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ABSTRACT. We develop a martingale approximation approach to studying the limiting
behavior of quadratic forms of Markov chains. We use the framework to examine two
statistical problems. Firstly, we study the asymptotic properties of U-statistic of Markov
chains with possibly varying U-statistics kernels. We apply these results to derive the
“small bandwidth asymptotics” of a class of kernel-based semiparametric estimators of
density-weighted averages. In a second application, we employ the same technique to
examine the classical and “fixed-b” asymptotic behavior of lag-window estimators for

long-run variance estimation, and apply this result to Markov Chain Monte Carlo.

1. INTRODUCTION

In this paper we deal with quadratic forms given by

n /£
Un(hn> = Zzwn(g)])h’n(XZaX])a n Z 17
(=1 j=1

for a stochastic process {X,,, n > 0}, weight matrices w, : N x N — R and symmetric
kernels h, : X x X — R. Quadratic forms of possibly time-dependent random vari-
ables naturally arise in a variety of statistical and econometric problems, and their large
sample properties are of particular importance to develop asymptotically valid inference
procedures.

For an independent sequence {X,, n > 0}, the well known Hoeffding decomposition
provides a useful approach to studying the asymptotic properties of U, (h,) because it
decomposes the statistic into two (uncorrelated) martingale sequences, which are then
easily handled by standard martingale theory. See, e.g., Serfling (1980) for a review. This
approach, for example, is particularly useful when the kernel h,, varies with the sample
size, since in this case both terms in the Hoeffding decomposition contribute in the limit
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in general (see, e.g., Jammalamadaka and Janson (1986) and de Jong (1987)). When the
process {X,, n > 0} is time-dependent, however, the classical Hoeffding decomposition
is not useful because the resulting representation does not have the desirable martingale
property in general. As a consequence, the large sample properties of quadratic forms of
time-dependent random variables are typically established in a less systematic way. The
most well understood case is the case of a standard U-statistics where h,, does not depend
onn and wy,(¢,j) = 1if £ # j and 0 otherwise (Yoshihara (1976); Eagleson (1979); Dehling
and Wendler (2010)). Hsing and Wu (2004) considers Uy, (h) where neither h, nor w,
depends on n, whereas Wu and Shao (2007) studies Uy, (h,) when h,(z,y) = h(x,y) = zy
for a martingale-difference sequence (see also Bhansali et al. (2007) for i.i.d. sequences).

This paper develops a general martingale approximation for quadratic forms of Markov
chains that allows for a unified asymptotic treatment of these quadratic statistics via
martingale limit theory. This martingale approximation has interesting implications for
statistics and econometrics because it provides a simple and systematic way of deriving
the asymptotic properties of statistics that may be represented as a quadratic form of
Markov chains.

To illustrate the broad applicability of this result, we study the large sample properties
of two seemingly unrelated statistical problems: kernel-based semiparametric inference for
density-weighted averages and lag-window long-run variance estimation. The martingale
approximation developed in this paper not only leads to new results for these important
statistical problems, but also shows that the two problems share a common structure in
general.

The first main application discussed here is related to robust statistical inference in the
context of semiparametric models. It is well documented that asymptotic distributional
approximations for semiparametric estimators (and similar statistics) tend to be very
sensitive to the user-defined choices involved in their construction (see, e.g., Cattaneo
et al. (2010)). Non-standard asymptotics usually provide more accurate distributional
approximations in finite samples because they capture certain terms that are assumed
away by the classical large sample theory routinely employed in the literature (see, e.g.,
Cattaneo et al. (2011c) and references therein for further discussion). One example of non-
standard asymptotic distributional approximations for semiparametric estimators is the
“small bandwidth asymptotics” of Cattaneo et al. (2011b). This alternative asymptotic
theory, which is developed for a kernel-based semiparametric estimator of density-weighted
average derivatives under i.i.d. data, leads to a more general distributional approximation,
relaxes side conditions (e.g., restrictions on the kernel and bandwidth) and also removes
strong untestable assumptions (e.g., smoothness of the underlying infinite dimensional

parameter; c.f., Hristache et al. (2001) and references therein).
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In this paper we employ the “small bandwidth asymptotics” framework to analyze
kernel-based estimators of semiparametric density-weighted averages for stationary Markov
chains. The results obtained here generalize those available for i.i.d. sequences, and also
cover new problems of interest in statistics and econometrics, such as those discussed in
Robinson (1989), Stoker (1989), Newey et al. (2004, Section 2) and references therein. To
develop these results, we first study the asymptotic properties of U-statistics of Markov
chains with varying U-statistic kernels using the martingale approximation introduced in
this paper. We then apply these general results, together with appropriate regularity
conditions, to establish the “small bandwidth asymptotics” of the kernel-based semipara-
metric estimators. We also report the main findings of a small-scale simulation study
to show how this alternative asymptotic approximation leads to confidence intervals that
are less sensitive in terms of empirical coverage rates to perturbations in the choice of
bandwidth.

The second substantive statistical application considered in this paper involves studying
the asymptotic properties of a well known class of lag-window long-run variance estimators
(see, e.g., Priestley (1981) for detailed discussion and early references). These estimators
also depend on the choice of a weighting function (or kernel) and tuning parameter (or
bandwidth), and are typically employed for studentization purposes. It is also well known
that these estimators are very sensitive to perturbations of the user-chosen parameters, a
fact that has motivated some researchers to consider an alternative, non-standard asymp-
totic framework for the analysis of its large sample properties. In particular, the “fixed-b
asymptotics” (Kiefer and Vogelsang (2005)) is a popular approach in the econometrics
literature which makes the tuning parameter sequence entering the long-run variance esti-
mators proportional to the sample size. This alternative asymptotic analysis implies that
the long-run variance estimator is inconsistent, and converges weakly to a functional of
Brownian motion, and thus leads to an alternative distributional approximation of com-
monly used studentized statistics.

In this paper we exploit the new decomposition to derive the classical and “fixed-b”
asymptotics of lag-window long-run variance estimators of possibly non-stationary Markov
chains. Our results have important implications for Markov Chain Monte Carlo (MCMC)
simulations, offering in particular new robust procedures for constructing confidence inter-
vals. Our results also substantially improve on the existing literature on the convergence of
lag-windows estimators for Markov chains (Flegal and Jones (2010), Atchade (2010)). The
findings from a small simulation study show that the robust confidence intervals derived
under the “fixed-b asymptotic” framework have better empirical coverage properties than

their counterparts derived under classical approximations in samples of moderate size.
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The rest of the paper is organized as follows. The rest of the introduction outlines
the general setup and introduces the main notation employed throughout, while Section
2 derives the main martingale approximation method. Section 3 studies the large sample
properties of U-statistics with possibly varying U-statistic kernels and, in particular, the
asymptotic distribution of kernel-based semiparametric density-weighted averages estima-
tors. Section 4 derives the large sample properties of lag-window long-run variance esti-
mators under quite general conditions and, in particular, applies these results to MCMC
simulation. Section 5 discusses the connection between the two examples, and concludes.

All the proofs are presented in Section 6.

1.1. Setup and Notation. Throughout the paper, X denotes a Polish space equipped
with its Borel o-algebra B and {X,, n > 0} is a X-valued Markov chain defined on
some filtered probability space (2, F,{F,, n > 0}). We denote P the transition kernel
of the Markov chain and p its invariant distribution, whose existence is assumed. We do
not necessarily assume that the Markov chain is stationary and we denote p its initial
distribution. Let N be the set of nonnegative integers. For n > 1, w, : NxN — R
denotes a weight function. If h: X x X — R is a symmetric measurable function and

n > 1 an integer, we define the quadratic form U, (h) as

Zzwn E .] Xéu )v n > 1. (1)

=1 j=1
We study the limiting behavior of the quadratic form U, (k) for some sequence of sym-
metric measurable functions {h, : X x X - R, n > 1}.
We will rely on the following set of notation. Let (T,.A) be an arbitrary measure space.
If W: T — [1,400) is a function, the W-norm of a function f : T — R is defined as
|flw = supger |f(z)|/W(x). The set of measurable functions f : T — R with finite
W-norm is denoted by Ly (T) or simply Ly when there is no ambiguity on the space T.

For a finite real-valued signed measure v on T, we denote the W-norm of v as

[

where |v/| is the total variation measure of v. We denote My (T) the space of all finite real-

lv|lw —/W )|v|(dx) sup

|f\w<1

valued signed measures v on T such that [|v||w < oco. It is well-known that (M (T), ||-[lw)
is a Banach space. When the measure space T is understood, we simply write Myp,. We
will use the notation v(f) to denote the integral [ f(z)v(dz). If v1, o are two finite signed
measures on (T, A), we define the product signed measure v; @ vo = viv9 on (T?, A?) as
rivg(A) = [vi(dz)ra(Ay), where Ay = {y € T : (z,y) € A}. It is obvious that if
|11|(T) < oo and |vo|(T) < oo, then vy is a well-defined finite signed measure and

[v1ve| = 1] @) [v2].
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If @ is a transition kernel on (T, .A), and h: T x T — R a bivariate function then Qh
is the bivariate function defined by the rule Qh z,y) = [ Q(z,d2)h(z,y). fh: T - R
is univariate, Qh is defined similarly as Qh(z) = [ Q(xz,dz)h(z). Fix Q a Markov kernel,
and V: T x T — [1,00). For p > 1 and afunctlonh: T x T — R, we define

wup Qa2 p))
z,y€T V('T’ y)

For a univariate function V' : T — [1,00) and for h: X — R, we define ||a[, similarly

1/p
I,y =supV (s (/th r) .

When we use the notation A, below, it will always be with respect to P, the Markov

171l =

as

kernel of the reference process {X,,, n > 0}, unless stated otherwise.

Definition 1.1. We say that the transition kernel QQ with invariant distribution p has a

short-range dependence if there exist measurable functions V< W : T — [1,00) such that

D@ @) —ully < W(z), ze X, (2)

n>0

for some finite constant c. In that case we say that Q satisfies the condition C(V,W).

Clearly, if @ satisfies C(V,W) and pu(VW) < oo then for any f € Ly, we have
> om0 1Covy (f(Xo), f(Xn))| < c|fI3 (VW) < oo, which explains the terminology.

Throughout the paper, we denote by ¢ a finite constant which depends solely on the
kernel P but whose actual value can change from one equation to the next. In particular
¢ does not depend on the family of function {h,, n > 1} considered. Finally, all limits are

taken as n — oo unless explicitly noted otherwise.

2. A GENERAL DECOMPOSITION FOR QUADRATIC FORMS
For n,m € N, z,y € X, we introduce on X x X the finite signed measure
T (@, 95 (du, dv)) = (P™ (2, du) — pu(du)) (P™ (g, dv) — p(dv))
Consider the following assumption.

Assumption A1 There exist measurable functions V; < W7 : X — [1,00), symmetric
measurable functions V < W : X x X — [1,00), and a finite constant ¢ such that
P satisfies C(Vy, W1) and for all z,y € X, PW (z,y) < oo and

DD lImamla,ys)lly < Wiz, y). 3)

n>0m>0
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It is always possible to deduce Al from a univariate short-range dependence assump-
tion C(V1, W7). Indeed, if P satisfies C(V1, W;) and C(Va, Wa), and PW; < oo, PWs <
0o, define V(z,y) = Vi(z)Va(y) and W(z,y) = Wi(z)Wa(y). Then |mpm(z,y; )|y =
|P™(x,-) — ullv, |P™(y,-) — pllv, and therefore Al holds. But the choice V(z,y) =
Vi (x)Va(y), W (z,y) = Wi(z)Wa(y) is just one possibility among many others.

Remark 1. The condition C(V,W) holds for geometrically ergodic Markov kernels (that
is, kernels P for which ||[P™(x,-) — pl|,, converges to zero exponentially fast for some
V' > 1). It also holds for sub-geometrically ergodic Markov kernels (||P"(z,-) — |y,
converges to zero sub-geometrically) for which the rate of convergence is summable. It is
sometimes possible to check the condition C(V, W) using Lyapunov drift conditions and
their extensions and this has been done for several time series Markov models (Douc et al.
(2004); Meitz and Saikkonen (2008); Meyn and Tweedie (2009)). See also Chen and Shen

(1998) for examples and application in semiparametric inference.

We show that whenever A1 holds, there exists a martingale approximation to Uy, (hy,)
that offers a simple route to study the asymptotics of Uy, (hy). This is achieved by intro-

ducing a bivariate extension of the well-known resolvent kernel associated to P.

1. The function Gj,. The space My (X x &) of all finite signed measure on &' x X
with finite || - |37 norm, equipped with the norm || - |37 is a Banach space. Under Al and
for any z,y € X, the family {m,m(z,y;-), (n,m) € N x N} is absolutely summable in
Mp(X x X) and its sum

R(z,y; (du,dv)) ZZﬂnmxy (du, dv),

n>0m>0

is a finite signed measure that belongs to My(X x X) and satisfies

IR(z,y; )l < W (z,y). (4)

Let h: X x X — R be a measurable function. We define Ph(xz,y) := [ P(z,dz)h(z,y),
Ph(z,y) == [ P(y,dz)h(z, z), P*h(z,y) := P{Ph}(z,y) = P{Ph},

Gh(l',y) = /R(x,yv (du’ dv))h(u,v), and Gh((l/‘,y) = Gh(xay) - Gﬁ(‘r’y)v T,y € X.

Notice that if h is symmetric, Ph(z,y) = Ph(y, ). Since V is symmetric, this implies that
if Ph € Ly, then so is Ph. We say that h is degenerate if [ h(z,y)u(dy) = [ h(y, z)p(dz) =
0 for all z,y € X. The next lemma establishes some basic properties of the functions Gj

and Gy,
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Lemma 2.1. Assume Al. Let h € Ly, and h degenerate. Then Gy is well-defined,
Gy € Ly, and |Gl < clhlyz. Furthermore if Ph € Ly, then

| PladGiz) = Guony(e0), .y € . )

If Ph, Ph, P?h ¢ Ly, then we have
he.9) = Grlay) = [ P(a.d2)Gh(z0). oy € . (©
Proof. See Section 6.1. O

Remark 2. Equation (6) gives a bivariate extension to the well known Poisson’s equation
(Gordin (1969)) and provides a simple approach for approximating U, (h) by a martingale,

as we shall see shortly. We will also need the univariate Poissson’s equation below in (9).

Remark 3. The summability assumption (3) in Al can be weakened. Maxwell and
Woodroofe (2000) constructed a martingale approximation for linear partial sums of
Markov chains using an approximate Poisson’s equation solution. In principle, their idea

can be lifted to the bivariate case. For € > 0, consider the Abel sum

1 n+m+2
Reloi(und) =5 (1) (P o) = ) (P ) — ).

n>0m>0 Lte
Because of the geometric weight (1 +¢€)™""™72 for € > 0, Rc(z,v;-) is well defined under
weaker conditions than Al. Define Gge)(m,y) = [ Re(z,y; (du, dv))h(u,v), Ggf)(x,y) =

G,(f)(a:, y) — G%(a:, y). Then, formally we have

(1+ e)zh(ac,y) = Ggf) (x,y) — /P(:L’, dz)@ée)(z,y), x,y € X. (7)

Equation (7) is an approximate bivariate Poisson’s equation for h (and P) and can be used
in place of the Poisson’s equation (6) to derive a martingale approximation for quadratic
form under weaker conditions. To limit the technical details, we do not pursue this idea

any further, but we mention this as a promising avenue for future work.

2.2. The decomposition. For notational convenience, we shall write i to denote the
product probability measure fi(du, dv) = p(du)p(dv), where p is the invariant distribution
of the Markov kernel P. Let {h, : X x X — R} be a family of symmetric measur-
able functions such that ji(|hy|) < co. Define 6, := fi(hy,), hni1(z) == [ ho(z,y)p(dy),
hni(z) = hn1(z) — O, hno(x,y) = hn(z,y) — hni(z) — hn1(y) — On. Notice that Ay, 2
is degenerate. Assume Al and suppose that h,; € Ly; and hn’Q,Phn,g,chmQ € Ly
Under Al, ngolpjhn,l(x)’ < c|hnaly Wi(z). Therefore gn(z) = > ;5 Pihy, () is

well-defined, g, € Ly, and we have

|gn|W1 < C‘h’n,lh/l’ and |Pgn|W1 < C|Phn71|V17 (8)
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where for the second inequality, we assume that Ph, 1 € Ly;. It is also well-known that

the function g, satisfies the Poisson’s equation for h, 1 and P:

i (2) = gu() = Pga(a), @ € X. (9)

We introduce the functions

Ly(z,y) :== gn(x) — Pgn(y), x,y € X, and
Qn(z,y,u,v) = Gﬁn,z (x,u) — GPBn’Q(y, u) — Gﬁmz (z,v)+ sz,;m(y, v), x,y,u,v € X.
For 1 < /¢ <n,1<j</{, we define the random variables
Ly = Ln(Xg, Xo—1), and Qpyj = Qn(Xe, Xo—1, X5, Xj-1).

We have E (L, ¢|Fr—1) = [ P(Xy_1,d2)gn(z) — Pgn(Xi—1) = 0 almost surely, showing
that {(Ly ¢, F¢), 1 < £ < n} is a martingale-difference array. By combining (9) and (8),

we obtain
| Ln(2,y)] < |hn1 ()] + c|Phoalyy (Wi(z) + Wily)), =,y€ X, (10)
For 1 < j </, using (5), we have
E(QnejlFe-1) = /P(XE—hdZ)Ghn,Q(Z,Xj) = Gpp,, ,(Xe-1, X5)

- /P(Xf—la dZ)GP*;lM(ZvXj—l) + Gpep, o (Xe-1, Xj-1) =0,
which shows that the process {(Zi;% Qnyej,Fe), 2 < £ < n} is a martingale-difference
array. Notice also that from (6),

Qn(e, xe-1, 25, 25-1) = hn 220, 75) + Gpp,, (€0, 25) — Gpp, o (T0-1,25)
+ Gﬁn’z(w, xj) — Gﬁna (g, xj-1) — sz,;w (@, 25) + GPQBn’Q (Te—1,25-1).
We deduce that
Qn (e, 201, x5, 2j-1)| < |hn2(e,2;5)| + ¢ (|Phn gl + [P?hnlt)
X (W(:L’g, %j) +W($5_1,$]‘) —i—W(:Eg,:L'j_l) + W(xg_l,xj_l)) , (11)

for some finite constant c¢. We will use (10) and (11) to derive bounds on the p-th moment

of |Ly | and |Qy, ¢ |, respectively. We also introduce the following sequences

J4 n
77175 = an(£7]) =+ an(]7€)7 wg%&]) = wn(&]) - wn(g - 17j)7
7j=1 =L

w£1,2)(£7j) = w’l’b(g?j) - wn(gaj - 1)7

and @@ (£, ) := wn(l,§) + wn(l = 1,5 — 1) —wn(l, j — 1) — wn (£ — 1, 7).
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Lemma 2.2. Assume Al. Let {h,, n > 1} be a family of symmetric measurable func-
tion hy, : X x X — R such that for each n > 1, p(lhy|) < o0, hp1 € Ly, and
hn,?vphn,27P2hn,2 S EV Then

n £

Un(hn) = anzwnfj +Z’7n€Ln€+Zan€]Qn€]+<n +<(2)a (12)

(=1 j=1 (=1 (=1 j=1

where
C7(11) = ’Yn,OPgn(XO) - ’Yn,npgn(Xn) + Z(’Yn,é - ’Yn,ffl)Pgn(XZfl)y
/=1
and
n /£
Zw (GPh (X1, Xj) — GPQFLn,g(XZ—hXj—l))
=1 j=1
n /£
+ Zw (Gﬁ (Xg,Xj_l) - GPQFLn,g (Xg_l,Xj_1)>
/=1 j=1
n £
+ 3 Y @D, 5)G pep, ,(Xeo1, X 1) +an£ 0)Gp; ,(Xe, Xo)
(=1 j=1 (=1
— wa(0,0)Gpag, ,(Xo, Xo) + > wa(n, ) (GPQ,QW(XM X() — Gpp, ,(Xn: Xg))
/=1
+an OGpi, (X1, Xe) = Y wall, )Gz (Xe, Xo).
/=1
Proof. See Section 6.2. O

Remark 4. The usefulness of this decomposition comes from the fact that the remainders
Q(Ll) and Q(f) involve either single summations or difference sequences of the weights w,,. As
a result (and we will see this on the examples considered below), these remainders are typ-
ically negligible compared to the other terms in the decomposition. It does not seem pos-
sible to establish the negligibility of these reminders in complete generality. For example,
consider the case where the quadratic form kernel h,, is multiplicative: hy(z,y) = h(z)h(y).
Then the first term Y7 5, (4, ) (GP;W (Xe1. X)) — Gpopy, o (Xem1, Xj_l)) in
the remain Cn becomes the partial sum of a martingale array, a property that can be
used to obtain a sharper bound on its p-moments (see Section 4). But it is clear that this

martingale property does not hold in general.
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3. AsyMPTOTIC PROPERTIES OF U-STATISTICS

We consider the special case where wy,(¢,¢) = 0 and w, (¢, k) = 1 for £ # k. Up(hy,) is
then a standard bivariate U-statistic with varying kernels

n (-1

Un(hn) =YY ha(Xp, X;).

=2 j=1
We study the law of large numbers and the central limit theorem for U, (h,). For U-
statistics with a fix kernel (h, = h), one typically distinguishes the cases h degenerate
versus h non-degenerate. When h is non-degenerate, Uy, (h) is driven by the linear term
> r—1 L¢, while when h is degenerate the U-statistic is characterized by the quadratic term
Zgzz Ef;i @n,tj-

This dichotomy is less relevant for varying kernels U-statistics, since in this case either
term (or both) may be asymptotically leading. The asymptotic behavior of the varying U-
statistic will crucially depend on the rate of convergence of the linear and quadratic terms
obtained from the martingale approximation derived in this paper. Specifically, Theorem
3.2-(1) and Theorem 3.3 below are concerned with the case when the quadratic term is
asymptotically negligible relative to the linear term. In contrast, Theorem 3.2-(2) and
Theorem 3.4 consider the case when the linear part is at most of the same order than the
quadratic part in the decomposition of Uy, (hy). This generality in the asymptotic analysis
is important (partially) because it allows for non-standard asymptotics in the context of
time series semiparametric inference (and related problems), as discussed in Section 3.1.

We work under the following assumption.

Assumption A2 There exist a measurable function V : X — [1,00), k € [0,1) such
that (V) < oo, PV(x) < oo for all z € X, and for any 8 € [0,1 — k], we have
sup,cx PVP(2)/VP(z) < oo and there exist a sequence of nonnegative numbers

{ps(n), n >0} with >, -, pp(n) < oo such that
1P (2, ) = ullys < pg(n) VI*(z), n>0. (13)
Furthermore, we assume that

sg%IE(V(Xn)) < 00. (14)

Remark 5. It is sometimes possible to verify A2 by establishing that the Markov kernel
P satisfies an appropriate drift and minorization conditions (see e.g. Douc et al. (2004);

Meyn and Tweedie (2009)).

We introduce Vg) (z,y) = VB (z)VP(y), Wg) (z,y) = VBHE(2)VATR(y). Tt is straight-

( (
forward to check that A2 implies Al with V; = V#, W, = VAt ¥V = Vg , W = Wé),

(2)
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for any 8 € [0,1 — k). It is also easy to check that for h, € L5, with 3 € [0,1 — &],

_ _®

hn71 S EvB and hn,Q,Phn,Q,PthQ S ﬁv(ﬁ) and |Phn,2‘v(ﬁ) + |P2hn,2’V(B) < C’Phn‘v(g), for
2 2 2 2

some finite constant ¢ (that depends only on P and V).

Now, by Lemma 2.2 we have

n n (-1

n
Un(h) — <2>9n () STED ) B NIERS (15)
=1 =2 j=1
It is clear that for ¢,7 > 1 and |[¢ — j| > 2, wg)(ﬁ,j) = w,(f)(ﬁ,j) = w,({g)(é,j) = 0. This
implies that the double sums in the term Q(LQ) of Lemma 2.2 reduces to single sums. Using
Lemma 2.1 and (14), the following result on the negligibility of the remainder follows
easily.
Proposition 3.1. Assume A2 and suppose that h, € L5 for each n and for some
(2
B €10,1—k]. For anyp > 1 such that 2p(8 + k) < 1, there exists a finite constant ¢ such
that for allm > 1,

BV (6,P) < en (1Phalys + Phalys ). (16

We now turn to the limiting behavior of U, (h,) — (g) 0., starting with a law of large
numbers.
Theorem 3.2. Assume A2 and suppose that hy, € L3 for each n and for some [ €
(2)
[0,1—K]. For A >1, n=* (Un(hyn) — (3)6n) converges to zero in probability under any one

of the following two conditions.

(1) There exists p > 1 such that 2p(8 + k) < 1 and

—(A=1)+1vi
WO (Yl + Ml ) 0. (1)
(2) 4B+ kK)+2k <1 and
W (Vs + Il ) . {0
Proof. See Section 6.3. O

We now consider the rate of convergence of (}) - (Un(hyn) = (5)0n). We focus on normal
central limits. We introduce the product measure {uP}(dz, dy) = p(dzx)P(z,dy) and the

variance term

o2 = / (1P} (do, dy) L2 (2, y) = Var, (hna(Xo)) + 23 Cov (1 (X0), b (X2))
>1
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Theorem 3.3. Assume A2 and suppose that hy, € L5 for each n and for § > 0 such
(2
that 4( + k) + 2k < 1. Suppose also that 0,1 > 0 and there exists p > 1 such that

17201 1l,5 = Olom,1),

1
-1+1

— 2 -1 _— 2
n O-nﬁ whny1|”2p,\/5 —0 and n lo-ng ”|hn”|2,V£) — 0. (19)

Then U;jnl/Z (g)_l (Un(hn) — (g) Hn) converges weakly to N(0,4).

Proof. See Section 6.4. ]

The key assumption [|hn|, s = o(v/noy,1), which makes the quadratic term asymptot-

77 (2)
ically negligible, is restrictive in general. To remove that assumption, we need to account
for the term Y, Z?;i Qn,j in the limit. We do this at the expense of higher moment

assumptions. We define

o2, = / (uP)(dr, dy) / (1P} (du, dv){Qu(y, 730, w) ),

2

and o :=2(n— 1)072171 + 0721,2.

Theorem 3.4. Assume A2 and suppose that hy, € L5 for each n and for § > 0 such
(2)
that 8(B + k) + 4k < 1. Suppose also that op1 > 0, oy 2 > 0,

1 —1 —2
On,1 Whn,l 2,V8 + On,2 ”’hnmzvé) + Un,2’5n|V25 =0(1), (20)
and
_ — — 2 -1 _— 2
P 4072 Wy + o3 Il = @1

where 6, (x) := [ pu(dz)h2(z,z). Then 051(3)71/2 (Un(hn) = (5)0n) converges weakly to
N(0,1).

Proof. See Section 6.5. O

3.1. Application to Semiparametric Density-weighted Averages. We illustrate
the applicability of the results obtained in the previous section by deriving the asymptotic
distribution of a class of kernel-based semiparametric estimators of density-weighted av-
erages employing the “small bandwidth asymptotics” regime. The new results obtained
herein generalize those available in the literature by covering new estimands and allowing
for time series data.

Consider the class of estimands introduced in Newey et al. (2004, Section 2) but
with stationary possibly time-dependent data. To describe these estimands let {X, =
(Yo, Wy, Z!)', n > 0} be a stationary Markov chain with Y, € Y C R, W,, € W C R,
Z, € Z C R%, and with stationary distribution g on X = Y x W x Z. Further assume
that Z, is continuously distributed with (marginal) distribution p.(-) = [ p(dy, dw,-),
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and (Lebesgue) stationary density f(-). To conserve notation, set e, (z) = g (z)f(2z) with
9w(Zy) = E[W,|Z,)], and let s = (s1, - ,sq4) € Z% be a multi-index with the usual no-
tations (e.g., |s| = s1 4 -+ sq, 2° =27 - 2%, 0°f(2) = O f(2)/(9°1 21 - - - D% zq), etc.).

For fixed multi-index s € Zi, the estimand of interest is given by
0= E['Y(Zn)yn]’ 7(2) = 8Sew(z),

where here and in the sequel dependence on s in omitted whenever it causes no confusion.

This class of estimands covers many interesting problems in statistics and econometrics.
For instance, when Y;, = 1 and W,, = 1 for all n > 0, the estimand reduces to 6 = E[fs(Z,)]
with fs(z) = 0°f(z), which in particular includes the classical problem of estimating the
integrated squared density when |s| = 0. A second very popular example is obtained when
|s|] = 1 and W,, = —2 for all n > 0, leading to § = —2E[fs(Z,)Y,], which corresponds
to the well known problem of estimating the density-weighted average derivative (Stoker
(1986)). Robinson (1989) and Stoker (1989) offer several other applications for the case
|s| > 1. Many other estimands (as defined by the choice of s, Y;, and W,,) are discussed in,
for example, Powell and Stoker (1996) and Aradillas-Lopéz et al. (2007). For substantive
empirical applications see, e.g., Hirdle et al. (1991) and Deaton and Ng (1998).

To verify the conditions of the central limit theorems developed in the previous section
we need to impose additional assumptions. To save notation, set e,(z) = g,(z)f(z) with
00(Z0) = BYal Zu], €40(2) = gy(2) F(2) With gyu(Za) = EYaWalZul, vy(Z0) = BY2|Z,]
and vy, (Z,) = E[W?2|Z,]. In addition, define (recall x = (y,w, 2')")

407 =E[W(X0)’] + 2 ) E(X0)p(Xe)], ¥(z) = yd°eu(2) +w(—1)F10%,(2) — 20,

>1

and
o3 = SBl(0u(Za)oy(Zn) + (~1)gyu(Z0)2) 1 (Z0)]

The following assumption gives a set of simple sufficient conditions on the stationary

distribution p. Let Z, = {¢ € Z% : ¢ < s} and Z(k) = {¢ € Z¢ : |¢| < k}.

Assumption S: (a) E[|Y,,|® + |[W,,|%] < o0, 0 < ¢} and 0 < o3.
(b) 0%ew(2) and O%e,y(z) exist and are bounded for all £ € Z;.
(c) For some @Q > 2: 9°fe,(2) exists and is bounded for all £ € Z(Q).
(d) 05Tfey(2), O%eyw(z) and 0wy (2) f(z) exist and are bounded for all £ € Z(1).
(€) lim ;)00 [|0%€w(2)| + 0%y (2)|] = 0 for all £ € Z,.

To describe the class of kernel-based semiparametric estimators considered here, we
introduce the following assumption characterizing a class of kernel functions that will be

used to nonparametrically estimate the unknown function ~(-).
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Assumption K: (a) K : R? = R is even and bounded.
(b) 9°K (u) exists and is bounded for all £ € Z,, and 0 < [.(0°K (u))?du.
(c) For some 0 > 2: [(1+ |lul|?)|K (u)|du < oo, [(1+ ||ul|?)|0°K (u)|du < oo, and
JuK (u)du = 1gg—qy for all £ € Z(o—1).

A plug-in leave-one-out kernel-based estimator of 6 is given by

-1 n n
. n R . 1
en=<2> > H(Z0)Yi,  Ailz) = > Ko, (2= Z;)W;,
=1

n—1 4~
Jj=1,j#1

with K p(u) = 0°Ky(u), Kp(u) = K(u/b)/b, and where b, is a positive bandwidth se-
quence. It follows immediately that this class of kernel-based estimators can be recast as

n

n-varying U-statistics with 0,, = (2)_1Un(hn) where, for any z1,z9 € X,

K, (21 — 22)wayr + K p, (22 — 21)wiya
5 )

hn(21,22) =

Powell et al. (1989) and Robinson (1989), under the random sampling (for |s| = 1 and
W, = —2) and under absolute regularity (for |s| > 1 and W,, degenerated), respectively,
stablish a “classical” central limit theorem for the kernel-based estimator én Their ap-
proach relies on the Hoeffding decomposition for i.i.d. data, which under appropriate
regularity conditions leads to a simple asymptotic representation of the estimator that
is then used to verify its asymptotic normality. Specifically, under Assumptions S and
K (and appropriate restrictions on the data time-dependence), the classical Hoeffding

decomposition gives

) 9 n B n -1 n i—1 B
On—0=0,—0 +=> hn1(X;)+ ( ) D3 hna(Xi, X;),
onQ = 2 i=1 j=1
O(b8"?) .

Op(n=1/2) Op (n=16*/271°1)

where the convergence rates are obtained by simple, problem-specific bounding arguments.
This representation, coupled with an appropriate central limit theorem for possibly weakly

oNQ d+2|s|
n

dependent random variables, implies that if nb — 0 and nby, — 00 then

iy — ) = \QF S bt (Xi) + 0p(1) = N0, 402).
n =1

This result corresponds to the classical approach to establish a central limit theorem for
a statistic, which is based on the Hajék projection of the U-statistic. Indeed, in the i.i.d.
case it is easy to show that E[(hn 1(X;) —1(X;))?] = o(1) thereby verifying that ¢(z) is the
(semiparametric efficient) influence function for 6. A crucial implication of this approach
is that the resulting limiting distribution of the statistic of interest is invariant to the

nonparametric procedure employed (for discussion see, e.g., Newey (1994) and references
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therein), which in turn results in an important lack of robustness of the distributional
approximation in general.

In an attempt to increase the robustness of the asymptotic distributional approxima-
tion for én, Cattaneo et al. (2011b) develop a generalized central limit theorem based
also on the Hoeffding decomposition under random sampling for the special case of the
density-weighted average derivatives under i.i.d. data. Specifically, employing a standard
martingale CLT it is possible to show that both the (linear) Hajék projection and the (qua-
dratic) remainder of the Hajék projection converge in distribution jointly to a Gaussian
random variable under conditions that are substantially weaker than those entertrained
by the classical large sample result. In particular, under the i.i.d. assumption, |s| =1 and
W, = —2 for all n > 0, the authors show that if min(1, nbﬁ”)nbi(m\@) — 0 and n?be — oo
then

0, — 6
V1407 4 (2) 61203 fa(0° K ()

—a N(0,1).

In this section we generalize this result to cover the class of density-weighted averages
introduced above under possibly time-series data. The potential (weak) dependence of
the data introduces additional complications that render the classical approach based on
the i.i.d. Hoeffding decomposition difficult to apply (i.e., 0,, — 0, is no longer a martingale
difference sequence). The martingale approximation obtained in this paper and Theorem
3.4 give an alternative approach to verify the joint asymptotic normality of the linear and

quadratic terms in én — 6, under essentially the same conditions imposed in the i.i.d. case.

Assumption A3 (a) {X,, = (Yo, W, Z,), n > 0} is a stationary Markov chain with
transition kernel P(z1,dzs) = Qz(zl,dZQ)Qyw‘z(ZQ;dyg,d'wg) where Q,(z1,dz9) =
q-(21, z2)dzy is a transition kernel with invariant distribution pu,.
(b) @, satisfies A2 for some measurable function V, : Z — [1,00) and k, = 0.
(c) For 1 <p <4,
Sup VoP(z1) (my p(21) + M p(z1)) < 00,

and

sup V, /8 (21) gz (21, 22) (myp(22) + map(22)) < 00,
21,22

where my, ,(2) = [ [y[PQyuw|-(2; dy, dw) and muy, p(2) = [ [w[PQyy.(2; dy, dw).
Assumption A3-(a) is restrictive because it rules out any potential “feedback” of the out-
come variables Y,, and W,,. We also impose xg = 0. These restrictions are imposed for sim-
plicity and may be relaxed. Since E (h(Yy,, Wy, Z,)) =E ([ Qyuw|z(Zn; dy, dw)h(y, w, Zn)),
it is easy to verify that Assumption A3 implies A2 with V(x) = V,(2) + |w|® + |y|® and
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k = 0. The short-range dependence assumed in Al is crucial to obtain asymptotic normal-
ity in general, as shown by example in Cheng and Robinson (1994) for the case of |s| > 1
and W, degenerated.

The main result of this section is given in the following theorem.

Theorem 3.5. Assume that (S), (K) and A8 hold. If

min(1, nb% 2N np2@ Q) 5 o and  n%bd = oo
then )
S -0 s N1, 2=l () s
with .
2 = n40? 4+ o(1)] + <Z) b, 42l {03 / (O°K (u))du + 0(1)] :
Rd
Proof. See Section 6.6. O

Remark 6. (a) Although beyond the scope of this paper, feasible inference procedures
can be constructed by developing appropriate consistent standard errors under the “small
bandwidth asymptotic” regime. Assuming i.i.d. data, |s| =1 and W,, = —2 for all n > 0,
Cattaneo et al. (2011b) discuss in detail three alternative approaches to construct such
standard-error estimators, which may be extended to the context of time-series data. This
extension is important partially because it is shown in Cattaneo et al. (2011a) that the
standard nonparametric bootstrap does not provide a valid asymptotic approximation un-
der the general asymptotics considered in Theorem 4.5.

(b) The classical and alternative bandwidth selection procedures discussed in Cattaneo
et al. (2010) may be easily extended to cover the more general setup considered in this

section, although to conserve space we do not discuss the details here.

3.1.1. Simulation Evidence. This section summarizes the results of a small-scale simula-
tion experiment conducted to explore the implications of the (small bandwidth) asymptotic
distributional approximation obtained in Theorem 3.5 in samples of moderate size. To
facilate the comparison with the results known in the context of i.i.d. data, we consider
the same simulation setup as in Cattaneo et al. (2011b, 2010), but with time-dependent
covariates. Specifically, we consider the density-weigthed average derivative estimand
(i.e., |s| = 1 and W,, = —2 for all n > 0) in the context of single-index models. Let
{en, n > 0} be a sequence of i.i.d. standard Gaussian random variables independent of
{(Y;,,, 2", n > 0}, and assume that Y;, = 7(Z/,3 +¢,) for 8 € R? and for some unknown
weakly increasing real-valued link function 7(-). Three natural choices are 7(u) = u (linear

models), 7(u) = 1,50y (binary choice models) and 7(u) = ulyg,~0y (censored models).
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Semiparametric density-weighted derivatives are of interest partially because, under sta-
tionarity and assumption S, integration by parts implies that 0 = E[0°g,(Z,)f(Zy)] x B.

The time series dependence is modelled by assuming that each component in Z,, follows
an autoregressive process of order one. Specifically, we impose Z,, = AZ,_1 + v, where
for simplicity A is diagonal with all elements equal to 1/2, and for all n > 0 we impose
vp ~ N(0,02) independently of all other random variables and across time. Finally, Zy
and o2 are chosen so that Z, ~ N(0,1) for all n > 0.

To conserve space, and because qualitatively similar results were obtained in all cases, in
this section we only summarize the main findings for the first component of § = (61, 65)" in
the context of a binary choice model with d = 2 and ¢ € {2,4} . Under this configuration,
the true data generating process is characterized by 6; = &T%/Q, 40? ~ 0.003667, and

02 ~ 0.026552. The estimator 6, is constructed using K(-) chosen to be a Gaussian

1485
20487

product kernel of order p, which implies that fRd(GsK (u))?du equals to Siw and
when ¢ = 2 and ¢ = 4, respectively.

To assess the relative improvements in the distributional approximation under classical
asymptotics and under “small bandwidths asymptotics”, we study the empirical coverage
rate of the two competing (unfeasible) confidence intervals for ¢; obtained under each
regime. Specifically, the classical asymptotic approximation obtained in, e.g., Robinson

(1989) (and also justified by Theorem 4.3 above) imply the following confidence intervals

én + Zlfa/Q\/ n_140%,

where 2;_, /9 is the (1—a/2)-quantile of the standard normal distribution. In contrast, the
“small bandwidth asymptotics” (Theorem 4.5) justify the following alternative confidence

intervals

0, + zla/Q\/n_léla% + (Z) 1bgd_20% /Rd(ﬁsK(U)Pdu.

Figure 1 reports the empirical converage as a function of the choice of bandwidth b,, for
each of the competing confidence intervals in a simulation experiment with n = 500 and
S =10,000. The first panel corresponds to the case o = 2 (theoretically not valid for the
classical asymptotics), while the second panel reports the results for ¢ = 4 (where both
confidence intervals are theoretically justified). The improvements of the small bandwidth
asymptotics over the classical asymptotics are substantial, leading to confidence intervals

with good empirical size properties across a non-trivial range of bandwidths.

4. ASYMPTOTIC VARIANCE ESTIMATION

Quadratic forms also appear in the problem of asymptotic variance estimation. Suppose

that {X,, n > 0} is a nonstationary Markov chain with transition kernel P, invariant
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Second-order Kernel (P=2) Fourth-order Kernel (P=4)
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FIGURE 1. Empirical Coverage Rates for Infeasible 95% Confidence Inter-
vals (d =2, n =500, S = 10,000)

distribution p and some initial distribution p. Let A : X — R be a measurable function
such that u(]h|?) < oco. We assume without any loss of generality that u(h) = 0. We
are interested in the estimation of the long-run variance (or the asymptotic variance) of h
defined as:

o*(h) = Var,(h(Xo)) +2 ) _ Cov, (h(Xo), h(Xy)) (22)
1
which plays a role in time series analysis and in Markov Chain Monte Carlo.

We consider here the class of lag-window estimators (see, e.g., Priestley (1981) for
detailed discussion and early references). For 0 < k < n — 1, we define the k-th or-
der sample autocovariance Y, = n~! E?:_f (h(X;) = pn(h)) (h(Xj4x) — pn(h)), where
pn(h) =n=t > j—1h(X;). To describe the estimator, we consider a weight function with

the following properties.

Assumption W: For b > 0, wp, : R — [0,1] is a continuous function with support
[0, 8], of class C? on (0,b), such that wy(b) = 0 and wy(0) = 1.

This assumption allows for the use of all commonly employed weighting functions, in-
cluding the Bertlett and Parzen kernels. Let {c,, n > 1} be an increasing sequence of

positive numbers such that ¢, < n and ¢, — oo. The lag-window estimator of o2(h) is
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given by

n—1

T2 o(h) =Yoo +2>_ wy(kc, ) Lp (23)
k=1

When wy(x) = w(z/b), an equivalent parametrization is wy(z) = w(x) and ¢, = bey,.
It is well known that for Fib(h) to consistently estimate o%(h), we need the condition
¢n = o(n). But it is also well documented that for ¢, = o(n), lag-window estimators
often have poor finite-sample properties, particularly for highly correlated time-series.
Alternatively, it has been suggested to use Fi’b(h) with ¢, = n, the so-called “fixed-b
asymptotics” (Kiefer and Vogelsang (2005)). In the regime ¢, = n, F%,b(h) is no longer a
consistent estimator of o2(h), but can still be used to derive asymptotically valid confidence
intervals and statistical tests for u(h). These statistical procedures often have better finite
sample properties than their counterparts based on ¢, = o(n) (see, e.g., Jansson (2004)
and Sun et al. (2008) for some theoretical justifications).

Using Lemma 2.2, we derive a decomposition of the lag-window estimator Fib(h) that
sheds some light on the asymptotic and finite-sample behavior of the estimator, in both
cases ¢, = n and ¢, = o(n). Then we study the asymptotics of I‘i,b(h) for nonstationary
Markov chain and under conditions that are more easily verifiable. The conditions given
below substantially improve on Flegal and Jones (2010) and Atchade (2010). We impose

the following assumption.

Assumption A4 There exist measurable functions Vi : X — [1,00) (k = 1,2,3) such
that Vi < Va, Vi < V3 such that PV3(z) < oo, and P satisfies the assumptions
C(V4,Va) and C(V2, V3). Furthermore there exists ¢ > 1 such that

suplE (V3(Xn)) < oo. (24)

A4 implies Al with Wy = Vo, V(z,y) = Vi(2)Vi(y) and W (z,y) = Va(x)Va(y). De-
fine the partial sums S, j := Zfi,?_H h(X;), the weight w,;,(0) = n~1 and w,;(k) =
2n~twy(ke,t) for k > 0. We write Ty as Ypp = n! Z" kh( X)h(Xjik) + n3(n —

k)SEL,o - n_2Sn,O (Sn—lg,o + Sn—k,k), so that

T2 o(h) =D wnp(l — §R(X)(Xe) + Ra, (25)
=1 j=1
where
n—1 Ek
Rn = 27’2;_25721’0 Z Wy (1 — n)
k=1
]—1 n—1 n—j
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If we set aside the term R,,, the expression (25) is of the form (1) with h,(z,y) = h(x)h(y)
and wy(¢,j) = wyp(¢ — j). Here we have hy1(z) = [ h(z)h(y)u(dy) = 0, 6, = 0, and
hpa(x,y) = h(z)h(y). Therefore L,, y = 0. Define
z):=Y Ph(z), and PG(z)= /P(:v,dz)G(z), reX.
Jj=0
Gp2p(z,y) = PG(x)PG(y). Therefore

Qnij = QeQj, where Q= G(Xy) — PG(Xo-1).

As above, {(Gy¢, F¢), £ > 1} is a martingale: E (Q¢|Fy—1) = 0. Lemma 2.2 yields for all
n>1,

n f{—1
I, 12% +D > wap(l = )QeQj + Gu + R, (27)
(=1 /=1 j=1

where by rearranging appropriately the terms we get for n > 3 and writing A, 5(k) =
wmb(k‘) — wn,b(k’ - 1),

n -2 n /-1
Go=Y PG(Xe1) ) Anp(l=7)Qj =Y QY Ayt —j+1)PG(X;1)
=3 j=1 =2 j=1

~
[\

+ ZPG X 1) (App(l—7) = App(l —j+1)) PG(X;-1)
=3 1

<.
Il

M:

+ (2wn,b(0) — wmb( )) (PG(X[ 1)Qg + (PG(X@ 1)) G(Xg)PG(Xg))

~
Il

1

- ZPG Xo_1)PG(Xy_3) + PG(X)) anb )Q¢ — PG(X anbn 0HQ
(=2 /=1

+ ) (wap(0) — wo (€ — 1)) PG(Xo) PG(Xy_1) — 2wy (n) PG(Xo) PG(X,,)

+ PG(X) Y (wap(n— £) = wnp(n — £+ 1)) PG(Xr1) — wnp (0)G(Xn) PG(Xy,)

+ A s (1) (PG(X0))? 4 w3 (0)(PG(X0))? + Ay (1) PG(X,) PG(X 1)

In fact the decomposition (27) is similar to the decomposition derived in Atchade
(2010) Theorem 4.1, with the exception that the quadratic term is not distinctly identified
as in (27). Under A4 and using the martingale property of {Q,, ¢ > 1}, the smoothness
of wy, and the same technique as in Atchade (2010), it can be shown that the exists p > 1
such that

1,1
EVP (|CuP) < cen 27, n>3, (28)

for some finite constant c. We have the following theorem.
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Theorem 4.1. Assume (A4) and (W) and h € Ly,. Let Fi’b(h) be as in (23), where
cn T 0o, and let {B(t), 0 <t < 1} be the standard Brownian motion. There exist p > 1

and a finite constant ¢ such that for all n > 3,

141yl
El/p(’(n’p> <ce, 7, E'/P (IRn|") < cn_lcn,
n f{—1 p c 1 L1
and EYP Wi p(0— 7)QeQ; <ec (f) *nT2teVa,
/=1 j=1

(1) If ¢, = o(n), then Fi,b(h) converges in probability to a%(h). Furthermore, assuming
Fi’b(h) > 0 almost surely, {nfivb(h)} 1/2 > i1 (WXG) = p(h)) —a N(0,1).
(2) If ¢, = n, then Fi,b(h) —q a2(h)fy, where

1 t
fb:1+2/0 /Owb(t—s)dB(s)dB(t)
1 1
—2B(1)/0 gb(t)dB(t)+QBz(1)/0 (1 — t)ywy(t)dt,

where gp(t) = fot wp(u)du + f (u)du. Furthermore, assuming T7, ,(h) # 0

almost surely,

T2 (M(X;) — (k) B(1)

—d .
T2, (h)| ||

n,b

Proof. See Section 6.7. O

Although the limiting distribution B(1)//|fs| is non-standard, it can be simulated,
for example by Euler discretization of the stochastic integrals in f,. We report in Table
1 the 95% quantiles of the distribution of B(1)/+/[fp| using wy(z) = L) (x), wp(r) =
(1 —a/b)1gp(z) and wy(z) = (1 — (z/b)*)1p)(z), and for different values of b, based
on 10,000 replications of B(1 \/ﬁ The distribution departs further from the standard

normal distribution as b increases.

w(z)=1—z/b w(x)=1-(x/b)? w(x)=1p)(z)

b=0.3 2.828 4.134 5.496
b=0.5 3.557 6.580 6.299
b=10.9 4.735 12.575 13.045

TABLE 1. 0.975-quantile of the distribution of B(1)/+/|fs|.
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4.1. Application to Markov Chain Monte Carlo. Markov Chain Monte Carlo (MCMC)
is a popular computational tools to obtain random samples from intractable and high-
dimensional distributions (see e.g. Roberts and Rosenthal (2004) for a survey and for ad-
ditional references). Suppose that we interested in sampling from the probability measure
p and compute the integral (k) = [ h(z)u(dx). Let {X,, n > 0} be a Markov chains with
transition kernel P, invariant distribution p and initial distribution p. By simulating the
Markov chain, we approximate (h) by the Monte Carlo average i, (h) = n=t > 1_ h(Xk).
Furthermore, under A4, lim,_,o, n'/2Var (u,(h)) = 02(h), as given by (22), and a central
limit theorem holds: n='/23"%_ (h(Xy) — 7(h)) =4 N(0,02(h)). By Theorem 4.1 (1) a
consistent (1 — «)-confidence interval for u(h) is

on(h
pn(h) £ Zla/Z\/(ﬁ)y

where z1_,/9 is the (1 — a/2)-quantile of the standard normal distribution and where
6n(h) = (/T2 ,(h), with b = 1, ¢, = o(n). Typical choice of ¢, includes ¢, = n~°,
5 e {1/3,1/2,2/3}.

Theorem 4.1 (2) provides another confidence interval for u(h):

an(h
pn(h) £ tl—a/2n\/(ﬁ)a
where t1_, /5 is the (1—a/2)-quantile of the distribution of B(1)/+/[fy| and where G,,(h) =
I'2, (h), with ¢, = bn. We compare the finite sample properties of these two confidence

intervals in terms of coverage probability and interval length.

4.1.1. Illustration. We undertake the comparison using a log-linear model taken from Gel-
man et al. (2004). Fore=1,..., N, and p = 1,..., N, the variables y,, are conditionally
independent given ({8,}, {ep}) € RY> x RNeNe | wwith conditional distribution

Yep ~ P (nepe“+ae+ﬁp+fw) ,e=1,....,N., p=1,...,N,, (29)

where P()) is the Poisson distribution with parameter A. In the above display, {n¢p} is a
deterministic baseline covariate, and u € R, {ae} € RNe are parameters. We assume that

{Bp} and {e¢p} are independent with distributions

id id
BP ZL N(()?O-%)v €ep ZfZ\J N(0,0’g), (30)

For some parameters U% > 0, ag > 0. We assume a diffuse prior for (u,a,ag,ag)

(02 > (),a% > 0) with the additional constraint that ay, = — iv:fl ap. Let 0 =

(@, B,€,02, 0’%) € R3+Ne=1+(Np+1)Ne " The posterior distribution of § given D = (yep, Nep)
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takes the form

m(0|D) x exp {Z Yep(ft 4 e + Bp + €cp) — nepet T e totee
e7p

NP

e 10 o7 — P loga} - 2}‘22;21, - Qi%;lgg . (31)
This posterior distribution is typical of the probability distributions for which MCMC is
useful. We set N, = 3 and N, = 20. Consider the posterior mean of the parameter aq,
ie. [aym(8|D)df. To compare the different confidence interval for oy, we generate an
artificial dataset with (o, g, i, 02, 0%) = (0.35,0.15, —1.0,0.1,0.3). We run a preliminary
MCMC sampler for 6 millions (6 x 10%) iterations and compute its sample mean. We obtain
a1 = 0.3309. We take this value to be [ ay7(6)db.

To compare the two confidence interval methods, we use a Random Walk Metropolis
(RWM) algorithm with proposal kernel N(0,x%). We want to compare the confidence
interval methods in various scenarios of mixing of the MCMC chain. We work with two
versions of the RWM: a naive algorithm in which x = 0.015 and ¥ = Igs, the identity
matrix. The other version is an optimized RWM where x and ¥ are selected (after a
preliminary simulation) to improve the mixing of the chain. We run both chains for
50,000 iterations. We repeat the simulations 400 times in order to estimate the coverage
probabilities and interval lengths. The results are given in Table 2 and 3. As expected, the
regime ¢, = n have a much better finite sample behavior. The improvement is particularly

drastic when the underlying Markov chain is slowly mixing.

1/3 1/2

n?/3 b=03 b=05 0.9
Coverage 9.25 16.5  39.25 Coverage 77.50  82.25 84.00

Length 0.006 0.015 0.034 Length 0.097 0.115 0.123
TABLE 2. Coverage probability and confidence interval length for aj.

wy(z) = (1 —2/b)1p)(z). From 50,000 iterations of the naive RWM

n n

algorithm. Right table is the regime ¢, = n.

1/3 1/2

n n?/3 b=03 b=05 0.9
Coverage 47.0 79.5 92.00 Coverage 95.0 95.0 96.0

Length 0.007 0.015 0.021 Length 0.027 0.031 0.031
TABLE 3. Coverage probability and confidence interval length for aj.

wy(x) = (1 —2/b)1(gp)(z). From 50,000 iterations of the optimized RWM

n

algorithm. Right table is the regime ¢, = n.
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5. DI1SCUSSION AND FINAL REMARKS

The martingale approximation introduced in Lemma 2.2 for quadratic forms of Markov
Chains permits a simple and systematic analysis of many interesting problems in statistics
and econometrics via martingale limit theory, as illustrated for the important problems
considered in Sections 4 and 5. This decomposition also leads to an interesting connection
between the two type of non-standard asymptotic experiments disscused in the previous
sections, which partially sheds light on the important improvements achieved by these
alternative large sample approximations.

To see this connection, note first that Lemma 2.2 implies that each of the quadratic
statistics in Sections 4 and 5 can be decomposed into a single average and a double average,
each forming a martingale sequence. Specifically, for the “small bandwidth asymptotics”

d+2
bn+ |s]

considered in Section 4, and assuming n — Kk € (0, 00| for simplicity (this assumption

corresponds to the y/n-case), Theorem 3.5 gives

) 9 n nflnifl
O —0) = V(0 —0) + —= ) Ln; nyisj "
Vil ~0) = /10, 0+ 3 s vi(y) 523 Qui + (G
O(Vabh" Q) ——— - op(1)

Op(1)

o) 1
()

while for the “fixed-b asymptotics” studied in Section 5 (with p = 2), Theorem 5.1 shows
that

n n (-1
Fi,b(h) = n_l Z Q? + Z an,b(g - ])QZQJ + Rn + Cn )
/=1 (=1 j=1
~~ op(1)
(1) Op(v/ S +52)

where R, is also a double average. Thus, both statistics are represented by a sum of a
single average, a double average and remainder in general.

This representation shows that the classical large sample distributional approximations
correspond to tuning parameter sequences that assume away the asymptotic contribution
of the double average obtained in each example. In contrast, both the “small bandwidth
asymptotic” framework and the “fixed-b asymptotic” framework correspond to sequences
of tuning parameters that render this double average of (at least) the same stochastic order
as the single average, and hence leading to the joint weak convergence of both terms.

In the context of i.i.d. data, this connection also arises when comparing the “small
bandwidth asymptotics” with other non-standard asymptotic approximations such as the
“many instruments asymptotics” and the “many regressors asymptotics” (see Cattaneo
et al. (2011c) for a discussion). In all these cases, the alternative asymptotic experiments

explicitly capture a quadratic term (i.e., a double average), which is otherwise ignored by
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the classical distributional approximations typically employed in the literature, thereby

providing a better distributional approximation for the underlying statistics of interest.

6. PROOFS

6.1. Proof Lemma 2.1. Since R(z,y;-) € My(X x X), and h € Ly, Gu(z,y) =
[ [ h(u,v)R(z,y; (du, dv)) is well-defined and |Gy (z,y)| < c|h|yW (z,y), for all z,y € X.
Suppose that h,Ph € Ly. Let ¢ : N — N x N be a bijection (that is, an in-
dexing of N x N). We write ¢(n) = (¢1(n),p2(n)). For N € N, define gn(z,y) =
221:((1)\/) Zﬁffg) [ [ h(u, v)T0 m (2, y; (du, dv)). Then under A1, gn(z,y) converges to Gp(z,y)
for all z,y € X as N — oo. Also, |gn(z,y)] < W (x,y), for all z,y € X and uniformly
in N, and [ P(x,dz) [ 6,(d22)W (21,22) = [ P(z,dz)W(z,y) < oo, by assumption. By

dominated convergence,

/ Pla,d2)Gh(zy) = / / P, d21)5,(d22)Gn(21, 22)

$1(N) ¢p2(N)

—m > Y / Pla, dz) / 5, (dz) / / T (21, 203 (dut, dv) ) h(u, v)

n=0 m=0
$1(N) ¢p2(N)

= tim > 37 [ [ o (o) (PR ) = Gy (.0),
n=0 m=0

which proves (5).

From the assumptions, it follows that the functions Gp, G¢ppy, G (PR} and Gpzp) are
well defined. Since h is degenerate, it is easy to check that for all n,m > 0, 7, p,(Ph) =
Tnt+1,m(R), Wn,m(ﬁ) = Tpm+1(h) and Fnym(P2h) = Tpt+1,m+1(h). Therefore for any
N, M > 1:

ii / / Bty 0) T (2, 3 (du,dv))—ZN:g[: / / (PR} () (2, y: (du, d))

n=0m=0 n=0m=0

N M N M
— {ﬁ}(u,v)wmm(m, i (du, dv))+ {P2h}(u,v)7rn,m(a:, ; (du, dv))
S8 i S ] foneon

= (o)~ [ (P¥* ) = () hlasy) = [ (PY) (g de) = (o) ha,o)
+ // (PN (@, du) — p(du)) (PM(y, dv) — p(dv)) h(u,v).

Letting N, M — oo yields h = G}, — G{ﬁ} — Gpny + Gp2py. Combined with (5) and the
definition G}, := G, — G (pry vields the identity (6).

O
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6.2. Proof Lemma 2.2. From the definition, we have h,,(x,y) = 0y, + hn 1 () +hna(y) +

l_Ln,Q(ac, y), and we deduce after some rearrangements that

) =0, E:E:wn€]~+§:%MMHQW +§:§:wnf] 2(Xe, Xj).

(=1 j=1 =1 j=1

The handling of the term Y j_; v ¢hn1(X¢) is standard. Using (9), we obtain

ZfYnfhnl X( Z’Ynanﬁ_'_Cn ’ n>1
/=1 (=1

where L, ¢ = gn(X¢) — Pgn(X¢—1), and

n

& = 0P gn(Xo) = M Pgn(Xa) + Y (Yne = Yne—1)Pgn(Xem1)-
(=1

Using (6), we write th(Xg, ) = Gh 2(Xg, ) GPh 2(X5,X) Gﬁnz(Xe’Xj) +
Gpep,, ,(Xe, Xj). Thus

n £ n
Zzwn(&]) X@a Zan é j Qn&]

=1 j=1 (=1 j=1
n £
+ Zw E J)GPh 2 X@ 1, X +Zzw _7L,2(X€,Xj_1)
/=1 j=1 /=1 j5=1
n £
- Z Z (wn(fd) - wn(ﬁ —-1,5— 1)) GPQEn,z(Xf*DXj—l) + €n, (32)
=1 j—1

where €, is comprised of the remainder telescoping sums. We obtain
€ = Z (wn 0G i, o (X1, X0) = wall, 0G5 (Xg,Xg))
+ Z wn(£,0)G5 (Xe, X0) = wn(0,0)G pay; (X0, Xo)

+3 wa(n, 0) (GPQ,;n’Q(Xn, X0) ~ Gpp, (X, Xg)) .
/=1

The decomposition follows by rearranging the terms in (32).

6.3. Proof Theorem 3.2. The starting point is (15):

n

/-1
n <Un(hn) - <T2L> ‘9n> =n? ; (n - 1)Ln,€ + ]2 Qn,&j + n_ACn-
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Note that for |[Phy 1lys < ||hn

oys and |Phn|V£) < |||hn‘”2,v£) In view of (16),

WE (6D £ o0 (nallys + by ).
which together with (17) or (18) shows that n=*(,, converges in probability to zero.

By conditioning on Fy_; and using (10), (11) and (14), we get for any p > 1 such that
2p(B+ k) <1,

sup EYP(|Lool?) < clhnall,yss and  sup  EYP(Quegl?) < clbal yo - (33)
1<¢<n 1<j<t<n 77 (2)

For any p > 1 such that 2p(8 + k) < 1, by Burkeholder’s inequality and (33),

p
n

/-1
n B | (0= Dlog+ Y Quy || | Sen TR (urhn,1
=2 j=1

h
s + Wral )

for some finite constant ¢, which proves that (1) is sufficient. On the other hand,

2
-1 -1
E (n - 1)Ln,£ + Z Qn,f,j = (n - 1>2E (Lgl,[) + ZE ( i,[,j)
j=1 Jj=1
-1 -2 (-1
+ 2(77/ - 1) E (Ln,ZQn,Z,j) +2 Z Z E (Qn,@,an,E,k) .
j=1 k=1 j=k+1

We shall show that there exists a finite constant ¢ such that for all n > ¢ > 1,

-1
D B (L iQn )l < cllbnillyys 1n |||27V<g) :
j=1
-2 /(-1
and > > |E(Qne@nik)l SCWhnHI;Vé)- (34)
k=1j=k+1

Then, using the martingale property, (34) and (33), we obtain

n /—1 2 n /—1 2
E{() | (n=1)Lne+> Qnej =Y E||(n=1)Lne+ > Qney
/=1 j=1 =1 j=1

2 2
<c <n3 |||hn,1|||27vﬁ + n2 mhn |||27V£) + n2 |||hn,1|||27vﬁ |||h”|”2,V(§)) .

and the result follows from (18).
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It remains to prove (34). We prove the second inequality. The first is obtained similarly.

By the Markov property and Al, we have almost surely

E (Qn,0,jQn ek Fr—1)
_ /P(Xk_l,dxk)/{Pj1k(xk,d:zj_1) —u(da:j_l)}/P(mj_l,dxj)x
/ {PZ_I_j(azj, dry_q1) — ,U,(dl‘g_l)} Azp—r, x5, 251, Tk, Xk—1),
where
A(zp_1,25,Tj—1, T, Th—1) :/P(whdﬂce)Qn(:Uj,a?j—uxe,w1)Qn($k,a¢k1;565,96@1)-
By the Cauchy-Schwartz inequality and taking into account (11), we see that

| A1, 5, Tj1, Tp, 1)

< thnm;’V(B V2(5+H) (xZ—l) (Vﬂ+l€($j) 4 VB—HC(IEJ',l)) (Vﬁ-l—li(xk) + Vﬂ-ﬂc(l,k_l)) )

2)
Using (13), we deduce that there exist a finite constant ¢ and a convergent series Y | p1(n) <

oo such that

‘/P(:L'j1,d$j)/{P€_l_j(J}j,dl‘g_1) —pt(dl’g_l)}A(l’g_l,$j,$j,1,$k,$k_1)

< cllnly s pr(6 =5 = 1) (V3 () + VO (i)

x / Py, day) VA ) (VIR () 4 VIR (250) )
< cllfullyy (63— DVSE (0, (V345(a0) 4 V5 0)
Using (13) again, there exists a positive series Y p2(n) < oo such that
B (Qn,0,iQn, ek Fi—1)|
< c”]hn|||§y£) pl(e—j—l)pg(j—k—l)/P(Xk1,d$k)v3(ﬁ+n)+21$(wk) (V*B“‘)(a:k) + V(BJFK)(xk—l))
<c |||hnm§y£> p1(l—j —D)pa(j — k — VABTRT2Ex, 1y

Since 4(8 + k) + 2k < 1 and sup,,>o E (V(X,)) < oo, we obtain (34).

6.4. Proof Theorem 3.3. By (15), we have:

-1
—1,.1/2 n h)—6 _ 2 I
O'n,ln ((2> Un( n) n) O'nyl\/ﬁz:: n,l

-1 n ¢-1 1
n n
+oan'’ (2) D Quegtopin'’? (2) o
=
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By Proposition 3.1 it is easy to see that under (19), o, nl/ 2( ) Cn converges in proba-

bility to zero. By the martingale property and (34),

2 2
n (-1 n
BN 22 Ques | | = 2B || 2 Quea| | Sen’Ballyys -
/=1 j=1 /=1 j=1

Therefore, given (19), we see that o, /2 (2 ) Iy Z 1 Qnej converges to zero in
probability.

We apply the martingale central limit theorem (Hall and Heyde (1980) Theorem 3.2)
to conclude that the martingale array — f > v—1 Ln¢ converges weakly to N(0,4). Note
that L, ¢ = L,(Xy, Xy—1) and also that 0,3 [{nP}(dz,dy)L2(x,y) = 1. To check the

Lindeberg condition, we take p > 1 as in the theorem and do

n
O Y B (|Lngl?) < en”PF o Tl
(=1

5—>O,

by (19). To check the law of large numbers, we notice that
E (L7 | Fr1) = /P(XZhdZ) {Ln(x, Xo-1)}? < cllhnallyys V2O (X)),

Under Al, P satisfies C(V2(#+r) 2(8+1)+5) and by the remark following Proposition 7.1,
o, ln_l iy ( %75‘]'—4_1) converges in probability to one. This ends the proof of the

theorem.

O

6.5. Proof Theorem 3.4. Again by (15), we have:

1/2

051@)_1/2 (Un(hn — 0,,) ZD 5—1—0‘_1<> Gy (35)

where D), o = 0, 1(2) 1/2 ((n — 1)Ly + Zf; angvj>. Proposition 3.1 and (20-21) shows
that o, ! (2) 1/2 ¢, converges in probability to zero. The bulk of the proof consists in show-

ing that the martingale array {ZIZZQ D,, 1, Fi} satisfies the conditions of the martingale
CLT (Theorem 3.2 of Hall and Heyde (1980)). By (34),

n Ik Inll3 6 Bt I172nll, o
E (Z Diyf) -0 |” m, |||27V,8 ; (2) —|—7’L_1/2 ”| n, W2,Vﬂ (2) _ 0(1)7

2
T 052 On,1 On,2

by (20). Next, we show that maxj<¢<y, | Dy ¢| converges in probability to zero. It is enough

to show that >, | E (be e) — 0. By convexity,

4

) /—1
E (Di’g) < 2301 <Z> n'‘E (L;‘;I) +E Z Qn.rj
j=1
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And 0,%(3) " “pd v (Lix) < cn‘la;j |||hn71”|ivﬁ — 0, by (21). For the second term

we have

4
/-1 -1
E Z Qn,l,j = Z E ( ?’L,Z,]) + 6 Z E (Q?L:£7j1 Q727w£7j2)
=1 i=1 1<j1<ja<t-1

+4 Z E (Qi,é,jl Qn,t,jo + Qnyejy Qi,gﬂé)

1<j1<g2<e-1

2 2 2
+ 12 > E (Q 0y Qntj2Qntjs + Qnitgi Qr .5 @nitgs + Qs Qe iz Qe js)

1<j1<j2<j3<t-1

+ 24 Z E (Q,nﬂéajl Qn7é’j2 Qn7é’j3 Qn,@,]};) :

1<51<j2<j3<ja<l—1

And Ze 1E ( nfﬂ) < ecn|hy H]4 v Using the same argument as in the proof of (34), it
(2)
is easy (but a bit tedious) to show that

4
Z |E (Qn)ezjl Qn)eszQn)ezj3Qn)ezj4)| S c ’”hn |||47V'<§> )

1<51<g2<g3<ja<t—1

and that

Yoo E(@) g Qut + Qe @r )]

1<j1 <ja<t1

2 2 2
+ > |E (Qf 6,51 Qb Qnstjs + @ty Qi b, Qnots + @i @nt o Qin i) |

1<51<j2<j3<l-1

< cenlhn H|4VB :

Thus

/—1
el (Y] |26 ¥ E@L, %;,e,p)w(nmh mM) (36)
j=1

1<j1<ja<i—1

Then with (11),

7 7 2 2
E (Qi,e,le%%jz) =E (h’iz(vaXj1)h721,2(X57Xj2)) +0 (”’hn\h‘/@) ”’hn\\\mf(@)> )
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and

E (12 5(Xs, Xj)h2 5(X0, X)) = E < / PRI X, dxy,) / (Pf‘l‘”(%,dxe_l) —u(dw—l))
X / P(l’g_l,d:Cg)f_LiQ(CL‘g,le)hi’z(mg,xj2)>
+E < / (P2 (Xj,, deyy) — pldey,) / i(daey) / Py, drg)h2 5 (20, X, )hig@é»xja))
8 ([ )i e, X, [ a2 (o))
< et 4otz [onell g 48 ( [ it oo, 3) [t )it )

for a summable series of positive numbers {p(n)}. The last inequality uses A2. Now,

noting that

E ( / (d2)R2 5, X 1) / u(dsz)ﬁig(a:,xh)) _ / u(dz) ( / Big(m,u),u(du))Q

+ [ (Rl X5 ~ [ Ratoontan)) [ utda)ioten).
we conclude easily that there exists a finite constant ¢ such that

4

/-1 2
B Y Q| | e’ ( [t ([ ntaie )+ iml |||hn|n§,v(g)>
j=1

+enlhally Ve,

2 2
< e (16uf2as + Dol Wial g ) +nliall s

Thus under (21), we see that Y, E (Dﬁj) — 0.
It remains to show that the law of large numbers holds, that is, Y, Di ¢, converges in

probability to 1.

n —1 n (-1
ZDi,e:Un2<Z> n—1) ZLzeJFZZQneJ
(=2 (=2 j=1

n (-1 j1—1

-1
+2Un2<g> n_l ZLHZZQnZ,]+ZZZQn@,]lQn&]Q

=2 j1=1ja2=1
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We have:
2
n /—1 n f{—1
2
ZLTM@ZQ"»&J' = Ln ZQn .7 + 22 Z L [Qn E,]1Qn £,52
(=2 j=1 (=2 j=1 =2 1<j1 <2<l

l1—142—1

20> DD LutLnt,Qnts i Qnitao:

1<l1<ba<n j1=1 jo=1

By considering separately the different cases j1 < jo < £1 < lo, j < b1 < {y, j1 < {1 =
Jo < la, j1 < €1 < ja < {o, and proceeding as in the proof of (34), we obtain

2

n /-1 n £—1
3 2 2
B e X Ques | | = L T E(E2@R0) +0 (Wl Wl )
=2 j=1 =2 j=1 T T
Using (10) and (11), and the same calculations as done above for E (anﬂ Z’gﬁ), we

get

(L2 eQn zj) =E (B%J(Xé)ﬁi,z(Xﬂv Xj))

2 2 2 2
+0 (W Vol + Wil s Wral i + i,

2 s )
77(2)

<c <th lzvs 10nlvas + p() M1l s IRl vy, To=i=Dhn,

c <mh |

for a summable series of positive numbers {p(n)}. It follows that

4v5>

2 2 2 2 2
By + Wl o Uall s + Wil v |||hn|||2,v(g>> ,

2

-2 n /—1
n _
ot(5) =1 | S Lae X @ues | | < ot Whnall e ool
— =1
—4 2 2 2 2
e Mnall s Wil o -+ co (Vonall s Wial g + Wnal o Bl ).

Under (21), we conclude that 20,2 (3)71@ —1)> ) o Lnye Z?;i Qn,e,j converges in prob-

ability to zero. With the same arguments we obtain

2

—2 n ¢—1j1—-1
_ n _ 9 )
0n4(2> E[YN Y QuesiQues | | <enlo)? <|5n|2vw + Ikl ||hn|||2y£)>

(=2 j1=1jo=1

+en~2074 [y, ”|4VB .

It follows that o, 2 (5 ) Y v Zjl 1 Z;; %Qn,g,len,g,jZ converges in probability to zero.
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For the remaining term in Y ;_, D? ,, we write:
n —1 n £—1 2 n
—2 272 —2 2
Gl I (CEED SIS 9 379 BATE SRR Rt
(=2 j=1 (=1

n -1 n (-1
—-212 -2 2
+ (2) (Un ntj On Un,2) .
1

(=2 j
We deal with these terms by working with the Markov chain {Y;,, n > 1} where ¥,, =
(Xn_1,Xy). Clearly {Y;,, n > 1} is a Markov chain with transition kernel P((u,v); (dz, dy)) =
8y (dx)P(x, dy) and invariant distribution {uP}. P inherits the ergodicity of P and it is
easy to check that if P satisfies A2, P also satisfies A2 with respect to the function
Vi(z,y) = V(@) + V(y). Set B =2(8+ k). By (10), L3(z,y) = (gn(x) — Pgn(y))? belongs
to Evlg and for p > 1, |HL%H}p7V15 <c] hn71|||§p7vﬁ, for some finite constant ¢, where the norm
[[Z2]], s is taken wrt the kernel P. With p = 2, we have n ' [|(n = oy L2 s <

en~ 20; 2 1P, (21). From (the remark following) Proposition 7.1, we

conclude that the term 37" (n — 1) (a; QL?M — o, 2072%1> converges in probability to
Z€ro.

Recall that Qne; = Qn(Xe, Xo—1, X, Xj-1) = Qn(Ye,Y;) = Qn(Y},Ye). Recall also
that aﬁ 5 = f{,uP} dy1) [{uP}(dy2)Q?(y1,y2). Therefore we can handle the term
(5 ) > ores Z] 10n ( Ezé,j - 0721,2> as a centered U-statistics in {Y},, » > 1} and apply
Theorem 3.2-(2). Set V(o) (x¢, 2e—1,25,2j-1) = Vi(xg, xe—1)Vi(xj,xj-1). We check that
Q? ¢ E-* and that MQQ H‘ ‘-/5 < clha|? provided 2p(8 + k) < 1. Also, for

— 2p VB Y
%1( fu (dz1) | P( Zl,dZQ)Q (22, 21,u,v), we check that
1/2 2
122l < ¢ (1828 + 1PAaly )
provided 4(83 + k) < 1, where 0, () = [ u(dz)h?(z,z). It follows that

w (VAo @ally g + @il 5 )

< n—1/20—;2|5n|‘/2@ + n_1/20'772|Phn‘3/£> + n_10'772 |th|||iv(g) — 0,

by (20) and (21). By Theorem 3.2-(2), (Z)_1 > v Z?;i (0'_2 2, =002 2) converges

n %nl,j

in probability to zero.

O

6.6. Proof of Theorem 3.5. The proof employs Theorem 3.4 and the following two
lemmas. Recall that V(z) = V,(2) + |w|® + |y[®, and we set 8 = 1/8.
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Lemma 6.1. (i) 6, = 0 +O(b,"?); (i) |||hn,1|||p ve =O0(1) forp € [1,4]; (ili) [|hn |||p =

(2)
O(bﬁ(pfl)dfp‘sl) for p € [1,4]; and (iv) sup, V=2 () [ p(dz2)h2(z, z2) = O(bnd 2' ‘).

Proof. For (i), change of variables, integration by parts, and a Taylor’s series expansion

give
O = // (w1, x9)p(dar) p(dw2) = //Ks bn (21 — 22)guw(22)gy (21) p(da1) p(dwz)
= / [/ K(u)d%ey(z2 — ubn)du] ey(22)dz = 0 + O(bE"R).
For (ii), elementary bounds, change of variables and integration by parts give

J P(x1,dxa)(|y2]? + |walP)
Vﬁp(gjl)

Il s < esup
x

< esup VPI(z) /Qz(& dz1) (myp(21) + mawp(21)) < 00,

under the assumptions imposed.

For (iii), elementary bounds and change of variables give

c|w3‘p s
/P(xl,dxg) | (22, 23)|P < m |0° K (w) [Py (22 — ubp)qz (21, 22 — uby)du
C|y3| S K
b o Dvatpll /|8 W) [Py p(22 — uby)q: (21, 22 — uby)du,
< cby P DIYP ) (g + ).
and therefore
VPB(z1) [ |wsl? |ys]
p < c 1 3 Y3 .
ekl < i 2 ) (7orteg * vGey) <

For (iv), by elementary bounds and change of variables

cw?
/[L(dl)z)hi(l’l,l‘g < d+21|s| / (°K (u))?ey (21 — uby)du

cyi s
—i—deﬂs‘ (0°K (u))?ey (21 — uby,)du,

and the result follows.

O

Note also that |P71n,1‘v,3 < H‘anlmp 5 and |Pﬁn2|vﬁ < H|Bngm ;3 for all p > 1. Thus,

Lemma 6.1(ii) implies |Pl_7/n,1|€/5 = O(1) and Lemma 6. 1(111) implies \Phn 2] = O(b;ms'),
(2)

Lemma 6.2. (i) o5, — of; and (ii) d+2]s| o2 5 — 03
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Proof. For (i), first let ¢(z) = hpn1(z) — ¥(z)/2, and note that by previous calculations
o(z) < b2 ?(ly|+|w|). Next define L(z1,z2) = Lp(x1,22) = [ A(z1, z9; ds)i(s) and note
that, using (10), we obtain [{uP}(da1,dxs) (Ln(z1,22) — Lz, 22)/2)? = O(ba"?).
Therefore, since o7, | = [{uP}(dz1,dxs) L2 (1, x2), the result follows by Cauchy-Schwarz
Inequality.

For (ii), the result follows by analogous arguments to those given in part (i). O
To complete the proof first note that ;7' = O(min(n'/2, nbz/%ls‘)), which gives
740, — 0) = O(min(1, n'/2p3/21s0)p1/2p2"@) 5 0.

Therefore, it is suffices to analyze

S0, — 0,) = 0 <Z> e (Un(hn) - <Z> 9n> :

Z+2|s|))

where 0,2 = O(min(n=! +b , which may be easily handled by Theorem 3.4. Specif-

ically, the assumptions imposed together with Lemmas 6.1 and 6.2 imply:
[allyys = 02 Mhnall3ys = 02
o [Phnalyy = Ofmin(n™!/2 + 5/270)0(b, ) = 0,
n7tot nalliys = 007 =0,
n

7’L_20‘7:§ H}Bngmiv([;) = n_QO(b%d+4‘S|)O(b;gd—4|5|)) — O(n—Qb—d) N 0’

on 2dnly2e = O HO (b, 2 = O(1).

where 8, (z) = [ p(dza)h?(x, x2). Therefore, the continuous mapping theorem and Theo-

rem 3.4 give the results.

O
6.7. Proof theorem 4.1. A2 implies that we can find p > 1 such that

igng (VQQP(Xn)> < 0. (37)

The p-moment of ¢, is (28). By martingale approximation for linear partial sums (see

e.g. the proof of Proposition 7.1 below), for any sequence of real numbers {a, ¢, 1 < ¢ <

n},
e n wvg
) e (z\an,aw) |
/=1

n (03
and E (|en1[%) < ¢ (\an,ll +[annl + D lane = an,z—ﬂ) , (38)
(=2

3

n
an’gh(Xg) = Zan,gQZ + €n,1, where E (
/=1

n
> aneQu
=1

(=1
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provided sup,,~o E (V3*(X,)) < oco. We use (38) to bound (26) and obtain for all n > 1:
E (|Rnl") < en”Pep,

for some finite constant c¢. Hence, under the assumption ¢, = o(n), R, converges in
probability to zero.
By standard martingale inequalities, we obtain the bound

n (-1 P

E Zzwn,b(g_j)Qer < C<C7:)2 no5+HIvE

=1 j=1
Thus if ¢, = o(n), and p > 2, that term vanishes as well. Given the ergodicity assumption
C(V#,V3) and supysqE(V5 (X)) < oo, it is easy to show that the term n™'Y 7 | Q7

converges in probability to the limit

/ (dz) / Pl dy) (Gy) — PG(x))?

which is easily seen to be equal to o?(h). This proves the first part of the theorem.

From now on, we assume that ¢, = n. Define W,,, = ﬁ%‘(h). Then by (38) with

@ g = —L
nt = no(h)’

Z \FU Z Wy +€n2, where ¢,9 converges in probability to zero

Define |z | as the largest integer smaller or equal to x and for 0 < ¢ < 1, we introduce

[nt] ¢
Ba(t) =Y Wiy, and Zu(t) = /0 wy(t — u)d By (1),

=1
Since B, has jumps only at times ¢/n = {/c,, we see that Z,(lc,!) = Zﬁ;(l) wp((€ —
3)en YW j41. It is also easy to see that the term R, in (26) can be written as

Ry = 2B2(1) /01(1—u)wb(u)du—2Bn(1) /1 (/Ot wp(u)du + /OH wb(u)du> B (t)+en 3,

0

where €, 3 converges in probability to zero. Thus
1

4 . Q (9@
ZQf” Za(hwz (52) sttt v

/=1 j=1

Z e+ 20° () 3 W Zn (€= 1)) + R+ o

(=1

1 1
Z 2, 4 20%(h /Ozn(t)dBn(t)JrQBg(l)a?(h)/o wp () (1 — w)du

1
— 2B, (1)o%(h) / 0b(0)dBo (1) + en s,

where gy(u) = f p(u)du + fo (u)du, and €, 4 converges in probability to zero.
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From the assumptions, sup;sq E (|Q¢|*T¢) < oo, for some e¢ > 0. Therefore, by the
functional central limit theorem for martingales, B, —4 B, where B = {B(t), 0 <t < 1}is
the standard Brownian motion. By the continuous mapping theorem, (B, Z,) —4 (B, Z),
where Z(t) = fot w(t —u)dB(u). And by the weak convergence of stochastic integrals (see,
e.g., Theorem 2.2 in Kurtz and Protter (1991)),

t 1 n )
{(Bn(t),/o Zn(t)dBn(t),/O g(u)dBn(u),;Wn,g> 0<t< 1}

converges weakly to the stochastic process

{(B(t), /Ot Z(u)dB(u),/Olg(u)dB(u), 1) L0<t< 1} .

As the remainders (ep 2, €5, 4) converges in probability to 0, this entails that <Z?:1 %f("})l) , F%(h))

converges weakly to the limit

<B(1), a?(h) <1 +2 /01 Z(u)dB(u) + 2B%(1) /01(1 — w)w(u)du — 2B(1) /01 g(u)dB(t)>> .

The conclusion of the theorem follows by the continuous mapping theorem.

7. APPENDIX: SOME TECHNICAL RESULTS

Proposition 7.1. Let {X,,, n > 0} be a Markov chain with invariant distribution p and
transition kernel P. Suppose that there exist measurable functions Vi < Vo : X — [1,00)
such that
S IPH @) =l < eVaa), w € X, (39)
k>0
for some finite constant c. Suppose also that v, := E(VZ(X,,)) < oo for each n > 0 and
for some p € (1,2]. Let {f,, n > 1} be such that f,, Pfn, € Ly, and let {a, %, 0 < k < n}

be a sequence of real numbers such that

-p

n
e (z |an,kr> S Jans P12 0.
k=1 k=1
n
and |Pfalv, <Z|an,k

k=1

-1,
) Z ‘an,k - an,k’—1|sz—1 — 0.

k=1
Then, as n — 00, (N 7—1 lank) ™ Sor_) ank (fa(Xk) — u(fn)) converges in probability to

ZET0.

Proof. Define S, = 373 ank (fu(Xx) — p(fn)) and gn (@) = 3250 (P fu(@) — u(fa)). Un-
der (39), |gn(z)| < ¢|fulvy Va(z) and |Pgy(z)| < ¢|Pfulv, Va(z). By the Poisson equation,
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fn(x) = p(fn) = gn(x) — Pgyp(x) which implies that

Sn - Zan,k (gn(Xk) - Pgn(Xk—l)) + Z(an,k - an,k—l)Pgn(Xk—l)
k=1 k=1

+ (an,OPgn(XO) - an,nPgn(Xn)) .

where the martingale array > ) apnk (9n(Xi) — Pgn(Xk—1)) satisfies

n n
E ( >k (92(Xk) = Pgn(Xi-1)) Ip) < Clallyvy Y lanilPy-
k=1 k=1

The last inequality follows by noting that g, () —Pgn(y) = fn(z)—p(frn) —Pgn(x)—Pgn(y)
and by conditioning on Fj_;. Thus, under the stated assumptions, (3> ,_, |an,k|)71 Sh

converges in probability to zero. ]

Remark 7. An important special case is the case where ay, ¢ = 1 and sup,,>o E (V' (X)) <
co. In this case it is enough to have n~1+1/P Il fall, v, — 0. If in addition it is true that
sup,ex PVY(2)/VF(x) < oo, then clearly || full, v, < clfulvy and the law of large number
holds if n="1/2| £, |y, — 0.
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