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Abstract

A new two-dimensional advection test on the surface of the sphere is proposed.

The test combines a solid-body rotation and a deformational flow field to form moving

vortices over the surface of the sphere. The resulting time-dependent deforming vortex

centers are located on diametrically opposite sides of the sphere and move along a

predetermined great-circle trajectory. The horizontal wind field is deformational and

nondivergent, and the analytic solution is known at any time. During one revolution

around the sphere the initially smooth transported scalar develops strong gradients.

Such an approach is therefore more challenging than existing advection test cases on

the sphere.

In order to demonstrate the effectiveness and versatility of the proposed test, three

different advection schemes are employed, such as a discontinuous Galerkin method

on a cubed-sphere mesh, a classical semi-Lagrangian method and a finite-volume algo-

rithm with adaptive mesh refinement (AMR) on a regular latitude-longitude grid. The

numerical results are compared with the analytic solution for different flow orientation

angles on the sphere.
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1. Introduction

The two-dimensional horizontal advection tests on the surface of a sphere may be

classified into two groups, which are the solid-body rotation tests and deformational

flow tests. Williamson et al. (1992) (hereafter referred to as W92) standardized the

solid-body rotation test on the sphere based on the earlier works of Ritchie (1987)

and Williamson and Rasch (1989). This test is especially designed to evaluate the

numerical schemes used for the horizontal advection in a nondivergent wind field and

is the most widely used advection test case in spherical geometry. For the solid-body

rotation test the exact solution is known and the flow orientation is controlled by a

parameter. Therefore, the underlying advection scheme can be evaluated in a region of

particular interest, for example, the polar regions of the latitude-longitude geometry or

at the vertices and edges of the cubed-sphere geometry (Nair et al. 2005). W92 used

a “cosine-bell” (a C1 function) as the advected scalar field. However, for a rigorous

monotonicity test the field may be chosen to be a non-smooth scalar such as a square

block (Williamson and Rasch 1989) or a slotted-cylinder (Nair et al. 2003; Lipscomb

and Ringler 2005; Jablonowski et al. 2006).

There are only a few choices for the deformational flow test on the sphere with

known analytic solutions. An example is the nondivergent vortex (idealized cyclo-

genesis) problem first proposed by Doswell (1984) that was extended to spherical

geometry by Nair et al. (1999). In particular, Nair et al. (1999) used a polar stereo-

graphic plane tangent to the north pole of a rotated coordinate system to define the

deforming vortex. The parameters were chosen to make the vortex non-smooth. The

vortex center is stationary with a strong deformational flow field. Due to the evolving

sharp gradients this test is more challenging than the solid-body rotation test. Nair and

Machenhauer (2002) further extended this problem without using a tangent plane, and

introduced two vortices located on diametrically opposite sides of a sphere. These de-
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formational test cases are becoming popular for evaluating new advection schemes on

the sphere (e.g., Zerroukat et al. (2004), Peng et al. (2006), Flyer and Wright (2006))

and adaptive mesh refinement (AMR) applications (Hubbard and Nikiforakis 2003;

Jablonowski et al. 2006).

In this paper we propose a new advection test on the sphere, which has the com-

ponents from the deformational flow and solid body rotation tests. The test introduces

moving vortices on the sphere and is based on the deformational flow test case consid-

ered in Nair and Machenhauer (2002). The vortices are not stationary and move along

a predetermined trajectory with known analytic solution. This allows the computa-

tion of error norms which assess the accuracy of the numerical schemes. None of the

existing advection test cases is capable of mimicking a non-localized evolving field

as seen in the atmosphere. However the proposed test problem is designed to have

this feature and poses a challenging test for advection schemes. Here, we demonstrate

the characteristics of the moving vortex test case with three very different advection

schemes that are extracted out of existing shallow water models. These are a discontin-

uous Galerkin advection method on a cubed-sphere grid (Nair et al. 2005), a classical

semi-Lagrangian advection technique (Nair et al. 2003) and a finite-volume algorithm

with adaptive mesh refinement on a regular latitude-longitude grid (Jablonowski et al.

2006).

The paper is organized as follows. Section 2 introduces the concept of rotated

coordinate systems, followed by a description of the 2D advection problem on the

sphere. In addition, the existing solid-body rotation and deformational flow tests are

reviewed. The new moving vortex test case is introduced in Section 3. In particular,

the section explains the composition of the translating and rotating wind field, the

analytic solution of the advected scalar and the computation of the departure points

for semi-Lagrangian schemes. In Section 4, we present results of the moving vortex

test for the three advection algorithms. These highlight the application areas of the
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new test and serve as a point of reference for future model intercomparsions. Section

5 provides the summary and conclusions.

2. Rotational motion on the sphere

In order to develop idealized advection tests, we utilize a rotated spherical coordinate

system that is offset with respect to the regular spherical coordinate system. Consider

a sphere with radius a whose surface is defined by the spherical coordinates (λ, θ),

where λ and θ are the longitude and latitude, respectively. Then the components of the

velocity vector v = (u, v) along the east and north directions, respectively, are defined

by

u = a cos θ
dλ

dt
, (1)

v = a
dθ

dt
. (2)

In order to derive the analytic velocity field, we consider a rotated coordinate system

(λ′, θ′) which has the north pole at (λp, θp) with respect to the unrotated (λ, θ) coor-

dinate system (see Fig. 1). The velocity fields (u, v) can be specified in terms of the

rotational motion of the (λ′, θ′)-sphere as follows.

Define the angular velocity in (λ′, θ′) to be (Ritchie 1987)

dλ′

dt
≡ ω, (3)

dθ′

dt
≡ 0. (4)

The spherical trigonometric relations between these two coordinate systems are then
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given by

sin θ′ = sin θ sin θp + cos θ cos θp cos(λ− λp), (5)

sin θ = sin θ′ sin θp − cos θ′ cos θp cos λ′, (6)

cos θ sin(λ− λp) = cos θ′ sin λ′. (7)

For any known position of the north pole (λp, θp), the unrotated coordinates (λ, θ) can

be specified in terms of the rotated coordinates (λ′, θ′) by employing Eqs. (5)-(7) such

that

λ′(λ, θ) = arctan

[
cos θ sin(λ− λp)

cos θ sin θp cos(λ− λp)− cos θp sin θ

]
, (8)

θ′(λ, θ) = arcsin [sin θ sin θp + cos θ cos θp cos(λ− λp)] . (9)

The corresponding inverse relations can then be derived as

λ(λ′, θ′) = λp + arctan

[
cos θ′ sin λ′

sin θ′ cos θp + cos θ′ cos λ′ sin θp

]
, (10)

θ(λ′, θ′) = arcsin [sin θ′ sin θp − cos θ′ cos θp cos λ′] . (11)

Taking the total time derivative of Eq. (6), using Eqs. (2)-(4) and Eq. (7) yields the

the meridional velocity component

v = aω cos θp sin(λ− λp), (12)

Similarly, differentiating Eq. (5) and using Eqs. (1), (2) and (12), the zonal velocity u

can be derived as follows

u = aω [sin θp cos θ − cos θp cos(λ− λp) sin θ] . (13)
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The angular velocity ω defined in the rotated system is not necessarily a constant.

In the special case of the solid-body rotation test discussed later the corresponding ω =

ωs with u0 = aωs is defined to be a constant (W92). However, for the deformational

flow considered in Nair et al. (1999) ω = ωr is dependent on the latitude of the rotated

coordinate system (ωr = ωr(θ
′)). We use Eqs. (12) and (13) to formulate the velocity

fields for the moving vortices in Section 3.

a. Advection (transport) problem on the sphere

Advection problems are a test bed for any numerical scheme considered for global

modeling. Numerical techniques based on finite-volume or discontinuous Galerkin

methods rely on conservation laws and employ the transport equation in conservation

form. Assuming constant density and a nondivergent flow, the conservation law for a

transported scalar φ (without a source or sink) is given by

∂φ

∂t
+∇·(vφ) = 0, in S × [0, T ] (14)

where S is the surface of the sphere (which is a closed domain without boundaries),

t ∈ [0, T ] is the time where T denotes the ending time of the simulation, (∇·) sym-

bolizes the horizontal divergence operator (see also W92 for the definition in spherical

coordinates) and v = (u, v) represents the horizontal wind vector with the zonal and

meridional velocities u and v. Equation (14) is often referred to as the conservative

or flux form of the transport equation. The transport equation in advective form is

used for many non-conservative numerical methods such as spectral methods. It can

be written as
∂φ

∂t
+ v · ∇φ ≡ Dφ

Dt
= 0, (15)

where ∇ stands for the horizontal gradient operator and D/Dt is the total (material)

time derivative which is used for semi-Lagrangian modeling.
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b. Review of advection test cases

Since the moving vortex problem proposed herein consists of the ideas used in the

solid-body rotation as well as the deformational flow problems, we briefly review these

test cases in the following section. In particular, we specify initial conditions for the

transport equation (14) and (15) for both test problems. This includes defining the

spherical velocity vector v such that the exact solution is known at any given time.

1. SOLID-BODY ROTATION ON THE SPHERE

The velocity field in the solid-body rotation test is controlled by a flow orientation

parameter α, which is the angle between the axis of solid-body rotation and the polar

axis of spherical coordinate system (W92) as shown in Fig. 1.

By choosing the north pole of the rotated sphere to be (λp, θp) = (π, π/2−α) with

respect to the unrotated sphere, and the rotation rate as aωs = u0, the wind components

(us, vs) can be written using Eqs. (12) and (13) as follows

us = u0 (cos θ cos α + sin θ cos λ sin α), (16)

vs = −u0 sin λ sin α. (17)

This configuration keeps a uniform flow on the regular sphere along its equatorial,

north-east and north-south directions for the parameter values α = 0◦, 45◦ and 90◦,

respectively. The initial scalar field φ is a cosine bell centered at the equator of the

unrotated sphere. The details of the scalar field φ(t = 0) are described in W92. After

one complete revolution the cosine bell reaches its initial position such that the analytic

solution is exactly the same as the initial conditions φ(0) = φ(T ). The rotation rate is

a constant and given by u0 = 2π a/(12 days) where a = 6.371229× 106 m represents

the mean radius of the sphere. Therefore, 12 days of model integration are required to

complete one revolution of the transported scalar around the globe.
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2. DEFORMATIONAL FLOW TEST (STATIONARY VORTEX)

The deformation test proposed in Nair and Machenhauer (2002) consists of two static

vortices located on diametrically opposite sides of the sphere. They are designed in

such a way that the center of the vortices are at the north and south poles of the rotated

(λ′, θ′)-sphere.

Since the two vortices are generated symmetrically on the sphere, we only need

to consider one vortex for which the center is located at (λp, θp) with respect to the

unrotated sphere. This steady circular vortex is defined to have the normalized tan-

gential velocity V = 3
√

3/2 sech2(ρ) tanh(ρ), where ρ = ρ0 cos θ′ is the radial

distance of the vortex and ρ0 is a constant parameter. Note that the normalized co-

efficient 3
√

3/2 is obtained by dividing the analytical maximum value of the function

y(x) = sech2(x) tanh(x).

Nair and Machenhauer (2002) formulated the deformational problem on a unit

sphere with non-dimensional space and time parameters. However, here we consider

the problem with physical dimensions and parameters which are consistent with those

introduced in W92. A scale factor for the tangential velocity V is chosen to be v0 =

2π a/T where T is the total (final) time for the simulation and set to be T = 12 days.

Thus the scaled tangential velocity is

V = v0
3
√

3

2
sech2(ρ) tanh(ρ). (18)

In the rotated (λ′, θ′) coordinates the components of the vector velocity are defined by

Eqs. (3) and (4). However, in the deforming vortex case the angular velocity ωr varies

8



with the vortex radial distance, aρ, and is defined by

ωr(θ
′) =





V/(a ρ) if ρ 6= 0

0 if ρ = 0.

(19)

which has the physical unit radians/seconds. When using (12) and (13), the velocity

components for the deformational flow (ur, vr) on the sphere can now be written as

ur = aωr(θ
′) [sin θp cos θ − cos θp cos(λ− λp) sin θ] (20)

vr = aωr(θ
′) [cos θp sin(λ− λp)] . (21)

Here, (λp, θp) defines the center of the vortex which is independent of time in this

stationary setup.

The exact solution for φ at time t that corresponds to that given in Nair and

Machenhauer (2002) on the (λ′, θ′)-sphere for (14) or (15) is

φ(λ′, θ′, t) = 1− tanh

[
ρ

γ
sin(λ′ − ωr t)

]
(22)

where γ is a parameter controlling the ‘stiffness’ of the field (Nair et al. 1999). The

initial field is given by φ(λ′, θ′, t = 0). For a ‘smooth’ deformational flow the param-

eter values ρ0 = 3 and γ = 5 are chosen. The choice of the vortex center (λp, θp) on

the spherical surface can be made for any area of special interest. These might include

the polar regions for models with latitude-longitude grids or one of the corner points

of the cube for models in cubed-sphere geometry.
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3. Moving vortices on the sphere

a. Composition of the wind field

The wind field for the moving vortices is a combination of wind vectors of the solid-

rotation (us, vs) and that of the deformational flow (ur, vr). The solid-body rotation

wind serves as a background flow for the problem. Let (λc, θc) be the center of the

vortex which is free to move anywhere on the sphere. Then the background velocity

moves the vortex center (λc(t), θc(t)) along a trajectory. Note, that the position of

the vortex center is now time dependent. In addition, the vortex can evolve (deform)

with its own velocity (ur, vr) while moving along the trajectory. The background wind

(us, vs) will not have any effect on the vortex deformation other than translating the

entire deformational field uniformly across the sphere.

If we place the center (λc, θc) on the equator of a rotated sphere in such a way that

the parameter α is equal to the angle between the axis of rotation and polar axis of the

unrotated spherical coordinate system (see Fig. 1) then we can direct the motion of the

vortex center along a great-circle trajectory. Its orientation is controlled by the flow

orientation parameter α as in the case of the solid-body rotation test (see Eqs. (16) and

(17)).

Due to the time dependency of the vortex center, the rotational vortex velocities

are now expressed by the time-dependent wind speeds ur(t) and vr(t). Since both

wind vectors (us, vs) and (ur, vr) are acting on the same vortex system, they can be

combined to form a single wind vector field v(t) = (u(t), v(t)) at time t for the entire

moving vortex. It follows

u(t) = us + ur(t), v(t) = vs + vr(t). (23)

The wind vector v(t) for the moving vortex using Eqs. (16), (17) and (20), (21) with
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scaling parameters can be written as

u(t) = u0 (cos θ cos α + sin θ cos λ sin α) +

aωr [sin θc(t) cos θ − cos θc(t) cos(λ− λc(t)) sin θ] (24)

v(t) = −u0 sin λ sin α + aωr [cos θc(t) sin(λ− λc(t))] . (25)

For the present study we choose u0 = 2π a/(12 days), and ωr is given by Eq. (19).

Initially a vortex center is located at (λc(t = 0), θc(t = 0)) = (λ0, θ0) = (3π/2, 0),

with this setup the other vortex center will be placed at the diametrically opposite point

(π/2, 0). Thus the vortices have the initial and final positions (after 12 days or with

one complete revolution) geographically located at 90◦E and 90◦W on the equator as

indicated in Fig. 4.

From a computational viewpoint, the wind fields (24) and (25) can be generated

as follows. The first step is to find the vortex center (λc(t), θc(t)) as a function of both

time and the flow orientation parameter α. Let ∆t be the time step such that tn = n∆t,

n = 1, 2, . . . , N where n indicates the number of the current time step and tN = T .

For a given α and a time level tn, the position of the vortex center displaces along the

equator of the rotated sphere (λ′, θ′) and is located at (λ′0 + ωs tn, θ′0). Here, (λ′0, θ
′
0)

is the initial vortex center with respect to the rotated sphere. Practically, this position

(i.e., vortex center at a given time) can be obtained in terms of (λ, θ) coordinates by

computing (λ′0, θ
′
0) in the rotated sphere whose north pole is at (λp, θp) = (π, π/2−α)

and using (8) and (9). Then the position (λ′0 + ωs tn, θ
′
0) is rotated back to the regular

spherical coordinates by using (10) and (11). Let (λc(tn), θc(tn)) be the vortex center

position at a known time level tn.

The second step is the generation of the vortex at (λc(tn), θc(tn)), for n = 1, 2, . . . , N .

At every time step the sphere is rotated in such a way that its north pole is located at

(λc(tn), θc(tn)). The corresponding value of ωr is computed using Eq. (19). The ve-
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locity field is then given by Eqs. (24) and (25). More details on the algorithm are

presented in Appendix A.

b. Analytic solution of the transported scalar

The knowledge of the exact (analytic) solution for a given test problem is very useful

for evaluating the accuracy of an advection scheme. For the moving vortex problem

we can find the exact solution at any given time. Again, we follow a two-step proce-

dure which consists of the solid-body rotation part followed by the vortex generation.

First, the vortex center (λ(tn), θ(tn)) is computed using the procedure discussed in

the above section. Then the analytic vortex centered at (λc(tn), θc(tn)) with respect to

(λ(tn), θ(tn)) can be computed via Eqs. (19) and (22).

c. Exact departure points for semi-Lagrangian schemes

For semi-Lagrangian schemes with backward trajectories, the upstream departure points

are determined from the known velocity fields using the trajectory integrating schemes

(see Staniforth and Côté (1991)). However, for the moving vortex problem the exact

departure points can be computed as follows. First the analytic departure points cor-

responding to the solid-body rotation are determined on the rotated sphere for a single

time step (λ′ − ωs ∆t, θ′) and then are rotated back to the regular spherical coordi-

nates (λd, θd). The time dependent vortex center (λc(tn), θc(tn)) can be computed as

described above. In addition, the sphere needs to be rotated so that the north pole

is at (λc(tn), θc(tn)) with respect to the departure coordinates (λd, θd). The upstream

position for the moving vortex on the rotated sphere is then given by

(λ′d, θ
′
d) = (λ′(λd, θd)− ωr ∆t, θ′(λd, θd)), (26)
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which is subsequently rotated back to the regular coordinates by employing (10) and

(11).

4. Numerical experiments

The characteristics of the moving vortex advection test is demonstrated with three

very different numerical schemes. These are a discontinuous Galerkin (DG) method,

a semi-Lagrangian (SL) technique and a finite volume (FV) scheme. The latter also

employs an adaptive mesh refinement algorithm that is able to track the evolving vor-

tices around the sphere. We focus our discussion on the versatility of the test case

rather than comparing the relative advantages of the numerical methods. Neverthe-

less, we report the normalized `1, `2 and `∞ error norms of the transported scalar for

each scheme, and which are defined in W92. The corresponding definition of the error

in the FV adaptive mesh application is also shown in Jablonowski et al. (2006). The

error norms serve as a reference for new users of the test and are intended to foster

future model intercomparisons.

a. Discontinuous Galerkin transport

The DG advection scheme developed by Nair et al. (2005) is used for the numerical

simulation of the moving vortex. Since the DG scheme is based on conservation laws

we use the conservative transport equation (14). Nair et al. (2005) employs the cubed-

sphere geometry which is based on the equiangular central projection. It decomposes

the sphere into six identical sub-domains (faces) which results in a non-orthogonal

curvilinear coordinate system that is free of singularities. Each face of the cubed-

sphere is further partitioned into Ne×Ne spectral elements such that 6×N2
e elements

span the entire sphere. For the present study we used Ne = 5 and each spectral element

has additional 8 × 8 Gauss-Lobatto-Legendre points (a tensor-product of 7th degree
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polynomials; see Dennis et al. (2006) for a detailed discussion). With this setup, there

are 9600 grid points (degrees of freedom) which represent an average resolution of

2.6◦ × 2.6◦. The DG scheme employs a time step of ∆t = 360 s which corresponds

to 2880 iterations for a complete revolution around the globe. The flow orientation

angle is set to α = 45◦ which translates the moving vortices across four vertices of the

cubed-sphere.

Figure 2 shows the evolution of the vortices in an orthographic projection such

that a vortex center is kept at the center of the view angle (the other vortex forms

diametrically opposite side and hence invisible). Figure 2a shows the initial conditions

where the contour levels varies from 0.5 to 1.5. Figures 2b-d display the evolution of

the analytic solution after 3, 6 and 12 model days, respectively. The bottom panels

(Figs. 2e-f) show the numerical solution by the DG method after 6 and 12 days of

model simulation. Note that the accuracy and efficiency of the DG method depends

of the choice of Ne and the degrees of the polynomial basis function. However, the

numerical details of the DG method are not the focus of our study. More information

on the characteristics of the DG scheme is provided in Levy et al. (2007).

Since the analytic solution is known, the time traces of the normalized standard

`1, `2 and `∞ errors sampled at every model hour are plotted in Fig. 3. The left panel

shows the time traces of the errors for the flow along the equator (α = 0◦). The

right panel shows the corresponding errors for the flow along the north-east direction

(α = 45◦). There is a significant difference in the `∞ error growths for these two

cases. For the equatorial flow case, the `∞ error growth is less oscillatory as compared

to that of the north-east flow case. This is due to the fact that the north-east flow

orientation (α = 45◦) causes the deforming vortex centers to pass over four corners

of the cubed-sphere (weak singularities) and furthermore move along two edges of the

cubed-sphere. However, for the north-south (α = 90◦) flow (not shown), the error

plots looks very similar to the left panel of Fig. 3 (α = 0◦). The `1, `2 errors are one
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order of magnitude smaller than the `∞ error. After one revolution the `1, `2 errors are

2.1×10−3, 7.1×10−3 for α = 0, and 1.9×10−3, 6.7×10−3 for α = 45◦, respectively.

Note that in the cosine bell advection problem (W92), there is no deformation in-

volved in the flow fields. Moreover, the cosine bell only covers approximately 10% of

the entire domain. Outside this small domain its value is defined to be zero. Therefore,

the pattern of the `∞ error growth for the cosine bell advection problem with identical

flow orientation angles α is significantly different (see Nair et al. (2005)).

b. Semi-Lagrangian advection

Semi-Lagrangian schemes are widely used in weather prediction models since they

allow stable calculations with long time steps. Most often, the time steps for an

SL scheme are several times longer than typical time steps permitted by the stabil-

ity criterion of an Eulerian advection scheme (see Staniforth and Côté (1991)). Here,

we demonstrate the numerical simulation of the moving vortices with classical semi-

Lagrangian advection (Eq. 15) and employ a bicubic-Lagrangian upstream interpo-

lation scheme. Note, that the analytic departure points (Eq. (26)) are used for the

upstream interpolation. The computational mesh is a regular (λ, θ) spherical grid with

73× 144 (lat × lon) grid points. This corresponds to a uniform 2.5◦ × 2.5◦ resolution

that includes the two pole points. The SL advection utilizes a ∆t = 3600 s time step

which requires 288 iterations for a complete revolution around the globe.

Figure 4 shows the initial field and analytic solution after 12 days in the top left

and right panels (Figs. 4a-b). The SL solution for the equatorial (α = 0◦) and north-

south flows (α = 90◦) after 12 days are displayed in the bottom left and right panels.

It can clearly be seen that the numerical solution does not accurately resolve the center

of the vortices at the chosen resolution. This is indicated by the broken contour lines.

Figure 5 shows the time traces of the normalized `1, `2 and `∞ error norms. The left

panel (α = 0◦) exhibits a gradual error growth as the vortices evolves and move over
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the equatorial regions. The right panel (α = 90◦) shows a minor jump in the error

as the vortices cross the polar regions around day 3 and 9. These minor fluctuations

in the error norms in polar regions are due to the polar singularities associated with

the latitude-longitude grid, and not because of the particular advection scheme used or

the test-case itself. The cross-polar advection experiences “shocks” when crossing the

two pole points. This is a typical phenomenon for many numerical discretizations with

latitude-longitude grids that place grid points at the north and south poles (Nair and

Machenhauer 2002). The `1, `2 errors after one revolution are 3.7× 10−2, 5.7× 10−2

for α = 0◦, and 3.6× 10−2, 5.4× 10−2 for α = 90◦, respectively.

As a reference, Table 1 lists the analytic solution (Eq. (22)) and departure point

positions (λd, θd) in radians with respect to an arbitrarily selected grid point (λi, θj)

located at (250◦, 30◦) as a function of time (iterations) for the flow orientation param-

eter α = 90◦. The selected grid point in the Northern Hemisphere corresponds to the

longitudinal and latitudinal grid indices (i = 101, j = 49) when using the previously

chosen SL grid resolution (see Fig.4c-d) with ∆λ = ∆θ = 2.5◦. In addition, Table 2

tabulates snapshots of the (λd, θd) departure points and analytic solutions for α = 0◦ at

the alternative position (λi, θj) = (70◦,−45◦) in the Southern Hemisphere. This posi-

tion corresponds to the grid indices (i = 29, j = 19). Note that the reference grid point

(λi, θj) is stationary with respect to the rotating and deforming vortex field. Further-

more, the grid index (i = 1, j = 1) is located at the south pole at (λ1, θ1) = (0◦,−90◦)

in the SL setup.

c. Finite volume transport with adaptive mesh refinement

To emphasize the versatility of the test we also apply the moving vortex test case to

a finite volume advection algorithm with adaptive mesh refinement capability. The

moving vortices are an ideal test candidate for AMR models which can focus their

resolution on isolated features of interest.

16



In recent years, AMR applications on the sphere have become more mature in at-

mospheric modeling (for a comprehensive review see Behrens (2006)). They provide

an attractive framework for atmospheric flows since they allow an improved resolu-

tion in limited regions without requiring a fine grid resolution throughout the entire

model domain. The model regions at high resolution are kept at a minimum and can

be individually tailored towards the flow conditions. Here, a block-structured adaptive

grid technique has been applied to a revised version of the mass-conservative finite

volume advection algorithm by Lin and Rood (1996) and Lin and Rood (1997). The

adaptive mesh technique is fully described in Jablonowski (2004) and Jablonowski

et al. (2006). In essence, the adaptive model design utilizes the spherical adaptive-grid

library by Oehmke (2004) which groups the spherical latitude-longitude grid into hor-

izontal, logically rectangular blocks. The blocks are self-similar and split into four in

the event of refinement requests, thereby doubling the spatial resolution. Coarsenings

reverse this refinement principle. Then four “children” are coalesced into a single self-

similar parent block which reduces the grid resolution in each direction by a factor of

2. Neighboring blocks can only differ by one refinement level. This leads to cascading

refinement regions.

For our moving vortex experiment we start the simulation with 6 × 8 blocks on

the sphere where each block contains 6 × 9 grid points in latitudinal and longitudinal

direction, respectively. This initial setup corresponds to a coarse 5◦ × 5◦ uniform

mesh. The variables u, v, φ are positioned on a staggered Arakawa C-grid (Arakawa

and Lamb 1977). This places the scalar points at the centers of the finite volumes

whereas the velocities are located at the midpoints of the surrounding cell edges. Note

that the two pole points are v velocity points. No scalars are assigned to the poles. The

FV advection model is initialized with grid point values. During the simulation though,

cell-averaged values of φ are predicted while utilizing time-centered velocities. These

grid point velocities are evaluated analytically at the discrete half time levels tn+1/2 =
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(n + 1/2)∆t using Eqs. (24) and (25).

The adaptive refinements are guided by a gradient criterion. In particular, refine-

ments up to the maximum refinement level of 3 are invoked if the magnitude of the

gradient is |a∇φ| ≥ 1. This leads to the minimum grid resolution 0.625◦ × 0.625◦ in

the refined blocks. Coarsenings, on the other hand, are applied if the criterion is no

longer fulfilled, e.g. after the moving vortex with its sharp gradients left a refined do-

main. Here, we do not actively refine the blocks closest to the poles in order to allow

larger time steps. Any adaptations at the poles are only triggered by the refinement

cascade.

Snapshots of the adaptive grid simulation with rotation angle α = 45◦ at day

3, 6, 9 and 12 are shown in Fig. 6. It can clearly be seen that the adaptive blocks

(right column) successfully track the evolving vortices (left column). Note that the

initial scalar field is smooth. The gradient then sharpens gradually during the course

of the simulation. As a consequence, the refinement criterion is not fulfilled before

day 2 which leads to slightly increased error levels due to the coarse initial 5◦ × 5◦

resolution. After day 2, the adaptations slow down the error growth. This behavior

is shown in Fig. 7 that displays the time traces of several `2 and `∞ error norms for

both uniform and adapted runs with the alternative flow orientation angle α = 0◦.

Here the errors of the adaptive runs with 1, 2 and 3 refinement levels are compared to

the corresponding uniform-resolution simulations with the same model. The adaptive

mesh experiments successfully flatten the increased error levels shortly after day 2

when the first adaptations are introduced. At day 12 the adaptive runs match the error

norms of the fixed resolution runs at the various resolutions rather well or are even

lower in most cases. This is also shown is Table 3 that lists the normalized `1, `2

and `∞ error norms as well as time step statistics for the adapted and uniform grid

model runs after 12 days. The lower AMR error norms are mostly due to the fact that

the adaptive simulations require fewer time steps to complete one full revolution. Note
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that the time step in the adapted runs is variable and matches a Courant-Friedrich-Levy

(CFL) stability criterion of |CFL| ≤ 0.95. In contrast, the time steps in the uniform-

resolution runs are held constant and guarantee max |CFL| ≤ 0.9. In particular, the

maximum CFL numbers of the uniform-grid FV runs are 0.66, 0.69, 0.89 and 0.85 for

the grid resolutions 5◦×5◦, 2.5◦×2.5◦, 1.25◦×1.25◦ and 0.625◦×0.625◦, respectively.

The reduced number of time steps in the adaptive runs is attributable to the fact that

longer time steps can be used if the refined grid does not cover the polar region. Near

the poles, the CFL condition is most restrictive due to the convergence of the meridians

in the chosen spherical grid (see also discussion by Hubbard and Nikiforakis (2003)).

As implied by Table 3 the FV advection algorithm converges steadily towards the

analytic solution. The convergence rate for the moving vortex problem lies between

second and first order which is below the design order of the numerical scheme. A sim-

ilar FV convergence rate was also observed for the stationary vortex problem, whereas

the convergence rate for the pure solid body rotation lies around second order (see

tables in Jablonowski et al. (2006)). The reduction in the expected rate is due to the

non-smooth nature of the vortex test case with two singular points at the vortex centers.

5. Conclusions

A new 2D test case for the advection (transport) problem on the sphere is developed.

The test consists of components from the deformational flow (Nair and Machenhauer

2002) and the standard solid-body rotation test. The flow field is time dependent and

deformational and can be oriented as in the case of the standard solid-body rotation

test considered in Williamson et al. (1992). The test introduces two moving vortices

that are centered at diametrically opposite side of the sphere and move along a pre-

determined great circle trajectory with known analytic solution. The wind field is

nondivergent and time dependent. The rotational parameters are scaled in such a way
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that 12 days are required to complete a full revolution around the globe. This test is far

more challenging than the existing advection test cases on the sphere. An algorithm

for generating the vortices as a function of the flow orientation parameter α and time is

described. In addition, an algorithm for determining the analytic departure points for

semi-Lagrangian models is provided. Since the analytic solution is known, the time

traces of the normalized `1, `2 and `∞ errors can be immediately computed. Here, time

traces of the errors for flows along the equatorial, north-east or north-south direction

direction have been assessed.

The characteristics and versatility of the test has been demonstrated with three

different advection schemes that vary in complexity. Among them were a conser-

vative discontinuous Galerkin method on a cubed-sphere grid and a classical (non-

conservative) semi-Lagrangian advection scheme that employed a bicubic-Lagrange

upstream interpolation on a latitude-longitude mesh. In addition, we tested the mov-

ing vortices in an adaptive mesh application that utilized the conservative finite vol-

ume advection algorithm by Lin and Rood (1997) in latitude-longitude geometry. This

adaptive experiment showed that the vortices can be successfully tracked by high res-

olution grids when using a gradient-based adaptation criterion. The refined grid then

follows the moving vortices and detects the slowly increasing magnitude of the scalar

gradient. This approach considerably slows down the growth of the error norms and

closely matches the solutions of uniform-mesh simulations.

In general, all three advection schemes simulated the evolving flow field reliably.

Different characteristics of the numerical approaches were demonstrated by various

normalized error norms, although they were not the focus of the discussion. The pur-

pose of the application examples is to provide a basis for future model intercompar-

isons.

The proposed test problem provides a challenging test case with known analytic

solution for global transport schemes. Because of the non-localized evolving nature of
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the advecting field, this test is an ideal candidate for testing advection schemes with

adaptive mesh refinement capability. The moving vortex test case complements the

existing advection tests for horizontal flows in spherical geometry. We will be happy

to make the vortex code for the initial conditions and reference solutions available to

interested users (contact the authors).
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APPENDIX A

Reference solution for the moving vortex test case

The moving vortex problem involves a back-and-forth rotation of the sphere via Eqs. (8)-

(11). Inverting the trigonometric functions, particularly for λ and λ′ (Eqs. (8) and

(10)), can be problematic due to the non-unique nature of the inverted (arctan) func-

tion values. To avoid this problem we recommend using the intrinsic Fortran func-

tion atan2(y,x) for arctan(y/x) which provides values in the range [−π, π]. The

negative values between [−π, 0) then need to be shifted by adding 2π. This guarantees

the proper branch cut in the longitudinal direction between [0, 2π].

The analytic solution is generated at the equator of a rotated sphere. As described

in Section 3 this procedure involves multiple rotations of the sphere. However to

ease the computations, we recommend the following approach where the vortex center

reaches a known fixed position at any given time tn. This may be interpreted as if

the vortex center originates from an upstream position and reaches a known position

(λc, θc) at time tn. This provides a reliable way to track the center. The computational

procedure for the analytic solution is as follows:

• Rotate a sphere such that its north pole is located at (λp, θp) = (π, π/2−α) with

respect to the regular (λ, θ) sphere. The rotated coordinate system is (λ′, θ′) and

is computed using Eqs. (8) and (9).

• Move the (λ′, θ′) coordinates to the “upstream position” using the solid-body

rotation angular velocity (ωs) with respect to the fixed north pole (π, π/2 − α)

position; i.e., (λ′s, θ
′
s) ← (λ′ − ωs tn, θ

′ − 0). Rotate (λ′s, θ
′
s) back to the regular

coordinates (λs, θs) by employing Eqs. (10) and (11).

• Generate the analytic vortex with center at (λc, θc) with respect to the (λs, θs)-

sphere using Eq. (22). This step involves rotating the (λs, θs)-sphere such that

the rotated sphere has the north pole at the vortex center.

22



References

Arakawa, A. and V. R. Lamb, 1977: Computational design of the basic dynamical

process of the UCLA general circulation model. Methods in Computational Physics,

J. Chang, ed., Academic Press, 173–265.

Behrens, J., 2006: Adaptive Atmospheric Modeling - Key techniques in grid genera-

tion, data structures, and numerical operations with applications. Springer, Lecture

Notes in Computational Science and Engineering, ISBN 3-540-33382-7, 207 pp.

Dennis, J., R. D. Nair, H. M. Tufo, M. Levy, and T. Voran, 2006: Development of a

scalable global discontinuous Galerkin atmospheric model. Int. J. Comput. Science

and Engineering, to appear.

Doswell, C. A., 1984: A kinematic analysis associated with a nondivergent flow. J.

Atmos. Sci., 41, 1242–1248.

Flyer, N. and G. B. Wright, 2006: Transport schemes on a sphere using radial basis

functions. J. Comput. Phys., submitted.

Hubbard, M. E. and N. Nikiforakis, 2003: A three-dimensional, adaptive, Godunov-

type model for global atmospheric flows. Mon. Wea. Rev., 131, 1848–1864.

Jablonowski, C., 2004: Adaptive Grids in Weather and Climate Modeling. Ph.D. dis-

sertation, University of Michigan, Ann Arbor, MI, Department of Atmospheric,

Oceanic and Space Sciences, 292 pp.

Jablonowski, C., M. Herzog, J. E. Penner, R. C. Oehmke, Q. F. Stout, B. van Leer,

and K. G. Powell, 2006: Block-structured adaptive grids on the sphere: Advection

experiments. Mon. Wea. Rev., 134, 3691–3713.

Levy, M. N., R. D. Nair, and H. M. Tufo, 2007: High-order Galerkin method for

scalable global atmospheric models. Computers and Geoscience, to appear.

23



Lin, S.-J. and R. B. Rood, 1996: Multidimensional flux-form semi-Lagrangian trans-

port scheme. Mon. Wea. Rev., 124, 2046–2070.

— 1997: An explicit flux-form semi-Lagrangian shallow water model on the sphere.

Quart. J. Roy. Meteor. Soc., 123, 2477–2498.

Lipscomb, W. H. and T. D. Ringler, 2005: An incremental remapping transport scheme

on a spherical geodesic grid. Mon. Wea. Rev., 133, 2335–2350.
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FIG. 1: Schematic positions of the vortices (small open circles) on the equator of a rotated coor-
dinate system (λ′, θ′) whose north pole is at (λp, θp) with respect to the regular (λ, θ) sphere with
radius a. A vortex center is denoted by (λc, θc), and α is the angle between the axis of solid-body
rotation and the polar axis of spherical coordinate system (flow orientation parameter).
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FIG. 2: Orthographic projection of the moving vortex for the rotation angle α = 45◦. The exact
solutions at model day 0, 3, 6 and 12 (after a full revolution) are shown in panels (a), (b), (c)
and (d), respectively. The bottom panels show the DG solutions at (e) day 6 and (f) day 12 at the
approximate resolution 2.6◦× 2.6◦. The view angle in the figures is centered on one of the moving
vortices, and the cubed-sphere geometry is used for the simulations.
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FIG. 3: Time traces of normalized standard errors `1, `2 and `∞ for a complete revolution around
the globe for α = 0◦ (left panel) and α = 45◦ (right panel). The DG approach at the approximate
resolution 2.6◦ × 2.6◦ is shown.
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FIG. 4: (a) Initial scalar field and (b) analytic solution after 12 days for the moving vortex problem.
The centers of the vortices are located initially and after 12 days at 90◦E and 90◦W on the equator.
The bottom panels show the semi-Lagrangian (SL) numerical solution of the scalar field for (c)
α = 0◦ and (d) α = 90◦ after one full revolution (12 days). Bicubic SL advection scheme employs
the latitude-longitude grid with the uniform resolution 2.5◦ × 2.5◦. The contour interval is 0.05
with dashed contours for φ < 1.
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FIG. 5: Same as Fig. 3 but for the semi-Lagrangian simulations with α = 0◦ (left panel) and
α = 90◦ (right panel), on the latitude-logitude grid with a uniform resolution 2.5◦.
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FIG. 6: Snapshots of the moving vortices with α = 45◦ at day 3, 6, 9 and 12 (after one full
revolution) computed with the adaptive grid version of the FV advection model with 3 refinement
levels (coarsest resolution is 5◦×5◦, finest is 0.625◦×0.625◦). (a)-(d) Advected scalar field φ with
contour interval 0.05, contours for φ < 1 are dashed. (e)-(h) Corresponding adapted blocks, each
block consists of 6 × 9 grid points in lat × lon direction (grid points not shown). The refinement
criterion tracks regions with |a∇φ| ≥ 1.
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TABLE 1: The departure point position (λd, θd) and analytic solution φ(λi, θj) (Eq. (22))
for the semi-Lagrangian advection with reference to a known static grid point (λi, θj) =
(4.363323, 0.523599) in radians, located at (250◦, 30◦) with grid indices (i = 101, j = 49). The
values are sampled as a function of time tn = n ∆t with ∆t = 1 hour, and for α = 90◦.

Iteration (n) λd θd φ(λi, θj)

1 4.369668 0.504552 1.174774

48 4.364989 0.503785 1.229204

96 4.367290 0.503051 1.185997

144 4.365472 0.501753 1.292421

192 4.370011 0.502384 0.902104

240 4.367708 0.503113 1.150744
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TABLE 2: Same as Table 1 but for α = 0◦ and (λi, θj) = (1.221731,−0.785398) located at
(70◦,−45◦) with grid indices (i = 29, j = 19).

Iteration (n) λd θd φ(λi, θj)

1 1.200855 −0.785787 0.847869

48 1.199943 −0.785589 0.608289

96 1.199452 −0.785768 0.755740

144 1.198931 −0.785015 1.206699

192 1.199884 −0.785208 1.408196

240 1.200375 −0.785028 1.316348
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TABLE 3: Error measures and time step statistics for the FV simulations with α = 0◦ after 12
days. Model runs with different refinement levels and uniform-grid simulations are compared and
grouped together according to their finest grid resolution. The CFL number for the adapted runs is
0.95 (variable time step).

Base resolution Refinement Error norms Time step No. of time

∆λ,∆θ level `1(φ) `2(φ) `∞(φ) ∆t (s) steps

5◦ 0 0.0165 0.0371 0.1341 7200 144

2.5◦ 0 0.0078 0.0226 0.0947 3600 288

5◦ 1 0.0077 0.0200 0.0865 variable 193

1.25◦ 0 0.0022 0.0074 0.0454 1800 576

5◦ 2 0.0026 0.0059 0.0353 variable 372

0.625◦ 0 0.0005 0.0020 0.0149 600 1728

5◦ 3 0.0014 0.0022 0.0164 variable 730
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