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1. Part I �Short Questions (25 points)

1. (5 points) Let X be a random variable with Moment Generating Function MX (t).
Using the Markov�s Inequality, show that

P (X > x) � MX (t)

exp (tx)
, for all x 2 R and t > 0.

Note: Applying inft>0 on the right hand side gives the Cherno¤ �s Inequality.

2. (5 points) Let X and Y be random variables with �nite variance. Show that if
V [X] = V [Y ] and E [Y jX] = X, then P (Y = X) = 1.

3. (15 points) Let �̂n be an unbiased estimator of � with �nite second moment. A very
important result is:

�̂n is UMVU() Cov�[�̂n; ~�n � �̂n] = 0, for all ~�n 2 Su,

where Su is the set of all unbiased estimators of � with �nite second moment. Show
this result by considering the following three steps:

(a) (5 points) For � 2 [0; 1], verify that the estimator

���;n = (1� �) �̂n + �~�n = �̂n + �(~�n � �̂n)

is unbiased and derive its variance V�[���;n] (as a function of �).
(b) (5 points) Prove the �if�direction by setting � = 1.

(c) (5 points) Prove the �only if�direction by minimizing V�[���;n] over �.
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2. Part II �A Long Question (35 points)

Let X1; � � � ; Xn be a random sample from X � P�, with absolutely continuous c.d.f.

FX (x; �) =
�
a+ bx�1=�

�
1 (x > 1) ,

where � 2 � = (0; 1) is an unknown parameter, and a and b are (�xed) constants.

1. (5 points) Show that a = 1 and b = �1.

2. (5 points) Find a density of P�, denoted fX (�; �). Does P� belong to the exponential
family?

3. (5 points) Show that E� [Xi] = 1= (1� �) and use this fact to derive a method
of moments estimator for �, denoted �̂

MM

X . Verify that this estimator is downward
biased.

4. (5 points) Find the log-likelihood function and show that the maximum likelihood
estimator of � is given by

�̂
ML

=
1

n

nX
i=1

log (Xi) .

5. (5 points) Let Y = log (X). Find the c.d.f. of Y , denoted FY (�; �), and verify that
a density of Y is given by

fY (y; �) =
1

�
exp

�
�y
�

�
1 (y > 0) .

6. (5 points) Show that E� [Y ] = � and use this fact to derive a method moments

estimator of �, denoted �̂
MM

Y . Is this estimator unbiased?

7. (5 points) Compute the Cramér-Rao bound (on the variance of unbiased estimators
of �). Is the MLE estimator UMVU?
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