn)wil(éﬁ)\l}n(gjdn)il s wl/z(as) eXp(Onild)n(as)Q(as))\Ijn(as)il-

Recalling that ¢, (z) < n'/*T(a,)%? for all z, see (35), we continue the esti-

mation above by
w3/2($dn)w_1(€)\1/n(xdn)_l é wl/Q(as) eXp(CénQ(as))\Pn(as)_l
s
exp (_74T(a5)1/2> T(a5)1/2.

22
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For Freud weights, T is uniformly bounded, and therefore we see that the last
expression is bounded by exp(—C's) ~ 1 uniformly in s. For Erdés weights
we recall [12, Lemma 2.2(b)] that states that we have some € > 0 such that
T(as) ~ s2~¢. This implies

s Tla )2 < s/ 1—¢/2
SN\~ gy ) Tl e ()

which is bounded uniformly in s proving (43).

Now we prove (44). First observe that

V1= [2l/an +0n,  if 2] < an(1 = 1/T(an) + 0,),

1
- , i a,(1 = 755 +6,) < |z| < an(1-6,),
Pn(®) T(an)\/1 - 12 15, (e
n/3/T%/3(ay,), if |2] > an(1 — 0,).

Now we consider several cases. Suppose first that |x| < a,/2. Then it is easily
seen that

w'(2) g () < w?(0)\/1+ 6, ~ 1.
Suppose next that |z| > a,/o. Then using [10, (2.21)], we recall that |z| >
a,(1 — C/T(ay)) and thus using (35)

1/2 1/2 n'/?
w(x)pn(z) < w (an/z)m
n n'/3
o (‘2T1/2<an>> T27%(a,)

NS

Finally we consider the case a,/2 < z < anj2. This is the most difficult part
as the sequence ¢, changes its behaviour in this range and because for Erdds
weights, w(a,/2) is in general much smaller than w(a,;). We proceed as
follows. Observe that (44) holds at the points a,/2 and ay/,. Thus it suffices
to show that the sequence w'/?(x)¢,(x) remains bounded pointwise in z as x
varies from a,,/2 to ans2. Let us put x = a, for some s > 0. We may assume
without loss of generality that s < 2n where n is large enough. Moreover it is

clear that we may assume that s is sufficiently large. Then using (40), we see
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after some calculations that
f(s) == w1/2(05)¢n(05)
S (1 s/n) 2 exp(— 52T (a,)
=: g(s).
As s is large enough, we find that ¢'(s) < 0 and so f(s) remains bounded.
Thus (44) is established and we have proved the lemma. O

Next we prove:
Lemma 3.3 For a given x € I, let x4,, 1 < d < n denote the node of the

quadrature formula that s closest to x, and let

- Ajn (w?)
Su(z) = ! .
j:%-:;ﬁd w(@jn)|Tjn — x|

Then, for |z| < a,(1+4,),
0 < S,(z) <Clogn

where C' s independent of x, n, and d.

Proof. The positivity of S, (z) is obvious. By (37), we find that

d—1
a_n w I]n d)n I]n) G,

wleltuli) g

n 4 T — | n
Jj=1 j=d+1
Looking at the first sum in (45), we see that using (39) we have

T jn)

G,

d—1 d—1
w x]n an I]n) N Z w(gjjn)(gjj Ln —
|:13]n - $|

Tj 1,n 00
/ / w(u) du.
|u—x| g, U= T
To bound this integral, we note that
o0 o0 z+1
/ w(u) du = / w(w) du +/ w(w) du
Td—1,n z+1 u—= ZTd—1,n u—=

o] r+1
< / w(u)du + ||wHLOOI/ du
x+1 ( ) Td—1,n U—

n j=1 |'I]n - I|

A

S o1- log(zg—1 — ).
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We point out here that the last expression cannot be negative for sufficiently
large n in view of the definition of d and the well known spacing properties of
the @ y,.
In view of the definition of z4,, we find (using (39)) that
L1y — T > 5(
A combination of the last two bounds yields

/ w(u )du log#g(]logn.
Tg—1,n u—=x and’n(gjd—l,n)

a
Tag—1,n — xdn) ~ ;n¢n(xd71,n)-

This yields
an i W(Ejn) o (Tin) <
n

T — | ~ logn,
in

j=1
uniformly for the given x under consideration. The second sum in inequality

(45) can be bounded in an analogous manner, completing the proof. O

Next, we recall some Markov-Stieltjes inequalities for our class A, see [26,
§3].
Lemma 3.4 Letd € {1,2,...,n}.
(a) If the function g is such that g9 (z) > 0 for j = 0,1,...,2n — 1 and
x < Xy, then

Z Ain(w?)g(z;n) < /_xdn x)dr < Z)‘J” 9(zjn).

j=d+1

(b) If the function g is such that (—=1)7gU)(x) > 0 for j = 0,1,...,2n — 1
and x > xq,, then
d

me o) < [ g@edahds < 30 Ny

Tan j=1
This enables us to prove:

Lemma 3.5 For a given x € I, let x4,, 1 < d < n denote the node of the
quadrature formula that is closest to x. Then, for |x| < a,(1 + §y),
00 n
][ w?(t) it Y Ajn(w?)
P A . - Ljn — &
o0 j=lj#d "7

where C' is independent of x, n, and d.

< Cw(x)
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Proof. Assume that x411, < Tan < o < 24_1,,. The case that z is located
on the other side of 4, can be treated in an analoguous manner. We use the
Markov-Stieltjes inequalities from Lemma 3.4 and derive that

][00 w(t) z": Ajn(w?) 4 ][xd_l’" %dt.

t—x Tin — T
—o0 j=Lg#d " I" Fdtin

We bound each of the two summands separately. For the first one we conclude,

< )\d+1,n(w2)

T Td+1,n

in view of & — xg41n > Tan — Tay1,n and the relations (37) and (39) that

by 2
dil,n(w ) < 2 (2a010) Pn (icd+1,n)
x Ld+1,n n Ldn Td+1,n

<
~

0<

W (g11,) ~ w(x).

For the second summand, we split up the interval of integration according to

Td—1,n 2 t
/ d ()dt
9 t—ux

Td—1,n 92 (¢t 20—Tat1,n 02 (¢t
][ Wl < ][ ® g +
Tdt1,n t—x Td41,n t—x T—Tg41,n
= J+J.

Note that the singular point is now the midpoint of the first interval of inte-

gration, and the second integral is regular. For these two integrals we estimate

/2$$d+17n w2(t) _ MZ(I) al < /2w$d+1,n wZ(t) _ MZ(I)
T B Ta41,n

t—x e
[ ey ema=2 [ el ewlar

Td+1,n Td+1,n

J = dt

d+1,n

A

=2 [T Qe

Td+1,n

Now since w(@' is bounded, this implies that

20—Tqy1,n
35 [ wle®)t S (o - san etz S )

Td+1,n
To complete the proof of Lemma 3.5, we need to find a corresponding bound
for J*. This is done in the following way. In view of Z4_1, —2 < Tg_1 —Tgs1,n
and & —Tgy15 > (Tan — Lar1,0)/2 (which follows from the choice of d), we have

Td—1n dt T

Tdg—1n —
l—x T — Tdtin

J* < w2(2x—xd+1,n)/

2x*$d+1,n

Tg—1,n — Ld+1,
< wZ(x)logQ( i s n)
Tan — Td+1n
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Here we see that, since x4, — Tg41n ~ Tdgn — Tat1,n, the argument of the

logarithm is uniformly bounded, and therefore
J* S w?(x) S w(x)

as required. O

Finally we end this section with the proof of Theorem 1.4 whose statement
we will need in Section 4 below.
The Proof of Theorem 1.4. Throughout, let ;,+2(Vyi2), 7 =0,...,n+1,
denote the fundamental Lagrange polynomials of degree n + 1 at the points
Tjn, 0 < j < n+1, and denote by [;,(Uy,), j = 1,...,n, the corresponding
fundamental polynomials of degree n — 1 at the points z;,, 1 < j < n. It is

well known, see for example [5], that

x%)n —x? _
Lnr2(Vat2) () = | 55 | Lin(Un)(2), 1<j<m,
0,n jn
P \T) (X0 + T
otV o) = By et D
and
pn(x)(xn-l—l,n — )
ln+17n+2(vn+2)(x) = s tnPn(Tnit )
Thus,

Loalfl@)yu(z) = (Io’n_gifnf:ffii)ﬁ_x“’")
(o0 + )w(x)pn(x) f(zon)
2%0.nPn (xojn)

+

+ue) 3 = 2 i@ (@3]

j=1
= ]1 -+ [2 -+ [3.

First observe that using [5, (3.9), (3.16) and (3.20)], we may write

5 3/4
+ ") Al'j,n

)3/4 [ = 0]

) (-
5]~ | fwllewm Y
=

S wllan logn.

+ 9y,
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Next we estimate |I; + I5|. Firstly, it is well known that
Ippw(z)| S 00T (a,) a2,z e 1.

Secondly we also know that there exists n such that uniformly for 1 < j7 < n
and |z — xj,| < n%gﬁn(x)l/z,
Pn(x)w(x)

L 3/2 1/4
T — Tjn an """ fn()

Applying this with = £z, and j = 1 shows that
|pnw|(£20,) 2 nl/GT(an)l/%;l/2
for large enough n. We deduce that for |z| < agy,
1+ L] ~ || fwll e -
Thus

< <
| L2l flwll ooy ~ ([ Lt [ fIw]| Lo (zl<ans) ~ | fW]| Lo (1) log n. O

4 Proof of Theorem 1.5

In this section we present the proof of Theorem 1.5.

4.1 The Proof of Theorem 1.5(a)

We suppose without loss of generality that > 0 and consider two cases,
namely z > a,(l + 6,) and = < a,(1 + §,), where we recall the sequence
6n = (nT(a,))~%? from Section 3.

In the first case, x > a,(1 + 0,), we proceed as follows. For the given z,
define A(z) = 1/Q'(x + 1) as in the proof of Theorem 1.2. We then split the
integral H,[f](x) = I + I + I3 + I4 + I5 according to

hom [ Lellow,
|t|>2x t—x

I = /0 Lol AIOw* (),

t—2x
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[T Lul /10w ()

13 = L PR dt,
[T Lusl flw (1)

I, = o ot

[F LelOw,,

+A(z) t—x

Looking at I, we see that, since [t| > 2x, we have

t—al >t — ol > 1) - D = 1]
> 2 2
Thus,
w(t)
Bl < oLl | &
Pl | e — 1
w(t
< 2||wLn+2[f]||Loo(I)/ ﬁdt
|t‘>21' |t|
* w(t)
= 4||wLn+2[f]||Loo(I)/ Tdt
2x
> w(t)
< 4||wLn+2[f]||Loo(l)/2 Tdt'

Since a, — oo as n — 00, the integral is bounded in n. Thus we may apply

Theorem 1.4 and deduce that
<
L] ~ w1 logn.

Turning our attention to I3, we find that

0
w(t)
|| < ||wLn+2[f]||Loo(I)/2x mdt
0
. dt
N 1 —_—
waHLoo(I) Ogn/_m r—1

3z du
= Cllwfllp. logn/ = (log 3)C[|wfll L (1) logn.

Next, we estimate I3, where we argue using Definition 1.1(c) that

z—1 z—A(x)
w(t) w(t)
AR 1 7 a\os
= ”waL""([) ot (/0 T — tdt * /90_1 x — tdt
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A

Y du
i togn (ol +ute -1 [ )

S gy logn ([l + w(z = 1)log Q'@ +1)
S ||wf||L logn
Thus
5| ~ wf ) logn.
For I5 we derive similarly that
2x
w(t)
& ol [ P dtiogn

+A(z)
T

du
S wfl gy w (@ + A() / g n

Alz) U
S Nwf o w(@) log Q' (x + 1) logn

~ waHL logn

Finally we come to I, for which we find that I, = Is + I; with

e [ 1000 = Lol (),

—A(z) t—x
and N
e [ Ll O0) - Lo e,
z—A(x) -
Here,

Ln+2[f](t) - Ln+2[f] (I) d

z+A(x
< v [ ;
x—A(z) t—ux
z+A(x)
= w’(z) / - | Ly, o[ f1(&) | dt.

Taking into consideration the Markov-Bernstein inequality (38), we may con-

tinue the bound on |I;| by

o+ A(z)
@) / W)L o160 ™ G

—A(z)
z+A(x)

S U) Hw[’n—&-Q :|HLOO(I)/x ) w_l(gt)dt

—A(z
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< T n1/2 —

S w2 ) T 1)y 24 (e A
< w0 T g g,y 24007 (@ + Ala)

< T n12 1

< wle) e g .,

A
B
=
=
g
=

Thus
<
(7] ~ lwfll, ) logn.

The remaining part is I for which we derive that

z+A(x) 2 2 1
Is] < ||wLn+2[f]||LOO(I)/ VN O ek A L U

—A(x) t—x
z+A(x)

sl logn [ wte) || i

z—A(x)

z+A(x)

Jwflllogn [ w @) w6 de

A

A

wflnlozn [ w Oue)@ @)

z—A(x)
As above we see that w™!(t)w?(&) ~ w(t) which implies that
<
L] ~ [[w [l logn.

Combining all of the above estimates, we find that

[Hal 11(@)] ~ [lwf |, 1) logn

uniformly for |z| > a,(1 + d,).

Looking at the remaining range of x, we proceed as follows. Let us write

> w? (t) Lol f](2)

Hifw) = f el
= Loalile) 2

+ /OO wQ(t) Ln+2[f](t) - Ln+2[f](x)dt

o t—ux
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Here we note that the quotient in the last integral is a polynomial of degree

n. The fundamental result on Gaussian quadrature tells us that

Z/\]n r(wsm) = /_ T (bt

o0

for every polynomial w € IIy, 1, where A;,(w?) are the Christoffel numbers for

the weight w?. Thus,

Lo f](%’n) — Lnyo[f](%)

Ljp — T

W = Losllle) {2

]Tl

where we tacitly assume that the proper limits are taken in the case v = x;,
for some j. Now for the given z, we denote by z4,, 1 < d < n the node of the
quadrature formula that lies closest to x. Then, observing that L, o[ f](x;,) =

f(xjn), we see that
Hy[f](x) = Ji(x) + Ja(2) + Dn(2)

with

W) = Lol (][OO pEUVEDS Lﬁ”))

jLgrd I
Tjn
Jy(x) = Z Ajn(w )

x] —z’
J=Llj#d

Dn(JT) _ )\dn(MZ)Ln-&-Q[f](xdn) - Ln-l-?[f] (I)

Tdn — T

In Lemma 3.1, we have shown that uniformly for the given x and n

[Da(@)] ~ [lw ]l ) log .

Moreover, we find that

@) = | > X?(%i@))w(ij@)f(;cjn)
Jj=1,j#d mn Jn

Aju (0
fofl_ gy S ——2mle)

el id w(@n)|jn — x|

A
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Thus using Lemma 3.3, we find that uniformly for the given x and n

<
[ To(2)| ~ ([l 1) log 7

Finally, Lemma 3.5 asserts that

n

 w?(t Njn(w?) | <
‘][mtf(azdt_ Z 7(_32 ~ w(x),

x .
j=1j#d "

which implies using Theorem 1.4 that

@) S L[y = N0l logn.

We may now combine the bounds for J;(x), Jao(x), and D, (z) to see that

[Hal (@) ~ [lwf |, ) logn

uniformly for this x and n. Taking the maximum over all such z establishes
(12).
The bound (13) then follows from (12) and (6). O

Remark 4.1 In view of the proof of (12), it is natural to ask where exactly
in the proof we required the use of the modified interpolation array. Indeed,
a careful reading of our proof reveals that we worked mostly with the zeroes
of the orthogonal polynomials p,(w?). The idea of using the sequence {L, 2}
was merely to obtain the correct order logn which follows by Theorem 1.4.
In [7], we used another idea, namely estimates of functions of the second kind
although we did not obtain as a good an estimate as logn. We believe that

this latter idea will ultimately lead to the correct order logn as well.

4.2 The Proof of Theorem 1.5(b)

Firstly by the construction of the quadrature formula, R, [p; w?] = 0 whenever
p is a polynomial of degree at most n+1. Let us denote by 7,11 the polynomial
of degree n + 1 that gives the best uniform approximation to f with respect

to the weight function w, i.e.
||U}(f - 7TTZ+1)HLOO(I) = n+1[f]w700-
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Then for every x € 1
Ru[f;w’)(z) = Rulf — moer; w’](@) + Ro[mnir; w?)(2)

= Ru[f — Tns;0”]()

= H[f = mpp; w’)(2) = Hy[f — T3 0] (2).

—~

Firstly by (12), we find that

max [ f = a3 ) (2)] ~ w(f = Tnia) iy 1087 = Bne ol f w] log .

Thus it remains to prove that

< /an/n wl,OO(f7 w, U,)
0

max |H[f — Tpi1; w?](z)] ~ " du+ Eni1 00l f, w]logn. (46)

zel

Firstly, by (31), we have that

an/n w ,oo(f — T ,U),U)
HH[f—WnH;wz]HLw(I) o /0 1 W = du (47)

+ En+1,oo[f7 U)] logn

Thus we must estimate the first term in (47) above. To this end, we apply the
Marchaud inequality [19, Corollary 1.6] and write for u > 0

wl,OO(f - 7Tn+17 U/)

- [logy(n+1)] 9i [~ log, u] 9i
N Z ;E2j7oo[f—7rn+1,w]+u Z ;Egj,w[f,w]
j=1 J j=llogy(n+1)]+1 7
= X+ 2. (48)

Here [z] denotes the largest integer < z. We proceed to first estimate ;. The
crucial observation here is that for any fixed 1 < j < [logy(n + 1)],

EQj,OO[f - 7Tn+17w] S E27oo[f - 7Tn+1>w]

= Qlé%z 1(f = Tng1 — Q| Loy < Engr,00lf5 W]

Applying this identity gives that

[logy(n+1)] 97
E1 = u Z ;EQJ',oo[f_WwﬁH?w]

j=1 J
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n [logy (n+1)] an/n
f; U (E;‘) 12n+1¢w[falu] ( 7 '>

n

A

u (_ﬁ;> Z;n+lgm[f>uﬁlog7l

G,
Thus
an/n }:1
—du S Enp o0l f, w]logn. (49)
0

Next let us set v := %, j > 1. Then we see that
2J

an/n v, B an/n L~ loguy]
-1
/0 - du ~ /0 > vwiee(fiw, v

j=llogs (n-+1)]+1

< an/n [~ log u] v

~ / Z / W1 oo(f, w, v ") dv du
logz (n41)]4+1 " Y-t

N

an/n
/ / Wi 0o (f, w, v ") dv du

where §(u) := ual/ , u > 0. An application of Fubini’s theorem then yields
an/n ) 00 vl
/ Zdu S / / W1 oo (f, w, v 1) du dv
0 u n+tl 0
An+1
an/n
/ wieolf,w,2) (50)
0 z

Inserting (49) and (50) into (47) then proves (14). (15) then follows from (14)
and from [19, Corollary 1.8]. O

5 Proof of Theorem 1.6

In this section, we prove Theorem 1.6. For the proof, we use a function B, :

I — R with the following properties.
e By(z) =0 for |z| > 1.
e By(x) > 0 for |z] < 1.
e B, is s-times continuously differentiable.
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It is easily seen that a function with these properties exists; as an example we
may choose a B-spline of order s+ 1 [34, §4.3]. Note that, as a consequence of
these requirements, the function Bﬁ” is bounded on I. Moreover, because B,
is a nonvanishing, continuous and nonnegative function with bounded support,
the integral [ B,(x)dx exists and is strictly positive.

Then, for j = 0,1,...,2n, we define ¢; := —a, + ja,/n. In this way,
we partition the interval (—a,,a,) into 2n subintervals of equal length. We
now have to discuss how the interpolation nodes z, are distributed over these
subintervals. The crucial result here is the following Lemma, obtained from
(15, Lemma 3.6] by a transformation to the interval [—a,,a,]. It seems that
a proof of the Lemma is not available in the English literature; therefore we
provide it in Section 6.

For an arbitrary real number z, we shall use the notation [z] to denote the

largest integer not exceeding x.

Lemma 5.1 Let z;, and t; be given as stated above. Then, there exists
Yy € [—an,a,] and there exist m pairwise different indices ki, ko, ... ky €
{1,2,...,2n} with

(a) m >n/6,
(b) @jn & (tk,—1,tk,) for all j=1,2,...,n and all p=1,2,...,m, and
(c) 0 <& —y<3pay/n for all § € (ty,—1,tx,) and all 1 < p < n/6.

Proof of Theorem 1.6. We make use of these intervals (tku,l, tku) and define

By(45(t —ty,) +2)
fi(t) = (n/an)sw?(ty, )

0, else.

, t€ (tg,—1,t,) for some s,

Because of Lemma 5.1(b), this construction ensures that no x;, is in any of
the intervals (t,_1,%,), and therefore f*(z;,) = 0 for all j. This implies that
Qnlf*;x] =0 for all z. Thus,

sup |H[f*; 2] — Qulf55 7]l > [H[f559] = Qulf*5 9]l = [H[f5 ]|

zel
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e

3 [t

p=1 " thy—1 t—y
n/6
zﬁff@ﬂmwﬁ
Ay, =1 by —1 M
[n/6] thy B.(42(t — 9
> " l/ P,
et (fay

by definition of f*, Lemma 5.1(c) and using the fact that for ¢ € [t;, 1, 1,],
we have w(t) ~ w(ty,). Thus, introducing the change of variables u = 47 (¢ —
tg,) + 2, we find that

Vv

sup |H[f*; 2] — Qu[f"; 7]

n 1
f * (— —/ ( t—tk)+2>dt
zel n /j,
_ 1 o) ~1 /
N 4 n “p
1 (“")521/13 d
= —(— — u)du
4\n 1 Pt
where, in the last equality, we used the fact that By(u) = 0 for u ¢ [—1,1].
Now we see that the value of the integral depends only on the function B;
(and therefore on the given and fixed number s) but neither on the number n

of nodes of the quadrature formula nor on the the summation index p. It thus
follows that

[n/6]
* * an 5 ]- a/n s
sup |H[f*s ] = Qulf*sa)l & () D05 2 (%) logn
zel n =1 1% n

because of Lemma 5.1(a). We have thus proved Theorem 1.6 provided we can
show that f* has the other desired properties in the statement of the theorem.
Obviously, f* has finite support, and therefore f*(z)w(z) — 0 as |z| — oo.

Moreover, on every interval (t,_1,%,), we have
|7 = | BO, ) w0,
Since, for ¢ in such an interval, w(t) ~ w(ty,) uniformly, we derive that

Hwa*(s)

Loo(tky, —15tk,,)

~ 4° B
Loo(tky,—15tk,,) H HLOO

37



which implies (because f**) = 0 outside these intervals) that

Hwa*(s) ~ 1

) ~ 4 HBS)HLDO(I)

Loo(I

independent of n. This completes the proof of Theorem 1.6. O

6 Proof of Lemma 5.1

The proof that we shall give here is a slight modification of the proof given
(in German) by Straufl [35, Lemma 2]. As mentioned there, some of the key
ideas are already contained in the paper of Makovoz and Sesko [27]. Since an
English translation does not seem to be readily available for either of these two
papers, we provide the fundamental details here. Many parts of the arguments
are combinatorial or geometric in nature. The reader is encouraged to draw a
sketch of the situation in order to clarify the ideas.

For simplicity, we introduce the notation A; := (¢; 1, t;) for the subintervals
under consideration. All these intervals A; that do not contain any of the x,
will be called “intervals of type A”. Let p be the number of intervals of type A.
Note that we have 2n intervals A; altogether, and they are pairwise disjoint.
Moreover we have n points x;,; and thus at least n subintervals are of type A.
In other words, p > n.

For 0 <k <2n—1and 1 <1 < 2n—k, let B(k,l) be the number of
intervals of type A from {Agi1, Mgy, ..., Agry}, and let

Ok, 1) = @

Then there exists some k& < 3n/2 such that

min  O(k,1) >

1
1<i<2n—k 3

. (51)
We prove the inequality (51) in an indirect fashion, i.e. we assume that

VEk < gn : mlinG)(k,l) <

W =

This implies, in particular, that min; ©(0,7) < 1/3, and thus there exists some
l; > 1 such that ©(0,1;) < 1/3. If [; > 3n/2, then we stop here; otherwise,
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by assumption, there exists some ly > 1 such that ©(ly,ly) < 1/3. If now
[ + 13 > 3n/2, then we stop again; otherwise we continue the iteration and
find that there exists I3 > 1 with ©(l; + l2,l35) < 1/3, and so on. Since all
the [, > 1, the sum 2521 [, is a strictly increasing function of x, and thus we

must, at some point, reach an [, with the following properties:

. 1
@(Zlu,lﬂ+1><§ (k=0,1,...,v)
pn=1

and
v+1

izu < gn <>l (52)
p=1 p=1

Let ¢ now be the number of intervals of type A from {Aq,..., AZH% lu}' By
i

the definition of © and our assumption,

v+1 p—1 1 v+1
¢=> 1,0 (sz@) < 521,“
pn=1 k=1 pn=1
and thus
v+1 2 v+1
n§p§q+2n—Zlu<2n—§Zlu
p=1 p=1
which implies
v+1

ngu <n
p=1

and so contradicts (52). Thus we have shown (51).

Now we choose y := —a, + an/%/n with the k whose existence we have
just deduced. Denote the intervals of type A from {A;,;,...,Ay,12} (in
their natural order) by Ay, Ag,,..., Ak, (this implicitly defines the values
ki, ko, ..., k). Then, (51) implies

m = (2n — k)O(k,2n — k) >

W | =
N
DN
3
|
[\CRGV]
3
N——
Il
o3

This proves parts (a) and (b) of the Lemma.
For £ € Ay, = (tx,—1,tx,) we then have, by construction, 0 < & —y. It
remains to prove t;, —y < 3pua,/n. Again we do this indirectly: We assume

that there exists some p, 1 < 1 < n/6, with the property that ¢, > y+3ua,/n.
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This implies that the set {A;, |, A

il } does not contain the interval

) AIAchSu
Ay, (by construction of y), and thus the set contains less than p intervals of
type A. Hence 3u©(k,3) < p, ie. O(k,3u) < 1/3 in contradiction to (51).

This proves statement (c) of the Lemma. O
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