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Abstract. We prove that regular supercuspidal representations of p-adic groups are

uniquely determined by their character values on very regular elements—a special class

of regular semisimple elements on which character formulae are very simple—provided
that this locus is sufficiently large. As a consequence, we resolve a question of Kaletha by

giving a description of Kaletha’s L-packets of regular supercuspidal representations which
mirrors Langlands’ construction for real groups following Harish-Chandra’s characteriza-

tion theorem for discrete series representations. Our techniques additionally characterize

supercuspidal representations in general, giving p-adic analogues of results of Lusztig on
reductive groups over finite fields. In particular, we establish an easy, non-cohomological

characterization of unipotent supercuspidal representations when the residue field of the

base field is sufficiently large.

1. Introduction

The subject of this paper is to examine the following question: How much do you need
to know about the character of a supercuspidal representation of a p-adic group in order
to determine it? In the 1990s, Henniart proved that certain classes of supercuspidal rep-
resentations of GLn (namely, those associated to an unramified torus, or those associated
to a totally tamely ramified torus if n is prime) can be recognized by their characters on
very regular elements ([Hen92, Hen93]). This can be thought of as a (special case of) a
p-adic analogue of Harish-Chandra’s characterization of discrete series representations of
real groups via their characters on compact regular semisimple elements. It begs the ques-
tion: Can one establish Henniart’s theorem for general p-adic groups? In the last thirty
years, this central question has been asked repeatedly [AS09, Kal19a] and in this paper we
give what we believe to be a “sharp” answer to this question. Especially given the subtle
and difficult nature of giving general character formulas for supercuspidal representations
[AS09, DS18, Spi18, Spi21, FKS21], our focus is on finding a special domain of regular
semisimple elements which is simultaneously small enough that the character formulas are
extremely simple and large enough that it may determine certain invariants of supercuspidal
representations.

One of the main theorems of this paper is a characterization theorem for Kaletha’s L-
packets of regular supercuspidal representations [Kal19a]. Let S be a tame elliptic maximal
torus of a connected reductive group G over a non-archimedean local field F and let θ be
a regular character of S(F ). From this data, Kaletha constructs a Langlands parameter
φθ and proposes an associated L-packet ΠG

φθ
of supercuspidal representations of G(F ).

In this paper, we establish a description of this L-packet which mirrors Langlands’ original
construction of L-packets of discrete series representations for real reductive groups [Lan89]:
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Theorem A. Assume there are sufficiently many very regular elements in S(F ). Then ΠG
φθ

exactly consists of the irreducible supercuspidal representations πj whose character is

(1) Θπj (γ) = c ·
∑

w∈WG(Tγ ,j(S))

∆(wγ) · θj(wγ) for all very regular γ ∈ G(F ),

where (j, θj) varies over the rational conjugacy classes in the stable conjugacy class of (S ↪→
G, θ). Here, c ∈ C1 is some constant independent of γ, the index set is the Weyl group with
respect to the connected centralizer Tγ of γ and S, and ∆ is a certain explicit function (the
“transfer factor”).

Kaletha’s original construction of ΠG
φθ

is as follows. To the pair (S, θ), Kaletha associates

a G-equivalence class of Yu-data Ψ = (~G, ~φ, ~r,x, ρ0) in the sense of Hakim–Murnaghan
[HM08] and obtains, by applying Yu’s construction [Yu01], an irreducible supercuspidal
representation πYu

(S,θ). Then Kaletha declares ΠG
φθ

to be the set of all πYu
(j(S),θjεj)

, where

(j, θj) varies over (a choice of representatives of) the rational conjugacy classes in the stable
conjugacy class of (S ↪→ G, θ) and where εj is an extremely delicately defined quadratic
character which depends both on j and θ (see [Kal19a, p. 1153-1154]).

Under the additional assumption that θ satisfies a strong genericity condition, the su-
percuspidal πYu

(S,θ) was constructed by Adler [Adl98], predating Yu. These supercuspidals

are called toral. For L-packets of toral supercuspidals corresponding to unramified tori, the
necessity of the quadratic twist εj of (j, θj) was established by DeBacker–Spice [DS18].
In [CO21], the authors of the present paper proved that under a mild assumption on
the size of the residue field of F , for these (j, θj), the parahoric Deligne–Lusztig induc-
tion of [CI21b] gives rise to an irreducible supercuspidal representation πgeom

(j(S),θj)
and that

πgeom
(j(S),θj)

∼= πYu
(j(S),θjεj)

. This comparison was established by considering very regular ele-

ments, though the exact methods were different and for the most part somewhat simpler.
It is worth noting that very regularity has geometric significance in the unramified setting
(see [CI21b, Theorem 1.2]), and that the notion of very regularity in Theorem A generalizes
all previous usages of this terminology [Hen92, Hen93, CI21b, CO21].

Recently, Fintzen–Kaletha–Spice [FKS21] proved that there exists a twist of Yu’s con-
struction such that the resulting supercuspidal representation πFKS

(j(S),θj)
is isomorphic to

πYu
(j(S),θjεj)

in Kaletha’s more general setting, thereby removing the need to externally twist.

Throughout this paper, we will use Fintzen–Kaletha–Spice’s renormalization of Yu’s con-
struction. We also note that by Fintzen [Fin21c], any supercuspidal representation is ob-
tained by Yu’s construction when p does not divide the order of the absolute Weyl group.
In this paper, we always assume this condition on p.

The key to Theorem A is a characterization theorem:

Theorem A' (Theorem 8.1). If S(F ) has sufficiently many very regular elements, then
πFKS

(j(S),θj)
is the unique irreducible supercuspidal representation satisfying (1).

Moreover, the constant c in (1) can remain unspecified in the sense that if π, π′ are
two supercuspidal representations satisfying the character formula (1) for two constants
c, c′ ∈ C1, then necessarily c = c′ and π ∼= π′. (It also turns out that c ∈ {±1}.)

In [CO21, Section 9], we proved Theorem A' under several additional assumptions: If S
is unramified and θ is toral, then there exists a unique regular supercuspidal representation
π of G(F ) whose character is given by (1). Theorem A' relaxes each of these three italicized
conditions—unramified being replaced by tame, toral being replaced by regular, and regular
supercuspidal replaced by supercuspidal.
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Let us explain how the three theorems in Section 1.1 of this introduction contribute
to the relaxation of these three italicized conditions. To prove that a representation is
distinguished amongst all supercuspidals (as opposed to amongst all regular supercuspidals),
we need to establish the character formula of an arbitrary supercuspidal representation on
very regular elements (Part 2 of this paper; see also Theorem D in this introduction). We
then use this to reduce the characterization of supercuspidal representations to its “depth
zero part” (Part 3 of this paper; see also Theorem E in this introduction). When S is
unramified, this depth zero part is captured by a connected reductive group G◦ over a
finite field Fq, and so relaxing the torality condition on θ in this unramified setting can
be reduced to a characterization theorem of irreducible representations of G◦(Fq). Such
a theorem was already established by Lusztig [Lus20] several decades ago. However, if S
does not split over an unramified extension of F , then we need to work in a more general
setting and establish Lusztig’s characterization theorem for representations of G(Fq), where
G is a possibly disconnected group scheme over Fq which may not even be of finite type.
We establish the basic representation theory of G(Fq) (à la Deligne and Lusztig [DL76])
and prove Lusztig’s theorem in this more general context in Part 1 (for a refinement of this
theorem for regular characters, see Theorem C in this introduction).

As demonstrated in the GLn setting by Henniart [Hen92, Hen93] and others [BW13,
Cha20, CI21a], a characterization result like Theorem A' can be used to not only compare dif-
ferent constructions of supercuspidal representations but characterize interesting correspon-
dences. To serve as a proof of concept for applications of Theorem A', we prove (Theorem
9.13) a new instance of the local Jacquet–Langlands correspondence: when G∗ = SO2n+1

and G is an inner form of G∗, then the Jacquet–Langlands transfer of a depth zero reg-
ular supercuspidal representation πFKS

(S∗,θ∗) of G∗(F ) is πFKS
(S,θ), provided that the size of the

residue field of F is sufficiently large. From Theorem A', it is easy to characterize the local
Jacquet–Langlands correspondence assuming that a regular supercuspidal L-packet and its
transfer are singletons (Theorem 9.8); the subtlety in establishing Theorem 9.13 then lies
in proving that the L-packet (in the sense of Arthur) of a depth zero regular supercuspidal
of G∗ is a singleton (Proposition 9.12). We strongly expect that the approach of Section
9 works in far greater generality; we have chosen to establish only the depth zero SO2n+1

case to demonstrate the application potential of our work.
We finish this part of our introduction by moving beyond the regular supercuspidal set-

ting. As we have alluded to above, our methods in proving Theorem A' turn out to addition-
ally apply even when θ is not assumed to be regular. Without the regularity assumption, one
cannot hope to characterize supercuspidals individually (indeed, the analogous statement
for connected reductive groups over finite fields is not true), but we are able to characterize
certain families of supercuspidal representations by only their Harish-Chandra characters
on very regular elements. In general, as one would expect, the formulae will not be quite
as simplistic as in (1), but it is not so far off (see Theorem D in tandem with Proposition
3.18 for the character of the depth zero part). We will describe these generalizations and
our methods of proof in Section 1.1. Before doing this, let us explain the specialization of
our general result to the setting diametrically opposite to the regular supercuspidal case:
unipotent supercuspidal representations.

Theorem B (Theorem 8.7). If the size of the residue field of F is sufficiently large relative
to the absolute rank of G, then an irreducible supercuspidal representation π of G(F ) is
unipotent if and only if the following two conditions hold:

(i) Θπ|S(F )evrs
is constant for every maximally unramified elliptic maximal torus S, and
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(ii) Θπ|S(F )evrs
6= 0 for some maximally unramified elliptic maximal torus S.

Here, S(F )evrs denotes the set of very regular elements of S(F ).

Theorem B is the supercuspidal analogue of Lusztig’s unipotent characterization result
for connected reductive groups over finite fields [Lus78, Lus20] and answers a question of
DeBacker.

1.1. Structure of the paper: theorems and techniques. With the applications to
Theorems A and B in mind, we now describe the general results and set-up of our paper. Our
paper is structured in three parts, each essentially culminating in one general result. Let Ψ =

(~G, ~φ, ~r,x, ρ0) be a Yu-datum and let πFKS
Ψ be the associated supercuspidal representation

of G(F ). (See Section 5 for details of these notions.)
In Part 1, we study a class of algebraic groups G over Fq which is large enough to contain

the reductive quotient of the (integral model of the) stabilizer of an arbitrary vertex in the
reduced Bruhat–Tits building of a connected reductive group over F . More precisely, this
is the class of algebraic groups satisfying the following three conditions:

(1) the group π0(G) of connected components is a finitely generated abelian group,
(2) the identity component G◦ is reductive, and
(3) there exists a central subgroup ZG of G such that G◦ZG has finite index in G.

Following Kaletha [Kal19b], the choice of the central subgroup ZG allows us to extend

classical Deligne–Lusztig induction RG◦
S◦ for a maximal torus S◦ ↪→ G◦ to a functor RG

S ,
where S := S◦ZG now plays the role of a “maximal torus” in G. We use this then to
establish the representation theory of G(Fq) à la Deligne and Lusztig, including character
formulas and Green function results; we feel this section may be of independent interest.
This is essential for us as it provides the foundation for our characterization theorem for
representations of G(Fq).

Before stating these results, let us give some motivation starting from the setting of
connected reductive groups over finite fields. Deligne and Lusztig [DL76] proved that for
any connected reductive group G◦ over Fq, one has a well-defined map

E : {irred. rep’ns of G◦(Fq)} →
ß

(S◦, θ)
∣∣∣∣ S◦: an Fq-rational maximal torus of G◦
θ: a character of S(Fq)

™/
∼,

where the symbol ∼ on the right-hand side denotes the geometric conjugacy. This map is
defined cohomologically: to an irreducible representation ρ, one associates the geometric
conjugacy class containing any pair (S◦, θ) for which ρ appears in the cohomology of the
Deligne–Lusztig variety associated to S◦ ↪→ G◦ with coefficients in the corresponding local
system defined by θ. In [Lus20], Lusztig proved that E can be realized non-cohomologically:
if q is sufficiently large relative to the rank of G◦, then in fact E(ρ) is determined by the
character values of ρ at regular semisimple elements, for which the character formula is
very simple. As a corollary of this, Lusztig established the following simple and elementary
characterization of unipotent representations of G◦(Fq) for q � 0 ([Lus20, 6]): An irreducible
representation ρ of G◦(Fq) is unipotent if and only if Θρ|S◦(Fq)rs

is constant for every Fq-
rational maximal torus S◦ of G◦. (Theorem B is the analogue of this for supercuspidal
representations of p-adic groups.)

We establish the map E for G and show that Lusztig’s techniques for establishing a non-
cohomological description of E can be extended to our more general setting (Theorem C(b),
Theorem 4.11). We note to the reader that in the body of this paper, we actually work

with a refinement of this map E (see Section 4.2 for the definition of the refinement Ẽ).
This refinement is handled already in the Lusztig’s proofs in the classical case. Although

4



establishing the representation theory of this larger class of groups G(Fq) requires some
technical adjustments to the classical proofs in the setting of G◦(Fq), the main subtlety
which we deal with in Part 1 is something separate altogether, which we now explain.

Our motivation for developing the theory and results in Part 1 is to study πFKS
Ψ . For this,

we take G to be the reductive quotient of the stabilizer of x̄ in G0(F ) (G0 is the first group in

the chain ~G) and choose ZG to be the image of the center of G0. Our p-adic characterization
theorems then require us to determine E(ρ0) from the character values of ρ0 on a subset
G(Fq)evrs of the regular semisimple locus G(Fq)rs controlled by the notion of (elliptic) very
regularity in G(F ). This introduces two subtle points: first, the set G(Fq)evrs could be
infinite, so one must be careful with the meaning of there being enough such elements; and
second, because G(Fq)evrs is cut out by a regularity notion coming from G (not G0!), the
locus G(Fq)evrs may not be stable under multiplication by ZG(Fq)! To handle these issues,
we must introduce another central subgroup (which we call Z?G; see Sections 4.1 and 6.2 for
details).

In light of this, we work in the following generalized setting: let G(Fq)• ⊂ G(Fq)rs

be a conjugation-invariant subset which is invariant under multiplication by a finite-index
subgroup of ZG(Fq).

Theorem C.

(a) (Theorem 4.4) Assume (H•). If θ is a character in general position of a torus S(Fq),
then there exists a unique irreducible representation ρ of G(Fq) such that for some
constant c ∈ C1,

Θρ(γ) = c ·
∑

w∈WG(Fq)(G◦γ ,S◦)

θ(wγ) for all γ ∈ G(Fq)•.

(b) (Theorem 4.11) Assume (L•). Then E can be defined non-cohomologically via char-
acter values on G(Fq)•.

Here, the statement of (a) is a special case of (b) with a weaker assumption on the size
of G(Fq)•. We note that in the case that • = rs and G = G◦, Theorem C(b) is exactly
Lusztig’s result and is proved using Lusztig’s techniques, after the representation theory
of G is sufficiently developed. Theorem C(a), on the other hand, is proved by completely
different methods to Theorem C(b). Furthermore, even in the case that • = rs and G = G◦,
this result is new: the required bound (H•) is much weaker than (L•). Taking Theorem
C(a) in the elliptic very regular setting • = evrs is the “depth zero” input used to prove
Theorem A'.

In Part 2, we establish a simple formula for the character values at elliptic very regular
elements of a supercuspidal representation πFKS

Ψ associated to an arbitrary Yu-datum Ψ. We
remind the reader that we use the twist of Yu’s construction defined by Fintzen, Kaletha,
and Spice [FKS21].

In existing work on character formulae on supercuspidal representations, the aim is gen-
erally to provide, for as wide a class of supercuspidals as possible, a description of the
character value at an arbitrary regular semisimple element. In [AS09] and [DS18], Adler,
DeBacker, and Spice achieve this for Yu-data satisfying a certain compactness condition.
More recently, using a result of Spice [Spi18, Spi21], Fintzen, Kaletha, and Spice [FKS21]
give a character formula for regular supercuspidal representations, under the assumption
that F has characteristic zero and sufficiently large residual characteristic. By contrast, our
aim has swapped quantifiers: we wish to provide, for only elliptic very regular elements,
character values for an arbitrary supercuspidal representation.
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Our method is a slight generalization of that of [Kal19a] which is based on the work
of Adler–DeBacker–Spice [AS09, DS18] and used for establishing a character formula at
“shallow” elements. Recall that the representation πFKS

Ψ is given by the compact induction

c-Ind
G(F )
K ρFKS

Ψ of an irreducible representation ρFKS
Ψ of a certain open compact-mod-center

subgroup K. Via Harish-Chandra’s integration formula, the computation of ΘπFKS
Ψ

(γ) for a

given element γ basically comes down to computing the index set of the integration formula
(i.e., the locus where the integrand does not vanish) and the character ΘρFKS

Ψ
of ρFKS

Ψ . The

point of Kaletha’s argument is that the index set is drastically simplified if γ is a shallow
element. In this paper, we introduce the notion of very regularity for semisimple elements,
which simultaneously generalizes the notion of shallowness and notions of very regularity
which have appeared in specialized contexts [Hen92, Hen93, CI21b, CO21]. Once we pin
down the correct definition of the very regularity, we can obtain the character formula in
the same manner as in [Kal19a]:

Theorem D (Theorem 6.19). For any elliptic very regular element γ ∈ G(F ),

(2) ΘπFKS
Ψ

(γ) = c ·
∑
g

Θρ0(gγ) ·∆(gγ) · φ≥0(gγ),

where the sum ranges over a set of elements which only depends on depth zero data in Ψ

and φ≥0 is the product of all characters in ~φ. In particular, if πFKS
Ψ = π(j(S),θj) for (j, θj)

as in Theorem A, then (2) simplifies to (1).

Examining character formulae such as [AS09, Theorem 7.1], we see that the shape of
the character formula of a supercuspidal representation at an arbitrary regular semisimple
element greatly depends on the relationship between the “genericity depths” of the su-
percuspidal and the “regularity depths” of the semisimple element. From the perspective
of elliptic very regular elements, we have the following “sharpness” observation: if γ is a
regular semisimple element which is not very regular, then there simultaneously exists a
supercuspidal representation π whose character value at γ involves orbital integrals and also
a supercuspidal representation π′ whose character value does not. The locus of very regular
elements can perhaps be viewed as the largest subset of regular semisimple elements such
that the supercuspidal character formula is uniform across all Yu-data.

The simplicity of the formula (2) is crucial for us. In Part 3, we use Theorem D to reduce
the problem of characterizing supercuspidal representations to characterizing its depth zero
parts, which then allows us to use the results of Part 1 to conclude. To this end, we
introduce the notion of a clipped Yu-datum Ψ, which is obtained from the Yu-datum Ψ by
simply excising the depth zero representation ρ0 (Definition 5.3). We prove in Section 7
that if two Yu-data Ψ,Ψ′ are such that ΘπFKS

Ψ
(γ) = ΘπFKS

Ψ′
(γ) for every elliptic very regular

element γ ∈ G(F ), then Ψ = Ψ
′
and the character values of the depth zero parts ρ0, ρ

′
0 agree

on very regular elements. In Section 8, we use characterization results in the Fq setting of
Part 1 to obtain Theorems A', B, and the following most general form of our characterization
theorem for supercuspidal representations of G(F ):

Theorem E (Theorem 8.8). Assume that there are sufficiently many very regular elements.
Let Ψ,Ψ′ be any two Yu-data such that

πFKS
Ψ (γ) = πFKS

Ψ′ (γ) for every very regular element γ ∈ G(F ).

Then Ψ = Ψ
′

and E(ρ0) = E(ρ′0), where ρ0, ρ
′
0 the depth zero parts of Ψ,Ψ′.
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We remark that while Theorem E applies to arbitrary Yu-data, which obviously includes
both the class of regular supercuspidal representations and the class of unipotent supercus-
pidal representations, this theorem does not subsume either Theorems A' nor B. In the
case of regular supercuspidal representations, this is because we may apply the depth zero
characterization Theorem C(a), which gives a far less restrictive bound on how many very
regular elements constitutes “sufficiently many.” In the case of unipotent supercuspidal
representations, we are able to guarantee that as long as q is sufficiently large relative to the
absolute rank of G, then we have a characterization of the class of unipotent supercuspidal
representations. That this assumption does not imply that there are sufficiently many very
regular elements in S(F ) for an arbitrary tame elliptic maximal torus is a remarkably subtle
point that we have so far not discussed in this introduction.

1.2. Failures. The orthogonality relation of the elliptic inner product ([Clo91, Theorem 3])
implies that any irreducible supercuspidal (or even discrete series) representation is deter-
mined uniquely by its Harish-Chandra character on all elliptic regular semisimple elements.
On the other hand, general character formulas on such elements are complicated and un-
wieldy. Hence, as explained at the start of this introduction, our goal in the present paper
was to find a special domain of elliptic regular semisimple elements large enough to charac-
terize supercuspidal representations and small enough so that character formulae could be
easily recognizable.

In the GLn setting, for example, Henniart’s characterization for regular supercuspidal
representations attached to the unramified elliptic maximal torus S has proven to be ap-
plicable in a wide range of contexts. The prototypical setting for such an application is
when one has two vastly different constructions of supercuspidal representations and wishes
to understand the relationship between them. Character formulae arising from different
constructions are in general expected not to be comparable, which calls for characterization
results like Henniart’s result, allowing one to only have to check character formulae on some
very special locus.

We explained after Theorem D that there is a sense in which our consideration of very
regular elements is sharp: the character formulae of two supercuspidals can look vastly
different at any element outside this locus. But the “sharpness” of the domain of very
regular elements is also the source of the failures of Theorems A, A', and E.

An essential assumption for these characterization theorems is that there are sufficiently
many very regular elements in S(F ), and the harsh reality is that there exist groups G
with tame elliptic maximal tori S ⊂ G containing no very regular elements. Furthermore,
one need not work very hard to find such a G and such a S: Let G = SLn and let S be
any tame elliptic maximal torus which is not unramified (see Section A.2.4). For GLn, it
is often—but still not always!—the case that a given tame elliptic maximal torus will have
sufficiently many very regular elements, but this is surprisingly subtle as well (see Section
A.2 for explicit criteria in this setting).

It is not clear to us how to write down a necessary and sufficient criterion for S ⊂ G that
would guarantee that S(F ) has enough very regular elements. Even when G = GLn, such
a criterion is not so immediate. We provide these calculations in Section A.2.

For the GLn case, it is worth noting that every tame supercuspidal representation is
regular, and the finer Theorem A' applies here. Specializing Theorem A' to Henniart’s
two cases—when S is unramified, or when n is prime and S is totally ramified—recovers
Henniart’s characterization results. We lament, on the other hand, that our efforts fail to
extend Henniart’s GLn characterization results to the setting of arbitrary S.
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The potential failure of S(F ) to have sufficiently many very regular elements is a subtlety
related to the ramification of S. This allows us to leave the reader with one redeeming
fact: we at least have that if the size of the residue field of F is sufficiently large, then
any maximally unramified elliptic maximal torus will have sufficiently many very regular
elements (Lemma 8.6). This makes possible the unipotent supercuspidal criterion Theorem
B for arbitrary G.
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2. Notations and assumptions

Let F be a non-archimedean local field with finite residue field OF /pF ∼= Fq of prime
characteristic p, where we write OF and pF for the ring of its integers and the maximal
ideal, respectively. We let F ur denote the maximal unramified extension of F . We write ΓF
for the absolute Galois group of F . We fix a non-trivial additive character ψ of F .

For an algebraic variety J over F , we denote the set of its F -valued points by J . When
J is an algebraic group, we write ZJ for its center.

Let us assume that J is a connected reductive group over F . We follow the notation
around Bruhat–Tits theory used by [AS08, AS09, DS18]. (See, for example, [AS08, Section
3.1] for details.) Especially, B(J, F ) (resp. Bred(J, F )) denotes the enlarged (resp. reduced)
Bruhat–Tits building of J over F . For a point x ∈ B(J, F ) = Bred(J, F ) × X∗(ZJ)R, we

write x̄ for the image of x in Bred(J, F ), and Jx̄ for the stabilizer of x̄ in J . We define R̃
to be the set R t {r+ | r ∈ R} t {∞} with a natural order. Then for any r ∈ R̃≥0 we
can consider the r-th Moy–Prasad filtration Jx,r of J with respect to the point x. For any

r, s ∈ R̃≥0 satisfying r < s, we write Jx,r:s for the quotient Jx,r/Jx,s.
Suppose that T is a tamely ramified maximal torus of J. By fixing a T -equivariant

embedding of B(T, F ) into B(J, F ), we may regard B(T, F ) as a subset of B(J, F ). Then,
for any point x ∈ B(J, F ), the property that “x belongs to the image of B(T, F )” does not
depend on the choice of such an embedding (see the second paragraph of [FKS21, Section
3] for details). For any point x ∈ B(J, F ) which belongs to B(T, F ), we have Tb ⊂ Gx,
where Tb denotes the maximal bounded subgroup of T . When T is elliptic in J, the image
of B(T, F ) in Bred(J, F ) consists of only one point. When the image of a point x ∈ B(J, F )
in Bred(J, F ) coincides with this point (or, equivalently, x belongs to B(T, F )), we say that
x is associated with T. Note that, in this case, we have T ⊂ Jx̄.

In this paper, for any element x of a group H, we let x(−) or (−)x denote the conjugation
by y. For example, for any x, y ∈ H, we put xy := xyx−1 and yx := x−1yx; for any x ∈ H
and a subset H ′ ⊂ H, we put xH ′ := xH ′x−1 and H ′x := x−1H ′x; for any representation ρ
of a subgroup H ′ of H and x ∈ H, we define a representation xρ of xH ′ (resp. ρx of H ′x)
by xρ(xy) := ρ(y) (resp. ρx(yx) := ρ(y)). For any group H and its subgroups H1 and H2,
we put

NH(H1, H2) := {n ∈ H | nH1 ⊂ H2}.
When H1 = H2, we shortly write NH(H1) := NH(H1, H2).

Assumptions on F and G. Let G be a tamely ramified connected reductive group over
F . We always assume that p does not divide the order of the absolute Weyl group of G.
Note that this assumption implies that

• p is odd,
• p is not bad for G (in the sense of [AS08, Definition A.5]), and

• p - |π1(Gder)| and p - |π1(“Gder)|.
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Part 1. Characters of Deligne–Lusztig representations

3. Deligne–Lusztig representations of certain disconnected groups

In this section, we study the representation theory of the class of algebraic groups G over
Fq which contain a finite-index subgroup which is connected reductive modulo its center
(Section 3.1). We define an extended Jordan decomposition (Section 3.2) to replace the
classical notion of Jordan decomposition and use this to establish the representation theory
of G(Fq) à la Deligne and Lusztig (Sections 3.3, 3.4, 3.5).

3.1. Disconnected setting. Let G be a smooth group scheme defined over Fq such that
its identity component G◦ is a connected reductive group. We additionally assume that the
group of connected components π0(G) is a finitely generated abelian group and that there
exists a central subgroup ZG of G such that the index [G : G◦ZG] is finite. Note that this is
exactly the setting of [Kal19b, Section 2.1] (see Assumption 2.1.1 of op. cit.).

We will see that the choice of ZG allows us to mirror the structure theory of representations
of G◦(Fq) in this more general context. To this end, we put G′ := G◦ZG and ZG◦ := ZG∩G◦.
For any maximal torus S◦ of G◦, we put S := S◦ZG ⊂ G′; note that G′ = G◦S.

Remark 3.1. Note that G′(Fq) = G◦(Fq) · S(Fq). Indeed, since G′ is equal to G◦ · S and
the intersection G◦ ∩ S (= S◦) is connected, Lang’s theorem implies that the equality holds
also Fq-rationally. On the other hand, G′(Fq) might not equal G◦(Fq) · ZG(Fq) since the
intersection G◦ ∩ ZG might not be connected in general.

Remark 3.2. The following examples are of particular interest to us.

(1) Let G be a connected reductive group over Fq. Then G◦ = G and ZG := {1} satisfy
the above assumptions.

(2) Let G0 be a tamely ramified connected reductive group over F . We take a point
x of B(G0, F ) whose image x̄ in Bred(G0, F ) is a vertex. Then smooth group
schemes G and ZG over Fq associated with the groups G0

x̄ and ZG0 satisfy the above
assumptions (see Section 5.2)

Let θ be a character of S(Fq). We write θ◦ for the restriction θ|S◦(Fq) of θ to S◦(Fq).
Consider the Deligne–Lusztig induction RG◦

S◦ (θ◦) [DL76, Section 1.20]; it is a virtual repre-
sentation of G◦(Fq). Following Kaletha, we consider the following representations of G′(Fq)
and G(Fq) constructed from RG◦

S◦ (θ◦):

• Let RG′
S (θ) be Kaletha’s extension of RG◦

S◦ (θ◦) to G′(Fq) ([Kal19b, Remark 2.6.5]),
which satisfies
(1) RG′

S (θ)|G◦(Fq) = RG◦
S◦ (θ◦) and

(2) ZG(Fq) acts on RG′
S (θ) via θ|ZG(Fq).

• We put RG
S (θ) := Ind

G(Fq)
G′(Fq)R

G′
S (θ).

We then have:

G◦ G′ := G◦ZG G RG◦
S◦ (θ◦) RG′

S (θ) RG
S (θ)

S◦ S := S◦ZG θ◦ θ

⊂ ⊂ Ind

⊂

⊂

⊂ DL

We will work out several foundational results about the representations of G(Fq), guided
largely by the techniques of [DL76] (especially in Section 3) and [Lus20] (especially in Section
4.2). We collect some notation here that we will frequently use.
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Notation 3.3.

(a) Set [G◦] := G◦(Fq)/ZG◦(Fq), [G′] := G′(Fq)/ZG(Fq), [G] := G(Fq)/ZG(Fq). We
have then a sequence of finite groups

[G◦] ⊂ [G′] ⊂ [G].

For any Fq-rational maximal torus S◦ of G◦, set [S] := S(Fq)/ZG(Fq).
(b) For an Fq-rational maximal torus S◦ of G◦, let S(Fq)∧ denote the set of all characters

of S(Fq). For any character ω of ZG(Fq), let S(Fq)∧ω denote the subset of S(Fq)∧
consisting of θ for which θ|ZG(Fq) = ω.

(c) Let T̃ denote the set of pairs (S, θ) where S = S◦ZG for an Fq-rational maximal

torus S◦ of G◦ and θ ∈ S(Fq)∧. Let T̃ω denote the subset of T̃ consisting of (S, θ)
where θ ∈ S(Fq)∧ω .

(d) Let Irr(G(Fq)) denote the set of isomorphism classes of irreducible representations of
G(Fq). Given a character ω of ZG(Fq), let Irr(G(Fq))ω denote the subset consisting
of irreducible representations wherein ZG(Fq) acts by ω.

(e) LetR(G(Fq)) = Z[Irr(G(Fq))], and analogouslyR(G(Fq))ω = Z[Irr(G(Fq))ω]. When
ρ ∈ R(G(Fq)) belongs to R(G(Fq))ω, we say that “ω is the ZG-central character of
ρ”.

(f) For a unitary character ω of ZG(Fq), let C[G(Fq)]ω denote the set of all functions
f : G(Fq) → C such that f(gz) = ω(z) · f(g) for all g ∈ G(Fq) and z ∈ ZG(Fq).
We may endow C[G(Fq)]ω with an inner product: For any two functions f1, f2 ∈
C[G(Fq)]ω, we put

〈f1, f2〉 :=
1

|[G]|
∑
g∈[G]

f1(g) · f2(g).

Note that this is well-defined since the summand f1(g) · f2(g) is independent of the
choice of representative of the ZG(Fq)-coset g since f1, f2 ∈ C[G(Fq)]ω and ω is
unitary.

For any two representations ρ1, ρ2 ∈ R(G(Fq))ω, we set

〈ρ1, ρ2〉 := 〈Θρ1 ,Θρ2〉,

where Θρi denotes the character of ρi. We define this inner product also in the case
where ω is not necessarily unitary by using the following Lemma 3.4; by choosing a
character χ : G(Fq)→ C× such that ω⊗(χ|ZG(Fq)) is unitary, we put 〈ρ1, ρ2〉 := 〈ρ1⊗
χ, ρ2 ⊗ χ〉 (the right-hand side does not depend on the choice of χ). Furthermore,
we extend this to an inner product on R(G(Fq)) linearly: for distinct characters
ω1, ω2 and any virtual representations ρ1 ∈ R(G(Fq))ω1

, ρ2 ∈ R(G(Fq))ω2
, we set

〈ρ1, ρ2〉 = 0. Later, we will also need a truncated inner product; we define this in
Section 3.4.

Lemma 3.4. Let ω be a character of ZG(Fq). Then there exists a character χ : G(Fq)→ C×
such that ω ⊗ (χ|ZG(Fq)) is unitary. In particular, for any irreducible representation ρ of

G(Fq), there exists a character χ : G(Fq) → C× such that ρ ⊗ χ has a unitary ZG-central
character.

Proof. Recall that, by assumptions made in the beginning of Section 3.1,

(1) the group of connected components π0(G) is a finitely generated abelian group, and
(2) the index [G : G′] is finite.
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By (2), ZG/ZG◦ is a finite index subgroup of G/G◦ = π0(G). Hence (1) implies that
ZG/ZG◦ is a finitely generated abelian group, hence so is ZG(Fq)/ZG◦(Fq). Thus ZG(Fq)
is also a finitely generated abelian group since ZG◦(Fq) is a finite group. Then it can
be easily checked that there exists a character χ of ZG(Fq)/ZG◦(Fq) such that ω ⊗ χ is
unitary. Let us take such a character χ. Since G(Fq)/G◦(Fq) ⊂ (G/G◦)(Fq), we also
see that G(Fq)/G◦(Fq) is a finitely generated abelian group. Thus we can extend χ from
ZG(Fq)/ZG◦(Fq) to G(Fq)/G◦(Fq). If we again write χ for this extended character, then χ
satisfies the desired condition. �

3.2. Extended Jordan decomposition. We introduce a variant of the Jordan decompo-
sition in the disconnected group G′ following [Kal19a]. (We note that we work in a more
general set-up than in [Kal19a], but the arguments of op. cit. we mention here extend to our
more general setting without issue.) This will be necessary to state the character formula
for the representation RG

S (θ).

Definition 3.5 (extended Jordan decomposition). Let g′ be an element of G′(Fq). An
extended Jordan decomposition of g′ is a tuple

(g, t, ṫ, z, s, u)

consisting of the following objects:

• g ∈ G◦(Fq) and t ∈ S(Fq) are elements such that g′ = gt;
• ṫ ∈ S◦ and z ∈ ZG are elements such that t = ṫz;
• g′z−1 = gṫ = su is the Jordan decomposition in G◦, i.e., s ∈ G◦ is a semisimple

element and u ∈ G◦ is a unipotent element such that gṫ = su = us.

Lemma 3.6. For any g′ ∈ G′(Fq), we can always find an extended Jordan decomposition
of g′.

Proof. This is explained in the paragraph before [Kal19a, Proposition 3.4.24]. For the sake
of completeness, we explain it. Since we have G′(Fq) = G◦(Fq) · S(Fq) (see Remark 3.1),
we may find g ∈ G◦(Fq) and t ∈ S(Fq) such that g′ = gt. The existence of ṫ and z simply
follows from that S = S◦ ·ZG (note that this equality does not necessarily hold Fq-rationally,
thus ṫ and z are not necessarily Fq-rational). By taking the (usual) Jordan decomposition
gṫ = su of gṫ ∈ G◦, we obtain an extended Jordan decomposition (g, t, ṫ, z, s, u) of g′. �

We put G := G′/ZG ∼= G◦/ZG◦ and S := S/ZG ∼= S◦/ZG◦ .

Lemma 3.7. Let g′ ∈ G′(Fq) and (g, t, ṫ, z, s, u) an extended Jordan decomposition of g′.

(1) The image of s in G is Fq-rational. In particular, the connected centralizer G◦s of s
in G◦ has an Fq-rational structure.

(2) The unipotent part u belongs to G◦s(Fq).
(3) For any x ∈ G(Fq), the elements xs · z and xs · ṫ−1 are Fq-rational.

Proof. See the paragraph before [Kal19a, Proposition 3.4.24] for the proofs of (1) and (2).
By (1), there exists an element z′ ∈ ZG◦ such that Frob(s) = z′s. As su = gṫ and g is
Fq-rational, we also have

g Frob(ṫ) = Frob(gṫ) = Frob(su) = z′su = z′gṫ

(in the third equality, we used (2)). Hence we get Frob(ṫ) = z′ṫ. Thus we can see that, for
any x ∈ G(Fq), xs · ṫ−1 is fixed by the Frobenius. We can check that xs · z is fixed by the
Frobenius in a similar way. �
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Lemma 3.8. The association g′ 7→ (s, u) defines an injective map

[G′] ↪→ {(s, u) | s ∈ G(Fq)ss, u ∈ G◦s(Fq)unip},
where

• s (resp. u) is the semisimple (resp. unipotent) part of an(y) extended Jordan decom-
position of g′,

• G(Fq)ss denotes the set of semisimple (in the usual sense; note that G is an algebraic

group by the assumption on ZG) elements of G(Fq), and
• G◦s(Fq)unip denotes the set of unipotent elements of G◦s(Fq).

Proof. We first check that the association g′ 7→ (s, u) gives a well-defined map

G′(Fq)→ {(s, u) | s ∈ G(Fq)ss, u ∈ G◦s(Fq)unip}.
Let (g, t, ṫ, z, s, u) be an extended Jordan decomposition of g′. By Lemma 3.7 (1) and (2),
s belongs to G(Fq)ss and u belongs to G◦s(Fq)unip. Thus our task is to show that (s, u)
is independent of the choice of an extended Jordan decomposition. Let us take another
extended Jordan decomposition (g, t, ṫ, z, s, u) of g′. Then

su = gṫ = gtz−1 = g′z−1 = gtz−1 = gṫzz−1 = suzz−1.

Thus the uniqueness of the (usual) Jordan decomposition implies that s = szz−1 and u = u.
We next investigate the fibers of the map. Let g′1 and g′2 be elements of G′(Fq) with

extended Jordan decomposition (g1, t1, ṫ1, z1, s1, u1) and (g2, t2, ṫ2, z2, s2, u2), respectively,
such that s1 = s2z (with z ∈ ZG◦) and u1 = u2. Then we have

g′1 = g1t1 = g1ṫ1z1 = s1u1z1 = s2u2zz1 = g2ṫ2zz1 = g2t2zz1z
−1
2 = g′2zz1z

−1
2 .

As g′1 and g′2 are Fq-rational, so is zz1z
−1
2 . This completes the proof. �

We write Jord for the map of Lemma 3.8:

Jord : [G′] ↪→ {(s, u) | s ∈ G(Fq)ss, u ∈ G◦s(Fq)unip}.

Note that this map might not be surjective. We define a subset G(Fq)∗ ⊂ G(Fq)ss to be the
image of the map

[G′] ↪→ {(s, u) | s ∈ G(Fq)ss, u ∈ G◦s(Fq)unip}
prss−−→ G(Fq)ss,

where prss denotes the first projection. Then, Jord gives a bijection between the sets [G′]
and {(s, u) | s ∈ G(Fq)∗, u ∈ G◦s(Fq)unip}:

Jord : [G′] 1:1−−→ {(s, u) | s ∈ G(Fq)∗, u ∈ G◦s(Fq)unip}; g′ 7→ (s, u).

We sometimes abuse notation and write Jord to also mean the composition of the natural
surjection G′(Fq)→ [G′] with Jord.

Lemma 3.9. The map Jord is G(Fq)-conjugation equivariant. More precisely, if we have
Jord(g′) = (s, u) for g′ ∈ G′(Fq), then we have Jord(yg′) = (ys, yu) for any y ∈ G(Fq).

Proof. We take an extended Jordan decomposition (g, t, ṫ, z, s, u) of g′. For any y ∈ G(Fq),
we take an extended Jordan decomposition (gy, ty, ṫy, zy, sy, uy) of yg′. By the definition of
an extended Jordan decomposition, we have

syuy = gy ṫy = gytyz
−1
y = yg′z−1

y = y(gt)z−1
y = y(gṫz)z−1

y = y(suz)z−1
y = y(sz)z−1

y · yu.
Hence the uniqueness of the Jordan decomposition implies that syzy = y(sz) and uy = yu.
Thus we get the assertion. �
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3.3. Character formula for Deligne–Lusztig induction. Fix (S, θ) ∈ T̃ . We first recall

Kaletha’s character formula for the representation RG′
S (θ), which generalizes the Deligne–

Lusztig character formula in the connected setting ([DL76, Theorem 4.2]).

Proposition 3.10 ([Kal19a, Proposition 3.4.24]). For g′ ∈ G′(Fq) and any extended Jordan
decomposition (g, t, ṫ, z, s, u) for g′, we have

ΘRG′
S (θ)(g

′) =
|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦s(Fq)|

∑
x∈[G′]
xs∈S◦

Q
G◦s
Sx◦(u) · θ(xsz),

where Q
G◦s
Sx◦ is the Green function with respect to an Fq-rational maximal torus Sx◦ of G◦s

([DL76, Definition 4.1]). Note that xsz is an Fq-rational element of S by Lemma 3.7 (3),
hence θ(xsz) in the summand makes sense.

Proof. The statement of [Kal19a, Proposition 3.4.24] is that

ΘRG′
S (θ)(g

′) =
1

|G◦s(Fq)|
∑

x∈G◦(Fq)
xs∈S◦

Q
G◦s
Sx◦(u) · θ◦(xs · ṫ−1)θ(t)

=
1

|G◦s(Fq)|
∑

x∈G◦(Fq)
xs∈S◦

Q
G◦s
Sx◦(u) · θ(xsz).

Note that, although the character θ◦ is supposed to be regular in [Kal19a], Kaletha’s proof
of [Kal19a, Proposition 3.4.24] works in general. Only the point to care is that the Deligne–
Lusztig virtual representation is concentrated in a single degree if θ◦ is regular. Thus,
in [Kal19a, Proposition 3.4.24], Kaletha works with a genuine representation obtained by
twisting via a sign “(−1)rG−rS” coming from the degree. Since we work with the virtual

representation RG′
S (θ) itself, such a sign does not appear in the above formula.

For any x ∈ G′(Fq), xs ∈ S◦ if and only if yxs ∈ S◦ for any y ∈ S(Fq). Moreover, in
this case, we have yxs = xs and Sx◦ = Syx◦. By combining this trivial observation with the
equality G′(Fq) = S(Fq)G◦(Fq), we see that

1

|G◦s(Fq)|
∑

x∈G◦(Fq)
xs∈S◦

Q
G◦s
Sx◦(u) · θ(xsz) =

|ZG◦(Fq)|
|G◦s(Fq)|

∑
x∈[G◦]
xs∈S◦

Q
G◦s
Sx◦(u) · θ(xsz)

=
|ZG◦(Fq)|
|G◦s(Fq)|

· |[G
◦]|

|[G′]|
∑
x∈[G′]
xs∈S◦

Q
G◦s
Sx◦(u) · θ(xsz). �

Corollary 3.11. For g ∈ G(Fq)rG′(Fq), we have ΘRG
S (θ)(g) = 0. For g′ ∈ G′(Fq) and any

extended Jordan decomposition (g, t, ṫ, z, s, u) of g′, we have

ΘRG
S (θ)(g

′) =
|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦s(Fq)|

∑
x∈[G]
xs∈S◦

Q
G◦s
Sx◦(u) · θ(xsz).

Proof. Since RG
S (θ) = Ind

G(Fq)
G′(Fq)(R

G′
S (θ)) and G′(Fq) is a normal subgroup of G(Fq), we have

ΘRG
S (θ)(g

′) =
∑

y∈G′(Fq)\G(Fq)

Θ̇RG′
S (θ)(

yg′)
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by the Frobenius formula, where Θ̇RG′
S (θ) is the zero extension of ΘRG′

S (θ) from G′(Fq) to

G(Fq). (Note that the index set is finite by the assumption that [G : G′] is finite.) Thus we
get the first assertion.

To check the second assertion, we assume that g′ belongs to G′(Fq). We take an extended
Jordan decomposition (g, t, ṫ, z, s, u) of g′. For any y ∈ G(Fq), we take an extended Jordan
decomposition (gy, ty, ṫy, zy, sy, uy) of yg′. Then, by Proposition 3.10, we have

Θ̇RG′
S (θ)(

yg′) = ΘRG′
S (θ)(

yg′) =
|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦sy (Fq)|

∑
x∈[G′]
xsy∈S◦

Q
G◦sy
Sx◦ (uy) · θ(xsyzy).

By Lemma 3.9, we have ys = sy in G and yu = uy. In particular,

• the condition xsy ∈ S◦ is equivalent to the condition that xys ∈ S◦,
• G◦sy is equal to G◦ys = yG◦s, and

• Q
G◦sy
Sx◦ (uy) = Q

yG◦s
Sx◦ (yu) = Q

G◦s
Sxy◦(u).

Therefore, by also noting that syzy = ysz (see the proof of Lemma 3.9), we have∑
y∈G′(Fq)\G(Fq)

Θ̇RG′
S (θ)(

yg′) =
∑

y∈G′(Fq)\G(Fq)

|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦sy (Fq)|

∑
x∈[G′]
xsy∈S◦

Q
G◦sy
Sx◦ (uy) · θ(xsyzy)

=
|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦s(Fq)|

∑
y∈G′(Fq)\G(Fq)

∑
x∈[G′]
xys∈S◦

Q
G◦s
Sxy◦(u) · θ(xysz)

=
|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦s(Fq)|

∑
x∈[G]
xs∈S◦

Q
G◦s
Sx◦(u) · θ(xsz). �

Corollary 3.11 simplifies further in the special case that g′ ∈ G′(Fq) is semisimple or
regular semisimple in the sense of the following definition.

Definition 3.12. Let g′ ∈ G′(Fq) be an element with an extended Jordan decomposition
(g, t, ṫ, z, s, u). We say that g′ is semisimple if the unipotent part u is trivial. When g′ is
semisimple, we say that g′ is regular semisimple (resp. elliptic regular semisimple) if s is
regular semisimple (resp. elliptic regular semisimple) in G◦.

Note that, for any semisimple g′ ∈ G′(Fq) with an extended Jordan decomposition
(g, t, ṫ, z, s, u), we have G◦g′ = G◦s. Also note that g′ ∈ G′(Fq) is regular semisimple if

and only if the connected centralizer G◦g′ of g′ in G◦ is an Fq-rational maximal torus of G◦.
We let G′(Fq)ss denote the subset of semisimple elements of G′(Fq).

Corollary 3.13. For any semisimple element g′ ∈ G′(Fq)ss, we have

ΘRG
S (θ)(g

′) =
(−1)r(G

◦
g′ )−r(S

◦)

|G◦g′(Fq)|p · |[S]|
∑
x∈[G]

xg′∈S(Fq)

θ(xg′),

where r(G◦g′) (resp. r(S◦)) denotes the split rank of G◦g′ (resp. S◦) and |G◦g′(Fq)|p denotes

the largest power of p which divides |G◦g′(Fq)|.
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Proof. Let g′ ∈ G′(Fq) be a semisimple element with an extended Jordan decomposition
(g, t, ṫ, z, s, 1). Then Corollary 3.11 gives

ΘRG
S (θ)(g

′) =
|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦g′(Fq)|

∑
x∈[G]
xs∈S◦

Q
G◦
g′

Sx◦ (1) · θ(xg′).

Let x ∈ G(Fq) be arbitrary. By Deligne–Lusztig’s formula for the value of Green functions
at the identity [DL76, Theorem 7.1], we have

Q
G◦
g′

Sx◦ (1) = (−1)r(G
◦
g′ )−r(S

◦) ·
|G◦g′(Fq)|

StG◦
g′

(1) · |S◦(Fq)|

where we use that r(S◦) = r(Sx◦) and |S◦(Fq)| = |Sx◦(Fq)|. Here, StG◦
g′

denotes the Steinberg

character of the group G◦g′ . According to, for example, [Car85, Proposition 6.4.4], StG◦
g′

(1)

is given by |G◦g′(Fq)|p. Hence we get

ΘRG
S (θ)(g

′) =
|[G◦]|
|[G′]|

· (−1)r(G
◦
g′ )−r(S

◦)

|G◦g′(Fq)|p · |[S◦]|
∑
x∈[G]
xs∈S◦

θ(xg′)

Note that xs ∈ S◦ if and only if xg′ ∈ S(Fq). Thus, to deduce the desired result, we only
need to show

|[G◦]|
|[G′]|

· 1

|[S◦]|
=

1

|[S]|
But this holds since the natural map [S]/[S◦]→ [G′]/[G◦] is bijective. �

Let us observe that the above formula takes an even simpler form when g′ ∈ G′(Fq) is
regular semisimple. For any regular semisimple element g′ ∈ G′(Fq), we let S◦g′ denote the

connected centralizer of g′ in G◦, which is an Fq-rational maximal torus of G◦, and put

WG(Fq)(S
◦
g′ ,S◦) := S(Fq)\NG(Fq)(S

◦
g′ ,S◦)

= S(Fq)\{n ∈ G(Fq) | nS◦g′ = S◦}.

If we put Sg′ := S◦g′ZG ⊂ G′ and define WG(Fq)(Sg′ ,S) in a similar way, then obviously we

have NG(Fq)(S◦g′ ,S◦) = NG(Fq)(Sg′ ,S) and WG(Fq)(S◦g′ ,S◦) = WG(Fq)(Sg′ ,S). We remark that

any regular semisimple element g′ ∈ G′(Fq) belongs to Sg′ .

Corollary 3.14. For any regular semisimple element g′ ∈ G′(Fq)ss, we have

ΘRG
S (θ)(g

′) =
∑

n∈WG(Fq)(S◦g′ ,S
◦)

θ(ng′).

Proof. By Corollary 3.13, we have

ΘRG
S (θ)(g

′) =
(−1)r(G

◦
g′ )−r(S

◦)

|G◦g′(Fq)|p · |[S]|
∑
x∈[G]

xg′∈S(Fq)

θ(xg′).

Since g′ is regular semisimple, for any x ∈ G(Fq), xg′ ∈ S(Fq) if and only if xS◦g′ = S◦.
Moreover, whenever such an element x exists, G◦g′ (= S◦g′) is Fq-rationally isomorphic to

S◦. In particular, we have r(G◦g′) = r(S◦). Furthermore, since G◦g′ is a torus, |G◦g′(Fq)| is

prime-to-p, hence |G◦g′(Fq)|p equals 1. Thus we get the desired formula. �
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3.4. Scalar product formula. Let ω be a unitary character of ZG(Fq). Recall the inner
product on C[G(Fq)]ω defined in Notation 3.3.

We will need a truncated inner product, which we define now. Let G(Fq)• be a subset of

G(Fq)∗ which is invariant under G(Fq)-conjugacy. We put

[G′]• := (prss ◦ Jord)−1(G(Fq)•),
where prss denotes the first projection (s, u) 7→ s. We have:

[G′] {(s, u) | s ∈ G(Fq)∗, u ∈ G◦s(Fq)unip}

[G′]• {(s, u) | s ∈ G(Fq)•, u ∈ G◦s(Fq)unip}

Jord

1:1

Jord

1:1

We introduce a truncated inner product over [G′]• as follows:

〈f1, f2〉• :=
1

|[G]|
∑

g∈[G′]•

f1(g) · f2(g),

where f1, f2 ∈ C[G(Fq)]ω.

Proposition 3.15. For any (S1, θ1), (S2, θ2) ∈ T̃ω, we have

〈RG
S1

(θ1), RG
S2

(θ2)〉• =
1

|[S1]| · |[S2]|
∑

s∈S1(Fq)•
n∈NG(Fq)(S1,S2)/ZG(Fq)

θ1(ṡ)θ2(nṡ),

where S1(Fq)• denotes S1(Fq)∩G(Fq)• and ṡ is any representative of s ∈ S1(Fq)• in S1(Fq).

(Note that such ṡ can be taken since G(Fq)• ⊂ G(Fq)∗ and also that the summands are
independent of the choice of ṡ since θ1|ZG(Fq) = θ2|ZG(Fq) = ω.)

Proof. For each (representative of) g′ ∈ [G′]•, we fix an extended Jordan decomposition
(g, t, ṫ, z, s, u). Then, by Corollary 3.11,

ΘRG
Si

(θi)(g
′) =

|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦s(Fq)|

∑
x∈[G]
xs∈S◦i

Q
G◦s
Sx◦i

(u) · θi(xsz)

for each i = 1, 2. Hence 〈RG
S1

(θ1), RG
S2

(θ2)〉• is given by

1

|[G]|
· |[G

◦]|2

|[G′]|2
∑

g′∈[G′]•

|ZG◦(Fq)|2

|G◦s(Fq)|2
∑
x1∈[G]
x1s∈S◦1

Q
G◦s
Sx1◦
1

(u) · θ1(x1sz)
∑
x2∈[G]
x2s∈S◦2

Q
G◦s
Sx2◦
2

(u) · θ2(x2sz).

Since [G′]• is bijective to {(s, u) | s ∈ G(Fq)•, u ∈ G◦s(Fq)unip} under the map Jord, we see
that this equals

|ZG◦(Fq)|2

|[G]|
· |[G

◦]|2

|[G′]|2
∑

s∈G(Fq)•

1

|G◦s(Fq)|2
∑

x1,x2∈[G]
xis∈Si

θ1(x1 ṡ)θ2(x2 ṡ)
∑

u∈G◦s(Fq)unip

Q
G◦s
Sx1◦
1

(u)Q
G◦s
Sx2◦
2

(u).

Here ṡ is any representative of s ∈ G(Fq)• in G(Fq). We recall the orthogonality relation
for Green functions of G◦s ([DL76, Theorem 6.9]):

1

|G◦s(Fq)|
∑

u∈G◦s(Fq)unip

Q
G◦s
Sx1◦
1

(u) ·QG◦s
Sx2◦
2

(u) =
|NG◦s(Fq)(S

x1◦
1 ,Sx2◦

2 )|
|Sx1◦

1 (Fq)| · |Sx2◦
2 (Fq)|

.
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By noting that |Sxi◦i (Fq)| = |S◦i (Fq)| and |[G◦]|/|[G′]| = |[S◦i ]|/|[Si]|, we get

〈RG
S1

(θ1), RG
S2

(θ2)〉• =
1

|[G]| · |[S1]| · |[S2]|
∑

s∈G(Fq)•

1

|G◦s(Fq)|
∑

x1,x2∈[G]
xis∈Si

n1∈NG◦s (Fq)(S
x1◦
1 ,Sx2◦

2 )

θ1(x1 ṡ)θ2(x2 ṡ).

Here, as in the proof of [DL76, Lemma 6.10], we note that the set

{(x1, x2, n1) ∈ [G]× [G]×NG◦s(Fq)(S
x1◦
1 ,Sx2◦

2 ) | x1s ∈ S1,
x2s ∈ S2}

is bijective to the set

{(x1, n, n1) ∈ [G]× (NG(Fq)(S1,S2)/ZG(Fq))×G◦s(Fq) | x1s ∈ S1}
by the map

(x1, x2, n1) 7→ (x1, x2n1x
−1
1 , n1).

(note that NG(Fq)(S◦1,S◦2) = NG(Fq)(S1,S2)). Hence∑
x1,x2∈[G]
xis∈Si

n1∈NG◦s (Fq)(S
x1◦
1 ,Sx2◦

2 )

θ1(x1 ṡ)θ2(x2 ṡ) =
∑

x1∈[G]; x1s∈S1

n∈NG(Fq)(S1,S2)/ZG(Fq)
n1∈G◦s(Fq)

θ1(x1 ṡ)θ2(nx1n
−1
1 ṡ)

= |G◦s(Fq)|
∑

x1∈[G]; x1s∈S1

n∈NG(Fq)(S1,S2)/ZG(Fq)

θ1(x1 ṡ)θ2(nx1 ṡ).

Therefore we have

〈RG
S1

(θ1), RG
S2

(θ2)〉• =
1

|[G]| · |[S1]| · |[S2]|
∑

s∈G(Fq)•

∑
x1∈[G]; x1s∈S1

n∈NG(Fq)(S1,S2)/ZG(Fq)

θ1(x1 ṡ)θ2(nx1 ṡ).

Finally, we note that the association (s, x1) 7→ x1s gives a well-defined map

{(s, x1) ∈ G(Fq)• × [G] | x1s ∈ S1} → S1(Fq)•.

Furthermore, this map is surjective and the order of each fiber equals |[G]| since the set
G(Fq)• is invariant under G(Fq)-conjugation. Therefore we get

〈RG
S1

(θ1), RG
S2

(θ2)〉• =
1

|[S1]| · |[S2]|
∑

s∈S1(Fq)•
n∈NG(Fq)(S1,S2)/ZG(Fq)

θ1(ṡ)θ2(nṡ). �

Definition 3.16 (in general position). We say that a character θ of S(Fq) is in general
position if the stabilizer of θ in WG(Fq)(S) is trivial.

Corollary 3.17. For any (S1, θ1), (S2, θ2) ∈ T̃ , we have

〈RG
S1

(θ1), RG
S2

(θ2)〉 = |{w ∈WG(Fq)(S1,S2) | θ1 = θw2 }|.

In particular, RG
S (θ) is irreducible up to sign if θ is in general position.

Proof. By definition, if θ1|ZG(Fq) 6= θ2|ZG(Fq), then both sides of the desired identity vanish.
Hence we may assume both θ1, θ2 restrict to the same character ω on ZG(Fq). Furthermore,
by noting that RG

S (θ) ⊗ χ ∼= RG
S (θ ⊗ χ) for any character χ : G(Fq) → C× (this can be

checked by looking at the character formula of RG
S (θ); Corollary 3.11), we may assume that
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ω is unitary by Lemma 3.4. Then we may apply Proposition 3.15. Since we take • = ∗ in
this setting, S1(Fq)• is given by the image of S1(Fq) in S1(Fq). Hence

〈RG
S1

(θ1), RG
S2

(θ2)〉 = 〈RG
S1

(θ1), RG
S2

(θ2)〉∗ =
1

|[S1]| · |[S2]|
∑
s∈[S1]

n∈NG(Fq)(S1,S2)/ZG(Fq)

θ1(s)θ2(ns).

When NG(Fq)(S1,S2) is empty, this equals zero. Let us consider the case where NG(Fq)(S1,S2)
is nonempty. In this case, by taking conjugation, we may assume that S1 = S2. Then we
have

〈RG
S1

(θ1), RG
S1

(θ2)〉 =
1

|[S1]|2
∑
s∈[S1]

n∈NG(Fq)(S1)/ZG(Fq)

θ1(s)θ2(ns).

As we have ∑
s∈[S1]

θ1(s)θ2(ns) =

®
0 if θ1 6= θn2 ,

|[S1]| if θ1 = θn2 ,

we get

〈RG
S1

(θ1), RG
S1

(θ2)〉 =
1

|[S1]|
· |{n ∈ NG(Fq)(S1)/ZG(Fq) | θ1 = θn2 }|

= |{w ∈WG(Fq)(S1) | θ1 = θw2 }|.
�

3.5. Computations on semisimple elements and exhaustion. In this section, we re-
produce the results of [DL76, Section 7] in our context. The proofs follow exactly the same
strategy as op. cit., with modifications needed due to the fact that G(Fq) is a possibly infi-
nite group. For example, compare our µs, µ

′
s in Section 3.5.1 below with the µ and µ′ after

[DL76, Proposition 7.5].

Proposition 3.18. For any ρ ∈ R(G(Fq)) and any semisimple element s ∈ G′(Fq),

Θρ(s) =
1

|G◦s(Fq)|p

∑
S◦⊂G◦s

∑
θ∈S(Fq)∧

θ(s) · (−1)r(G
◦
s)−r(S◦) · 〈ρ,RG

S (θ)〉,

where the first sum is over Fq-rational maximal tori of G◦s. In particular, if s ∈ G′(Fq) is
regular semisimple, then it is contained in a unique torus S and

Θρ(s) =
∑

θ∈S(Fq)∧
θ(s) · 〈ρ,RG

S (θ)〉

Here, note that the sum over θ ∈ S(Fq)∧ is in fact finite since 〈ρ,RG
S (θ)〉 vanishes unless

θ|ZG(Fq) coincides with the ZG-central character of an irreducible constituent of ρ (recall that
S(Fq)/ZG(Fq) is finite).

Before proving Proposition 3.18, we note that the Proposition 3.18 in the case s = 1 gives
a dimension formula: for any ρ ∈ R(G(Fq)),

dim ρ =
1

|G◦(Fq)|p

∑
S◦⊂G◦

∑
θ∈S(Fq)∧

(−1)r(G
◦)−r(S◦) · 〈ρ,RG

S (θ)〉.

It immediately follows that:

Corollary 3.19. For any irreducible ρ ∈ R(G(Fq)), there exists (S, θ) ∈ T̃ such that ρ is a
subrepresentation of RG

S (θ).
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3.5.1. Proof of Proposition 3.18. Observe first that to prove the proposition, it suffices to
prove that for any ω, ρ ∈ R(G(Fq))ω, and any semisimple element s ∈ G′(Fq), the following
equation holds:

(3) Θρ(s) =
1

|G◦s(Fq)|p

∑
S◦⊂G◦s

∑
θ∈S(Fq)∧ω

θ(s) · (−1)r(G
◦
s)−r(S◦) · 〈ρ,RG

S (θ)〉.

Moreover, by Lemma 3.4, we may assume that ω is unitary.
Let s ∈ G′(Fq) be semisimple. For g ∈ G(Fq), define

µs(g) :=
1

|G◦s(Fq)|p

∑
S◦⊂G◦s

∑
θ∈S(Fq)∧ω

θ(s)−1(−1)r(G
◦
s)−r(S◦)ΘRG

S (θ)(g)

µ′s(g) :=
∑
x∈[G]

g−1xsx−1∈ZG(Fq)

ω(g−1xsx−1)−1.

It is easy to check that µs, µ
′
s ∈ C[G(Fq)]ω.

Proposition 3.20. We have µs = µ′s.

Proof. We calculate 〈µ′s, µ′s〉, 〈µs, µ′s〉, and 〈µs, µs〉:
We have:

〈µ′s, µ′s〉 =
1

|[G]|
∑
g∈[G]

∑
x∈[G]

g−1xsx−1∈ZG(Fq)

∑
x′∈[G]

g−1x′sx′−1∈ZG(Fq)

ω(g−1xsx−1)−1 · ω(g−1x′sx′−1).

For any fixed x ∈ [G], only an element g of the ZG-coset of xsx−1 can satisfy the condition
g−1xsx−1 ∈ ZG(Fq). Thus we have

〈µ′s, µ′s〉 =
1

|[G]|
∑
x∈[G]

∑
x′∈[G]

xs−1x−1x′sx′−1∈ZG(Fq)

ω(xs−1x−1x′sx′−1).

Note that, as xs−1x−1x′sx′−1 ∈ ZG(Fq), we have xs−1x−1x′sx′−1 = s−1x−1x′sx′−1x. Thus,
by putting y := x′−1x, we get

〈µ′s, µ′s〉 =
1

|[G]|
∑
x∈[G]

∑
y∈[G]

s−1y−1sy∈ZG(Fq)

ω(s−1y−1sy) =
∑
y∈[G]

s−1y−1sy∈ZG(Fq)

ω(s−1y−1sy).(4)

We have:

〈µs, µ′s〉 =
1

|[G]| · |G◦s(Fq)|p

∑
g∈[G]

∑
(S◦,θ,x)

θ(s)−1(−1)r(G
◦
s)−r(S◦)ΘRG

S (θ)(g)ω(g−1xsx−1)

where the sum ranges over (S◦, θ, x) where S◦ is an Fq-rational maximal torus of G◦s and
θ ∈ S(Fq)∧ω and x ∈ [G] such that g−1xsx−1 ∈ ZG(Fq). If g−1xsx−1 = z, then

ΘRG
S (θ)(g)ω(g−1xsx−1) = ΘRG

S (θ)(xsx
−1z−1)ω(z) = ΘRG

S (θ)(xsx
−1) = ΘRG

S (θ)(s).
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Hence we obtain

〈µs, µ′s〉 =
1

|[G]| · |G◦s(Fq)|p

∑
g∈[ccl(s)]

∑
(S◦,θ,x)

θ(s)−1(−1)r(G
◦
s)−r(S◦)ΘRG

S (θ)(s)

=
1

|G◦s(Fq)|p

∑
(S◦,θ)

θ(s)−1(−1)r(G
◦
s)−r(S◦)ΘRG

S (θ)(s),

where we use that there are |[ccl(s)]| choices for g ∈ [G] ([ccl(s)] denotes the image of the
G(Fq)-conjugacy class of s in [G]), |[Gs(Fq)]| choices for x, and |[G]| = |[ccl(s)]| · |[Gs(Fq)]|.
By Corollary 3.13, we have

ΘRG
S (θ)(s) =

(−1)r(G
◦
s)−r(S◦)

|G◦s(Fq)|p · |[S]|
∑
x∈[G]

x−1sx∈S(Fq)

θ(x−1sx).

Therefore

〈µs, µ′s〉 =
1

|G◦s(Fq)|2p

∑
(S◦,θ)

1

|[S]|
∑
x∈[G]

x−1sx∈S(Fq)

θ(s−1x−1sx)

=
1

|G◦s(Fq)|2p

∑
S◦

|S(Fq)∧ω |
|[S]|

∑
x∈[G]

s−1x−1sx∈ZG(Fq)

ω(s−1x−1sx)

=
∑
x∈[G]

s−1x−1sx∈ZG(Fq)

ω(s−1x−1sx),(5)

where

• the second equality holds since
∑
θ∈S(Fq)∧ω

θ(s−1x−1sx) equals 0 if s−1x−1sx /∈
ZG(Fq) and equals |S(Fq)∧ω | · ω(s−1x−1sx) if s−1x−1sx ∈ ZG(Fq),

• the last equality holds since |S(Fq)∧ω | = |[S]| and the number of Fq-rational maximal
tori S◦ in G◦s is exactly |G◦s(Fq)|2p (see [Car85, Theorem 3.4.1]).

We have

〈µs, µs〉 =
1

|G◦s(Fq)|2p

∑
(S◦,θ),(S′◦,θ′)

θ(s)−1θ′(s)(−1)r(S
◦)+r(S′◦)〈RG

S (θ), RG
S′(θ

′)〉,

where (S◦, θ) ranges over all pairs consisting of an Fq-rational maximal torus S◦ of G◦s and a
character θ ∈ S(Fq)∧ω , and similarly for (S′◦, θ′). By Corollary 3.17, r(S◦) = r(S′◦) whenever
〈RG

S (θ), RG
S′(θ

′)〉 6= 0. Hence, by Proposition 3.15, we get

〈µs, µs〉 =
1

|G◦s(Fq)|2p

∑
(S,θ),(S′◦,θ′)

θ(s)−1θ′(s)
∑
t∈[S]

n∈NG(Fq)(S,S′)/ZG(Fq)

θ(t) · θ′n(t)−1

|[S]| · |[S′]|
.

By noting that |[S]| = |[S′]| whenever NG(Fq)(S,S′) 6= ∅ and that the sum of θ(t) · θ′n(t)−1

over t ∈ [S] is not zero only if θ′n = θ (and is given by |[S]| in this case), we get

〈µs, µs〉 =
1

|G◦s(Fq)|2p

∑
S◦,S′◦

n∈NG(Fq)(S,S′)/ZG(Fq)

∑
θ∈S(Fq)∧ω

θ(s)−1θ(n−1sn) · 1

|[S]|
.
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Note that we have a bijection

{g ∈ G(Fq) | g−1sg ∈ S}/NG(Fq)(S)
1:1−−→ {S′◦ ⊂ G◦s | NG(Fq)(S,S

′) 6= ∅}

given by g 7→ gS◦ and that NG(Fq)(S,S′) = gNG(Fq)(S) when S′◦ = gS◦. Hence we get

〈µs, µs〉 =
1

|G◦s(Fq)|2p

∑
S◦

1

|[S]|
∑

g∈G(Fq)/NG(Fq)(S)

g−1sg∈S

∑
n∈gNG(Fq)(S)/ZG(Fq)

∑
θ∈S(Fq)∧ω

θ(s−1n−1sn)

=
1

|G◦s(Fq)|2p

∑
S◦

1

|[S]|
∑
n∈[G]

n−1sn∈S

∑
θ∈S(Fq)∧ω

θ(s−1n−1sn)

=
∑
x∈[G]

s−1x−1sx∈ZG(Fq)

ω(s−1x−1sx),(6)

where the last equality holds by exactly the reasons in the bullet points following (5).
Combining Equations (4), (5), (6), we have the desired equalities 〈µ′s, µ′s〉 = 〈µs, µ′s〉 =

〈µs, µs〉, which implies 〈µs − µ′s, µs − µ′s〉 = 0, so that µs = µ′s. �

We are now ready to prove (3). We have

〈Θρ, µ
′
s〉 =

1

|[G]|
∑
g∈[G]

∑
x∈[G]

g−1xsx−1∈ZG(Fq)

Θρ(g)ω(g−1xsx−1).

For any x ∈ [G], there exists a unique ZG(Fq)-coset of ġ ∈ G(Fq) such that ġ−1xsx−1 ∈
ZG(Fq). Let ẋ ∈ G(Fq) be any lift of x and write ġ−1ẋsẋ−1 = z ∈ ZG(Fq). Then

Θρ(ġ)ω(ġ−1ẋsẋ−1) = Θρ(ẋsẋ
−1z−1)ω(z) = Θρ(ẋsẋ

−1) = Θρ(s).

We therefore have

〈Θρ, µ
′
s〉 =

1

|[G]|
∑
x∈[G]

Θρ(s) = Θρ(s).

The desired formula (3) for Θρ(s) now holds by applying Proposition 3.20.

4. Characterization theorem at finite field level

We retain the set-up and notation of Section 3 and use the result on the representation
theory of G(Fq) established there to address the question:

Is an irreducible representation of G(Fq) determined by its character on
regular semisimple elements (in the sense of Definition 3.12)?

More generally, we study this question for an arbitrary conjugation-invariant subset G(Fq)•
of the regular semisimple locus. In Section 4.1, we will see that for a fixed maximal torus
S◦ ⊂ G◦, if θ is in general position and S(Fq)• is sufficiently large in the sense of (H•), then
RG

S (θ) is uniquely determined by its character on G(Fq)• (Theorem 4.4), which we already
know is given by a remarkably simple formula (Corollary 3.14). In Section 4.2, we prove
that if G(Fq)• satisfies the stronger inequality (L•), then in fact Lusztig’s map E (and its

refinement Ẽ) can be defined purely from the elementary data of character values on G(Fq)•.
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4.1. Characterization theorem at finite level for θ in general position. As in Section
3.4, let G(Fq)• be any subset of G(Fq)∗ invariant under G(Fq)-conjugacy. We furthermore

assume that G(Fq)• is contained in the regular semisimple locus G(Fq)rs of G(Fq).
Suppose that we have a subset G′(Fq)• of G′(Fq) whose image in [G′] is equal to [G′]• and

suppose furthermore that there exists a finite-index subgroup Z?G of ZG such that G′(Fq)• is
invariant under Z?G(Fq)-translation. Note here that G′(Fq)• may not be the full preimage of
[G′]• under G′(Fq) � [G′]! This allows for the possibility that G′(Fq)• may not be invariant
under ZG(Fq)-translation, hence the necessity for the introduction of Z?G.

G′(Fq) [G′] {(s, u) | s ∈ G(Fq)∗, u ∈ G◦s(Fq)unip}

G′(Fq)• [G′]• {(s, u) | s ∈ G(Fq)•, u ∈ G◦s(Fq)unip}

Jord

1:1

Jord

1:1

We put G(Fq)◦ := G(Fq)∗rG(Fq)•, G′(Fq)◦ := G′(Fq)rG′(Fq)•, and G(Fq)◦ := G(Fq)r
G′(Fq)•. We also put [G′]◦ := [G′] r [G′]• and [G]◦ := [G] r [G′]•. We also introduce the
quotients of G(Fq), G′(Fq)? (for ? ∈ {•, ◦}), and G(Fq)◦ by Z?G(Fq):

• [G]? := G(Fq)/Z?G(Fq),
• [G′]?? := G′(Fq)?/Z?G(Fq), and
• [G]?◦ := G(Fq)◦/Z?G(Fq).

For any Fq-rational maximal torus S◦ of G◦, we put S(Fq)? := S(Fq) ∩ G′(Fq)? for ? ∈
{•, ◦}. We also put

• [S]? := S(Fq)/Z?G(Fq), and
• [S]?? := S(Fq)?/Z?G(Fq).

Remark 4.1. In the cases of Remark 3.2, we take a finite index subgroup Z?G of ZG as follows:

(1) We simply take Z?G := {1}.
(2) Let suppose that G0 is a tame twisted Levi subgroup of a connected reductive group

G over F such that ZG0/ZG is anisotropic. Then we take Z?G to be the image of
ZG (see Section 6.2).

For a unitary character ω? of Z?G(Fq), we define an inner product 〈−,−〉? on the space
C[G(Fq)]ω? by

〈f1, f2〉? :=
1

|[G]?|
∑
g∈[G]?

f1(g) · f2(g),

for any f1, f2 ∈ C[G(Fq)]ω? . Then, in the same way as 〈−,−〉, we can define the inner
product 〈ρ1, ρ2〉? for any two representations ρ1, ρ2 ∈ R(G(Fq)) and also its truncated
versions 〈ρ1, ρ2〉?• and 〈ρ1, ρ2〉?◦.

Proposition 4.2. For any (S1, θ1) ∈ T̃ω1
and (S2, θ2) ∈ T̃ω2

such that ω1|Z?G(Fq) = ω2|Z?G(Fq),
we have

〈RG
S1

(θ1), RG
S2

(θ2)〉?◦ =
1

|[S1]?| · |[S2]?|
∑

s∈[S1]?◦
n∈NG(Fq)(S1,S2)/Z?G(Fq)

θ1(s)θ2(ns).

Proof. A similar proof to Proposition 3.15 works, but we need a minor modification as we
explain in the following.
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For each (representative of) g? ∈ [G′]?◦, we fix an extended Jordan decomposition (g, t, ṫ, z, s, u).
Then, by Corollary 3.11,

ΘRG
Si

(θi)(g
?) =

|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦s(Fq)|

∑
x∈[G]
xs∈S◦i

Q
G◦s
Sx◦i

(u) · θi(xsz)

=
|[G◦]|
|[G′]|

· |ZG◦(Fq)|
|G◦s(Fq)|

· |Z
?
G(Fq)|
|ZG(Fq)|

∑
x∈[G]?
xs∈S◦i

Q
G◦s
Sx◦i

(u) · θi(xsz)

for each i = 1, 2. Hence 〈RG
S1

(θ1), RG
S2

(θ2)〉?◦ is given by

|ZG◦(Fq)|2

|[G]?|
· |[G

◦]|2

|[G′]|2
· |Z

?
G(Fq)|2

|ZG(Fq)|2
∑

g?∈[G′]?◦

1

|G◦s(Fq)|2

·
∑

x1∈[G]?
x1s∈S◦1

Q
G◦s
Sx1◦
1

(u) · θ1(x1sz)
∑

x2∈[G]?
x2s∈S◦2

Q
G◦s
Sx2◦
2

(u) · θ2(x2sz).

We consider the natural quotient map

ν : [G′]?◦ � [G′]◦.

For any (s, u) such that s ∈ G(Fq)◦ and u ∈ G◦s(Fq)unip, we put g′(s,u)
:= Jord−1(s, u) ∈

[G′]◦. We fix an element g?(s,u) ∈ ν
−1(g′(s,u)) for each (s, u), hence we have ν−1(g′(s,u)) ⊂

g?(s,u)ZG(Fq)/Z?G(Fq). Let Z(s,u) ⊂ ZG(Fq)/Z?G(Fq) be the subset satisfying ν−1(g′(s,u)) =

g?(s,u)Z(s,u). Then we have

[G′]?◦ =
⊔

s∈G(Fq)◦

⊔
u∈Gs(Fq)unip

g?(s,u)Z(s,u).(7)

Note that it can happen Z(s,u) ( ZG(Fq)/Z?G(Fq) only when s is regular semisimple. Indeed,
if Z(s,u) ( ZG(Fq)/Z?G(Fq), then there exists a z ∈ ZG(Fq) satisfying g?(s,u)z ∈ [G′]?•, which

implies that s is regular semisimple and u = 1. Hence, we have Z(s,u) = ZG(Fq)/Z?G(Fq)
whenever u 6= 1. In other words, Z(s,u) depends only on s. Let us simply write Zs for Z(s,u).

For each semisimple element s ∈ G(Fq)◦, we put ṡ := g?(s,1) ∈ [G′]?◦. By using (7), we get

∑
g′∈[G′]?◦

1

|G◦s(Fq)|2
∑

x1∈[G]?
x1s∈S◦1

Q
G◦s
Sx1◦
1

(u) · θ1(x1sz)
∑

x2∈[G]?
x2s∈S◦2

Q
G◦s
Sx2◦
2

(u) · θ2(x2sz)

=
∑

s∈G(Fq)◦

1

|G◦s(Fq)|2
∑
t∈Zs

∑
x1,x2∈[G]?

xis∈Si

θ1(x1 ṡt)θ2(x2 ṡt)
∑

u∈G◦s(Fq)unip

Q
G◦s
Sx1◦
1

(u)Q
G◦s
Sx2◦
2

(u).
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Hence, by using the orthogonality relation for Green functions of G◦s ([DL76, Theorem 6.9]),
〈RG

S1
(θ1), RG

S2
(θ2)〉?◦ equals

|ZG◦(Fq)|2

|[G]?|
· |[G

◦]|2

|[G′]|2
· |Z

?
G(Fq)|2

|ZG(Fq)|2
∑

s∈G(Fq)◦

1

|G◦s(Fq)|

·
∑
t∈Zs

∑
x1,x2∈[G]?

xis∈Si

θ1(x1 ṡt)θ2(x2 ṡt) ·
|NG◦s(Fq)(S

x1◦
1 ,Sx2◦

2 )|
|Sx1◦

1 (Fq)| · |Sx2◦
2 (Fq)|

.

By noting that |Sxi◦i (Fq)| = |S◦i (Fq)|, |[G◦]|/|[G′]| = |[S◦i ]|/|[Si]|, and |[Si]|/|[Si]?| = |Z?G(Fq)|/|ZG(Fq)|,
we see that this equals

1

|[G]?|
· 1

|[S1]?| · |[S2]?|
∑

s∈G(Fq)◦

1

|G◦s(Fq)|
∑
t∈Zs

∑
x1,x2∈[G]?

xis∈Si
n1∈NG◦s (Fq)(S

x1◦
1 ,Sx2◦

2 )

θ1(x1 ṡt)θ2(x2 ṡt).

As in the proof of [DL76, Lemma 6.10], we note that the set

{(x1, x2, n1) ∈ [G]? × [G]? ×NG◦s(Fq)(S
x1◦
1 ,Sx2◦

2 ) | x1s ∈ S1,
x2s ∈ S2}

is bijective to the set

{(x1, n, n1) ∈ [G]? × (NG(Fq)(S1,S2)/Z?G(Fq))×G◦s(Fq) | x1s ∈ S1}

by the map (x1, x2, n1) 7→ (x1, x2n1x
−1
1 , n1). Hence∑

x1,x2∈[G]?

xis∈Si
n1∈NG◦s (Fq)(S

x1◦
1 ,Sx2◦

2 )

θ1(x1 ṡt)θ2(x2 ṡt) =
∑

x1∈[G]?; x1s∈S1

n∈NG(Fq)(S1,S2)/Z?G(Fq)
n1∈G◦s(Fq)

θ1(x1 ṡt)θ2(nx1n
−1
1 ṡt)

= |G◦s(Fq)|
∑

x1∈[G]?; x1s∈S1

n∈NG(Fq)(S1,S2)/Z?G(Fq)

θ1(x1 ṡt)θ2(nx1 ṡt).

Therefore 〈RG
S1

(θ1), RG
S2

(θ2)〉◦ equals

1

|[G]?| · |[S1]?| · |[S2]?|
∑

s∈G(Fq)◦

∑
t∈Zs

∑
x1∈[G]?; x1s∈S1

n∈NG(Fq)(S1,S2)/Z?G(Fq)

θ1(x1 ṡt)θ2(nx1 ṡt).

Finally, we note that the association (s, t, x1) 7→ x1 ṡt gives a well-defined map

{(s, t, x1) | s ∈ G(Fq)◦, t ∈ Zs, x1 ∈ [G]? | x1s ∈ S1} → [S1]?◦.

Furthermore, this map is surjective and the order of each fiber equals |[G]?| since the set
G(Fq)◦ is invariant under G(Fq)-conjugation. Therefore we get

〈RG
S1

(θ1), RG
S2

(θ2)〉?◦ =
1

|[S1]?| · |[S2]?|
∑

s∈[S1]?◦
n∈NG(Fq)(S1,S2)/Z?G(Fq)

θ1(s)θ2(ns). �

In this section, we consider (S, θ) ∈ T̃ such that θ is in general position. Recall from
Corollary 3.17 that then RG

S (θ) is irreducible.
26



We consider the following inequality:

(H•)
|[S]?|
|[S]?◦|

=
|[S]?|

|[S]? r [S]?•|
> 2 · |WG(Fq)(S)|.

Lemma 4.3. Let (S, θ) ∈ T̃ be such that θ is in general position. If (H•) is satisfied, then
ΘRG

S (θ)(g) 6= 0 for some g ∈ S(Fq)•.

Proof. By Lemma 3.4, we may suppose that θ|ZG(Fq) is unitary. For notational convenience,

write Rθ := RG
S (θ). We obviously have

〈Rθ, Rθ〉? = 〈Rθ, Rθ〉?• + 〈Rθ, Rθ〉?◦.

Recall that Rθ is supported on G′(Fq) (Corollary 3.11), hence we may replace the index set
[G]?◦ of the sum in 〈Rθ, Rθ〉?◦ with [G′]?◦. By Proposition 4.2, we get

〈Rθ, Rθ〉?◦ =
1

|[S]?|2
∑
s∈[S]?◦

n∈NG(Fq)(S)/Z?G(Fq)

θ(s) · θ(ns).

As the character θ is C1-valued, the triangle inequality and (H•) implies that

〈Rθ, Rθ〉?◦ ≤
1

|[S]?|2
· |NG(Fq)(S)/Z?G(Fq)| · |[S]?◦|

= |WG(Fq)(S)| · |[S]?◦|
|[S]?|

<
1

2
.

Since we have 〈Rθ, Rθ〉 = 1 by the irreducibility of Rθ, this implies that 〈Rθ, Rθ〉?• 6= 0.
Hence there exists an element g ∈ G′(Fq)• satisfying ΘRθ (g) 6= 0.

Let g ∈ G′(Fq)• be such an element. Then, since G(Fq)• ⊂ G(Fq)rs, g is regular semisim-
ple. Hence Corollary 3.13 implies that

ΘRθ (g) =
(−1)r(G

◦
g)−r(S◦)

|G◦g(Fq)|p · |[S]|
∑
x∈[G]

xg∈S(Fq)

θ(xg).

In particular, there must exist an element xg of S(Fq) which is conjugate (by x ∈ G(Fq)) to
g. Replacing g with xg, we get an element satisfying the desired condition. �

Theorem 4.4. Let (S, θ) ∈ T̃ be such that θ is in general position. Assume that (H•) is
satisfied. Then there exists a unique finite-dimensional irreducible representation ρ of G(Fq)
such that there exists a constant c ∈ C1 for which

Θρ(g) = c ·ΘRG
S (θ)(g)

for any g ∈ G′(Fq)•. Moreover, c = ε and ρ = εRG
S (θ), where ε is the sign such that εRG

S (θ)
is a genuine representation.

Proof. For notational convenience, in this proof, we write Rθ := RG
S (θ). We may suppose

that θ|ZG(Fq) is unitary by Lemma 3.4. Let ρ be an irreducible representation of G(Fq)
satisfying the assumption on Θρ as in the statement.

We first note that the assumption implies that ρ and Rθ have the same Z?G-central char-
acter. Indeed, by Lemma 4.3, there exists an element g ∈ S(Fq)• such that ΘRθ (g) 6= 0. By
the assumption on Z?G, we have zg ∈ S(Fq)• for any z ∈ Z?G(Fq). Thus the assumption on
Θρ implies that Θρ(g) = c ·ΘRθ (g) 6= 0 and Θρ(zg) = c ·ΘRθ (zg) 6= 0. Hence ρ and Rθ have
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the same Z?G-central character. In particular, this implies that the central character of ρ is
unitary (recall that Z?G is of finite index in ZG).

Thus, as both ρ and εRθ are irreducible, it suffices to show that

〈ρ,Rθ〉? 6= 0.

By the definition of the truncated inner products, we have

〈Rθ, Rθ〉? = 〈Rθ, Rθ〉?• + 〈Rθ, Rθ〉?◦ and

〈ρ, ρ〉? = 〈ρ, ρ〉?• + 〈ρ, ρ〉?◦.

The assumption on Θρ implies that 〈Rθ, Rθ〉?• = 〈ρ, ρ〉?•. Thus we get 〈Rθ, Rθ〉?◦ = 〈ρ, ρ〉?◦.
We put

X• := 〈Rθ, Rθ〉?• = 〈ρ, ρ〉?• and X◦ := 〈Rθ, Rθ〉?◦ = 〈ρ, ρ〉?◦.

(note that X• and X◦ are non-negative numbers satisfying that X• +X◦ = 1).
Again by the assumption on Θρ, we have

〈ρ,Rθ〉? = 〈ρ,Rθ〉?• + 〈ρ,Rθ〉?◦ = cX• + 〈ρ,Rθ〉?◦.

On the other hand, by the Cauchy–Schwarz inequality, we have

|〈ρ,Rθ〉?◦| ≤ 〈ρ, ρ〉
? 1

2
◦ · 〈Rθ, Rθ〉

? 1
2
◦ = X◦.

Therefore, if we have X◦ < X•, then 〈ρ,Rθ〉? is necessarily non-zero. As we have X•+X◦ =
1, the inequality X◦ < X• holds if and only if the inequality X◦ <

1
2 holds. This follows

from Proposition 4.2 and the assumption (H•) as in the proof of Lemma 4.3. �

Let us focus on the special case where G = G◦ is a connected reductive group over Fq
and ZG := {1} (hence S = S◦). In this case, we have G = G/ZG = G and the map Jord is
nothing but the usual Jordan decomposition map

Jord : G(Fq)
1:1−−→ {(s, u) | s ∈ G(Fq)ss, u ∈ G◦s(Fq)unip}; g 7→ (s, u)

(hence G(Fq)∗ = G(Fq)ss). By taking a subset G(Fq)• to be the regular semisimple locus
G(Fq)rs, we obtain the following from Theorem 4.4:

Corollary 4.5. Let (S, θ) ∈ T̃ be such that θ is in general position. Assume that the
following inequality is satisfied:

(Hrs)
|S(Fq)|

|S(Fq) r S(Fq)rs|
> 2 · |WG(Fq)(S)|.

Then there exists a unique finite-dimensional irreducible representation ρ of G(Fq) such that
there exists a constant c ∈ C1 for which

Θρ(g) = c ·ΘRG
S (θ)(g)

for any g ∈ G(Fq)rs. Moreover, c equals ε and ρ equals εRG
S (θ), where ε is a sign such that

εRG
S (θ) is a genuine representation.

The inequality (Hrs) can be explicated as long as G and S are given explicitly. See Section
A.1 for an explicit computation in some particular cases where G is a split simple group
and S is an elliptic maximal torus of Coxeter type.
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4.2. Lusztig’s map E and a refinement. In this section, we extend Lusztig’s results
[Lus20] for connected reductive groups to our slightly more general setting G. Because of
the foundational results on the representation theory of G(Fq) provided in Section 3, the
proofs in this section work out to be direct extensions of Lusztig’s ideas. These results will
play an important role in our characterization theorems for supercuspidal representations
of p-adic groups (Section 8).

For each ρ ∈ R(G(Fq)), let

Z̃ρ := {(S, θ, n) ∈ T̃ × (Z r {0}) | n = 〈ρ,RG
S (θ)〉}.

Define
Ẽ : Irr(G(Fq))→ P(T̃ × Z); ρ 7→ Z̃ρ,

where P(A) denote the power set of A.

4.2.1. Lusztig’s map E.

Definition 4.6 (geometric conjugacy). Let (S1, θ1), (S2, θ2) ∈ T̃ . We say that (S1, θ1) and
(S2, θ2) are geometrically conjugate in G if θ◦1 and θ◦2 are geometrically conjugate in G in
the sense of Deligne–Lusztig [DL76, Definition 5.5]; i.e., there exists a finite extension Fqn
of Fq such that the character θ◦1 ◦ NrFqn/Fq of S◦1(Fqn) and the character θ◦2 ◦ NrFqn/Fq of
S◦2(Fqn) are G(Fqn)-conjugate.

Let us describe a coarser version of the map Ẽ. We first establish the following lemma,
which follows easily from a classical result of Deligne–Lusztig [DL76, Theorem 6.2].

Lemma 4.7. If (S1, θ1), (S2, θ2) ∈ T̃ are not geometrically conjugate in G, then no element
of Irr(G(Fq)) can occur in both virtual representations RG

S1
(θ1) and RG

S2
(θ2).

Proof. Let ρ ∈ Irr(G(Fq)) be such that 〈ρ,RG
S1

(θ1)〉 and 〈ρ,RG
S2

(θ2)〉 are both nonzero. Since

RG
S1

(θ1) = Ind
G(Fq)
G′(Fq)(R

G′
S1

(θ1)) by definition, then by Frobenius reciprocity we know that

〈ρ|G′(Fq), RG′
S1

(θ)〉 is also nonzero, and similarly for 〈ρ|G′(Fq), RG′
S2

(θ2)〉. Let ρ′ ∈ Irr(G′(Fq))
be an irreducible constituent of ρ|G′(Fq) such that 〈ρ′, RG′

S1
(θ1)〉 6= 0. Since G′(Fq) is a normal

subgroup of G(Fq), then we know all the irreducible G′(Fq)-subrepresentations of ρ|G′(Fq)
are G(Fq)-conjugate. In particular, we know that there exists an element g ∈ G(Fq) such

that 〈ρ′g−1

, RG′
S2

(θ2)〉 6= 0. This implies that 〈ρ′, RG′
Sg2

(θg2)〉 6= 0.

Recall that RG′
S1

(θ1) is defined by extending the representation RG◦
S◦1

(θ◦1) of G◦(Fq) to

G′(Fq) (Section 3.1). Also recall that the representation RG◦
S◦1

(θ◦1) is defined to be the

alternating sum
∑∞
i=0(−1)iHi

c(XS◦1 ,Q`)[θ
◦
1 ] of the θ◦1-isotypic part of the compact sup-

ported cohomology Hi
c(XS◦1 ,Q`) of a certain variety XS◦1 . In fact, Kaletha’s extension can

be defined for individual Hi
c(XS◦1 ,Q`)[θ

◦
1 ] (say H̃i

c(XS◦1 ,Q`)[θ1]) and we have RG′
S1

(θ1) =∑∞
i=0(−1)iH̃i

c(XS◦1 ,Q`)[θ1]. Hence, the condition that 〈ρ′, RG′
S1

(θ1)〉 6= 0 implies that there

exists i ∈ Z≥0 such that 〈ρ′, H̃i
c(XS◦1 ,Q`)[θ1]〉 6= 0. This furthermore implies that 〈ρ′|G◦(Fq), Hi

c(XS◦1 ,Q`)[θ
◦
1 ]〉 6=

0. Similarly, there also exists j ∈ Z≥0 such that 〈ρ′|G◦(Fq), Hj
c (XSg◦2 ,Q`)[θ

g◦
2 ]〉 6= 0.

Now we utilize [DL76, Corollary 6.3]; since Hi
c(XSg◦1 ,Q`)[θ

◦
1 ] and Hj

c (XSg◦2 ,Q`)[θ
g◦
2 ] con-

tain the same irreducible representation (any constituent of ρ′|G◦(Fq)), we see that θ◦1 and θg◦2
are geometrically conjugate in G◦. Hence, θ◦1 and θ◦2 are geometrically conjugate in G. (Note
that here we used a statement slightly stronger than [DL76, Corollary 6.3] because [DL76,

Corollary 6.3] is stated for alternating sums RG◦
S◦1

(θ◦1) and RG◦
Sg◦2

(θg◦2 ). However, the proof of

[DL76, Theorem 6.2] in fact shows the above stronger version for individual degrees.) �
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Denote by ∼ the equivalence relation on T̃ obtained by geometric conjugation. What
Lemma 4.7 implies is that for any ρ ∈ Irr(G(Fq)), the set

Zρ := {(S, θ) ∈ T̃ | 〈ρ,RG
S (θ)〉 6= 0} ⊂ T̃

is contained in a single equivalence class of T̃ . Hence we have a well-defined map

E : Irr(G(Fq))→ T̃ /∼; ρ 7→ Zρ.

Note that E can be obtained from Ẽ by forgetting the Z-component and descending to
T̃ /∼.

Definition 4.8. We say ρ ∈ Irr(G(Fq)) is cuspidal if the restriction ρ|G◦(Fq) contains a
cuspidal representation of G◦(Fq). For any ρ′ ∈ Irr(G′(Fq)), we define the cuspidality of ρ′

in the same way.

Remark 4.9. Note that, as G◦(Fq) is normal in G(Fq), any two irreducible subrepresenta-
tions of ρ|G◦(Fq) are G(Fq)-conjugate. In particular, since the G(Fq)-conjugation preserves
the cuspidality of representations of G◦(Fq), ρ ∈ Irr(G(Fq)) is cuspidal if and only if any
irreducible constituent of the restriction ρ|G◦(Fq) is a cuspidal representation of G◦(Fq). The
same is true for the cuspidality of representations of G′(Fq).

Lemma 4.10. If ρ ∈ Irr(G(Fq)) is cuspidal, then 〈ρ,RG
S (θ)〉 = 0 for all (S, θ) ∈ T̃ such that

S◦ is not elliptic in G◦.

Proof. Let ρ ∈ Irr(G(Fq)) be a cuspidal representation. Suppose that (S, θ) ∈ T̃ satis-
fies 〈ρ,RG

S (θ)〉 6= 0. Let us show that S◦ is elliptic in G◦. By the same arguments and
the same notations as in the proof of 4.7, we see that there exists an irreducible cuspidal
representation ρ′ ∈ Irr(G′(Fq)) which is an irreducible constituent of ρ|G′(Fq) and satisfies

〈ρ′|G◦(Fq), Hi
c(X

G◦
S◦ ,Q`)[θ◦]〉 6= 0. Thus there exists an irreducible cuspidal representation ρ◦

(any irreducible constituent of ρ′|G◦(Fq)) satisfying 〈ρ◦, Hi
c(X

G◦
S◦ ,Q`)[θ◦]〉 6= 0.

Now suppose that S◦ is not elliptic in G◦ for the sake of contradiction. Then we can find a
proper parabolic subgroup P◦ of G◦ with Levi subgroup M◦ satisfying S◦ ⊂M◦. By [DL76,

Proposition 8.2], we have Hi
c(X

G◦
S◦ ,Q`)[θ◦] ∼= Ind

G◦(Fq)
P◦(Fq) H

i
c(X

M◦
S◦ ,Q`)[θ◦]. (Here we give a

similar remark to the one given in the proof of Lemma 4.7; although [DL76, Proposition

8.2] is stated for the alternating sums RG◦
S◦ (θ◦) and RM◦

S◦ (θ◦), we can check that the same is
true for individual degrees by looking at the proof of [DL76, Proposition 8.2].) Thus we get

〈ρ◦, Ind
G◦(Fq)
P◦(Fq) H

i
c(X

M◦
S◦ ,Q`)[θ◦]〉 6= 0. However, this cannot be true since ρ◦ is cuspidal. �

4.2.2. A non-cohomological definition of Ẽ. In this section, we work under the same setting
as Section 4.1. In particular, we have a subset G(Fq)• of G(Fq)rs. The main result of this

section is that if G′(Fq)• is sufficiently large, then Θρ|G′(Fq)• determines Z̃ρ.
For any Fq-rational maximal torus S◦ of G◦, we consider the following variant of the

inequality (H•):

(L•)
|[S]?|
|[S]?◦|

=
|[S]?|

|[S]? r [S]?•|
> 2

2|WG|· |[G]|
|[G◦]|−1

,

where WG := NG(S)/S denotes the absolute Weyl group of G (note that its order |WG| does
not depend on the choice of a maximal torus S◦).

Recall that, for any ρ ∈ R(G(Fq)), we put

Z̃ρ := {(S, θ, n) ∈ T̃ × (Z r {0}) | n = 〈ρ,RG
S (θ)〉}.
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When Z̃ is a subset of T̃ × (Zr {0}), for any Fq-rational maximal torus S◦ of G◦, we define

Z̃S to be the subset of elements of Z̃ whose maximal torus is given by S.
In this section we will prove:

Theorem 4.11. Assume that (L•) holds for every Fq-rational maximal torus S◦ of G◦.
Then Z̃ρ is the unique set of triples (S, θ, n) ∈ T̃ × (Z r {0}) such that

• all characters θ appearing in Z̃ρ,S are pairwise distinct for any S,

• |Z̃ρ,S| ≤ |WG| · |[G]|
|[G◦]| for any S, and

• for any s ∈ G′(Fq)•,

Θρ(s) =
∑

(S,θ,n)∈Z̃ρ
s∈S

n · θ(s).

Hence Theorem 4.11 gives a non-cohomological description of the map Ẽ. Note that
Theorem 4.11 implies the following:

Corollary 4.12. Assume that (L•) holds for every Fq-rational maximal torus S◦ of G◦.
For any ρ, ρ′ ∈ R(G(Fq)),

Θρ(g) = Θρ′(g) for all g ∈ G′(Fq)•,
if and only if

Z̃ρ = Z̃ρ′ , i.e., Ẽ(ρ) = Ẽ(ρ′).

We follow Lusztig’s strategy in the connected case, see [Lus20]. We will need a mild
generalization of [Lus90, Lemma 8.1], which is a refinement of Dedekind’s theorem.

Lemma 4.13. Let Γ be a group with a central subgroup Z such that Γ/Z is finite. Let
ψ1, . . . , ψn : Γ → K× be distinct homomorphisms to the multiplicative group of a field K.
Let Γ• be a subset of Γ stable under multiplication by Z such that

|Γ/Z| > 2n−1 · |(Γ/Z) r (Γ•/Z)|.
Then the restrictions of ψ1, . . . , ψn to Γ• are linearly independent as functions Γ• → K.

Proof. This proof is completely identical to the proof of [Lus90, Lemma 8.1]. Note that the
case n = 1 is trivial.

We proceed by induction on n. Suppose for a contradiction that we have a linear relation
aiψ1(x) + · · ·+ anψn(x) = 0 for all x ∈ Γ•, with the ai ∈ K, not all zero. We may assume
a1 6= 0. Since ψ1 is valued in K×, we may also assume a2 6= 0. Since ψ1 6= ψ2 by assumption,
we can choose a γ ∈ Γ such that ψ1(γ) 6= ψ2(γ).

We now have
∑n
i=1 aiψi(x)ψ1(γ) = 0 for all x ∈ Γ• and

∑n
i=1 aiψi(xγ) = 0 for all

x ∈ Γ•γ
−1. This implies that

n∑
i=2

ai(ψ1(γ)− ψi(γ))ψi(x) = 0 for all x ∈ Γ• ∩ Γ•γ
−1.

Since a2(ψ1(γ)−ψ2(γ)) 6= 0 by assumption, this is a nontrivial linear relation for ψ2, . . . ψn
on Γ• ∩ Γ•γ

−1. Since both Γ•,Γ•γ
−1 are stable under multiplication by Z, so must their

intersection. We have

|Γ/Z|
|(Γ/Z) r ((Γ• ∩ Γ•γ−1)/Z)|

≥ |Γ/Z|
2|(Γ/Z) r (Γ•/Z)|

> 2n−2,

which contradicts the induction hypothesis. �
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We are now ready to prove Theorem 4.11.

Proof of Theorem 4.11. We follow Lusztig’s proof in the connected case [Lus20]. Let ρ ∈
R(G(Fq)). By Proposition 3.18, for any s ∈ G′(Fq)•, we have

Θρ(s) =
∑

(S,θ,n)∈Z̃ρ
s∈S

n · θ(s).

If we let Z̃ρ,S = {(S, θ1, n1), . . . , (S, θr, nr)} for any Fq-rational maximal torus S◦ of G◦, then

θi’s are pairwise distinct by definition. Furthermore, we have r ≤ |WG| · |[G]|
|[G◦]| . Indeed,

by Lemma 4.7, there exists an n ≥ 1 such that the S◦(Fqn)-characters θ◦1 ◦ NrFqn/Fq , θ
◦
2 ◦

NrFqn/Fq , . . . , θ
◦
r ◦ NrFqn/Fq are all contained in a single orbit under the action of the nor-

malizer of S in G(Fqn). Since the norm map NrFqn/Fq : S◦(Fqn) → S◦(Fq) is surjective,

we know that there are at most |WG| possibilities of θ◦ for (S, θ, n) ∈ Z̃ρ,S. Moreover,

for any (S, θ, n) ∈ Z̃ρ,S, the ZG-central character of RG
S (θ) must be the same as that of

ρ. Thus all the restrictions θi|ZG(Fq) are the same. Hence there are at most |WG| possi-

bilities of θ|S◦(Fq)ZG(Fq) for (S, θ, n) ∈ Z̃ρ,S. Therefore, by noting that we have an injection
S(Fq)/S◦(Fq)ZG(Fq) ↪→ G(Fq)/G◦(Fq)ZG(Fq), we get the desired inequality.

Now suppose that there exists another subset Z̃ ′ρ ⊂ T ×(Zr{0}) satisfying the same condi-

tion as Z̃ρ. Our task is to show that Z̃ ′ρ = Z̃ρ. It is enough to show that Z̃ρ,S = Z̃ ′ρ,S by fixing

any Fq-rational maximal torus S◦ of G◦. Let us write Z̃ ′ρ,S = {(S, θ′1, n′1), . . . , (S, θ′m, n′m)}.
Then θ′i’s are pairwise distinct and m ≤ |WG| · |[G]|

|[G◦]| . Moreover, for any s ∈ S(Fq)•,

Θρ(s) = n′1θ
′
1(s) + · · ·+ n′mθ

′
m(s),

hence we have

n1θ1(s) + · · ·+ nrθr(s) = n′1θ
′
1(s) + · · ·+ n′mθ

′
m(s).

Let us suppose that {(n1, θ1), . . . , (nr, θr)} 6= {(n′1, θ′1), . . . , (n′m, θ
′
m)} for a contradiction.

Then, the above equality gives a linear dependence between φ1, . . . , φl viewed as functions on
S(Fq)•, where {φ1, . . . , φl} is a nonempty subset of {θ1, . . . , θr}∪{θ′1, . . . , θ′m}. On the other
hand, since (L•) holds by assumption, this contradicts Lemma 4.13 applied to the setting

Γ = S(Fq), Z = Z?G(Fq), Γ• = S(Fq)•, and n = 2|WG| · |[G]|
|[G◦]| (since l ≤ m+r ≤ 2|WG| · |[G]|

|[G◦]| ).

(See the beginning of Section 3.3 for the definition of Z?G.) Indeed, by Lemma 4.13, we must
have

|[S]?| ≤ 2l−1 · |[S]? r [S]?•| ≤ 2
2|WG|· |[G]|

|[G◦]|−1 · |[S]? r [S]?•|
since {φ1, . . . , φl} are linear independent. This contradicts to (L•). �

The proof of Theorem 4.11 can be used to prove several interesting corollaries.

Corollary 4.14. Assume that (L•) holds for every Fq-rational maximal torus S◦ of G◦. If

ρ is cuspidal, then Z̃ρ is the unique set of triples (S, θ, n) ∈ T̃ ×(Zr{0}) whose S◦ is elliptic
and satisfying the same assumptions as in Theorem 4.11.

Proof. By Lemma 4.10, we know that 〈ρ,RG
S (θ)〉 = 0 for all (S, θ) ∈ T̃ where S◦ ⊂ G◦ is

not elliptic. Hence to determine Z̃ρ, it remains only to apply the proof of Theorem 4.11 to

determine Z̃ρ,S for S◦ ⊂ G◦ elliptic. �

Definition 4.15 (unipotent representation). We say that ρ ∈ Irr(G(Fq)) is unipotent if

〈ρ,RG
S (1)〉 6= 0 for some (S,1) ∈ T̃ .
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Remark 4.16. When ρ ∈ Irr(G(Fq)) is unipotent, the restriction ρ|G◦(Fq) contains an irre-

ducible constituent ρ◦ which is unipotent in the sense of Deligne–Lusztig, i.e., 〈ρ◦, RG◦
S◦ (1)〉 6=

0 for some Fq-rational maximal torus S◦ of G◦. Indeed, let us suppose that ρ ∈ Irr(G(Fq))
satisfies 〈ρ,RG

S (1)〉 6= 0 for (S,1) ∈ T̃ . Then, by the same argument as in the proof of Lemma

4.10, there is an irreducible constituent ρ◦ of ρ|G◦(Fq) satisfying 〈ρ◦, Hi
c(X

G◦
S◦ ,Q`)[1]〉 6= 0.

By the exhaustion theorem of Deligne–Lusztig ([DL76, Corollary 7.7]), there exists an Fq-
rational maximal torus S′◦ and a character θ of S′◦(Fq) satisfying 〈ρ◦, RG◦

S′◦(θ)〉 6= 0. Again by
the same argument as in the proof of Lemma 4.7, we see that (S′◦, θ) must be geometrically
conjugate to (S◦,1) in G◦; in particular, θ = 1. Thus ρ◦ is unipotent.

Corollary 4.17. Assume that (L•) holds for every Fq-rational maximal torus S◦ of G◦.
Then ρ ∈ Irr(G(Fq)) is unipotent if and only if Θρ|S(Fq)• is constant for every maximal torus
S◦ ⊂ G◦.

Proof. By Lemma 4.7, we know that if ρ is a unipotent representation, then Z̃ρ must only
consist of pairs of the form (S,1, n). Hence by Proposition 3.18, if ρ ∈ Irr(G(Fq)) is unipo-
tent, then Θρ|S(Fq)• is constant for every maximal torus S◦ ⊂ G◦.

Now let ρ ∈ Irr(G(Fq)) be such that Θρ|S(Fq)• is constant for every maximal torus S◦ ⊂ G◦.
By Corollary 3.19, we know that Z̃ρ is nonempty; let Z̃ρ,S 6= ∅. Then by Proposition 3.18,
we have

Θρ(s) =
∑

(S,θ,n)∈Z̃ρ,S

θ(s) · n = c for all s ∈ S(Fq)•.

Of course c = c ·1(s) for all s ∈ S(Fq)•. By (the proof of) Theorem 4.11, we must necessarily
have θ = 1 and c = 〈ρ,RG

S (1)〉. Hence ρ is unipotent. �

Corollary 4.18. Assume that (L•) holds for every Fq-rational maximal torus S◦ of G◦.
Then a cuspidal representation ρ ∈ Irr(G(Fq)) is unipotent if and only if Θρ|S(Fq)• is constant
for every elliptic maximal torus S◦ ⊂ G◦.

Proof. Let ρ ∈ Irr(G(Fq)) be a cuspidal representation such that Θρ|S(Fq)• is constant for
every elliptic maximal torus S◦ ⊂ G◦. Since ρ is cuspidal, by Lemma 4.10 we have that if
(S, θ, n) ∈ Z̃ρ, then S is elliptic. Since we have assumed that (L•) holds for every elliptic
maximal torus S◦ ⊂ G◦, by the proof of Corollary 4.17 and Theorem 4.11, we see that if
S◦ ⊂ G◦ is elliptic and (S, θ, n) ∈ Z̃ρ, then necessarily θ = 1. Hence ρ is unipotent.

As in Corollary 4.17, the converse immediately follows from Lemma 4.7 and 3.18. �

Remark 4.19. We remark that if we take ρ = RG
S (θ) for a character θ in general position,

then Corollary 4.12 recovers Corollary 4.5, but under much stronger conditions on q. Indeed,
for Corollary 4.5 to hold, we require q � 0 so that there are sufficiently many Fq-rational
regular elements inside the torus S only ; in contrast, for Corollary 4.12, we require q � 0
so that there are sufficiently many Fq-rational regular elements inside every maximal torus
S◦ ⊂ G◦.
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Part 2. Characters of supercuspidal representations

5. Tame supercuspidal representations

5.1. Yu’s construction of tame supercuspidal representations. We first recall the
notion of a Yu-datum, which is needed to produce a tame supercuspidal representation.
(Here we follow the convention of [HM08, Section 3.1].)

Definition 5.1 (Yu-datum). A Yu-datum is a quintuple Ψ = (~G, ~φ, ~r,x, ρ0) consisting of
the following objects:

• ~G is a sequence G0 ( G1 ( · · · ( Gd = G of tame twisted Levi subgroups (i.e.,
each Gi is an F -rational subgroup of G which becomes a Levi subgroup of G over
a tamely ramified extension of F ) such that ZG0/ZG is anisotropic,

• x is a point of B(G0, F ) whose image x̄ in Bred(G0, F ) is a vertex,
• ~r is a sequence 0 ≤ r0 < · · · < rd−1 ≤ rd of real numbers such that 0 < r0 when
d > 0,

• ~φ is a sequence (φ0, . . . , φd) of characters φi of Gi satisfying
– for 0 ≤ i < d, φi is Gi+1-generic of depth ri at x, and

– for i = d,

®
depthx(φd) = rd if rd−1 < rd,

φd = 1 if rd−1 = rd,

• ρ0 is an irreducible representation of G0
x̄ whose restriction to G0

x,0 contains the

inflation of a cuspidal representation of the quotient G0
x,0:0+.

Remark 5.2. We note that Bred(G0, F ) can be regarded as a subset of Bred(Gi, F ) for any
0 ≤ i ≤ d thanks to the assumption on ZG0/ZG (see [Yu01, Remark 3.4]). In particular,
we may regard x̄ ∈ Bred(G0, F ) as a point of Bred(Gi, F ) for any 0 ≤ i ≤ d.

For our convenience, we also introduce a “clipped” version of Yu-data as follows:

Definition 5.3 (clipped Yu-datum). We call a tuple (~G, ~φ, ~r,x) consisting of the objects as

in Definition 5.1 (except for ρ0) a clipped Yu-datum. For any clipped Yu-datum (~G, ~φ, ~r,x),

we put φ≥0 :=
∏d
i=0 φi|G0 . For any Yu-datum Ψ = (~G, ~φ, ~r,x, ρ0), we put Ψ := (~G, ~φ, ~r,x).

In [Yu01], Yu associated a supercuspidal representation πΨ to each Yu-datum Ψ as follows.
We first put (s0, . . . , sd) := ( r02 , . . . ,

rd
2 ) and define the subgroups Ki, J i, and J i+ of G for

1 ≤ i ≤ d by
Ki := G0

x̄(G0, . . . , Gi)x,(0+,s0,...,si−1),

J i := (Gi−1, Gi)x,(ri−1,si−1),

J i+ := (Gi−1, Gi)x,(ri−1,si−1+),

where the right-hand sides denote the subgroups associated to pairs of a tame twisted Levi
sequence and an admissible sequence (see [Yu01, Sections 1 and 2]). Note that we have
Ki+1 = KiJ i+1. For i = 0, we put K0 := G0

x̄. Then we construct a representation ρi+1

of Ki+1 from ρi of Ki inductively in the following manner. By investigating the quotient
J i/J i+ (which has a symplectic structure derived from the character φi−1), we obtain a finite

Heisenberg group as a quotient of the group J i. Then, as a consequence of the Stone–von
Neumann theorem (together with the liftability of an associated projective representation

to a linear representation), we obtain a Heisenberg–Weil representation φ̃i of the semi-direct
product Gix̄ n J i+1. The tensor representation

(φ̃i|KinJi+1)⊗
(
(ρi ⊗ φi|Ki) n 1

)
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of Ki n J i+1 descends to KiJ i+1 = Ki+1 (factors through the canonical map Ki n J i+1 �
KiJ i+1), and we define the representation ρi+1 of Ki+1 to be the descended one. By putting
ρYu

Ψ := ρd ⊗ φd, we define

πYu
Ψ := c-IndGKd ρYu

Ψ .

This representation is irreducible [Yu01, Fin21a] and hence supercuspidal. The irreducible
supercuspidal representations of G obtained from Yu-data in this way are called tame su-
percuspidal representations.

This procedure gives a map from the set of Yu-data to the set of equivalence classes of
tame supercuspidal representations. The fibers of this map are described by the notion of
the G-equivalence introduced by Hakim–Murnaghan.

Definition 5.4 (G-equivalence, [HM08, Definition 6.3 (see also Lemma 6.5)]). Let Ψ =

(~G, ~φ, ~r,x, ρ0) and Ψ′ = (~G′, ~φ′, ~r′,x′, ρ′0) be Yu-data. We say that Ψ and Ψ′ are G-
equivalent if Ψ′ can be obtained from Ψ by a finite sequence of refactorizations, G-conjugations,
and elementary transformations, which are explained in the following:

(1) Ψ′ is said to be a refactorization of Ψ if (~G′, x̄′) = (~G, x̄) and the following conditions
are satisfied:

(F0) If φd = 1, then φ′d = 1;

(F1) We define a character χi : G
i → C× by χi(g) :=

∏d
j=i φj(g)φ′j(g)−1. Then the

depth of χi is at most ri−1 for any 0 ≤ i ≤ d (we put r−1 := 0).
(F2) We have ρ′0 = ρ0 ⊗ χ0.
(Note that the conditions (F0)–(F2) automatically implies that ~r′ = ~r.)

(2) Ψ′ is said to be a G-conjugation of Ψ if (~G′, ~φ′, ~r′, x̄′, ρ′0) = (g ~G, g~φ,~r, gx̄, gρ0) for
some g ∈ G;

(3) Ψ′ is said to be an elementary transformation of Ψ if Ψ
′

= Ψ and ρ′0
∼= ρ0.

Similarly, for clipped Yu-data Ψ and Ψ
′
, we say that Ψ and Ψ

′
are G-equivalent if Ψ

′
can

be obtained from Ψ by a finite sequence of refactorizations and G-conjugations, where the
refactorization is defined only by the first two conditions (F0) and (F1).

Theorem 5.5 ([HM08, Theorem 6.6]). For any Yu-data Ψ and Ψ′, the associated tame
supercuspidal representations πYu

Ψ and πYu
Ψ′ are equivalent if and only if Ψ and Ψ′ are G-

equivalent.

We recall the exhaustion result of tame supercuspidal representations. In [Kim07], Kim
proved that when p is sufficiently large, any supercuspidal representation of G is in fact tame
supercuspidal. Recently, Fintzen obtained this exhaustion result under a better assumption
on p via a different method:

Theorem 5.6 ([Fin21c, Theorem 8.1]). Let WG be the absolute Weyl group of G. When
p - |WG|, any supercuspidal representation of G is tame supercuspidal.

In summary, we have an injective map from the set of G-equivalence classes of Yu-data
to the set of equivalence classes of irreducible supercuspidal representations of G, which is
surjective if p - |WG|:

{irred. s.c. rep’ns of G}/∼

{Yu-data}/G-eq. {tame s.c. rep’ns of G}/∼1:1

Yu’s construction

equal if p - |WG|
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We finally recall a modified version of the construction of tame supercuspidal representa-
tions proposed by Fintzen–Kaletha–Spice recently [FKS21]. The key in their construction is
a sign character εΨ : Kd → C× associated to a Yu-datum Ψ (see [FKS21, Definition 4.1.10]
and also [FKS21, 15 page])1. For a Yu-datum Ψ, they defined an irreducible supercuspidal
representation πFKS

Ψ to be the compact induction of ρYu
Ψ ⊗ εΨ. Let us write πFKS

Ψ for this
representation:

πFKS
Ψ := c-IndGKd(ρYu

Ψ ⊗ εΨ).

We give a few more comments about the sign character εΨ. Suppose that a Yu-datum Ψ

is given by (~G, ~φ, ~r,x, ρ0). Then the restriction εΨ|G0
x̄

of εΨ to G0
x̄ is given by the product

εΨ|G0
x̄

=

d∏
i=1

ε
Gi/Gi−1

x̄ |G0
x̄
,

where ε
Gi/Gi−1

x̄ : Gi−1
x̄ → {±1} is a sign character satisfying the following condition (see

[FKS21, Theorem 3.4 and Lemma 3.5]): Let S be a tame elliptic maximal torus of G0 such

that x belongs to B(S, F ) (hence we have S ⊂ G0
x̄). Then ε

Gi/Gi−1

x̄ |S is given by

ε
Gi/Gi−1

],x · εG
i/Gi−1

[ · εG
i/Gi−1

f .

Here, ε
Gi/Gi−1

],x , ε
Gi/Gi−1

[ , and ε
Gi/Gi−1

f are characters of S determined by the root systems

R(Gi,S) and R(Gi−1,S); see [FKS21, Definition 3.1] for the details. We remark that

ε
Gi/Gi−1

],x and ε
Gi/Gi−1

f are nothing but the quantities εG
i/Gi−1,ram and ε

Gi/Gi−1

f,ram introduced

in [Kal19a]2, which appear naturally in the character formula of tame supercuspidal repre-
sentations (see [FKS21, Remark 3.3]). In summary, we have the following.

Proposition 5.7. Let S be a tame elliptic maximal torus of G0 such that x belongs to
B(S, F ). We define the characters εram

Ψ,S, εΨ,S,[, and εΨ,S,f,ram by

εram
Ψ,S :=

d∏
i=1

εG
i/Gi−1,ram, εΨ,S,[ :=

d∏
i=1

ε
Gi/Gi−1

[ , εΨ,S,f,ram :=

d∏
i=1

ε
Gi/Gi−1

f,ram .

Then we have

εΨ|S = εram
Ψ,S · εΨ,S,[ · εΨ,S,f,ram.

Remark 5.8. Theorems 5.5 and 5.6 again hold for the modified construction of Fintzen–

Kaletha–Spice. Indeed, for any Yu-datum Ψ = (~G, ~φ, ~r,x, ρ0), we have πFKS
Ψ = πYu

Ψ′ by

putting Ψ′ = (~G, ~φ′, ~r,x, ρ0), where φ′i := φiε
Gi/Gi−1

x̄ . By noting that ε
Gi/Gi−1

x̄ is a sign
character depending only on ~r and x̄, we see that (Ψ′)′ = Ψ and also that Ψ1

∼= Ψ2 if and
only if Ψ′1

∼= Ψ′2 for any Yu-data Ψ1, Ψ2. Thus Ψ 7→ Ψ′ gives an involutive automorphism
on the set of Yu-data of G which is equivariant with respect to the G-equivalence. This
implies Theorems 5.5 and 5.6 for the modified construction.

1The character εΨ is denoted by ε in [FKS21]. We use the symbol εΨ to emphasize its dependence on Ψ.

2Although εG
i/Gi−1,ram and ε

Gi/Gi−1

f,ram are simply denoted by εram and εf,ram in [Kal19a], we put

Gi/Gi−1 on their exponents in order to emphasize that they are defined for each successive pair (Gi, Gi−1).
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5.2. Non-singularity and unipotency of supercuspidal representations. Let Ψ =

(~G, ~φ, ~r,x, ρ0) be a Yu-datum and πFKS
Ψ the associated tame supercuspidal representation.

According to [Kal19b, Section 3], we introduce several smooth group schemes over Fq
attached to the Yu-datum Ψ as follows. Let G be the reductive quotient of the special fiber
of the unique smooth integral model G0 of G0 satisfying G0(F ur) = G0(F ur)x̄. Let G◦ be
the identity component of G, which is a connected reductive group scheme over Fq. Note
that then we have

G(Fq) ∼= G0
x̄/G

0
x,0+ and G◦(Fq) ∼= G0

x,0:0+.

We also define a group scheme ZG over Fq to be the subgroup of G whose Fq-points are
given by the image of ZG0(F ur) in G0(F ur)x̄/G

0(F ur)x,0+. Then the pair (G◦,ZG) satisfies
the assumptions as in the beginning of Section 3.1 (see [Kal19b, Section 3.2] for details).

Recall that ρ0 is an irreducible representation of G0
x̄ which is trivial on G0

x,0+, hence
can be regarded as an irreducible representation of G(Fq). By Corollary 3.19, there exists
an Fq-rational maximal torus S◦ of G◦ and a character φ−1 of S(Fq) such that ρ0 is a
subrepresentation of ±RG

S (φ−1), where S := S◦ZG. By Lemma 4.7, such a pair (S, φ−1) is
determined by ρ0 uniquely up to geometric conjugacy. Furthermore, by Lemma 4.10, the
maximal torus S◦ must be elliptic in G◦. Let us fix such (S, φ−1) and put φ◦−1 := φ−1|S◦(Fq).

Definition 5.9. (1) We say that Ψ and πFKS
Ψ are non-singular3 if φ◦−1 is non-singular

in G◦ in the sense of Deligne–Lusztig ([DL76, Definition 5.15]).

(2) We say that Ψ and πFKS
Ψ are unipotent if ~G = (G0 = G), ~φ = (φ0 = 1), ~r = (r0 = 0),

and φ◦−1 is trivial.
Note that these notions are independent of the choice of a pair (S, φ−1) since the non-

singularity or the triviality of φ◦−1 is invariant in the geometric conjugacy class of (S, φ−1).

5.3. Tame elliptic non-singular pairs. We review the notion of tame elliptic non-singular
pairs, which is needed in Kaletha’s classification of non-singular supercuspidal representa-
tions.

Let G0 be a tamely ramified connected reductive group over F . Let S be an ellip-
tic maximally unramified (in the sense of [Kal19a, Definition 3.4.2]) maximal torus of G0

with maximal unramified subtorus S′. We fix a finite unramified extension F ′ of F which
splits S′. We write NrF ′/F for the norm map S′(F ′) → S′(F ). We let NG0(S) (resp.

NG0(S)) be the normalizer group of S in G0 (resp. G0) and put WG0(S) := NG0(S)/S (resp.
WG0(S) := NG0(S)/S). Note that we have S(Fq) = S/S0+, S◦(Fq) = S0/S0+ = S′0/S

′
0+ and

WG(Fq)(S) ∼= WG0(S) (see [Kal19b, Lemma 3.2.2]).

Definition 5.10 ([Kal19a, Definition 3.4.16], [Kal19b, Definition 3.1.1]). Let φ−1 : S → C×
be a character.

(1) We say that the character φ−1 is extra regular if the stabilizer of φ−1|S0
inWG0(S)(F )

is trivial.
(2) We say that the character φ−1 is regular if the stabilizer of φ−1|S0 in WG0(S) is

trivial.
(3) We say that the character φ−1 is F -non-singular if the character

φ−1 ◦NrF ′/F ◦α∨res : F ′× → C×

is not trivial on the subgroup O×F ′ for any αres ∈ Rres(G
0,S′), where Rres(G

0,S′)
denotes the set of restrictions of the absolute roots of S in G0 to S′.

3In [Kal22, Section 1.2], it is suggested to use the terminology “semisimple” instead of “non-singular”.
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(4) We say that the character φ−1 is kF -non-singular if the character

φ−1 ◦NrF ′/F ◦ᾱ∨ : F ′× → C×

is not trivial on the subgroup O×F ′ for any ᾱ ∈ R(G◦,S◦) (note that R(G◦,S◦) can
be regarded as a subset of Rres(G

0,S′)).

The relationship between the above regularities in the depth zero setting and the regu-
larities in the finite field setting due to Deligne–Lusztig is summarized as follows.

Proposition 5.11. Let φ−1 : S → C× be a depth zero character (i.e., trivial on S0+, hence
regarded as a character of S(Fq) = S/S0+).

(1) The character φ−1 is kF -non-singular if and only if φ◦−1 is non-singular in the sense
of Deligne–Lusztig, where φ◦−1 denotes the restriction of φ−1 to S0/S0+ = S◦(Fq).

(2) If φ−1 is F -non-singular, then φ−1 is kF -non-singular.
(3) If φ−1 is regular, then φ−1 is F -non-singular.
(4) The character φ−1 is regular if and only if φ◦−1 is not stabilized by any nontrivial

element of WG(Fq)(S). In particular, if φ−1 is regular, then φ−1 (resp. φ◦−1) is in
general position in the sense of Definition 3.16 (resp. Deligne–Lusztig).

(5) If φ◦−1 is in general position, then φ◦−1 is non-singular.

φ−1: kF -non-singular φ◦−1: non-singular+3(1)ks

φ−1: F -non-singular

(2)

KS

φ−1: regular

(3)

KS

(4) +3 φ◦−1: in general position

(5)

KS

Proof. The assertion (1) is explained in [Kal19b, Remark 3.1.3]. See [Kal19b, Fact 3.1.5.1]
and [Kal19b, Fact 3.1.5.3] for the assertions (2) and (3), respectively. The assertion (4)
follows from the definition of the regularity of φ−1 and the isomorphismWG(Fq)(S) ∼= WG0(S)
mentioned above. The assertion (5) is nothing but [DL76, Corollary 5.18]. �

Definition 5.12 ([Kal19b, Definition 3.4.1]). We call a pair (S, θ) of a tame elliptic maximal
torus S of G and a character θ : S → C× a tame elliptic (extra) regular/F -non-singular/kF -
non-singular pair if the following conditions are satisfied:

(1) Let R0+ be the subset of R(S,G) defined by

R0+ := {α ∈ R(S,G) | θ ◦NrE/F ◦α∨(E×0+) = 1},

where E is a tamely ramified extension of F which splits S. Let G0 be the connected
reductive subgroup of G with maximal torus S and root system R0+. Then S is
maximally unramified in G0.

(2) The character θ is (extra) regular/F -non-singular/kF -non-singular in G0 in the
sense of Definition 5.10.

5.4. Kaletha’s classification of non-singular supercuspidal representations. Now
we recall Kaletha’s classification of non-singular supercuspidal representations.

Let us first suppose that Ψ = (~G, ~φ, ~r,x, ρ0) is a non-singular Yu-datum. For any F -
rational maximal torus T of G0, we write T for the special fiber of the ft-Néron model of
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T. We have the following correspondence between maximal tori over p-adic fields and those
over finite fields according to DeBacker’s classification [DeB06]:

Proposition 5.13 ([Kal19a, Lemma 3.4.4]). If T is a maximally unramified elliptic maximal
torus of G0 with associated point x (hence T ⊂ G0

x̄), then T◦ is an elliptic maximal torus
of G◦. Conversely, any elliptic maximal torus of G◦ arises in this way.

Now we attach a tame elliptic kF -non-singular pair (S, θ) to Ψ in the following manner.
As discussed in Section 5.2, from the data (G0,x, ρ0), we can construct a unique (up to
geometric conjugacy) pair (S, φ−1) whose S◦ is elliptic in G◦. Thus, by Proposition 5.13,
there exists a maximally unramified elliptic maximal torus S of G0 whose connected Néron
model has S◦ as its special fiber. Since φ◦−1 := φ−1|S◦(Fq) is non-singular in the sense of
Deligne–Lusztig by the definition of the non-singularity of Ψ, Proposition 5.11 (1) implies
that φ−1 is a depth zero kF -non-singular character of S (with respect to S ⊂ G0). Then we

can check that, by putting θ =
∏d
i=−1 φi|S , the pair (S, θ) is a tame elliptic kF -non-singular

pair. Indeed, the group G0 of Definition 5.12 (1) is nothing but G0 of ~G in this case, hence

the condition (1) is satisfied. Since (~G, ~φ) := ((G−1 := S ⊂ G0 ⊂ · · ·Gd), (φ−1, φ0, . . . , φd))
gives a Howe factorization of (S, θ) in the sense of Kaletha [Kal19a, Definition 3.6.2], we
have φ−1|S0

sc,0
= θ|S0

sc,0
by [Kal19a, Fact 3.6.4]. Here, S0

sc,0 denotes the parahoric subgroup

of the preimage S0
sc of S in the simply-connected cover G0

sc of the derived group of G0.
Thus, by noting that (S, θ) (resp. (S, φ−1)) is kF -non-singular in G0 if and only if so is
(S0

sc, θ|S0
sc

) (resp. (S0
sc, φ−1|S0

sc
)) in G0

sc, we see that the condition (2) is satisfied by θ.
The converse of this procedure can be given as follows. Let us suppose that (S, θ) is

a tame elliptic kF -non-singular pair of G. Then, by using [Kal19a, Proposition 3.6.7], we

get a Howe factorization (~G, ~φ) := ((G−1 := S ⊂ G0 ⊂ · · ·Gd), (φ−1, φ0, . . . , φd)) of (S, θ)
(see [Kal19a, Section 3.6] for details). Note that, in particular, the sequence (φ−1, . . . , φd)

satisfies θ =
∏d
i=−1 φi|S . Since S is a maximally unramified elliptic maximal torus of G0,

any point x ∈ B(G0, F ) associated to S maps to a vertex x̄ ∈ Bred(G0, F ) by [Kal19a,
Lemma 3.4.3]. Moreover, again by the same argument as in the previous paragraph, we see

that φ−1 is a kF -non-singular character of S in G0 since so is θ. We put ~φ := (φ0, . . . , φd)
and ~r := (0 ≤ r0 < · · · < rd−1 ≤ rd), where

ri :=


depthx(φi) if 0 ≤ i < d,

depthx(φd) if i = d and φd 6= 1,

depthx(φd−1) if i = d and φd = 1.

Then we get a clipped Yu-datum (~G, ~φ, ~r,x) equipped with a kF -non-singular character φ−1

of S in G0.
As explained in [Kal19b, Section 2.4], the kF -non-singularity of φ−1 implies that (−1)d(S)RG◦

S◦ (φ◦−1)
is a genuine representation of G◦(Fq), where d(S) is an explicit number determined by S.

Accordingly, also (−1)d(S)RG
S (φ−1) is a genuine representation of G(Fq). Let

(−1)d(S)RG
S (φ−1) =

r⊕
i=1

ρ⊕mii

be the irreducible decomposition of (−1)d(S)RG
S (φ−1), where mi ∈ Z>0 and ρi’s are pairwise

non-isomorphic irreducible representations of G(Fq). Then we get a non-singular Yu-datum

Ψi = (~G, ~φ, ~r,x, ρi), hence an irreducible non-singular supercuspidal representation πFKS
Ψi

.
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We put

πFKS
(S,θ) :=

r⊕
i=1

πFKS⊕mi
Ψi

and [πFKS
(S,θ)] := {πFKS

Ψi | i = 1, . . . , r}.

Following Kaletha [Kal19b], we call [πFKS
(S,θ)] the non-singular Deligne–Lusztig packet associ-

ated to (S, θ).

Remark 5.14. We remark that if G is connected reductive, then all the multiplicities mi

are equal to 1 [Lus88]; in general, the integers {m1, . . . ,mr} are exactly the dimensions of
the irreducible representations τ of the stabilizer of (S, θ) in G(Fq) whose restriction τ |S(Fq)
is θ-isotypic [Kal19b]. This analysis of the irreducible constituents plays a crucial role in
Kaletha’s construction of the local Langlands correspondence for non-singular supercuspidal
representations.

Proposition 5.15 ([Kal19b, Corollary 3.4.7]). (1) The isomorphism class of the rep-
resentation πFKS

(S,θ) depends only on (S, θ). In particular, it is independent of the

choice of a Howe factorization of (S, θ).
(2) For tame elliptic kF -non-singular pairs (S, θ) and (S′, θ′), the associated non-singular

Deligne–Lusztig packets [πFKS
(S,θ)] and [πFKS

(S′,θ′)] are equal or disjoint. Moreover, they

are equal if and only if (S, θ) and (S′, θ′) are G-conjugate.

By combining this proposition with the above construction of (S, θ) from Ψ, we see that
the set of equivalence classes of non-singular supercuspidal representations is divided into
the disjoint union of non-singular Deligne–Lusztig packets labelled by G-conjugacy classes
of tame elliptic non-singular pairs:

{irred. non-singular s.c. rep’ns of G}/∼ =
⊔

(S, θ): TENS pairs
/G-conj.

[πFKS
(S,θ)]

Remark 5.16. When (S, θ) is a tame elliptic regular pair, then (−1)d(S)RG
S (φ−1) is irreducible

since φ−1 is in general position. Hence πFKS
(S,θ) is irreducible; this is what is called a regular

supercuspidal representation (see [Kal19a, Section 3] and also [CO21, Section 3.2] for the
details). We call a non-singular Yu-datum arising from a tame elliptic regular pair a regular
Yu-datum. Therefore Proposition 5.15 asserts that, in particular, the equivalence classes of
regular supercuspidal representations bijectively correspond to G-conjugacy classes of tame
elliptic regular pairs. This is nothing but [Kal19a, Proposition 3.7.8].

6. Characters of supercuspidal representations at very regular elements

6.1. Definition and properties of very regular elements. We first introduce the notion
of tame very regularity, which generalizes the notion of unramified very regularity considered
by Chan–Ivanov [CI21b] (and also [CO21]).

Definition 6.1 (very regular elements). We say that a regular semisimple element γ ∈ G
is tame very regular if

• the connected centralizer Tγ of γ in G is a tamely ramified maximal torus, and
• α(γ) 6≡ 1 (mod pF ) for any root α of Tγ in G.

Example 6.2. Let G = GLN and S the maximal torus of G corresponding to a tamely
ramified extension E of F of degree N . Then a regular semisimple element γ ∈ S = E× is
very regular if and only if the valuation of valE(γ) is coprime to the ramification index of
E/F , where valE is the valuation of E normalized so that valE(E×) = Z.
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According to [Fin21b, Corollary 2.6], any maximal torus of G is tamely ramified under
the assumption that p - |WG|. Thus, since we always assume that p - |WG| in this paper,
the first condition of the tame very regularity is always satisfied. For this reason, we simply
say that γ is very regular when γ is a tame very regular element of G.

Remark 6.3. Let γ ∈ G be a regular semisimple element with topological Jordan decompo-
sition γ = γ0 ·γ+ (see [Spi08]). Then γ is very regular if and only if γ0 is regular semisimple.
We note that, in [Kal19a], a regular topologically semisimple (modulo ZG) element of G is
called a shallow element (see [Kal19a, Section 4.10]). Thus, with our terminology, we may
understand that a regular semisimple element of G is shallow in the sense of Kaletha if and
only γ is a very regular element with trivial γ+.

When a very regular element γ of G is furthermore elliptic, it associates a unique point
x̄γ of Bred(G, F ). For any lift xγ ∈ B(G, F ) of x̄γ , we say that γ is an elliptic very regular
element with point xγ . When γ is an elliptic very regular element with point xγ , Tγ is
contained in Gx̄γ . In particular, γ is an element of Gx̄γ . In fact, the point x̄γ ∈ Bred(G, F )
is uniquely characterized by this property:

Lemma 6.4. Let γ ∈ G be an elliptic very regular element with point xγ . If x ∈ B(G, F )
is a point such that γ ∈ Gx̄, then x̄ = x̄γ .

Proof. By definition, we have α(γ) 6≡ 1 (mod pF ) for any α ∈ R(Tγ ,G), and so by [Tit79,

Section 3.6], the set of fixed points of γ in Bred(G, F ur) is Bred(Tγ , F
ur) = {x̄γ}. Since

γ ∈ Gx̄, γ fixes x̄ ∈ Bred(G, F ), hence x̄ = x̄γ . �

The following properties of very regular elements are investigated in [CO21] in the unram-
ified setting. We can easily check that the same proofs work by using elliptic very regularity
instead of unramified very regularity. In the following, we explain only minor modifications
necessary for the proof in our setting.

Lemma 6.5. Let Kd = G0
x̄(G0, . . . , Gd)x,(0+,s0,...,sd−1) be the group associated to a Yu-

datum Ψ = (~G, ~φ, ~r,x, ρ0). Any elliptic very regular element γ ∈ Kd is Kd-conjugate to an
element of G0

x̄.

Proof. The proof is the same as [CO21, Lemma 4.7]. Note that [CO21, Lemma 4.3], which
is necessary for establishing [CO21, Lemma 4.7], can be proved by the same argument in
the present setting. We remark that, in the proof of [CO21, Lemma 4.3], we need to assume

that the condition “(GdG)” is satisfied for the maximal torus Tγ . This follows from our
assumption that p - |WG| by Fintzen’s result [Fin21b] (see [CO21, Remark 4.4 (1)]). �

Lemma 6.6. Let S be a tame elliptic maximal torus of G with associated point x. Then
the set Gx̄,evrs of very regular elements in Gx̄ is stable under Gx,0+-translation. Moreover,
for any γ1, γ2 ∈ Gx̄,evrs, the associated maximal tori Tγ1

and Tγ2
are Gx,0+-conjugate.

Proof. The same arguments as in [CO21, Lemma 5.1] give the assertions. Note that [CO21,
Lemma 5.1] is stated only for Gx,0+-translations of very regular elements of S, but the same
proof works.4 �

4We take this opportunity to correct a small mistake in the proof of [CO21, Lemma 5.2]; so that the
proof of [CO21, Lemma 5.2] makes sense, we have to state [CO21, Lemma 5.2] in a generalized form as in

Lemma 6.6
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6.2. Elliptic very regular elements over finite fields. Suppose that

• G is a tamely ramified connected reductive group over F ,
• G0 is a tame twisted Levi subgroup of G such that ZG0/ZG is anisotropic,
• S is a maximally unramified elliptic maximal torus of G0,
• x ∈ B(G0, F ) is a point associated to S such that its image x̄ in Bred(G0, F ) is a

vertex (this condition is automatic by [Kal19a, Lemma 3.4.3]).

We introduce the groups G ⊃ G′ ⊃ G◦, S ⊃ S◦, and ZG as in Section 5.2.
Recall that we have G′(Fq) = S(Fq)G◦(Fq) (Remark 3.1). Thus the natural reduction

map gives a map SG0
x,0 � S(Fq)G◦(Fq) = G′(Fq) : γ 7→ γ.

Proposition 6.7. Let γ ∈ SG0
x,0 be an elliptic very regular element. Then the image γ

of γ in G′(Fq) is elliptic regular semisimple in the sense of Definition 3.12. Moreover, the
connected centralizer Tγ of γ in G0 is a maximally unramified elliptic maximal torus of G0.

Proof. Let γ = γ0 ·γ0+ be a topological Jordan decomposition of γ, i.e., γ0 is a topologically
semisimple (modulo ZG0) element and γ0+ is a topologically unipotent element such that
γ0γ0+ = γ0+γ0. Then, by [Kal19a, Lemma 3.4.22], γ0 belongs to SG0

x,0 and γ0+ belongs

to G0
x,0. Furthermore, the image γ = γ0 · γ0+ in G′(Fq) gives the Jordan decomposition of

γ in the usual sense. Let us first show that γ0 is regular semisimple (this implies that γ is
regular semisimple in the sense of Definition 3.12).

Since γ0 is of finite prime-to-p order (modulo ZG0), the parahoric Lie subalgebra Lie G0(F ur)x,0
has the eigenspace decomposition with respect to the conjugate action of γ0. By the very
regularity of γ, the eigenspace with eigenvalue 1 is given by Lie Tγ(F ur)∩Lie G0(F ur)x,0 =
Lie Tγ(F ur)0 and the eigenvalue of any other eigenspace is given by a root of unity of finite

prime-to-p order (not equal to 1). Hence, as G◦(Fq) = G0(F ur)x,0:0+, the same is true for
the conjugate action of γ0 on the Lie algebra of G◦. In particular, the connected centralizer
of γ0 in G◦ is given by a torus of G◦, hence a maximal torus of G◦. In other words, γ0 is
regular semisimple in G◦.

Let us show that Tγ is maximally unramified. For this, since S is maximally unramified,
it is enough to show that the ranks of the maximally unramified subtori of S and Tγ are
equal. Note that, for any torus T over F , the rank of its maximally unramified subtorus is
the same as the rank of the reduction of its connected Néron model (see, e.g., [BT84, (Proof
of) Proposition 4.6.4]). Thus it suffices to show that the ranks of S◦ and T◦γ coincide. This
follows from that both are maximal tori of G◦. (Note that T◦γ , which is the reduction of the
connected Néron model of Tγ , is nothing but the connected centralizer of γ0 in G◦.)

Finally, the ellipticity of γ follows from Proposition 5.13. �

Definition 6.8. We say that an element of G′(Fq) is elliptic very regular if it is the image
of an elliptic very regular element of SG0

x,0 under the reduction map.

We define G′(Fq)evrs to be the set of elliptic very regular elements of G′(Fq). We put

G(Fq)evrs to be the image of G′(Fq)evrs under the map prss ◦ Jord (Section 3.2). Then, by

Proposition 6.7, G(Fq)evrs is contained in G(Fq)rs and stable under G(Fq)-conjugation. We
put S(Fq)evrs := S(Fq) ∩ G′(Fq)evrs and define [S]evrs to be the image of S(Fq)evrs under

the map S(Fq) � [S]. We also put S(Fq)evrs to be the image of S(Fq)evrs under the map

S(Fq) � S(Fq).
We caution that, in the above definition of G′(Fq)evrs, the very regularity of elements

of SG0
x,0 is considered in G (not G0). The set of very regular elements of SG0

x,0 is stable
under ZG-translation, but might not be stable under ZG0-translation. This means that
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G′(Fq)evrs might not be stable under the ZG(Fq)-translation. Based on this observation,
we define a subgroup Z?G of ZG to be the reduction of ZG. (More precisely, Z?G is the
image of ZG(F ur) in G0(F ur)x̄/G

0(F ur)x,0+.) Then G′(Fq)evrs is stable under the Z?G(Fq)-
translation. Furthermore, by the assumption that ZG0/ZG is anisotropic, Z?G(Fq) is of

finite index in ZG(Fq). Therefore, (G(Fq)evrs,G′(Fq)evrs,Z?G) introduced here satisfies the
assumptions explained in the beginning of Section 4.1.

6.3. a-data, χ-data, and ∆abs,G
II . In this subsection, we recall the notions of a-data and χ-

data, and the absolute transfer factor ∆abs,G
II , which will be utilized to describe the characters

of supercuspidal representations.
Let S be an F -rational maximal torus of G. Then we get the set R(G,S) of absolute roots

of S in G which has an action of the absolute Galois group ΓF of F . For each α ∈ R(G,S),
we put Γα (resp. Γ±α) to be the stabilizer of α (resp. {±α}) in ΓF . Let Fα (resp. F±α) be
the subfield of F fixed by Γα (resp. Γ±α):

F ⊂ F±α ⊂ Fα ←→ ΓF ⊃ Γ±α ⊃ Γα.

• When Fα = F±α, we say α is an asymmetric root.
• When Fα ) F±α, we say α is a symmetric root. Note that, in this case, the extension
Fα/F±α is necessarily quadratic. Furthermore,

– when Fα/F±α is unramified, we say α is symmetric unramified, and
– when Fα/F±α is ramified, we say α is symmetric ramified.

Definition 6.9 (a-data). A family {aα}α∈R(G,S) of elements aα ∈ F×α is called a set of
a-data (with respect to S) if the following conditions are satisfied:

• a−α = a−1
α for any α ∈ R(G,S), and

• aσ(α) = σ(aα) for any α ∈ R(G,S) and σ ∈ ΓF .

Definition 6.10 (χ-data). A family {χα}α∈R(G,S) of characters χα : F×α → C× is called a
set of χ-data (with respect to S) if the following conditions are satisfied:

• χ−α = χ−1
α for any α ∈ R(G,S),

• χσ(α) = χα ◦ σ−1 for any α ∈ R(G,S) and σ ∈ ΓF , and

• the restriction of χα to F×±α is the nontrivial quadratic character corresponding to
the quadratic extension Fα/F±α for any symmetric root α ∈ R(G,S).

Definition 6.11 (∆abs,G
II ). Let a = {aα}α be a set of a-data and χ = {χα}α a set of χ-data

with respect to S. We define a function ∆abs,G
II,S [a, χ] : S → C× by

∆abs,G
II,S [a, χ](γ) :=

∏
ΓF \R(G,S)
α(γ) 6=1

χα

Å
α(γ)− 1

aα

ã
.

Of course, the function ∆abs,G
II,S [a, χ] on S depends on the choices of a set of a-data and a

set of χ-data with respect to S. In [Kal19a, Section 4.7], Kaletha associated a set of a-data
aΨ,S = {aΨ,S,α}α and a set of χ-data χ′Ψ,S = {χ′Ψ,S,α}α to each Yu-datum Ψ and a tamely

ramified maximal torus S ⊂ G0. Then he described the character of the supercuspidal

representation πYu
Ψ by using the function ∆abs,G

II,S [aΨ,S, χ
′
Ψ,S] when Ψ is a regular Yu-datum.

(In [Kal19a, Section 4.7], the sets aΨ,S and χ′Ψ,S are simply written by a and χ′, respectively.)

On the other hand, in his more recent paper [Kal19b], Kaletha introduced another set of χ-
data χ′′Ψ,S for a better understanding of the local Langlands correspondence for supercuspidal

representations [Kal19b, Section 3.5].
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Let us recall the definitions of Kaletha’s a-data aΨ,S and χ-data χ′Ψ,S, χ′′Ψ,S (see [FKS21,

Section 4.2] for the details). Let Ψ = (~G, ~φ, ~r,x, ρ0) be a Yu-datum. (Note that the following
construction depends only on the clipped part Ψ of Ψ.) Let S be a tamely ramified maximal
torus of G0.

Since ~G is a sequence G0 ⊂ G1 ⊂ · · · ⊂ Gd = G of tame twisted Levi subgroups, each
α ∈ R(G,S) belongs to R(Gi,S) r R(Gi−1,S) for a unique 0 ≤ i ≤ d (we put G−1 := S).
When i = 0, we simply put aΨ,S,α := 1. Thus we suppose that α ∈ R(Gi,S) r R(Gi−1,S)
for 0 < i ≤ d in the following. Let Gi−1

sc and Ssc denote the preimages of Gi−1 and S
in the simply-connected cover of the derived group of Gi, respectively. Let Gi−1

sc,ab be the

maximal abelian quotient of Gi−1
sc . We fix a Gi-generic element X∗i−1 ∈ Lie∗(Gi−1

sc,ab)(F ) of

depth ri−1 which represents the character φi−1, where Lie∗ denotes the dual Lie algebra.5 We
regard X∗i−1 as an element of Lie∗(Ssc)(F ) via the injection Lie∗(Gi−1

sc,ab)(F ) ↪→ Lie∗(Ssc)(F )

induced from the surjection Ssc � Gi−1
sc,ab. We put Hα := dα∨sc(1) ∈ Lie(Ssc)(Fα), where αsc

is the element of R(Gi−1
sc ,Ssc) corresponding to α under the identification R(Gi−1

sc ,Ssc) ∼=
R(Gi−1,S). Then we define aα ∈ Fα by

aΨ,S,α := 〈X∗i−1, Hα〉.

We next recall the definition of the χ-data {χ′Ψ,S,α}α. Let α ∈ R(G,S).

• When α is asymmetric, we define χ′Ψ,S,α : F×α → C× to be the trivial character.

• When α is symmetric unramified, we define χ′Ψ,S,α : F×α → C× to be the unique
unramified quadratic character.

• When α is symmetric ramified, we define χ′Ψ,S,α : F×α → C× to be the unique char-
acter such that

– its restriction χ′Ψ,S,α|O×Fα to OF×α is the inflation of the nontrivial quadratic

character of k×Fα , and
– we have χ′Ψ,S,α(2aα) = λFα/F±α(ψ ◦ TrF±α/F ), where λFα/F±α(ψ ◦ TrF±α/F )

denotes the Langlands constant (recall that ψ is the fixed nontrivial additive
character of F ).

We finally recall the definition of the χ-data {χ′′Ψ,S,α}α. Let Zi−1 denotes the identity

component of the center of Gi−1. For α ∈ R(Gi,S) r R(Gi−1,S), we write α0 for the
restriction of α to Zi−1. Let F0 be the subfield of F fixed by Γα0

:= StabΓF (α0).

• When α0 is asymmetric, we define χ′′Ψ,S,α0
: F×α0

→ C× to be the trivial character.

• When α0 is symmetric unramified, we define χ′′Ψ,S,α0
: F×α0

→ C× to be the unique
unramified quadratic character.

• When α is symmetric ramified, we define χ′′Ψ,S,α0
: F×α0

→ C× to be the unique
character such that

– its restriction χ′′Ψ,S,α0
|O×Fα0

to OF×α0
is the inflation of the nontrivial quadratic

character of k×Fα0
, and

– we have χ′′Ψ,S,α0
(`(α∨)aα) = (−1)fα0

+1Gkα0
(ψ0 ◦ Trkα0

/kF ).

Then we define χ′′Ψ,S,α : F×α → C× by χ′′Ψ,S,α := χ′′Ψ,S,α0
◦NrFα/Fα0

. Here we do not explain

the definitions of the quantities appearing in the symmetric ramified case (see [FKS21,

5We caution that here we adopt a different convention from [Yu01]. In [Yu01], an element of

Lie∗(Zi−1)(F ) is used to represent the character φi−1, where Zi−1 is the identity component of the center

of Gi−1. See [FKS21, Remark 4.1.3] for the details.
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Section 4.2] for the details). The only important thing for us is that both characters χ′Ψ,S,α
and χ′′Ψ,S,α are tamely ramified (i.e., trivial on 1 + pFα) for every α ∈ R(G,S).

The following properties of the function ∆abs,G
II,S associated with Kaletha’s a-data and

χ-data will be needed later.

Lemma 6.12 ([FKS21, (Proof of) Lemma 4.2.7]). With the above notations, for any γ ∈ S,
we have

∆abs,G
II,S [aΨ,S, χ

′′
Ψ,S](γ)

∆abs,G0

II,S [aΨ,S, χ′′Ψ,S](γ)
=

∆abs,G
II,S [aΨ,S, χ

′
Ψ,S](γ)

∆abs,G0

II,S [aΨ,S, χ′Ψ,S](γ)
· εΨ,S,[(γ),

where

• ∆abs,G0

II,S is a function defined in the same way as ∆abs,G
II,S by the product over {α ∈

ΓF \R(G0,S) | α(γ) 6= 1}, and
• εΨ,S,[ is the character of S mentioned in Section 5.1.

Lemma 6.13. When γ ∈ S is a very regular element of G, for any γ+ ∈ S0+, we have

∆abs,G
II,S [aΨ,S, χ

′′
Ψ,S](γ · γ+) = ∆abs,G

II,S [aΨ,S, χ
′′
Ψ,S](γ).

Proof. Since γ is very regular, α(γ) 6≡ 1 (mod pF ) for any α ∈ R(G,S). On the other
hand, since γ+ belongs to S0+, α(γ+) ≡ 1 (mod pF ) for any α ∈ R(G,S). Hence α(γ) ≡
α(γ ·γ+) 6≡ 1 (mod pF ) for any α ∈ R(G,S). By noting that χ′′Ψ,S,α is tamely ramified, this
implies that

χ′′Ψ,S,α

Å
α(γ)− 1

aΨ,S,α

ã
= χ′′Ψ,S,α

Å
α(γ · γ+)− 1

aΨ,S,α

ã
for any α ∈ R(G,S). Thus ∆abs,G

II,S [aΨ,S, χ
′′
Ψ,S](γ) equals ∆abs,G

II,S [aΨ,S, χ
′′
Ψ,S](γ · γ+). �

Lemma 6.14. The function ∆abs,G
II,S [aΨ,S, χ

′′
Ψ,S] is G0-conjugation invariant. More precisely,

for any g ∈ G0,

∆abs,G
II,S [aΨ,S, χ

′′
Ψ,S](γ) = ∆abs,G

II,gS [aΨ,gS, χ
′′
Ψ,gS](gγ),

where aΨ,gS and χ′′Ψ,gS are Kaletha’s a-data and χ-data with respect to the tamely ramified

maximal torus gS ⊂ G0.

Proof. Let g ∈ G0. We let α ↔ gα denote the identification R(G,S) ∼= R(G, gS) induced
by the g-conjugation. It is enough to check that

χ′′Ψ,S,α

Å
α(γ)− 1

aΨ,S,α

ã
= χ′′Ψ,gS,gα

Å gα(gγ)− 1

aΨ,gS,gα

ã
for any α ∈ R(G,S). Note that gα(gγ) = α(γ). Since g is F -rational, the identification
R(G,S) ∼= R(G, gS) is ΓF -equivariant. Therefore, by the construction of χ′′Ψ,S,α, it suffices

to show that aΨ,gS,gα · a−1
Ψ,S,α ∈ 1 + pFα . When α belongs to R(G0,S), this is obvious

since aΨ,S,α = aΨ,gS,gα = 1. Let us suppose that α belongs to R(Gi,S) r R(Gi−1,S) for
0 < i ≤ d. Recall that we put

aΨ,S,α = 〈X∗i−1, Hα〉 and aΨ,gS,gα = 〈X∗i−1, Hgα〉,

where X∗i−1 is a(ny) Gi-generic element of Lie∗(Gi−1
sc,ab)(F ) of depth ri−1 which represents

the character φi−1. Note that X∗,gi−1 := g−1X∗i−1g is a Gi-generic element of Lie∗(Gi−1
sc,ab)(F )

of depth ri−1 which represents the character φgi−1. Since g belongs to G0, we have φgi−1 =
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φi−1. Hence both X∗i−1 and X∗,gi−1 represents the character φi−1. This implies that X∗,gi−1 ∈
X∗i−1 · (1 + pFα). Thus we have

aΨ,gS,gα = 〈X∗i−1, Hgα〉 = 〈X∗,gi−1, Hα〉 ∈ 〈X∗i−1, Hα〉 · (1 + pFα) = aΨ,S,α · (1 + pFα). �

When γ ∈ G is a regular semisimple element contained in G0, any maximal torus of G
containing γ is necessarily equal to Tγ , which is contained in G0. For this reason, we simply
write

∆abs,G
II [aΨ, χ

′
Ψ](γ) := ∆abs,G

II,Tγ
[aΨ,Tγ , χ

′
Ψ,Tγ ](γ), and

∆abs,G
II [aΨ, χ

′′
Ψ](γ) := ∆abs,G

II,Tγ
[aΨ,Tγ , χ

′′
Ψ,Tγ ](γ)

for any regular semisimple element γ ∈ G contained in G0.

6.4. Character formula at very regular elements. Let πFKS
Ψ be the supercuspidal

representation associated with a Yu-datum Ψ = (~G, ~r,x, ρ0, ~φ) via modified construction of
Fintzen–Kaletha–Spice (see Section 5.1).

We first show supplementary lemmas which will be needed in the proof of our character
formula.

Lemma 6.15. Let γ ∈ G be an elliptic very regular element.

(1) We have {g ∈ G | gγ ∈ G0
x̄} = NG(Tγ , G

0
x̄).

(2) For any g ∈ NG(Tγ , G
0
x̄), we have NG(Tγ , G

0
x̄) = NGx̄(gTγ , G

0
x̄)g.

Proof. (1) As γ belongs to Tγ , the inclusion {g ∈ G | gγ ∈ G0
x̄} ⊃ NG(Tγ , G

0
x̄) is

obvious. Let us consider the converse inclusion. Let g ∈ G be an element satisfying
gγ ∈ G0

x̄. Then, in particular, we have gγ ∈ G0. As γ is regular semisimple element
in G and G0 is a tame twisted Levi subgroup of G, this implies that gTγ ⊂ G0,
hence gTγ ⊂ G0. On the other hand, as gγ is elliptic very regular with point
gxγ , Lemma 6.4 implies that gx̄γ = x̄. Hence we have gTγ ⊂ Gx̄. Thus we get
gTγ ⊂ Gx̄ ∩G0 = G0

x̄.
(2) The inclusion NG(Tγ , G

0
x̄) ⊃ NGx̄(gTγ , G

0
x̄)g is obvious. Let us show the converse

inclusion. Let g1 and g2 be elements of NG(Tγ , G
0
x̄). Since a point gixγ is associated

with giγ ∈ Gx̄, we get gix̄γ = x̄ (i = 1, 2) by Lemma 6.4. Hence n := g1g
−1
2 belongs

to Gx̄. As n(g2Tγ) = g1Tγ ⊂ G0
x̄, n belongs to NGx̄(g2Tγ , G

0
x̄). �

Lemma 6.16. Let γ ∈ G be an elliptic very regular element. Then we have Kd∩NGx̄(Tγ , G
0
x̄) =

NG0
x̄
(Tγ , G

0
x̄).

Proof. This follows from the same argument as in the proof of [CO21, Lemma 4.10]. We
explain it for the sake of completeness.

Recall that Kd = G0
x̄(G0, . . . , Gd)x,(0+,s0,...,sd−1). The inclusion Kd ∩ NGx̄(Tγ , G

0
x̄) ⊃

NG0
x̄
(Tγ , G

0
x̄) is obvious. Let us show the converse. Let g ∈ Kd∩NGx̄(Tγ , G

0
x̄). We write g =

g0k with elements g0 ∈ G0
x̄ and k ∈ (G0, . . . , Gd)x,(0+,s0,...,sd−1). Since g satisfies gTγ ⊂ G0

x̄,

we have gx̄γ = x̄ by Lemma 6.4. As g ∈ Gx̄, this implies that x̄γ = x̄. Moreover, as g0 ∈ G0
x̄,

we have kTγ ⊂ G0
x̄. Then, by applying [AS08, Lemma 9.10] to (Gd−1,Gd), we get k ∈

Gd−1
x,0+Tγ,0+ = Gd−1

x,0+. Thus k belongs to (G0, . . . , Gd)x,(0+,s0,...,sd−1) ∩ Gd−1
x,0+, which equals

to (G0, . . . , Gd−1)x,(0+,s0,...,sd−2). Repeating this procedure for (Gd−2,Gd−1), . . . (G0,G1),

we eventually get k ∈ G0
x,0+. Hence we obtain g = g0k ∈ G0

x̄. �
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Proposition 6.17. Let γ ∈ G be an elliptic very regular element. Then we have

ΘπFKS
Ψ

(γ) = φd(γ)
∑

g∈G0
x̄\NG(Tγ ,G0

x̄)

Θρd(gγ) · εΨ(gγ).

Proof. Recall that the irreducible supercuspidal representation πFKS
Ψ is obtained by the

compact induction of ρYu
Ψ ⊗ εΨ = (ρd ⊗ φd)⊗ εΨ from Kd to G (see Section 5.1). Since γ is

an elliptic regular semisimple element, the Harish-Chandra integration formula (see [HC70,
page 94] and also [AS09, proof of Theorem 6.4] for the validity in the positive characteristic
case) gives

ΘπFKS
Ψ

(γ) =
deg πFKS

Ψ

dim ρd
φd(γ)

∫
G/ZG

Θ̇ρd(gγ) · εΨ(gγ) dg,

where deg πFKS
Ψ is the formal degree of πFKS

Ψ with respect to a fixed Haar measure dg of

G/ZG and Θ̇ρd is the zero extension of the character Θρd of ρd from Kd to G. From this,
we see that ΘπFKS

Ψ
(γ) = 0 if g is not G-conjugate to any element of Kd, or equivalently (by

Lemma 6.5), γ is not G-conjugate to any element of G0
x̄. Note that, in this case, the index

set of the sum in the assertion is empty by Lemma 6.15 (1), hence we get the assertion.
From now on, let g ∈ G be an elliptic very regular element which is G-conjugate to an

element of G0
x̄. Let us fix an element gγ ∈ G such that gγγ ∈ G0

x̄. Note that then we have

gγ x̄γ = x̄ by Lemma 6.4. We first argue that the function g 7→ Θ̇ρd(gγ) · εΨ(gγ) on G/ZG

is supported on Gx̄gγ/ZG. For any g ∈ G, the point gxγ is associated with gγ. Hence, if gγ
belongs to Kd, we have gx̄γ = x̄ by Lemma 6.4. In other words, gg−1

γ necessarily belongs

to the stabilizer subgroup Gx̄ of x̄. In particular, unless g ∈ Gx̄gγ , we have gγ /∈ Kd and

Θ̇ρd(gγ) = 0. Therefore g 7→ Θ̇ρd(gγ) · εΨ(gγ) is supported on Gx̄gγ/ZG.
We next note that ρd ⊗ εΨ is a representation of Kd, hence its character Θρd · εΨ is

invariant under Kd-conjugation. Then we can compute the integral as follows:∫
G/ZG

Θ̇ρd(gγ) · εΨ(gγ) dg =
∑

g′∈Kd\Gx̄gγ

∫
Kdg′/ZG

Θ̇ρd(gγ) · εΨ(gγ) dg

=
∑

g′∈Kd\Gx̄gγ

meas(Kdg′/ZG) · Θ̇ρd(g
′
γ) · εΨ(g

′
γ)

= meas(Kd/ZG)
∑

g∈Kd\Gx̄gγ

Θ̇ρd(gγ) · εΨ(gγ).

Since deg πFKS
Ψ = dim ρd ·meas(Kd/ZG)−1 (see, e.g., [BH96, Theorem A.14]),

ΘπFKS
Ψ

(γ) = φd(γ)
∑

g∈Kd\Gx̄gγ

Θ̇ρd(gγ) · εΨ(gγ).

We finally rewrite the index set. Let us put γ′ := gγγ. Then we have∑
g∈Kd\Gx̄gγ

Θ̇ρd(gγ) · εΨ(gγ) =
∑

g∈Kd\Gx̄

Θ̇ρd(gγ′) · εΨ(gγ′).

Whenever gγ′ belongs to Kd, we may suppose that gγ′ belongs to G0
x̄ (⊂ Kd) by replacing

it with its Kd-conjugate element by Lemma 6.5. Hence∑
g∈Kd\Gx̄

Θ̇ρd(gγ′) · εΨ(gγ′) =
∑

g∈Kd\Gx̄
gγ′∈G0

x̄

Θρd(gγ′) · εΨ(gγ′).
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Thus, by Lemma 6.15 (1), the index set on the right-hand side can be rewritten as

(Kd ∩NGx̄(Tγ′ , G
0
x̄))\NGx̄(Tγ′ , G

0
x̄).

By Lemma 6.16, Kd ∩NGx̄(Tγ′ , G
0
x̄) equals NG0

x̄
(Tγ′ , G

0
x̄) = G0

x̄. Therefore we get∑
g∈Kd\Gx̄
gγ′∈G0

x̄

Θρd(gγ′) · εΨ(gγ′) =
∑

g∈G0
x̄\NGx̄ (Tγ′ ,G

0
x̄)

Θρd(gγ′) · εΨ(gγ′)

=
∑

g∈G0
x̄\NGx̄ (Tγ′ ,G

0
x̄)gγ

Θρd(gγ) · εΨ(gγ)

=
∑

g∈G0
x̄\NG(Tγ ,G0

x̄)

Θρd(gγ) · εΨ(gγ).

Here, we used Lemma 6.15 (2) in the last equality. �

Let us investigate the summands in the formula in Proposition 6.17. We put G0
x̄,evrs to

be the set of elliptic very regular elements of G which lies in G0
x̄. (Thus note that G0

x̄,evrs

depends on G since the very regularity is considered in G.)

Proposition 6.18. For any γ ∈ G0
x̄,evrs, we have

φd(γ) ·Θρd(γ) · εΨ(γ) = Θρ0
(γ) · e(G)

e(G0)
· εL(TG∗ −TG0∗) ·

∆abs,G
II [aΨ, χ

′′
Ψ](γ)

∆abs,G0

II [aΨ, χ′′Ψ](γ)
· φ≥0(γ),

where

• e(G) (resp. e(G0)) denotes the Kottwitz sign of G (resp. G0),
• TG∗ (resp. TG0∗) denotes a minimal Levi subgroup of the quasi-split inner form of

G (resp. G0),
• εL(TG∗ − TG0∗) denotes the central value of the ε-factor of the virtual complex

representation X∗(TG∗)C −X∗(TG0∗)C of the absolute Galois group ΓF .

Proof. Since γ belongs to G0
x̄, we get

φd(γ)Θρd(γ) = Θρ0(γ)

d−1∏
i=0

Θφ̃i
(γ n 1)

d∏
i=0

φi(γ)

by the construction of the representation ρd. The same argument as in the proof of [CO21,
Proposition 4.9] shows that

Θφ̃i
(γ n 1) = εsym,ram(π′, γ) · εram(π′, γ) · ẽ(π′, γ).

See the proof of [CO21, Proposition 4.9] for the details of the notations used here. Then,
by [Kal19a, Corollary 4.7.6] (cf. the proof of [Kal19a, Corollary 4.10.1]), we get

d−1∏
i=0

Θφ̃i
(γ n 1) = εΨ,Tγ ,f,ram(γ) · e(G)

e(G0)
· εL(TG∗ −TG0∗) ·

∆abs,G
II [aΨ, χ

′
Ψ](γ)

∆abs,G0

II [aΨ, χ′Ψ](γ)
· εram

Ψ,Tγ (γ)

(J i in Corollary 4.7.6 of [Kal19] equals Tγ by the very regularity). Since we have

∆abs,G
II [aΨ, χ

′′
Ψ](γ)

∆abs,G0

II [aΨ, χ′′Ψ](γ)
=

∆abs,G
II [aΨ, χ

′
Ψ](γ)

∆abs,G0

II [aΨ, χ′Ψ](γ)
· εΨ,Tγ ,[(γ)

by Lemma 6.12 and

εΨ(γ) = εram
Ψ,Tγ (γ) · εΨ,Tγ ,[(γ) · εΨ,Tγ ,f,ram(γ)
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by Proposition 5.7, we get the desired identity. (Note that all of ε’s are signs.) �

By Propositions 6.17 and 6.18, we get the following.

Theorem 6.19. Let πFKS
Ψ be the supercuspidal representation obtained from the Yu-datum

Ψ via the modified construction of Fintzen–Kaletha–Spice. Let γ ∈ G be an elliptic very
regular element. Then

ΘπFKS
Ψ

(γ) =
e(G)

e(G0)
·εL(TG∗−TG0∗)·

∑
g∈G0

x̄\NG(Tγ ,G0
x̄)

Θρ0(gγ)·
∆abs,G

II [aΨ, χ
′′
Ψ](gγ)

∆abs,G0

II [aΨ, χ′′Ψ](gγ)
·φ≥0(gγ).

Lemma 6.20. Let γ be an element of G0
x̄,evrs such that Tγ is maximally unramified in G0.

Then ∆abs,G0

II [aΨ, χ
′′
Ψ](γ) = 1.

Proof. The statement is proved in the final paragraph of the proof of [Kal19a, Proposition
4.9.2] in the case where γ is in particular “shallow” in the sense of Kaletha. Hence, by
Lemma 6.13 and Remark 6.3, the statement also holds for any very regular element. �

Let us investigate how the formula of Theorem 6.19 can be simplified when the Yu-datum
Ψ is regular.

Corollary 6.21. Suppose that Ψ is a regular Yu-datum which corresponds to a tame elliptic
regular pair (S, θ). Let γ ∈ G be an elliptic very regular element. Then

ΘπFKS
(S,θ)

(γ) = e(G) · εL(TG∗ − S) ·
∑

w∈WG(Tγ ,S)

∆abs,G
II [aΨ, χ

′′
Ψ](wγ) · θ(wγ).

Note that, in particular, if WG(Tγ , S) is empty (equivalently, γ is not conjugate to any
element of S), then ΘπFKS

(S,θ)
(γ) = 0.

Proof. By Theorem 6.19, we have

ΘπFKS
(S,θ)

(γ) =
e(G)

e(G0)
·εL(TG∗−TG0∗)·

∑
g∈G0

x̄\NG(Tγ ,G0
x̄)

Θρ0
(gγ)·

∆abs,G
II [aΨ, χ

′′
Ψ](gγ)

∆abs,G0

II [aΨ, χ′′Ψ](gγ)
·φ≥0(gγ).

Since (S, θ) is regular, we have ρ0
∼= (−1)r(S

◦)−r(G◦)RG
S (φ−1), where G and S are as in

Section 5.2 (see [CO21, Section 3.2]). As the character RG
S (φ−1) is supported on G′(Fq)

(Corollary 3.11), only the summand corresponding to g such that gγ ∈ SG0
x,0 contributes to

the sum nontrivially. Let us compute each summand by assuming that gγ belongs to SG0
x,0.

By Proposition 6.7, the image of γ in G′(Fq) is regular semisimple. Hence, by Corollary
3.14, we obtain

Θρ0
(gγ) = (−1)r(S

◦)−r(G◦)ΘRG
S (φ−1)(

gγ)

= (−1)r(S
◦)−r(G◦)

∑
w∈WG(Fq)(gT◦γ ,S◦)

φ−1(wgγ)

= (−1)r(S
◦)−r(G◦)

∑
w∈W

G0
x̄

(gTγ ,S)

φ−1(wgγ).

(See Lemma 6.22 for the last equality.)
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As explained in the final paragraph of the proof of [Kal19a, Proposition 4.9.2], we have

(−1)r(S
◦)−r(G◦) = (−1)r(G

0)−r(S)

= (−1)r(G
0)−r(TG0∗ ) · (−1)r(TG0∗ )−r(S)

= e(G0) · εL(S−TG0∗).

Furthermore, since S is maximally unramified in G0, Lemma 6.20 implies that ∆abs,G0

II [aΨ, χ
′′
Ψ](γ)

is trivial (as long as γ is conjugate to an element of S).
Therefore we see that ΘπFKS

(S,θ)
(γ) is equal to

e(G) · εL(TG∗ − S) ·
∑

g∈G0
x̄\NG(Tγ ,G0

x̄)

∆abs,G
II [aΨ, χ

′′
Ψ](gγ) · φ≥0(gγ) ·

∑
w∈W

G0
x̄

(gTγ ,S)

φ−1(wgγ).

Since ∆abs,G
II [aΨ, χ

′′
Ψ] and φ≥0 are invariant under G0-conjugation (see Lemma 6.14 for the

former assertion), by also noting that θ = φ−1 · φ≥0, we get∑
g∈G0

x̄\NG(Tγ ,G0
x̄)

∆abs,G
II [aΨ, χ

′′
Ψ](gγ) · φ≥0(gγ) ·

∑
w∈W

G0
x̄

(gTγ ,S)

φ−1(wgγ)

=
∑

g∈G0
x̄\NG(Tγ ,G0

x̄)

∑
w∈W

G0
x̄

(gTγ ,S)

∆abs,G
II [aΨ, χ

′′
Ψ](wgγ) · φ≥0(wgγ) · φ−1(wgγ)

=
∑

w∈WG(Tγ ,S)

∆abs,G
II [aΨ, χ

′′
Ψ](wγ) · θ(wγ).

This completes the proof. �

Lemma 6.22. For any very regular element γ ∈ SG0
x,0, we have WG(Fq)(T◦γ ,S◦) = WG0

x̄
(Tγ , S).

Proof. We first note thatWG0
x̄
(Tγ , S) = WG0

x̄
(Tγ ,S). The natural reduction mapWG0

x̄
(Tγ ,S)→

WG(Fq)(T◦γ ,S◦) is obviously well-defined and injective. Let us show the surjectivity. Let n̄

be an element of WG(Fq)(T◦γ ,S◦). Then, as the map G0
x̄ � G(Fq) is surjective, we can take

an element n ∈ G0
x̄ whose image in G(Fq) equals n̄. Since Tγ is the centralizer of γ̄ and γ̄

is regular semisimple (Proposition 6.7), the condition n̄ ∈ WG(Fq)(T◦γ ,S◦) is equivalent to

the condition n̄γ̄ ∈ S. This is furthermore equivalent to that nγ ∈ SG0
x,0+. Then Lemma

6.6 implies that there exists a very regular element γ′ of S and that nTγ and Tγ′ = S are
G0

x,0+-conjugate. If we let n+ ∈ G0
x,0+ be an element such that n+nTγ = S, then n+n gives

an element of WG0
x̄
(Tγ ,S) which maps to n̄ ∈WG(Fq)(T◦γ ,S◦). �
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Part 3. Supercuspidals distinguished by their characters on elliptic very
regular elements

7. Characterizing clipped Yu-data

Recall from the previous part that on elliptic very regular elements, the character formula
of any supercuspidal representation is extremely simple (Theorem 6.19). In this section, we
prove that, up to equivalence, the clipped Yu-datum of any supercuspidal representation can
be recovered from these character values (Proposition 7.3). Moreover, we prove that if two
supercuspidal representations πFKS

Ψ , πFKS
Ψ′ have the same character values on the elliptic very

regular locus, then their depth zero components ρ0, ρ
′
0 must also have matching character

values on the image G(Fq)evrs of the elliptic very regular locus (Proposition 7.4).

Proposition 7.1. Let Ψ = (~G, ~φ, ~r,x) and Ψ
′

= (~G′, ~φ′, ~r′,x′) be clipped Yu-data such that
x̄ = x̄′. Suppose that there exists a tame elliptic maximal torus S of G which is contained

in both of G0 and G′0 such that φ≥0|S0+ = φ′≥0|S0+ . Then Ψ
′

is a refactorization of Ψ.

Proof. According to [Kal19a, Lemma 3.6.3], the sequences ~G and ~r are uniquely recovered

from φ≥0|S0+ . Hence the assumption that φ≥0|S0+ = φ′≥0|S0+ implies that (~G, ~r) = (~G′, ~r′).

The remaining part follows from the same argument as in [Kal19a, Lemma 3.6.6]. �

Proposition 7.2. Let (~G, ~φ, ~r,x) be a clipped Yu-datum. Let S be a tame elliptic maximal
torus of G contained in G0. If an element g ∈ NGx̄(S,G0) satisfies φg≥0|S0+

= φ≥0|S0+
,

then g belongs to G0
x̄.

Proof. As φ≥0 is defined to be the product of φ0, . . . , φd and φd is a character of Gd = G,
the assumption φg≥0|S0+

= φ≥0|S0+
implies that (φ0 · · ·φd−1)g|S0+

= (φ0 · · ·φd−1)|S0+
.

Note that Zd−1 ⊂ S ⊂ Gd−1, where Zd−1 denotes the center of Gd−1. As explained in
[Yu01, Section 8], by noting the coadjoint actions of S and Gd−1 on Lie∗(Gd−1), we have

Lie∗(Zd−1) ⊂ Lie∗(S) ⊂ Lie∗(Gd−1),

which induces

Lie∗(Zd−1)(F )−rd−1
⊂ Lie∗(S)(F )−rd−1

⊂ Lie∗(Gd−1)(F )x,−rd−1
.

Similarly, by the inclusions Zd−1,g ⊂ S ⊂ Gd−1,g, we get

Lie∗(Zd−1,g)(F )−rd−1
⊂ Lie∗(S)(F )−rd−1

⊂ Lie∗(Gd−1,g)(F )x,−rd−1
.

By the Gd-genericity assumption of φd−1, there exists a Gd-generic element X∗d−1 ∈
Lie∗(Zd−1)(F )−rd−1

of depth rd−1 which realizes φd−1|Gd−1
x,rd−1:rd−1+

(in the sense of [Yu01,

Section 8]). Then X∗,gd−1 ∈ Lie∗(Zd−1,g)(F )−rd−1
is a Gd,g-generic element of depth rd−1

which realizes φgd−1|Gd−1,g
x,rd−1:rd−1+

. Note that, as the depth of φi is smaller than rd−1 for any

0 ≤ i ≤ d− 2,

(φd−1|Gd−1
x,rd−1:rd−1+

)|Srd−1
= φd−1|Srd−1

= (φ0 · · ·φd−1)|Srd−1

and
(φgd−1|Gd−1

x,rd−1:rd−1+
)|Srd−1

= φgd−1|Srd−1
= (φ0 · · ·φd−1)g|Srd−1

.

Thus the equality (φ0 · · ·φd−1)g|S0+ = (φ0 · · ·φd−1)|S0+ implies that the elements X∗d−1 ∈
Lie∗(Zd−1)(F )−rd−1

andX∗,gd−1 ∈ Lie∗(Zd−1,g)(F )−rd−1
are equal in Lie∗(S)(F )−rd−1:(−rd−1)+,

hence in Lie∗(Gd−1)(F )x,−rd−1:(−rd−1)+. Now we utilize [Yu01, Lemma 8,3] as follows.
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We take a regular semisimple (in Gd−1) element Z∗ ∈ Lie∗(S)(F ). Here, the existence of
a regular semisimple element in Lie∗(S)(F ) follows from that the regular semisimple locus of
Lie∗(S) is Zariski dense in Lie∗(S), hence unirational. (Any F -rational torus is unirational,
hence so is Lie∗(S); see [Bor91, AG13.7 and 8.13] for the unirationality of a torus.) By
scaling Z∗, we may assume that Z∗ belongs to Lie∗(S)(F )(−rd−1)+ and is sufficiently close
to 0 so that

• (Z∗)g belongs to Lie∗(Gd−1)(F )x,(−rd−1)+ and
• X∗d−1 + Z∗ is regular semisimple (hence so is (X∗d−1 + Z∗)g).

Then the elements Y ∗1 := (X∗d−1 + Z∗)g and Y ∗2 := X∗d−1 + Z∗ satisfy the assumptions of
[Yu01, Lemma 8,3], i.e., Y ∗1 and Y ∗2 are regular semisimple and satisfy Y ∗1 ≡ Y ∗2 ≡ X∗d−1

modulo Lie∗(Gd−1)(F )x,(−rd−1)+. Hence, as gY ∗1 = Y ∗2 , [Yu01, Lemma 8,3] implies that

g ∈ Gd−1.
Since φd−1 is a character of Gd−1, the equality (φ0 · · ·φd−1)g|S0+

= (φ0 · · ·φd−1)|S0+

implies that (φ0 · · ·φd−2)g|S0+
= (φ0 · · ·φd−2)|S0+

. Hence, by applying the same argument

to (d − 1, d − 2), we get g ∈ Gd−2. Repeating this procedure inductively, we finally get
g ∈ G0. Thus g ∈ Gx̄ ∩G0 = G0

x̄. �

For any tame elliptic maximal torus S of G, we put Sevrs to be the set of elliptic very
regular elements of S.

Proposition 7.3. Let Ψ = (~G, ~φ, ~r,x, ρ0) and Ψ′ = (~G′, ~φ′, ~r′,x′, ρ′0) be Yu-data. Let S
be a tame elliptic maximal torus of G0 with associated point x. Assume that Θρ0 is not
identically zero on Sevrs. If there exists a constant c ∈ C1 for which

(8) ΘπFKS
Ψ

(γ) = c ·ΘπFKS
Ψ′

(γ) for any γ ∈ Sevrs,

then the clipped Yu-data Ψ,Ψ
′

are G-equivalent.

Proof. Applying Theorem 6.19 to (8), for any γ ∈ Sevrs we have the identity∑
g∈G0

x̄\NG(S,G0
x̄)

Θρ0
(gγ) ·

∆abs,G
II [aΨ, χ

′′
Ψ](gγ)

∆abs,G0

II [aΨ, χ′′Ψ](gγ)
· φ≥0(gγ)

= c · c′ ·
∑

g∈G′0
x̄′\NG(S,G′0

x̄′ )

Θρ′0
(gγ) ·

∆abs,G
II [aΨ′ , χ

′′
Ψ′ ](

gγ)

∆abs,G′0

II [aΨ′ , χ′′Ψ′ ](
gγ)
· φ′≥0(gγ),

where c′ := e(G0)
e(G′0) ·

εL(TG∗−TG′0∗ )

εL(TG∗−TG0∗ ) . (Note that we have NG(S,G0
x̄) = NGx̄(S,G0

x̄) by Lemma

6.15.) Let us take γ ∈ Sevrs such that Θρ0
(γ) 6= 0 by assumption. For any element

γ0+ ∈ S0+, the element γγ0+ is again very regular by Lemma 6.6. Since ρ0 and ρ′0 are of

depth zero and ∆abs,G
II is invariant under S0+-translation (Lemma 6.13),

∑
g∈G0

x̄\NGx̄ (S,G0
x̄)

Θρ0
(gγ) ·

∆abs,G
II [aΨ, χ

′′
Ψ](gγ)

∆abs,G0

II [aΨ, χ′′Ψ](gγ)
· φ≥0(gγ) · φ≥0(gγ0+)

(9)

= c · c′ ·
∑

g∈G′0
x̄′\NG(S,G′0

x̄′ )

Θρ′0
(gγ) ·

∆abs,G
II [aΨ′ , χ

′′
Ψ′ ](

gγ)

∆abs,G′0

II [aΨ′ , χ′′Ψ′ ](
gγ)
· φ′≥0(gγ) · φ′≥0(gγ0+).

We regard this as an identity between linear combinations of the characters {φg≥0|S0+
}g∈G0

x̄\NGx̄ (S,G0
x̄)

and {φ′g≥0|S0+
}g∈G′0

x̄′\NG(S,G′0
x̄′ )

of S0+. We apply the inner product 〈−, φ≥0|S0+
〉S0+

to the
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identity (9). By Proposition 7.2, the stabilizer of φ≥0|S0+ under NGx̄(S,G0
x̄) is equal to G0

x̄.
Hence the left-hand side equals

Θρ0
(γ) ·

∆abs,G
II [aΨ, χ

′′
Ψ](γ)

∆abs,G0

II [aΨ, χ′′Ψ](γ)
· φ≥0(γ).

As this is not equal to zero, we have now shown that the inner product of the left-hand side
of (9) with φ≥0|S0+

is nonzero. It follows then that the inner product of the right-hand side
of (9) with φ≥0|S0+

is nonzero. In particular, there exists an element g ∈ G′0x̄′\NG(S,G′0x̄′)

such that φ′g≥0|S0+
= φ≥0|S0+

. By replacing the Yu-datum Ψ′ with its g-conjugation gΨ′,
we may assume that this g can be taken to be 1. But now this implies that S is contained
also in G′0x̄′ . Since γ ∈ S is an elliptic very regular element, Lemma 6.4 implies that x̄ = x̄′.

Now Proposition 7.1 implies that the clipped Yu-datum Ψ
′

is a refactorization of Ψ. �

Recall that

• G0
x̄,evrs is the set of elliptic very regular elements of G0

x̄ (Section 6.4),

• G′(Fq)evrs is the set of reductions of elliptic very regular elements of SG0
x,0 (Section

6.2).

Proposition 7.4. Let Ψ = (~G, ~φ, ~r,x, ρ0) and Ψ′ = (~G, ~φ, ~r,x, ρ′0) be Yu-data (i.e., Ψ =

Ψ
′
). If there exists a constant c ∈ C1 for which

(10) ΘπFKS
Ψ

(γ) = c ·ΘπFKS
Ψ′

(γ) for any γ ∈ G0
x̄,evrs,

then

Θρ0(γ) = c ·Θρ′0
(γ) for any γ ∈ G′(Fq)evrs.

Proof. Let γ ∈ G′(Fq). We take an elliptic very regular element of SG0
x̄,0 whose reduction

is γ and again write γ for it by abuse of notation. Combining (10) with Theorem 6.19, we
have the identity

∑
g∈G0

x̄\NG(Tγ ,G0
x̄)

Θρ0
(gγ) ·

∆abs,G
II [aΨ, χ

′′
Ψ](gγ)

∆abs,G0

II [aΨ, χ′′Ψ](gγ)
· φ≥0(gγ)

= c ·
∑

g∈G0
x̄\NG(Tγ ,G0

x̄)

Θρ′0
(gγ) ·

∆abs,G
II [aΨ′ , χ

′′
Ψ′ ](

gγ)

∆abs,G0

II [aΨ′ , χ′′Ψ′ ](
gγ)
· φ≥0(gγ).

Similarly to the proof of Proposition 7.3, we consider the Tγ,0+-translation of γ and take
the inner product 〈−, φ≥0|Tγ,0+〉Tγ,0+ . Then the resulting left-hand side is given by∑

g∈G0
x̄\NG(Tγ ,G0

x̄)

Θρ0
(gγ) ·

∆abs,G
II [aΨ, χ

′′
Ψ](gγ)

∆abs,G0

II [aΨ, χ′′Ψ](gγ)
· φ≥0(gγ) · 〈φg≥0|Tγ,0+

, φ≥0|Tγ,0+
〉Tγ,0+

.

Since NG(Tγ , G
0
x̄) = NGx̄(Tγ , G

0
x̄) (Lemma 6.15), it follows from Proposition 7.2 that if

g ∈ NG(Tγ , G
0
x̄) is an element satisfying 〈φg≥0|Tγ,0+ , φ≥0|Tγ,0+〉Tγ,0+ 6= 0, then necessarily

g ∈ G0
x̄. Applying the same argument to the right-hand side, we have now shown that for

any γ ∈ G0
x̄,evrs,

Θρ0
(γ) ·

∆abs,G
II [aΨ, χ

′′
Ψ](γ)

∆abs,G0

II [aΨ, χ′′Ψ](γ)
· φ≥0(γ) = c ·Θρ′0

(γ) ·
∆abs,G

II [aΨ′ , χ
′′
Ψ′ ](γ)

∆abs,G0

II [aΨ′ , χ′′Ψ′ ](γ)
· φ≥0(γ).
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Note that ∆abs,G(0)

II [aΨ, χ
′′
Ψ](γ) = ∆abs,G(0)

II [aΨ′ , χ
′′
Ψ′ ](γ) since Kaletha’s a-data and χ-data

depend only on the clipped parts of Yu-data (see Section 6.3). Therefore, as
∆abs,G

II [aΨ,χ
′′
Ψ](γ)

∆abs,G0

II [aΨ,χ′′Ψ](γ)
·

φ≥0(γ) 6= 0, we get Θρ0
(γ) = c ·Θρ′0

(γ). �

8. Characterization on elliptic very regular elements

In this section, we apply the results of Section 7 in various contexts to prove that if there
are sufficiently many elliptic very regular elements, then classes of supercuspidal represen-
tations are distinguished by only their character values on elliptic very regular elements.
The essential line of reasoning is that Propositions 7.3 and 7.4 allow us to reduce this kind
of characterization problem to the depth zero setting, wherein we can apply the results of
Section 4.

8.1. Characterizing regular supercuspidal representations. Let Ψ = (~G, ~φ, ~r,x, ρ0)
be a regular Yu-datum corresponding to a tame elliptic regular pair (S, θ). We introduce the
groups G, S, ZG, Z?G as in Section 6.2. Recall that we defined the set G′(Fq)evrs in Section
6.2. Let us put G′(Fq)nevrs := G′(Fq)rG′(Fq)evrs and G(Fq)nevrs := G(Fq)rG′(Fq)evrs. By
taking G′(Fq)• and G′(Fq)◦ in Section 4.1 to be G′(Fq)evrs and G′(Fq)nevrs, respectively, we
consider the inequality (H•):

(Hevrs)
|[S]?|
|[S]?nevrs|

=
|[S]?|

|[S]? r [S]?evrs|
> 2 · |WG(Fq)(S)|.

Theorem 8.1. Assume that (Hevrs) is satisfied. Then there exists a unique irreducible
supercuspidal representation π such that there exists a constant c ∈ C1 for which

(11) Θπ(γ) = c ·
∑

w∈WG(Tγ ,S)

∆abs,G
II [aΨ, χ

′′
Ψ](wγ) · θ(wγ)

for any γ ∈ G0
x̄,evrs. Moreover, such π is given by the regular supercuspidal representation

πFKS
(S,θ) associated with (S, θ) via the modified construction of Fintzen–Kaletha–Spice.

The assumption (Hevrs) appears as it is a sufficient condition for the nonvanishing asser-
tion in the hypothesis of Proposition 7.3 in the setting of regular supercuspidal representa-
tions (i.e., when the depth zero part ρ0 of the Yu-datum is the Deligne–Lusztig induction
of a character φ−1 in general position). The following lemma provides the reason for this
sufficiency:

Lemma 8.2. Let φ−1 be a regular depth zero character of S. If (Hevrs) holds, then there
exists an element γ ∈ Sevrs such that ∑

v∈WG0 (S)

φv−1(γ) 6= 0.

Proof. Let us suppose that
∑
v∈WG0 (S) φ

v
−1(γ) = 0 for the sake of contradiction. Since we

have WG0(S) = WG(S) ([Kal19b, Lemma 3.2.2]), the averaged sum is nothing but the char-
acter of the disconnected Deligne–Lusztig virtual representation RG

S (φ−1) at γ ∈ S(Fq)evrs

by Corollary 3.14. Thus the claim follows from Lemma 4.3. �

We are now ready to prove the theorem.
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Proof of Theorem 8.1. We know by Corollary 6.21 that the regular supercuspidal repre-
sentation πFKS

(S,θ) satisfies (11). We now prove that this is in fact the unique irreducible

supercuspidal representation satisfying (11).
Let π be an irreducible supercuspidal representation satisfying (11). By Fintzen’s ex-

haustion theorem (Theorem 5.6), our assumption that p - |WG| implies that π is a tame

supercuspidal representation of G. Let Ψ′ = (~G′, ~φ′, ~r′,x′, ρ′0) be a Yu-datum satisfying
πFKS

Ψ′
∼= π. By (11) and Corollary 6.21, there exists a constant c ∈ C1 such that

(12) Θπ(γ) = c ·ΘπFKS
(S,θ)

(γ)

for any γ ∈ G0
x̄,evrs. In particular (12) holds for all γ ∈ Sevrs. By the assumption (Hevrs)

together Lemma 8.2, we know there exists an element γ ∈ Sevrs such that ρ0(γ) 6= 0. Hence

by Proposition 7.3, we have that the clipped Yu-data Ψ and Ψ
′

are G-equivalent. Thus we

may assume that Ψ′ = (~G, ~φ, ~r,x, ρ′0). Furthermore, by Proposition 7.4, we have

(13) Θρ′0
(γ) = c ·Θρ0

(γ), for all γ ∈ G′(Fq)evrs.

Since Ψ is a regular Yu-datum, we know that ρ0
∼= (−1)r(S

◦)−r(G◦)RG
S (φ−1) for some char-

acter φ−1 of S(Fq) in general position, where RG
S (φ−1) is the virtual G(Fq)-representation

defined in Section 3.1. Finally, Theorem 4.4 implies that c = (−1)r(S
◦)−r(G◦) and ρ′0

∼= ρ0

under the assumption (Hevrs). This completes the proof. �

In the proof of Theorem 8.1, the assumption (Hevrs) is needed in two places: to ensure the
nonvanishing assertion in the hypothesis of Proposition 7.3 and to invoke Theorem 4.4 after
(13). Following [CO21, Definition 3.7], we say that a tame elliptic regular pair (S, θ) is toral

if for a(ny) Yu-datum Ψ = (~G, ~φ, ~r,x, ρ0) corresponding to (S, θ), we have that G0 = S.
When (S, θ) is toral, the Weyl group WG(Fq)(S) is trivial, hence the inequality (Hevsrs) is
given by

|[S]?|
|[S]?nevrs|

=
|[S]?|

|[S]? r [S]?evrs|
> 2.

Note that this inequality implies the following (see [CO21, Corollary 5.5]):

(Tevrs) [S]?evrs generates [S]? as a group.

The proof of Theorem 8.1 can be refined to yield a stronger result.

Theorem 8.3. Assume that (S, θ) is toral and that (Tevrs) is satisfied. Then there exists
a unique irreducible supercuspidal representation π such that there exists a constant c ∈ C1

for which (11) holds for any γ ∈ Sevrs. Moreover, such π is given by the toral supercuspidal
representation πFKS

(S,θ).

Proof. The same proof as in Theorem 8.1 works with the modifications as follows. We first
note that G0

x̄,evrs = Sevrs in this case. The conclusion of Lemma 8.2 obviously holds in
this case since the Weyl group WG0(S) is trivial. Hence, by using Propositions 7.3 and 7.4,
we obtain (13). Note that G′(Fq) = S(Fq), thus ρ0 and ρ′0 are one-dimensional characters.
Therefore the assumption (Tevrs) and (13) implies that ρ′0 = ρ0 and c = 1. �

Remark 8.4. It is worth noting that if S is a tamely and totally ramified (i.e., splits over a
tamely and totally ramified extension of F ) elliptic maximal torus of G, then every tame
elliptic regular pair (S, θ) is automatically toral. Indeed, since S is maximally unrami-
fied in G0, we have S = CentG0(S′), where S′ is the maximal unramified subtorus of S
([Kal19a, Fact 3.4.1]). As S′ is trivial modulo center by the totally ramifiedness of S, we
have CentG0(S′) = G0, thus S = G0. Therefore, when S is tamely and totally ramified, our
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characterization theorem for regular supercuspidals only requires the much weaker assump-
tion (Tevrs). For example, if G = GLn and S is the totally ramified elliptic maximal torus,
then we show in Section A.2.2 that (Hevrs) is satisfied so long as n > 2(n − ϕ(n)), where
ϕ(n) = |(Z/nZ)×| denotes Euler’s totient function. This inequality does not hold for all n,
but it does for many; for example, it holds for all odd prime n, which recovers Henniart’s
characterization theorem in the ramified setting [Hen93, Section 8]. On the other hand, we
can check that the assumption (Tevrs) always holds.

Remark 8.5. Note that Theorem 8.3 strictly subsumes [CO21, Theorem 9.1]. Indeed, The-
orem 8.3 says that there is a unique supercuspidal representation whose character on Sevrs

is equal to πFKS
(S,θ) for θ toral, whereas [CO21, Theorem 9.1] only says that there is a unique

regular supercuspidal representation whose character on Sevrs is equal to πFKS
(S,θ) for θ toral

and S unramified.

8.2. Unipotent supercuspidal representations. Let us proceed with the notations as
in Section 8.1. We next consider the inequality (L•) in Section 4.2:

(Levrs)
|[S]?|
|[S]?nevrs|

=
|[S]?|

|[S]? r [S]?evrs|
> 2

2|WG|· |[G]|
|[G◦]|−1

.

Lemma 8.6. There exists a constant C depending only on the absolute rank of G such that
the inequality (Levrs) is satisfied for every maximally unramified elliptic maximal torus S of
G when q > C.

Proof. The proof of [CO21, Lemma 5.6] holds even after relaxing the unramifiedness condi-
tion on S to maximally unramifiedness because Kaletha’s results (especially [Kal19a, Lemma
3.4.12 (1)]) still hold. Applying then [CO21, Lemma 5.7] and the proof strategy of Propo-
sition 5.8 of op. cit., we can find a constant C satisfying the desired condition. �

Theorem 8.7. Assume q is larger than the constant C as in Lemma 8.6. Then an irre-
ducible supercuspidal representation π of G is unipotent in the sense of Definition 5.9 if and
only if the following two conditions hold:

(i) Θπ|Sevrs is constant for every maximally unramified elliptic maximal torus S of G,
and

(ii) Θπ|Sevrs
6= 0 for some maximally unramified elliptic maximal torus S of G.

Proof. Let π be an irreducible unipotent supercuspidal representation which corresponds to

a Yu-datum (~G = (G0), ~φ = (φ0 = 1), ~r = (r0 = 0),x, ρ0) under the modified construction
of Fintzen–Kaletha–Spice. Let S be a maximally unramified elliptic maximal torus of G.
Then, by Theorem 6.19, we have

Θπ(γ) =
∑

g∈Gx̄\NG(S,Gx̄)

Θρ0
(gγ)

for any γ ∈ Sevrs. Note that the index set is at most singleton by Lemma 6.15. Thus the
constancy and the non-vanishing (for some S) follow from Corollary 4.18.

Let π be an irreducible supercuspidal representation satisfying the two conditions (i)
and (ii). By Fintzen’s exhaustion theorem (Theorem 5.6), our assumption that p - |WG|
implies that π is a tame supercuspidal representation. Let π = πFKS

Ψ for a Yu-datum

Ψ = (~G, ~φ, ~r,x, ρ0). By the condition (ii), there exists a maximally unramified elliptic
maximal torus S of G such that Θπ(γ) 6= 0 for some γ ∈ Sevrs. For any γ0+ ∈ S0+, by
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applying Theorem 6.19 to γ and γγ0+, the condition (i) implies that∑
g∈G0

x̄\NG(S,G0
x̄)

Θρ0
(gγ) ·

∆abs,G
II [aΨ, χ

′′
Ψ](gγ)

∆abs,G0

II [aΨ, χ′′Ψ](gγ)
· φ≥0(gγ) · φg≥0(γ0+)

=
∑

g∈G0
x̄\NG(S,G0

x̄)

Θρ0
(gγ) ·

∆abs,G
II [aΨ, χ

′′
Ψ](gγ)

∆abs,G0

II [aΨ, χ′′Ψ](gγ)
· φ≥0(gγ)

for all γ0+ ∈ S0+. We may regard this equality as a linear relation amongst the S0+-
characters {φg≥0|S0+

}g∈G0
x̄\NG(S,G0

x̄) ∪ {1}. Applying 〈−,1〉S0+
to this identity, we see that

the right-hand side must be nonzero by assumption, which necessarily means that one of
the terms 〈φg≥0|S0+

,1〉S0+
must also be nonzero. By replacing S with gS, we may suppose

that g = 1. But now this implies that φ≥0|S0+ is the trivial character. By Proposition 7.1,

we see that (~G, ~φ, ~r,x) is a refactorization of ((G0), (1), (0),x). Thus, by replacing Ψ with
a G-equivalent Yu-datum, we may assume that Ψ = ((G0 = G), (φ0 = 1), (r0 = 0),x, ρ0).
Now our remaining task is to show that ρ0 is a unipotent cuspidal representation (recall
Definition 5.9).

As discussed in the first paragraph of this proof, for each elliptic maximal torus S◦ of G◦
corresponding to a maximally unramified elliptic maximal torus S of G (Proposition 5.13),
we have

Θπ(γ) = Θρ0
(γ)

for any γ ∈ Sevrs (note that g ∈ Gx̄\NG(S,Gx̄) can be taken to be 1 in this case). Hence
the condition (i) implies that Θρ0

(γ) is constant for any γ ∈ S(Fq)evrs. By Corollary 4.18
(applied to the setting that • = evrs), we conclude that ρ0 is unipotent. �

8.3. Families of tame supercuspidal representations. We prove the following analogue
of Corollary 4.12 for supercuspidal representations of G.

Theorem 8.8. Let Ψ = (~G, ~φ, ~r,x, ρ0) be a Yu-datum and π = πFKS
Ψ be the associated tame

supercuspidal representation. Assume that the inequality (Levrs) is satisfied for every maxi-
mally unramified elliptic maximal torus of G0 with associated point x. For any irreducible
supercuspidal representation π′ of G,

Θπ(γ) = Θπ′(γ) for all γ ∈ G0
x̄,evrs

if and only if π′ ∼= πFKS
Ψ′ for a Yu-datum Ψ′ = (~G, ~φ, ~r,x, ρ′0) with Ẽ(ρ0) = Ẽ(ρ′0).

Proof. Let π′ be an irreducible supercuspidal representation of G satisfying the assumption

as in the statement. Let Ψ′ = (~G′, ~φ′, ~r′,x′, ρ′0) be a Yu-datum such that π′ ∼= πFKS
Ψ′ (we

can always take such a Ψ′ by Fintzen’s exhaustion theorem and our assumption on p).
We first show, using the assumption (Levrs) that there exists an element γ0 ∈ G′(Fq)evrs

such that Θρ0(γ0) 6= 0. Indeed, if this were not true, then of course Θρ0 |S(Fq)evrs
would be

constant for every elliptic maximal torus S◦ of G◦. Since ρ0 is cuspidal by assumption, by
Corollary 4.18, we have that ρ0 is unipotent. Let (S, θ) be arbitrary such that 〈ρ0, R

G
S (θ)〉 6= 0

(such a pair exists by Corollary 3.19). Then necessarily θ = 1 and S◦ is elliptic in G◦
(Lemmas 4.7 and 4.10). But then for any s ∈ G′(Fq)evrs, we have Θρ0

(s) 6= 0 by Proposition
3.18, a contradiction.

We may now apply Proposition 7.3 to obtain that Ψ and Ψ
′

are G-equivalent. By
Proposition 7.4, we have moreover that

Θρ0
(γ) = Θρ′0

(γ) for any γ ∈ G′(Fq)evrs.
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Applying Corollary 4.12, we conclude that Ẽ(ρ0) = Ẽ(ρ′0). �

One takeaway from Theorem 8.8 is that even if G satisfies the strong hypothesis of Theo-
rem 8.7, not every irreducible supercuspidal representation is distinguished by its character
values on elliptic very regular elements. Moreover, in this setting, the reason for this failure
is a depth zero phenomenon: Lusztig’s map Ẽ (Section 4.2) is not injective.

We end on a corollary of the work in this paper that particularly exemplifies this failure.

Corollary 8.9. Let (S, θ) be a tame elliptic kF -non-singular pair of G whose S is unram-
ified. Then for any irreducible representations π, π′ ∈ [πFKS

(S,θ)],

Θπ(γ) = Θπ′(γ)

for any γ ∈ G0
x̄,evrs. In particular, such π can be uniquely determined by its character values

on G0
x̄,evrs only if π is regular supercuspidal.

Proof. Let Ψ = (~G, ~φ, ~r,x, ρ0) be a Yu-datum such that π ∼= πFKS
Ψ ; by assumption, π′ ∼=

πFKS
Ψ′ for Ψ′ = (~G, ~φ, ~r,x, ρ′0) where ρ0 and ρ′0 are both irreducible summands of (−1)d(S)RG

S (φ−1)
for some kF -non-singular character φ−1 of S of depth zero. Since S is unramified, we have
G0

x̄ = ZG0G0
x,0. In particular, this implies G = G′. It follows from Lusztig [Lus88] (see

also [Kal19b, Theorem 2.3.1]) that the irreducible decomposition of (−1)d(S)RG◦
S◦ (φ−1) is

multiplicity-free, i.e., (−1)d(S)RG◦
S◦ (φ−1) =

⊕r
i=1 ρi, where ρi’s are pairwise distinct irre-

ducible representations of G◦(Fq). Since G = G′, (−1)d(S)RG
S (φ−1) = (−1)d(S)RG′

S (φ−1)

is an extension of (−1)d(S)RG◦
S◦ (φ−1). Thus (−1)d(S)RG

S (φ−1) is also multiplicity-free. In
particular, we have 〈ρ0, R

G
S (φ−1)〉 = 〈ρ′0, RG

S (φ−1)〉.
By Theorem 6.19, we see that to prove Θπ|G0

x̄,evrs
= Θπ′ |G0

x̄,evrs
, it suffices to show that

for any pair (S′, φ′−1), we have

(14) 〈ρ0, R
G
S′(φ

′
−1)〉 = 〈ρ′0, RG

S′(φ
′
−1)〉.

To do this, by symmetry, it is enough to prove that if (S′, φ′−1) is such that 〈ρ0, R
G
S′(φ

′
−1)〉 6=

0, then (14) holds; for the rest of the proof, let (S′, φ′−1) be any such pair. Since φ−1 is

nonsingular, (−1)d(S)RG◦
S◦ (φ−1) (and therefore (−1)d(S)RG

S (φ−1)) is a genuine representation
[DL76, Corollary 9.9], and so 〈ρ0, R

G
S′(φ

′
−1)〉 6= 0 implies that RG

S (φ−1) and RG
S′(φ

′
−1) have

the common irreducible constituent ρ0. Then Lemma 4.7 implies that (S, φ−1) and (S′, φ′−1)

are geometrically conjugate. In particular, φ′−1 is also non-singular, hence (−1)d(S′)RG
S′(φ

′
−1)

is a genuine representation. Therefore, again noting that RG
S (φ−1) and RG

S′(φ
′
−1) have the

common irreducible constituent ρ0, we get 〈RG
S (φ−1), RG

S′(φ
′
−1)〉 6= 0. By the scalar product

formula (Corollary 3.17), this implies that (S, φ−1), (S′, φ′−1) are G(Fq)-conjugate and fur-

thermore that 〈RG
S (φ−1), RG

S (φ−1)〉 = 〈RG
S (φ−1), RG

S′(φ
′
−1)〉 = 〈RG

S′(φ
′
−1), RG

S′(φ
′
−1)〉. Hence

RG
S (φ−1) ∼= RG

S (φ′−1), and (14) follows.
In particular, the above argument shows that if π is uniquely determined by its character

values on G0
x̄,evrs, then necessarily RG

S (φ−1) must be irreducible. �

9. Application to the explicit local Jacquet–Langlands correspondence

In this section, we obtain an explicit characterization of the local Jacquet–Langlands
correspondence for L-packets consisting of a single regular supercuspidal representation
(Theorems 9.7 and 9.8) in the flavor of our characterization theorem (Theorem 8.1). As proof
of concept, we then show that this establishes a new instance of local Jacquet–Langlands
transfers in the case of depth zero supercuspidal representations of SO2n+1 (Theorem 9.13).
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9.1. Local Jacquet–Langlands correspondence. Let us first briefly review the conjec-
tural local Langlands correspondence. For a connected reductive group G over F , we let
Π(G) denote the set of equivalence classes of irreducible admissible representations of G

and Φ(G) denote the set of Ĝ-conjugacy classes of L-parameters of G, where Ĝ is the
Langlands dual group of G taken over C. The local Langlands correspondence for G, which
is still conjectural in general, asserts that there exists a finite-to-one map

LLCG : Π(G)→ Φ(G).

In other words, it is conjectured that the set Π(G) is partitioned into the disjoint union of
finite sets ΠG

φ := LLC−1
G (φ) (called L-packets) labelled by L-parameters φ ∈ Φ(G):

Π(G) =
⊔

φ∈Φ(G)

ΠG
φ .

Furthermore, each L-packet ΠG
φ is expected to be equipped with a map ι : ΠG

φ → Irr(Sφ)
to the set of irreducible representations of a certain finite group Sφ determined by the L-
parameter φ. (We refer the reader to [Art06] and [Kal16] for details.) The map LLCG

is believed to be “natural” in the sense that it satisfies various nice properties. Among
such properties, we are especially interested in the standard endoscopic character relation
between inner forms.

To explain it, let us consider the quasi-split inner form G∗ of G over F realized by an
inner twist ψ : G → G∗. Since the L-groups of G∗ and G are the same, we may identify
Φ(G) with Φ(G∗). Hence, if the local Langlands correspondence exists for both groups G
and G∗, we can associate an L-packet ΠG

φ of G to any L-packet ΠG∗

φ of G∗. We call this

association ΠG∗

φ 7→ ΠG
φ the local Jacquet–Langlands correspondence between G and G∗. In

this situation, it is expected that the L-packets ΠG
φ and ΠG∗

φ satisfy the following identity:

(JLCR) e(G)
∑
π∈ΠG

φ

dim ι(π) ·Θπ(γ) =
∑

π∗∈ΠG∗
φ

dim ι∗(π∗) ·Θπ∗(γ
∗)

for any strongly regular semisimple element γ of G, where

• e(G) is the Kottwitz sign of G,
• ι (resp. ι∗) is the map ΠG

φ → Irr(Sφ) (resp. ΠG∗

φ → Irr(Sφ)) mentioned above,

• γ∗ is a(ny) strongly regular semisimple element of G∗ related to γ in the sense that
ψ(γ) is conjugate to γ∗ in G∗.

This is a special case of the standard endoscopic character relation. (The quasi-split form
G∗ is the most special case of a standard endoscopic group of G.) Let us call the identity
(JLCR) the Jacquet–Langlands character relation. Note that, by linear independence of
the Harish-Chandra characters of irreducible admissible representations, the L-packet ΠG

φ

is characterized by the identity (JLCR) as long as the L-packet ΠG∗

φ is given.

Remark 9.1. (1) Recall that we say that strongly regular semisimple elements of G
(resp. G∗) are stably conjugate if they are conjugate in G (resp. G∗). The identity
(JLCR) presupposes that the both sides are invariant under the stable conjugacy of
γ and γ∗. This property is called the stability of L-packets.

(2) The maps ι : ΠG
φ → Irr(Sφ) and ι∗ : ΠG∗

φ → Irr(Sφ) are supposed to depend on
the choice of a Whittaker datum of G∗. Thus, precisely speaking, we must fix a
Whittaker datum of G∗ at the beginning. However, later we will focus only on
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the case where the structure of an L-packet is trivial. Thus we do not go into this
matter in depth. See [Kal16] for the details.

In the following, we assume that we have the local Langlands correspondence for G and
G∗ satisfying the Jacquet–Langlands character relation (JLCR) between G and G∗.

Example 9.2. As explained in the beginning, our aim is to describe the local Jacquet–
Langlands correspondence for regular supercuspidal representations explicitly. In [Kal19a,
Kal19b], Kaletha established the local Langlands correspondence for non-singular supercus-
pidal representations. In fact, it is essentially tautological to describe the local Jacquet–
Langlands correspondence in the sense of Kaletha by looking at his construction. Hence the
problem we are interested in only is meaningful outside Kaletha’s framework. We keep in
mind the following cases, noting also that it is not obvious whether Kaletha’s correspondence
coincides with the ones listed below:

(1) When G∗ = GLn and G is an inner form of G∗, the local Langlands correspondence
for G and G∗ has been established by Harris–Taylor [HT01] and Henniart [Hen00].
(The local Jacquet–Langlands correspondence had been established before the works
[HT01, Hen00] by Deligne–Kazhdan–Vignéras [DKV84].)

(2) When G∗ is a quasi-split special orthogonal group or symplectic group, the local
Langlands correspondence has been established by Arthur [Art13]. The case of inner
forms of special orthogonal groups is treated in [MR18].

(3) When G∗ is a quasi-split unitary group, the local Langlands correspondence has
been established by Mok [Mok15] based on the same method as in [Art13]. The
case of inner forms is treated in [KMSW14].

9.2. Transfer of tame elliptic regular pairs. Let G, G∗, and ψ be as in Section 9.1.
Suppose that (S∗, θ∗) is a tame elliptic extra regular pair of G∗. Since S∗ is elliptic in G∗,
by replacing the inner twist ψ : G → G∗ if necessary, we may assume that ψ induces an
F -rational isomorphism ψ|S : S→ S∗ between an elliptic maximal torus S of G and S∗ (see
[Kot86, Section 10] and also [Kal19a, Section 3.2]). We define a character θ : S → C× by
θ := θ∗ ◦ ψ|S.

Lemma 9.3. The pair (S, θ) is a tame elliptic extra regular pair of G.

Proof. Since ψ|S is F -rational, ψ|S induces a Galois-equivariant bijection between R(G,S)
and R(G∗,S∗). This means that ψ also induces a bijection between R0+ and R∗0+, which
are subsets of R(G,S) and R(G∗,S∗) defined as in Definition 5.12 (1), respectively. If we
let G0 and G∗0 be the connected reductive subgroups of G and G∗ defined as in Definition
5.12 (1), respectively, then ψ gives an inner twist ψ|G0 : G0 → G∗0.

Now let us check the condition (1) of Definition 5.12 for (S, θ). By [Kal19a, Fact 3.4.1],
S (resp. S∗) is maximally unramified in G0 (resp. G0∗) if and only if the action of the
inertia subgroup IF on R0+ (resp. R∗0+) preserves a set of positive roots. Thus, since the
identification between R0+ and R∗0+ is Galois-equivariant, the maximally unramifiedness of
S∗ in G0∗ (guaranteed by the assumption that (S∗, θ∗) is tame elliptic regular) implies that
of S in G0.

The condition (2) of Definition 5.12 for (S, θ) follows from that for (S∗, θ∗) by noting
that the inner twist ψ|G0 : G0 → G∗0 naturally induces a Galois-equivariant identification
WG0(S) ∼= WG∗0(S∗), hence WG0(S)(F ) ∼= WG∗0(S∗)(F ). �

When tame elliptic extra regular pairs (S∗, θ∗) of G∗ and (S, θ) of G are related in this
way, we say that (S, θ) is a transfer of (S∗, θ∗). Note that, when (S, θ) is a transfer of
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(S∗, θ∗) through an inner twist ψ, any strongly regular semisimple element γ ∈ S is related
to ψ(γ) ∈ S∗. Furthermore, again by noting that ψ induces a Galois-equivariant bijection
between R(G∗,S∗) and R(G,S), we see that ψ(γ) is very regular in G∗ if and only if γ is
very regular in G.

Lemma 9.4. Suppose that (S∗, θ∗) is a tame elliptic regular pair of G∗ and (S, θ) is its
transfer to G given by an inner twist ψ. Let Ψ∗ (resp. Ψ) be a regular Yu-datum of G∗

(resp. G) corresponding to (S∗, θ∗) (resp. (S, θ)). Then, for any very regular element γ ∈ S,
we have

∆abs,G∗

II [aΨ∗ , χ
′′
Ψ∗ ](ψ(γ)) = ∆abs,G

II [aΨ, χ
′′
Ψ](γ).

Proof. This directly follows from the definitions of ∆abs
II , Kaletha’s a-data, and χ-data (recall

that θ is defined to be θ∗ ◦ ψ and again note that ψ induces a Galois-equivariant bijection
between R(G∗,S∗) and R(G,S)). �

9.3. Local Jacquet–Langlands correspondence for singleton L-packets.

Lemma 9.5. Suppose that S is an elliptic maximal torus of G such that the natural map
H1(F,S) → H1(F,G) is injective. Then, for any F -rational maximal torus T of G, we
have WG(T,S) = WG(T,S)(F ) and WG(S,T) = WG(S,T)(F ).

Proof. Since WG(T,S) is isomorphic to WG(S,T) by w 7→ w−1, it is enough to only
show WG(S,T) = WG(S,T)(F ). Since the inclusion WG(S,T) ⊂ WG(S,T)(F ) is obvi-
ous, our task is to show the converse. Let w ∈ WG(S,T)(F ). We take a representative
n ∈ NG(S,T)(F ) of w. Then, as w is F -rational, we have n−1σ(n) ∈ S(F ) for any σ ∈ ΓF .
If we put sσ := n−1σ(n), then we get a 1-cocycle sσ ∈ Z1(F,S). Moreover, by construction,
its image in H1(F,S) belongs to the kernel of the natural map H1(F,S)→ H1(F,G). Thus
the assumption implies that the image of sσ in H1(F,S) is trivial. In other words, there
exists an element s ∈ S(F ) satisfying sσ = s−1σ(s) for any σ ∈ ΓF . This means that
ns−1 ∈ NG(S,T)(F ) is an F -rational element which represents w. �

In the following, let us assume that

(inj) the maps H1(F,S∗)→ H1(F,G∗) and H1(F,S)→ H1(F,G) are injective.

Let (S∗, θ∗) be a tame elliptic regular pair of G∗ and (S, θ) its transfer to G. (Note that
the regularity of of a tame elliptic pair is equivalent to the extra regularity by Lemma 9.5

under the assumption (inj).) Let Ψ = (~G, ~φ, ~r,x, ρ0) and Ψ∗ = (~G∗, ~φ∗, ~r∗,x∗, ρ∗0) be regular
Yu-data associated to (S, θ) and (S∗, θ∗), respectively.

Remark 9.6. Since S∗ is elliptic, the map H1(F,S∗) → H1(F,G∗) is surjective by [Kot86,
10.2 Lemma]. Hence, the above condition is equivalent to the condition that H1(F,S∗) and
H1(F,G∗) have the same order. It is not so difficult to check if the latter condition holds
when the pair (G∗,S∗) is given explicitly. Also note that we have |H1(F,S∗)| = |H1(F,S)|
and |H1(F,G∗)| = |H1(F,G)|. (For example, this can be seen by using the Kottwitz
isomorphism [Kot86, 1.2 Theorem]). Hence the above injectivity holds for (G∗,S∗) if and
only if it holds for (G,S).

We must be careful about the discrepancy between the strongly regular semisimple ele-
ments and regular semisimple elements. Since the character relation (JLCR) holds only for
strongly regular semisimple elements, we have to be able to recover a regular supercuspidal

61



representation from its character on elliptic very regular elements which are strongly regu-
lar semisimple (let us say “elliptic very strongly regular elements”). Thus let us introduce
further variants of (Hevrs) and (Tevrs):

(Hevsrs)
|[S]?|

|[S]? r [S]?evsrs|
> 2 · |WG(Fq)(S)|,

(Tevsrs) [S]?evsrs generates [S]? as a group.

Then the exactly same proof as in Theorems 8.1 and 8.3 implies the following:

Theorem 9.7. Assume that (Hevsrs) is satisfied for (G,S). Then there exists a unique
irreducible supercuspidal representation π of G such that there exists a constant c ∈ C1 for
which

Θπ(γ) = c ·
∑

w∈WG(Tγ ,S)

∆abs,G
II [aΨ, χ

′′
Ψ](wγ) · θ(wγ)

for any elliptic very strongly regular element γ ∈ G contained in G0
x̄. Moreover, such π is

given by the regular supercuspidal representation πFKS
(S,θ). Furthermore, when (S, θ) is toral,

only (Tevsrs) is enough.

In the following, let us furthermore assume that (Hevsrs) is satisfied for (G,S). (When
(G,S) is toral, we only assume (Tevsrs).)

Theorem 9.8. Suppose that the following are satisfied:

(1) the L-packet ΠG∗

φ of G∗ containing π(S∗,θ∗) is singleton;

(2) its Jacquet–Langlands transfer ΠG
φ to G is a singleton;

(3) dim ι(πFKS
(S,θ)) = 1 and dim ι∗(πFKS

(S∗,θ∗)) = 1

Then the unique element of the L-packet ΠG
φ is given by π(S,θ).

Proof. Let π be the unique element of ΠG
φ . Let us take an elliptic very strongly regular

element γ of G0
x̄. Then there exists gγ ∈ G∗ such that γ∗ := gγψ(γ) is F -rational and

Int(gγ) ◦ ψ defines an F -rational isomorphism Tγ → Tγ∗ (see [Kal19a, Section 3.2]). In
particular, γ∗ is an elliptic very strongly regular element of G∗ related to γ. Thus, by the
assumptions and the Jacquet–Langlands character relation (JLCR), we have

e(G) ·Θπ(γ) = ΘπFKS
(S∗,θ∗)

(γ∗).

By applying Corollary 6.21 to the right-hand side, we get

e(G) ·Θπ(γ) = εL(TG∗ − S∗) ·
∑

w∗∈WG∗ (Tγ∗ ,S∗)

∆abs,G∗

II [aΨ∗ , χ
′′
Ψ∗ ](

w∗γ∗) · θ∗(w
∗
γ∗).

Note that we have an F -rational isomorphism

WG(Tγ ,S)→WG∗(Tγ∗ ,S
∗) : w 7→ ψ(w)g−1

γ .

Hence, by applying Lemma 9.5 to both WG(Tγ ,S) and WG∗(Tγ∗ ,S
∗), we see that the map

w 7→ ψ(w)g−1
γ induces a bijection WG(Tγ , S) → WG∗(Tγ∗ , S

∗). If we put w∗ := ψ(w)g−1
γ

for w ∈WG(Tγ , S), then we have

w∗γ∗ = ψ(w)g−1
γ gγψ(γ) = ψ(wγ).

By recalling that θ := θ∗ ◦ ψ, we have

θ∗(w
∗
γ∗) = θ ◦ ψ−1(ψ(wγ)) = θ(wγ).
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Moreover, by Lemma 9.4, we have

∆abs,G∗

II [aΨ∗ , χ
′′
Ψ∗ ](

w∗γ∗) = ∆abs,G∗

II [aΨ∗ , χ
′′
Ψ∗ ](ψ(wγ)) = ∆abs,G

II [aΨ, χ
′′
Ψ](wγ).

Therefore, by noting that εL(TG∗ −S∗) = εL(TG∗ −S) (the tori S and S∗ are F -rationally
isomorphic), we get

Θπ(γ) = e(G) · εL(TG − S) ·
∑

w∈WG(Tγ ,S)

∆abs,G
II [aΨ, χ

′′
Ψ](wγ) · θ(wγ).

Now Theorem 9.7 implies that π is isomorphic to πFKS
(S,θ). �

Remark 9.9. In Kaletha’s construction of the local Langlands correspondence for regular
supercuspidal representations [Kal19a], the members of each L-packet are parametrized by
the set of rational conjugacy class within a stable conjugacy class of F -rational embeddings of
a tame elliptic maximal torus (see [Kal19a, Section 5.3] and also [CO21, Section 8]). In fact,
this parametrizing set is bijective to the kernel of the map H1(F,S∗)→ H1(F,G∗). Hence
the assumption (inj) amounts to supposing that the L-packet of G∗ (resp. G) containing
the representation πFKS

(S∗,θ∗) (resp. πFKS
(S,θ)) in the sense of Kaletha is a singleton. Moreover,

the third condition that dim ι(πFKS
(S,θ)) = 1 and dim ι∗(πFKS

(S∗,θ∗)) = 1 is automatically satisfied

in Kaletha’s construction since the group Sφ is abelian ([Kal19a, Section 5.3]). Hence the
assumptions of Theorem 9.8 are expected to be implied by the assumption (inj).

The assumptions on (G∗,G,S∗,S) we made so far are

• the condition (inj),
• the inequality (Hevsrs) for (G,S) (or (G∗,S∗)), and
• the assumptions of Theorem 9.8.

We present some examples of such (G∗,G,S∗,S) in the following sections.

9.4. Examples of singleton L-packets.

9.4.1. The case of GLn. We first consider the case where G∗ = GLn and G is an inner
form of GLn. In this case, since any elliptic maximal torus S∗ of G∗ = GLn is given by
ResE/F Gm for a degree n field extension E of F , its first cohomology H1(F,S∗) is trivial
by Shapiro’s lemma and Hilbert’s 90th theorem. In particular, the condition (inj) is always
satisfied. Moreover, also the assumptions of Theorem 9.8 are always satisfied.

Let us consider the inequality (Hevsrs) for (G∗,S∗). Since the derived group of G∗ is given
by SLn, which is simply-connected, the strong regularity is equivalent to the regularity for
semisimple elements of G∗ (see, e.g., the final paragraph of [Kot82, Section 3, 788 page]).
Thus the inequality (Hevsrs) for (G∗,S∗) is the same as the inequality (Hevrs) for (G∗,S∗),
which is investigated in Section A.2. By the computation in Section A.2, we obtain the
following from Theorem 9.8:

Theorem 9.10. The regular supercuspidal representations πFKS
(S∗,G∗) of G∗ and πFKS

(S,θ) of G

correspond under the local Jacquet–Langlands correspondence in the following cases:

• E is unramified, n is a prime such that (n, q) 6= (1, any), (2, 2), (2, 3);
• E is totally ramified;
• the residue degree f of E/F is a prime satisfying e

e−ϕ(e) > 2f , where e denotes the

ramification index of E/F , and q is sufficiently large.
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The above result is not new in any case. Indeed, for GLn, the regular supercuspidal rep-
resentations are nothing but so-called essentially tame supercuspidal representations, which
has been thoroughly studied by Bushnell–Henniart (see [Kal19a, Lemma 3.7.7] and also
[OT21, Section 4.1]). In [BH11], Bushnell–Henniart gave a description of the local Jacquet–
Langlands correspondence for essentially tame supercuspidal representations, so it includes
Theorem 9.10 completely. However, we still emphasize that we obtained the above result
(Theorem 9.10) according to Henniart’s original method used in his work [Hen92, Hen93].

9.4.2. The case of SO2n+1. We next consider the case where G∗ = SO2n+1 and G is an
inner form of SO2n+1. Let x∗ ∈ B(G∗, F ) be a hyperspecial point. Then the associated
Fq-group G◦ defined as in Section 5.2 is given by SO2n+1,Fq .

Let us construct an unramified elliptic maximal torus S∗ with associated point x∗ as
follows. Let E be an unramified degree 2n extension of F and E± a degree n unramified
extension of F contained in E. Let τ be the nontrivial Galois conjugation of E/E±, i.e.,
Gal(E/E±) = 〈τ〉. We define a quadratic form qE on E (as an F -vector space) by

qE : E × E → F : (x, y) 7→ TrE/F (τ(x)y).

Then we can find a quadratic form qF on F such that the quadratic space (E′, qE′) :=
(E ⊕ F, qE ⊕ qF ) is split, hence, the associated special orthogonal group SO(E′, qE′) is
isomorphic to G∗. We let S∗ be the subgroup of G∗ consisting of elements of E× preserves
the quadratic form qE′ . More precisely, S∗ is an F -rational subgroup of G∗ whose set of
R-valued points for any F -algebra R is given by

{z ∈ (E ⊗F R)× | qE′(z · x, z · y) = qE′(x, y), ∀x, y ∈ E′ ⊗F R}

(the action of z ∈ (E ⊗F R)× on x = (x1, x2) ∈ E′ ⊗F R = E ⊗F R ⊕ F ⊗F R is given
by z · x = (zx1, x2)). Then S∗ is an unramified elliptic maximal torus of G∗, which is
isomorphic to

Ker(NrE/E± : ResE/F Gm → ResE±/F Gm).

Note that the reduction S◦ of S∗ can be described in a similar way; it is isomorphic to

Ker(NrFq2n/Fqn : ResFq2n/Fq Gm → ResFqn/Fq Gm).

This is a maximal torus of SO2n+1,Fq of Coxeter type, i.e., its Frobenius structure is given
by a Coxeter element of the absolute Weyl group of SO2n+1,Fq .

Let us compute H1(F,S∗). We consider the long exact sequence associated to

1→ S∗ → ResE/F Gm

NrE/E±−−−−−→ ResE±/F Gm → 1.

Then, since H1(F,ResE/F Gm) vanishes, we get an exact sequence

E×
NrE/E±−−−−−→ E×± → H1(F,S∗)→ 1.

This implies that the order of H1(F,S∗) equals 2. On the other hand, by the Kottwitz

isomorphism ([Kot86, 1.2 Theorem]), we have H1(F,SO2n+1) ∼= π0(ZΓF
Sp2n(C))

∧. Thus the

order of H1(F,SO2n+1) is also equal to 2. Hence, by the surjectivity of the map H1(F,S∗)→
H1(F,G∗), the assumption (inj) is satisfied (see Remark 9.6).

We next consider the inequality (Hevsrs) for (G∗,S∗). Since G∗ is not simply-connected,
there might be a difference between (Hevrs) and (Hevsrs). However, at least we can show
that (Hevsrs) is satisfied if q is larger than a constant determined by n (see the discussion in
Section A.1). Thus let us just assume that q is sufficiently large so that (Hevsrs) is satisfied.

64



Finally, we investigate the assumptions of Theorem 9.8 for regular characters of S∗.
Since the group Sφ is abelian for any L-parameter of G and G∗, the condition (3) is always
satisfied. Moreover, the condition (2) is implied by the condition (1). So the problem is
when the condition (1) is satisfied. Although we expect that there are many examples of θ∗

satisfying (1), we focus only on the depth zero case in the following.

We first briefly review Lusztig series based on [GM20, Section 2.5]. Let Ĝ◦ be the
Langlands dual group of G◦ taken over Fq. Then the Fq-rational structure on G◦ induces

an Fq-rational structure on Ĝ◦. We have a natural bijection (let us write T◦ ↔ T̂◦) between

• the set of G◦(Fq)-conjugacy classes of Fq-rational maximal tori of G◦ and

• the set of Ĝ◦(Fq)-conjugacy classes of Fq-rational maximal tori of Ĝ◦.
Based on this, we also have a bijective correspondence between

• the set G◦(Fq)-conjugacy classes of pairs (T◦, θ◦) of an Fq-rational maximal torus
T◦ of G◦ and a character θ◦ of T◦(Fq) and

• the set of Ĝ◦(Fq)-conjugacy classes of pairs (T̂◦, s) of an Fq-rational maximal torus

T̂◦ of Ĝ◦ and a semisimple element s ∈ T̂◦(Fq)
(see [GM20, Definition 2.5.17]). For any semisimple element s ∈ Ĝ◦(Fq), we define E(G◦, s)
to be the set of irreducible representations ρ of G◦(Fq) satisfying 〈RG◦

T◦ (θ◦), ρ〉 6= 0 for some

(T◦, θ◦) satisfying s ∈ T̂◦(Fq) (this is so-called Lusztig series). Then Lusztig’s theorem
[Lus77, 7.6] asserts that we have a partition

Irr(G◦(Fq)) =
⊔
s

E(G◦, s),

where the disjoint union is over the Ĝ◦(Fq)-conjugacy classes of semisimple elements of

Ĝ◦(Fq) (see also [GM20, Theorem 2.6.2]).

Remark 9.11. We note that a character θ◦ of T◦(Fq) is in general position if the pair (T◦, θ◦)
corresponds to a pair (T̂◦, s) whose s is regular semisimple (see [GM20, Example 2.6.7]).

Proposition 9.12. Let θ∗ be a regular character of S∗ of depth zero such that its restriction
to S∗0 induces a character θ◦ of S◦(Fq) corresponding to a pair (Ŝ◦, s) whose s is regular
semisimple. Then the L-packet (in the sense of Arthur) containing πFKS

(S∗,θ∗) is a singleton.

Proof. Let φ be the L-parameter of πFKS
(S∗,θ∗). Then, since the dual group of G∗ is given by

Sp2n(C), we may think of φ as a 2n-dimensional symplectic representation of WF ×SL2(C).
As πFKS

(S∗,θ∗) is supercuspidal, in particular, discrete series, φ is also discrete. In this case, the

discreteness of φ is equivalent to that φ is the direct sum of pairwise inequivalent symplectic
representations of WF × SL2(C). Let us write the irreducible decomposition of φ as

φ =

r⊕
i=1

ρi � Sni ,

where ρi is an irreducible representation of WF and Sni is the unique ni-dimensional ir-
reducible representation of SL2(C) for an integer ni ∈ Z>0. Then we can easily see that
the group Sφ, which is defined to be CentSp2n(C)(Im(φ))/ZSp2n(C) in this case, is isomorphic

to (Z/2Z)⊕r−1. As the map ι∗ : ΠG∗

φ → Irr(Sφ) is bijective in this setting, the order of

the L-packet ΠG∗

φ is given by 2r−1. (See, e.g., [Xu17, Section 2] for the details of all the

arguments in this paragraph.)
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Thus our task is to show that r is given by 1, i.e., φ is irreducible as a representation
of SL2(C) × WF . For this, we utilize a result of Lust–Stevens [LS20], which enables us
to describe the set {(ρ1, n1), . . . , (ρr, nr)} up to unramified twists of ρi’s by looking at

the supercuspidal representation πFKS
(S∗,θ∗). Let Ψ∗ = (~G∗, ~φ∗, ~r∗,x∗, ρ∗0) be a regular depth

zero Yu-datum associated to (S∗, θ∗). Recall that ρ∗0 is an extension of the inflation of an
irreducible cuspidal representation of G◦(Fq) (say ρ). (Since θ∗ is regular of depth zero, ρ

is given by ±RG◦
S◦ (θ◦)).

Let s be a semisimple element of Ĝ◦(Fq) such that ρ ∈ E(G◦, s). We put Ps(T ) ∈ Fq[X]

to be the characteristic polynomial of s ∈ Ĝ◦(Fq) = Sp2n(Fq) and write

Ps(T ) =
∏

P (T )∈Fq [T ],
irreducible

P (T )aP ,

where aP ∈ Z≥0. In general, Lust–Stevens’ description of {(ρ1, n1), . . . , (ρr, nr)} is given
based on the information of P (T ) with aP > 0. (See [LS20, Section 9] for the details.)
In our case, we can easily check that Ps(T ) is irreducible. Indeed, by assumption, s is a

regular semisimple element of Ŝ◦(Fq). Since S◦ is a maximal torus of G◦ = SO2n+1,Fq of

Coxeter type, Ŝ◦(Fq) is also a maximal torus of Ĝ◦ = Sp2n,Fq of Coxeter type. Similarly to
the case of SO2n+1,Fq , such a torus of Sp2n,Fq is given by the kernel of the norm map from

F×q2n to F×qn . Thus the regular semisimplicity of s is equivalent to the condition that s does

not belong to any proper subextension of Fq2n/Fq, which implies that Ps(T ) is irreducible
over Fq. Then the result of Lust–Stevens implies that, in particular, at least one ρi must
have the dimension 2n. However, as the dimension of φ is 2n, this implies that r = 1 (and
furthermore n1 = 1). �

Now we obtain the following from Theorem 9.8:

Theorem 9.13. The depth zero regular supercuspidal representations πFKS
(S∗,θ∗) of G∗ and

πFKS
(S,θ) of G correspond under the local Jacquet–Langlands correspondence as long as q is

sufficiently large.

Remark 9.14. It is proved that Kaletha’s local Langlands correspondence indeed satisfies the
standard endoscopic character relation under an additional assumption on p. The toral case
was firstly treated in [Kal19a, Theorem 6.3.4], and then the general non-singular case was
treated by Fintzen–Kaletha–Spice in [FKS21, Theorem 4.4.4]. Their method is based on the
character formula of Adler–DeBacker–Spice ([AS09, DS18, Spi18, Spi21]), which describes
the Harish-Chandra character of a tame supercuspidal representation at any elliptic regular
semisimple elements completely. The point is that the shape of the character formula
becomes more complicated if an elliptic regular semisimple element is not very regular.
Especially, in order to express the contribution of the positive depth part of such an element
to the Harish-Chandra character, we have to use a nice logarithm map from the p-adic
group to its Lie algebra. In general, the existence of such a logarithm map requires a
stronger assumption on p than the assumptions needed in Kaletha’s construction of the
local Langlands correspondence. For example, a sufficient condition is that p ≥ (2 + e)n,
where e is the ramification index of F/Qp and n is the dimension of the smallest faithful
representation of G (see [Kal19b, Section 4.3]).

Therefore, when F has characteristic zero and p is sufficiently large so that the result of
[FKS21] is available, Theorem 9.13 is not new. (Nevertheless, it is worth noting that our
approach provides a new proof.) On the other hand, when F has positive characteristic or

66



when F has characteristic zero and p satisfies our basic assumptions but is not sufficiently
large, Theorem 9.13 is not covered by [FKS21] as long as q is sufficiently large.
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Appendix A. Henniart inequality

Let G, G0, and S be as in Section 6.2. In this section, we present several examples of
pairs (G,S) satisfying the inequality (Hevrs):

|[S]?|
|[S]? r [S]?evrs|

> 2 · |WG(Fq)(S)|.

A.1. The unramified case. We first consider the case where S is unramified. In this case,
we have S = ZGS0, which implies that S(Fq) = Z?G(Fq)S◦(Fq) (see [Kal19a, 1095 page]).
Hence we get

S◦(Fq)/ZG◦(Fq)
∼=−→ S(Fq)/Z?G(Fq) = [S]?.

This implies that
|[S]?|

|[S]? r [S]?evrs|
=

|S◦(Fq)|
|S◦(Fq) r S◦(Fq)evrs|

,

where S◦(Fq)evrs := S◦(Fq) ∩ S(Fq)evrs. In fact, it can be checked that this quantity can be
bounded below by a polynomial in q with a positive coefficient on its highest degree. See
[CO21, Section 5.1] (especially, the proof of [CO21, Proposition 5.8]) for the details. We
caution that we adopted a different usage of notations in [CO21, Section 5.1]; “S” in [CO21,
Section 5.1] is nothing but the connected torus S◦ and “S(Fq)nvreg” in [CO21, Section 5.1]
is S◦(Fq) r S◦(Fq)evrs.

On the other hand, we have |WG(Fq)(S)| = |WG◦(Fq)(S◦)| and this quantity is deter-
mined only by the Lie type of G◦ and the rational structure on S◦. At least, we see that
|WG◦(Fq)(S◦)| is not greater than the order of the absolute Weyl group of G◦, which is
independent of q. Therefore, we conclude that the inequality (Hevrs) holds whenever q is
sufficiently large compared to the absolute rank of G◦.

We note that it is possible to explicate the precise bound of q so that the Henniart
inequality holds as long as the data (S ⊂ G0 ⊂ G) is given explicitly. For example, any
connected reductive group over a finite field has a particular elliptic maximal torus called
“Coxeter type”. Thus it is natural to attempt to compute the inequality (Hevrs) by choosing
G to be a split connected reductive group over F and S to be an unramified elliptic maximal
torus of G such that S◦ is a maximal torus of G◦ of Coxeter type. In this case, we have
S◦(Fq)evrs = S◦(Fq)rs.

For example, when G = GLn with prime n, such an S is given by an unramified maximal
torus of GLn corresponding to an unramified extension of F of degree n. Thus the left-hand

side of the inequality (Hevrs) is given by qn−1
q−1 . On the other hand, the left-hand side depends

on G0; |WG(Fq)(S)| = 1 when G0 = S and |WG(Fq)(S)| = n when G0 = G. We can easily
see that there are very few pairs of (n, q) not satisfying the inequality in the “worst” case

qn − 1

q − 1
> 2n

(see Section A.2.1). In fact, this inequality is nothing but the one considered in the work of
Henniart [Hen92]. (It is still possible to explicate the inequality even when n is not a prime,
but the computation is more complicated; see [Hen92, Section 2.7].) For this reason, we call
the inequality (H•) (and its variant (L•)) the Henniart inequality.

Since an explicit formula of the number of regular semisimple elements in a Coxeter
torus is known (see, e.g., [FJ93]), similar computation should be able to be done also for
other classical groups. For exceptional groups of adjoint type, the numbers |S◦(Fq)| and
|S◦(Fq)rS◦(Fq)rs| can be computed case-by-case (for example using Carter’s classification of
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conjugacy classes in Weyl groups [Car72]). We provide the conclusion of these calculations:
type |S◦(Fq)| |S◦(Fq) r S◦(Fq)evrs| G0 = S G0 = G
E6 (q4 − q2 + 1)(q2 + q + 1) q2 + q + 1 q: any q > 2

E7 (q6 − q3 + 1)(q + 1)

®
3(q + 1) q ≡ −1 mod 3

q + 1 q 6≡ −1 mod 3
q: any

®
q > 2

q: any

E8 q8 + q7 − q5 − q4 − q3 + q + 1 1 q: any q: any
F4 q4 − q2 + 1 1 q: any q > 2

G2 q2 − q + 1

®
3 q ≡ −1 mod 3

1 q 6≡ −1 mod 3

®
q > 2

q: any

®
q > 6

q > 3

A.2. The case of GLn, SLn, and PGLn. We next consider the case where G = GLn. Let
S be a tame elliptic maximal torus S in G. Then, it is well-known that there exists a tamely
ramified extension E/F of degree n such that S is isomorphic to ResE/F Gm.

The set ΓF \R(G,S) of ΓF -orbits of absolute roots of S in G can described in the following
manner (see [OT21, Section 3.1] and also [Tam16, Section 3.2]). We fix a set {g1, . . . , gn}
of representatives of the quotient ΓF /ΓE such that g1 = id. Then we get an isomorphism

S(F ) ∼=
∏n
i=1 F

×
which maps x ∈ E× ∼= S(F ) to (g1(x), . . . , gn(x)). The projections

δi : S(F )
∼=−→

n∏
i=1

F
× → F

×
; (x1, . . . , xn) 7→ xi

form a Z-basis of the group X∗(S) of absolute characters of S. The set R(G,S) of absolute
roots of S in G is given by ßï

gi
gj

ò
:= δi − δj

∣∣∣∣ 1 ≤ i 6= j ≤ n
™

and we have

ΓF \R(G,S) =

ß
ΓF ·

ï
1
gi

ò ∣∣∣∣ i = 1, . . . , n

™
r ΓF ·

ï
1
1

ò
.

(Note that

ï
1
gi

ò
is the character of S such that

ï
1
gi

ò
(x) = x/gi(x) for x ∈ E× ∼= S(F ).)

We write e (resp. f) for the ramification index (resp. residue degree) of the extension
E/F . Let us recall an explicit choice of a set of representatives of ΓF /ΓE , following [OT21,
Section 3.2] (see also [Tam16, Section 5.1]). We fix uniformizers $E and $F of E and F ,
respectively, so that

$e
E = ζE/F$F

for some root of unity ζE/F ∈ E×. We fix a primitive e-th root ζe of unity and an e-th root

ζE/F,e of ζE/F , and put ζφ := ζq−1
E/F,e. Then L := E[ζe, ζE/F,e] is a tamely ramified extension

of F which contains the Galois closure of E/F and is unramified over E. The Galois group
ΓL/F of the extension L/F is given by the semi-direct product 〈σ〉o 〈φ〉, where

σ : ζ 7→ ζ (ζ ∈ µL), $E 7→ ζe$E

φ : ζ 7→ ζq (ζ ∈ µL), $E 7→ ζφ$E

and φσφ−1 = σq. Here µL denotes the set of roots of unity in L×. As explained in [OT21,
Proposition 3.3 (i)], we can take a set of representatives of ΓF /ΓE to be

{σiφj | 0 ≤ i ≤ e− 1, 0 ≤ j ≤ f − 1}.
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(Here we implicitly regard each σiφj ∈ ΓL/F as an element of ΓF by taking its extension to

F from L.)
Now, based on this description of R(G,S), let us investigate the very regular elements

of S. We fix an isomorphism S ∼= ResE/F Gm. As G0 is a tame twisted Levi subgroup of

G = GLn such that S is maximally unramified in G0, there exists a subextension K/F of
degree m in E such that

• G0 ∼= ResK/F GLn/m and
• E/K is unramified.

We fix a uniformizer of $K of K. Then we have

• S(Fq) ∼= E×/(1 + pE) ∼= 〈$K〉 × k×E ,

• S◦(Fq) ∼= O×E/(1 + pE) ∼= k×E ,

• ZG(Fq) ∼= K×/(1 + pK) ∼= 〈$K〉 × k×K , and

• Z?G(Fq) ∼= F×/(1 + pF ) ∼= 〈$F 〉 × k×F .

In particular, we have

[S]? = S(Fq)/Z?G(Fq) ∼= (〈$K〉/〈$F 〉)× (k×E/k
×
F ).

We regard k×E as a subgroup of E× via the Teichmüller lift. Note that, for any l ∈ Z and

any y ∈ k×E , the element $l
Ey ∈ E× = S is a topologically semisimple element (i.e., of finite

prime-to-p order modulo ZG).

Lemma A.1. For any l ∈ Z and y ∈ k×E , the element $l
Ey ∈ E× = S is regular semisimple

in GLn if and only if

(∗) yq
j−1 6= (ζq

j−1
E/F,e · ζ

i
e)
−l.

for any 0 ≤ i < e and 0 ≤ j < f satisfying (i, j) 6= (0, 0). In particular, for such l and
y ∈ k×E , the element $l

Ey ∈ E× = S is shallow.

Proof. By the above description of the ΓF -orbits of roots ΓF \R(G,S), the element $Ey is
regular semisimple if and only ifï

1
σiφj

ò
($Ey) = $Ey/σ

iφj($Ey) 6= 1

for any 0 ≤ i ≤ e− 1 and 0 ≤ j ≤ f − 1 satisfying (i, j) 6= (0, 0). Since we have

• σiφj(y) = yq
j

and

• σiφj($E) = σi(ζ1+q+···+qj−1

φ $E) = ζ
qj−1
q−1

φ ζie$E = ζq
j−1
E/F,eζ

i
e$E ,

we get

σiφj($l
Ey) = (ζq

j−1
E/F,eζ

i
e$E)lyq

j

.

Thus $l
Ey/σ

iφj($l
Ey) 6= 1 if and only if yq

j−1 6= (ζq
j−1
E/F,e · ζ

i
e)
−l. �

A.2.1. The case where e = 1. Let us first consider the case where e = 1 (thus n = f). In
this case, S is an unramified torus. Moreover, for simplicity, we also assume that f is a
prime and S ( G0.

The group [S]? is isomorphic to k×E/k
×
F
∼= F×qn/F×q . By Lemma A.1, an element y ∈ F×qn ⊂

S is shallow if and only if yq
j−1 6= 1 for any 0 ≤ j < f . In other words, y ∈ F×qn is shallow
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if and only if y does not belong to F×q . Thus [S]?evrs is given by (F×qn r F×q )/F×q . Since
|WG(Fq)(S)| = |WG◦(Fq)(S◦)| = n, the inequality (Hevrs) is given by

qn − 1

q − 1
> 2n.

This inequality is not satisfied when n = 1, so let us suppose that n ≥ 2. When q = 2,
we can check that only n = 2 does not satisfy this inequality. When q ≥ 3, we have

qn − 1

q − 1
− 2n = (qn−1 − 2) + · · ·+ (q − 2)− 1 ≥ 0,

where the equality holds only if n = 2 and q = 3. In summary, the Henniart inequality
holds when (n, q) 6= (1, any), (2, 2), (2, 3).

See [Hen92, Section 2.7] for a computation for general (not necessarily a prime) n. In
fact, the inequality holds for any (n, q) 6= (1, any), (2, 2), (2, 3), (4, 2), (6, 2).

A.2.2. The case where f = 1. We next consider the case where f = 1 (thus n = e). In this
case, S is a totally ramified torus, hence we necessarily have S = G0 (see Remark 8.4).

The group [S]? is isomorphic to 〈$E〉/〈$F 〉 ∼= Z/nZ. By Lemma A.1, for any l ∈ Z, the
element $l

E ∈ S is shallow if and only if ζile 6= 1 for any 0 ≤ i < e. In other words, $l
E ∈ S

is shallow if and only if l is prime to e = n. Thus [S]?evrs can be identified with the subset of
units (Z/nZ)× in Z/nZ. Hence the Henniart inequality becomes

n

n− ϕ(n)
> 2,

where ϕ(n) denotes the Euler’s totient function (ϕ(n) = |(Z/nZ)×|).
We have a lot of examples of n satisfying this inequality; for example, any prime n greater

than 2 satisfies this inequality. However, we also have a lot of examples of n not satisfying
this inequality; for example, any n divisible by 2 cannot satisfy this inequality.

On the other hand, by the above description of [S]? and [S]?evrs, we immediately see that
[S]?evrs generates [S]? as a group.

A.2.3. The case where e > 1 and f > 1. Let us next consider the case where e > 1 and
f > 1. For simplicity, let us again assume that the residue degree f of E/F is a prime.

Proposition A.2. For any l ∈ Z and y ∈ k×E , the element $l
Ey ∈ E× = S can be shallow

only if l is prime to e. Moreover, for l ∈ Z prime to e, the number of elements y ∈ k×E such
that $l

Ey is shallow is bounded below by

(qf − 1)− (q − 1)e(f − 1).

Proof. Let us investigate when the condition (∗) of Lemma A.1 holds for any 0 ≤ i < e and
0 ≤ j < f satisfying (i, j) 6= (0, 0).

We first consider the condition (∗) for j = 0 (hence 0 < i < e). In this case, (∗) is
equivalent to il 6≡ 0 (mod e) as ζe is a primitive e-th root of unity. Thus (∗) holds for any
0 < i < e if and only if l is prime to e.

We next consider the condition (∗) for 0 < j < f . Let us fix 0 ≤ i < e and 0 < j < f
and count the number of y ∈ k×E which does not satisfy (∗). If y1 ∈ k×E and y2 ∈ k×E do

not satisfy (∗), then we must have (y1/y2)q
j−1 = 1. This means that y1/y2 belongs to the

degree j extension Fqj of kF = Fq. Since we assume that f is a prime number, this implies

that y1/y2 ∈ k×F . Hence, we see that at most (q − 1) elements of k×E can fail to satisfy the
condition (∗) for fixed 0 ≤ i < e and 0 < j < f . Therefore, in total, at most (q− 1)e(f − 1)
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elements of k×E can be non-shallow. In other words, the number of elements y ∈ k×E with
shallow $l

Ey is bounded below by (qf − 1)− (q − 1)e(f − 1). �

As we assume that f is a prime, we necessarily have [E : K] = 1 or [E : K] = f . If
[E : K] = 1, then G0 = S. Since the Henniart inequality is more restrictive in the non-toral
situation, let us suppose that [E : K] = f in the following. Recall that G is the reduction of
the subgroup G0

x̄. Thus the Weyl group WG(Fq)(S) is contained in the Weyl group WG0(S),
which is isomorphic to the Galois group of the extension E/K, hence is of order f . In
particular, we have f ≥ |WG(Fq)(S)|.

Corollary A.3. If we have
e

e− ϕ(e)
> 2f,

then the inequality (Hevrs) is satisfied for sufficiently large q.

Proof. We have |[S]?| = |(〈$K〉/〈$F 〉)× (k×E/k
×
F )| = e(qf −1)(q−1)−1. If we put g(q, f) :=

qf−1 + · · ·+ q + 1, then we have |[S]?| = e · g(q, f).
Let us evaluate |[S]?evrs| = |S(Fq)?evrs/Z?G(Fq)|. By Proposition A.2, for any l ∈ Z prime

to e, the number of elements y ∈ k×E such that $l
Ky is shallow is bounded below by (qf −

1)− (q − 1)e(f − 1). Hence we have

|[S]?evrs| ≥ ϕ(e) · (qf − 1)− (q − 1)e(f − 1)

q − 1
= ϕ(e) · g(q, f)− ϕ(e) · e(f − 1),

where ϕ(−) denotes Euler’s totient function. Thus we get

|[S]?|
|[S]? r [S]?evrs|

≥ e · g(q, f)

e · g(q, f)− ϕ(e) · g(q, f) + ϕ(e)e(f − 1)

=
e

e− ϕ(e) + ϕ(e)e(f − 1) · g(q, f)−1
.

The right-hand side tends to e
e−ϕ(e) when q tends to infinity. Therefore, if we have e

e−ϕ(e) >

2f , then the inequality (Hevrs) is satisfied for sufficiently large q. �

Similarly to the case in Section A.2.2, we can find many examples of n satisfying this
inequality; for example, any prime e greater than 2f satisfies this inequality. However, we
can also find many examples of n not satisfying this inequality.

A.2.4. The case of SLn and PGLn. We put G := GLn, Gsc := SLn, and Gad := PGLn.
Let S ∼= ResE/F Gm be an elliptic maximal torus of G. Let Ssc be the preimage of S in Gsc

and Sad the image of S in Gad.
Via the identification S ∼= ResE/F Gm, Ssc is mapped to the subgroup given by the kernel

of the norm map Nr: ResE/F Gm → Gm. Thus we can see that

• Ssc(Fq) = Ker(Nr: k×E → k×F ).

In particular, this implies that no element of S can be shallow if e > 1. Hence the Henniart
inequality can hold only when S is unramified.

On the other hand, we see that

• Sad(Fq) ∼= (〈$E〉/〈$F 〉)× (k×E/k
×
F ),

• S◦ad(Fq) ∼= k×E/k
×
F , and

• Z?G(Fq) = {1}.
Thus exactly the same estimate as in the GLn case is available for Gad = PGLn.
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d’une donnée radicielle valuée, Inst. Hautes Études Sci. Publ. Math. (1984), no. 60, 197–376.
[BW13] M. Boyarchenko and J. Weinstein, Geometric realization of special cases of local langlands and

jacquet–langlands correpsondences, preprint, arXiv:1303.5795, 2013.

[Car72] R. W. Carter, Conjugacy classes in the Weyl group, Compositio Math. 25 (1972), 1–59.
[Car85] , Finite groups of Lie type, Pure and Applied Mathematics (New York), John Wiley &

Sons, Inc., New York, 1985, Conjugacy classes and complex characters, A Wiley-Interscience
Publication.

[Cha20] C. Chan, The cohomology of semi-infinite Deligne-Lusztig varieties, J. Reine Angew. Math.

768 (2020), 93–147.
[CI21a] C. Chan and A. Ivanov, Affine Deligne-Lusztig varieties at infinite level, Math. Ann. 380

(2021), no. 3-4, 1801–1890.

[CI21b] , Cohomological representations of parahoric subgroups, Represent. Theory 25 (2021),
1–26.

[Clo91] L. Clozel, Invariant harmonic analysis on the Schwartz space of a reductive p-adic group, Har-

monic analysis on reductive groups (Brunswick, ME, 1989), Progr. Math., vol. 101, Birkhäuser
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