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1. PROBLEM 1 — REGRESSION WITH AUTOREGRESSIVE COVARIATE

Let {(ys,2¢) : 1 <t < T} be an observed time series satisfying the stochastic equations

Yy = Bry 4wy

Ty = YT¢—1+ v

where 8 € R and (ug,v;)’ i (0,%) with

Y Ouu Ouv
Ouv  Owv
1. Assume that |y| < 1. Show that y; is stationary, and find its univariate representation
in terms of u; and vy.

2. Assume that v = 1. Show that {Ay, : 2 < ¢ < T} has an M A representation. Provide
conditions so that this M A presentation is invertible.

3. Assume that o,, = 0. Find the (quasi-) log-likelihood function when (us,v;)’ i
N (Q, Y)), denoted £ (8,7, Ouu, 0vy). Find the (quasi-) ML estimators of 3, ~y, denoted

by 5,%.

4. Assume that o,, = 0 and |y| < 1. After appropriate centering and rescaling, and
providing the appropriate sufficient conditions, characterize the limiting distribution
of 4 and S.

5. Assume that o,, = 0 and v = 1. After appropriate centering and rescaling, and
providing the appropriate sufficient conditions, characterize the limiting distribution
of 4 and S.

6. Assume that o4, # 0 and |y| < 1. Find a consistent estimator of 3, denoted by
. After appropriate centering and rescaling, and providing the appropriate sufficient
conditions, characterize the limiting distribution of 3.
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7. Assume that o, # 0 and v = 1. Let § = a;vlom,, and show that

i
Y = Pay + 6Azy + &y, g~ (0,0.).

Let ($3,0) be the OLS estimators using this model. Show that 3 is a consistent esti-
mator of 5. After appropriate centering and rescaling, and providing the appropriate
sufficient conditions, characterize the limiting distribution of 5.

2. PROBLEM 2 — SPURIOUS REGRESSION

Let {(ys,2¢) : 1 <t < T} be an observed time series satisfying the stochastic equations

Yt = QY1+ U

ry = PBri -+

(Ut’vt), '\C‘lN <O, ( UO Oy >> ’

and with initial conditions zg = yg = 0. Let 0 represent the regression coefficient for the
(misspecified) model §; = Oz, + &;, with least squares estimator given by

where «, 8 € [0, 1],

0 — 23:1 TtYt
- T
D1 33?

)

and R? coefficient given by
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1. Assume that || < 1 and || < 1. After appropriate centering and rescaling, and
providing the appropriate sufficient conditions, characterize the limiting distribution
of 6 and R?.

2. Assume that @« = 1 and || < 1. After appropriate centering and rescaling, and
providing the appropriate sufficient conditions, characterize the limiting distribution
of  and R?.

3. Assume that |a| < 1 and § = 1. After appropriate centering and rescaling, and
providing the appropriate sufficient conditions, characterize the limiting distribution

of  and R2.

4. Assume that @« = 1 and 8 = 1. After appropriate centering and rescaling, and
providing the appropriate sufficient conditions, characterize the limiting distribution
of 6 and R?.

5. Compare and discuss the results in parts 1 through 4. Are these results intuitive?
Explain.
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