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ABSTRACT. We develop a martingale approximation approach to studying the limiting
behavior of quadratic forms of Markov chains. We use the technique to examine the
asymptotic behavior of lag-window estimators in time series and we apply the results to
Markov Chain Monte Carlo simulation. As another illustration, we use the method to

derive a central limit theorem for U-statistics with varying kernels.

1. INTRODUCTION

This paper deals with quadratic forms of the type

n £
Un(hn) = > Y wn(l,j)hn(Xe, X;),  n>1, (1)

=1 j=1
for a stochastic process {X,, n > 0}, weight matrices w, : N x N — R and symmetric
kernels h, : X x X — R. Quadratic forms of possibly time-dependent random variables
naturally arise in a variety of statistical and econometric problems, and their asymptotic
properties are of particular importance to develop asymptotically valid inference proce-
dures.

For independent sequences {X,, n > 0}, the well known Hoeffding decomposition
provides a useful approach to studying the asymptotic properties of U, (h,,) because it de-
composes the statistic into two (uncorrelated) martingale sequences, which are then easily
handled by standard martingale theory. See, e.g., Serfling (1980) for a review. When the
process {X,, n > 0} is time-dependent, however, the classical Hoeffding decomposition
is not very useful because the resulting representation does not have the desirable mar-
tingale property in general. As a consequence, the large sample properties of quadratic
forms of time-dependent random variables are typically established in a less systematic
way. The most well understood case is the case of a standard U-statistics where h,, does
not depend on n and w,(¢,j) = 1 if £ # j and 0 otherwise (Yoshihara (1976); Eagleson
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(1979); Dehling and Wendler (2010)). There has been some recent progress. Hsing and
Wu (2004) considers Uy, (h) where neither h,, nor w,, depends on n, whereas Wu and Shao
(2007) studies Uy, (hy) when hy,(x,y) = h(z,y) = zy for a martingale-difference sequence
(see also Bhansali et al. (2007) for i.i.d. sequences).

We develops a martingale approximation for U, (h,) which allows for a general and
systematic analysis of Uy, (h,) when {X,,, n > 0} is a Markov chain. Martingale approxi-
mation is a well established technique when dealing with linear partial sums of dependent
processes (Maxwell and Woodroofe (2000); Merlevede et al. (2006)), but has not been fully
explored in dealing with quadratic forms (a notable exception is Wu and Shao (2007)).
In the present paper, we obtain an approximating quadratic martingale to U, (h,,) from a
solution of a bivariate analog of the well known Poisson’s equation.

As an application we study the asymptotic behavior of lag-window estimators of long-
run variance (asymptotic variance) for Markov chains (see, e.g., Priestley (1981)). We
obtain a decomposition of lag-window estimators that shed some new light on the asymp-
totic behavior of these estimators, particularly by contrasting the classical asymptotics
and the so-called ”fixed-b” asymptotics (Neave (1970); Kiefer and Vogelsang (2005)). We
derive two theorems that extend existing results. We obtain the consistency of lag-window
estimators for non-geometrically ergodic Markov chains extending recent results of Flegal
and Jones (2010) and Atchade (2011); and we extend the "fixed-b” asymptotics frame-
work to handle non-stationary Markov chains. These results have important implications
for Markov Chain Monte Carlo (MCMC) simulations, offering in particular new robust
procedures for constructing Monte Carlo confidence intervals.

As another application of the martingale approximation method, we derive a central
limit theorem for U-statistics with varying kernels without imposing stationarity and under
assumptions that are more easily verifiable. In particular, we do not rely on mixing
conditions.

The paper is organized as follows. The rest of the introduction outlines the general
setup and introduces the main notation employed throughout, while Section 2 derives the
main martingale approximation method. Section 3 derives the asymptotic properties of
lag-window estimators and, in particular, applies these results to MCMC simulation. We
study U-statistics with varying kernels in Section 4. All the proofs are presented in Section
5.

1.1. Setup and Notation. Throughout the paper, {X,,, n > 0} denotes a Markov chain
taking values in a general state space (X, B) equipped with a countably generated sigma-
algebra B. We denote by P the transition kernel of the Markov chain and p its invariant
distribution whose existence is assumed. Unless explicitly stated otherwise, {X,, n > 0}
is a nonstationary Markov chain with initial distribution p.

We will rely on the following set of general notation. Suppose that (T,.A) be an arbitrary

measure space. If W : T — [1,400) is a function, the W-norm of a function f : T — R
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is defined as |f|w := supger |f(2)|/W(x). The set of measurable functions f : T — R
with finite W-norm is denoted by Ly (T) or simply Ly when there is no ambiguity on the

space T. For a finite real-valued signed measure v on T, we denote the W-norm of v as

[

where |v/| is the total variation measure of v. We denote Myy (T) the space of all finite real-

ww—/wwwm sup

[flw<1

valued signed measures v on T such that ||v|lw < oo. It is well-known that (M (T), [|-|lw)
is a Banach space. When the measure space T is understood, we simply write My. We
will use the notation v(f) to denote the integral [ f(z)v(dz). If p, v are two finite signed
measures on (T,.A), we denote their product by pv or p @ v, and the product of a finite

number k of finite signed measures vy, ..., v is denoted by ®§:1 vj
If Q is a transition kernel on (T,.A), its iterates are defined as: QU is the identity
kernel (Q%(z,A) = 14(x)) and for n > 1, we define Q"(x,-) = [ Q(x,d2)Q" (z,-). If

h: TxT — R is a bivariate function then Qh is the b1var1ate function defined by the rule
Qh(z,y) = [ Q(z,dz)h(z,y) and Q*h is defined as Q*h( xl,xg = [Q(z1,dz1) [ Q(z2,dz2)h(21, 22).
If h: T — R is univariate, Qh is defined similarly as Qh(z) = [ Q(z,dz)h(z). Fix Q a
Markov kernel, and V' : T x T — [1,00). For p > 1 and a functlon h: TxT — R, we

define

- (f Q(x,dz)|h(z’y)‘p)l/p

For a univariate function V'@ T — [1,00) and for h: T — R, we define ||A[|, similarly

1/p
Il = sup V(0 bewh|)-

When we use the notation ||h[], - below, it will always be with respect to P, the Markov

as

kernel of the reference process {X,, n > 0}, unless stated otherwise. The following

short-range dependence concept will play an important rule.

Definition 1.1. Fizr € N. For measurable functions V, < W, : T" — [1,0), we say that
the transition kernel Q with invariant distribution p satisfies the condition C(r,V,., W) if

there exists a finite constant ¢ such that

Z Z (Qz (xj, )—,u) < Wizt xp), (v1,...,2,) €X".  (2)

£1>0 .20 || j=1 v,

Throughout the paper, we denote by ¢ a finite constant which depends solely on the
kernel P but whose actual value can change from one equation to the next. In particular
¢ does not depend on the family of function {h,,, n > 1} considered. Finally, all limits are

taken as n — oo unless explicitly noted otherwise.
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2. A MARTINGALE APPROXIMATION FOR QUADRATIC FORMS

For notational convenience, we shall write iz to denote the product probability measure
f(du, dv) = p(du)p(dv), where p is the invariant distribution of the Markov kernel P.

Consider the following assumption.

Assumption A1l There exist symmetric measurable functions Vo < Wy : X x X —
[1,00) such that P satisfies C(2,Vq, W3). Furthermore, PWy(z) < oo for all
r € X? and for s € {1,2}.

Remark 1. It is always possible to deduce Al from a univariate short-range dependence
assumption. Indeed, if P satisfies C(1, V7, Wy) and C(1, Vo, W3), and PW; < oo, PW; <
00, define Va(x,y) = Vi(z)Va(y) and Wa(z,y) = Wi(x)Wa(y). Then

I (P™(x,) = 1) Q) (P™(y,) — 1) I, = IP™ (&, ) = pellva 1P () = v
Thus

DD NP ) =) Q) (P (y, ) = 1) Iy, < Wala,y),

n>0m>0

and therefore Al holds.

Remark 2. The univariate condition C(1,V, W) holds for geometrically ergodic Markov
kernels (that is, kernels P for which || P™(x,-) — p||;, converges to zero exponentially fast for
some V' > 1). It also holds for sub-geometrically ergodic Markov kernels (||P"(z,-) — ||y,
converges to zero sub-geometrically) for which the rate of convergence is summable. It is
sometimes possible to check the condition C(1, V, W) using Lyapunov drift conditions and
their extensions and this has been done for several time series Markov models (Douc et al.
(2004); Meitz and Saikkonen (2008); Meyn and Tweedie (2009)).

We show that whenever A1l holds, there exists a martingale approximation to Uy, (hy)
that offers a simple route to study the asymptotics of Uy, (hy). The space My (X x X)
of all finite signed measure on X x X with finite || - [|37, norm, equipped with the norm
| - [l7, is a Banach space. Under Al and for any z,y € &,

Ra(z,y; (du, dv)) Z Z (P™ (2, du) (du))@(P"Q(y,dv) — p(dv))
n1>0m2>0
is a finite signed measure that belongs to My (X x X). Furthermore we have for all
z,y € X,
1R2(z, 55 ) ly, < Wa(z,y). 3)
Let h: X x X — R be a symmetric measurable function such that fi(|h|) < co. Denote
0= [ [ h(z,y)u(dx)u(dy) and define

hi(z) = /h(% 2)u(dz) =0, ha(z,y) = h(@,y) — ha(2) — ha(y) - 0,

Ga(z,y) ¢://RQ(CU,Z/;d217d22)52(zl7z2)a z,ye k.
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We say that h is degenerate when h; is identically zero. For x € X, §, denotes the Dirac

measure at x.

Lemma 2.1. Assume A1. Suppose that hoy € Lyz,. Then G is well-defined, Gy € L,
and ‘GQ‘W2 < 0]52\72 and for all x,y € X,

ha(z,y)
2/(59:(6521)—P(wadzl))/(%(d@) — P(y,dz)) Ga(z1,22).  (4)
If in addition P°hy € Ly, , then |P5C_¥2|W2 < c|P5ﬁ2]72 for s € {1,2}.
Proof. See Section 5.1. O

Remark 3. Equation (4) gives a bivariate Poisson’s equation which extends the well known

univariate Poisson’s equation.

We introduce the function

Ao (1, 2391, y2) :/(5y1(d21) —P(l”l,dzl))/(%z(dzz) — P(x3,dz2)) G2(21, 22)
= Ga(y1,y2) — PGa(w2,y1) — PG(x1,y2) + P?Ga(21,72), 1,29,y1,y2 € X.

Then (4) can be written as ho(x,y) = Aa(x,y,z,y). A specially important property of Ay

that we rely on in the sequel is the following. For any x,y,u,v € X, it is easy to see that

/P(x,dy)Ag(u,x,v,y) = /P(u, dv)As(u, z,v,y) = 0. (5)

Now suppose that we have {h,, : X x X — R}, a family of symmetric measurable func-
tions such that i(|h,|) < co.We write 6, ﬁn,l, En,g, émg, and A, o to denote respectively
the quantities 6, hi, ha, Go, and Ao defined above with h = h,,.

For 1 < j </ <n, we introduce the random variables
Qnyej = Ano (X1, Xe—1, Xj, Xo) .
For j < ¢, and by the Markov property and (5), we have
E(Qnj|Fe-1) = /P(Xg_l, dz)Ano (Xj-1,X0-1,X;,2) =0,
almost surely. This shows that {(Zi; Qnyejs Fi), 2 <L < n}is a martingale-difference

array. We need the following sequences

4 n
w1 (6) 3= D wal, )+ Y wa(Gi0) ¢y @1 (0) i= wa(l, j) — wal = 1,5)
j=1 j=t

wn,Q(Evj) = wn(&]) - wn(guj - 1)7
and wn,3(£’j) = wn(g’]) + ’an(g - ]-5.7 - 1) - wn(gv.] - 1) - wn(g - 17])
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Lemma 2.2. Assume A1 and suppose that hy 2 € Ly, for eachn > 1. Then

Un(hn) = nO+Z{wn1 XZ>+wn(€‘€Qn€€}
n -1
+ an E J Qn&j +<na (6)
/=1 ]21
where Upo = 01, Yy 2521 wn (4, j), and
cn—ZZw ) (PG a(Xo—1, X;) — P?Gra(Xe—1, Xj1))
/=1 j=1
n ¢ ~
)Y @D )) (PGra(Xj-1, Xe) — P*Gra(Xe—1,X1))
=1 j=1

+ZZW Ej P2 nQ(XZ 17X] 1)+6n7
(=1 j=1

where

en =3 _ {wn(t,0)PGp (X0, X¢) — wn(£ — 1,0)P?Gl2(Xo, X-1))
/=1

+ Z wn(n7j) (PZGTLQ(X?M Xj) - PGn,Q(Xna X]))
j=1
+ (wn (€ — 1,0) PG a(Xy—1, X¢) — wn (€, 0) PG o(Xe, Xy)) .
=1

Proof. See Section 5.2. O

Remark 4. The usefulness of this decomposition comes from the fact that the remain-
der (, involves either single summations or difference sequences of the weights w,. As
a result, these remainders are typically negligible compared to the other terms in the
decomposition and one can easily study the asymptotic behavior of U, (h,) by focusing

on the linear term >y _; {wn,1(€)hn1(Xe) + wy (¢, £)Qnee}, and the quadratic martingale
> = 12 lw"(‘gaj)Qn,f,j'

3. APPLICATION: ASYMPTOTIC VARIANCE ESTIMATION

In this section, we use the martingale approximation of Lemma 2.2 to study the asymp-
totics of lag-windows estimators of asymptotic variance in time series and we apply the
results to Markov chain Monte Carlo. Let A : X — R be a measurable function such that
u(|h|?) < oco. We assume without any loss of generality that u(h) = 0. We are interested
in the estimation of the long-run variance (or the asymptotic variance) of h defined as:

o () = Var, (h(Xo)) +2 3" Cov,, (h(X0), h(X)) (7)
0>1
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which plays a role in time series analysis and in Markov Chain Monte Carlo. A classical

estimator for o2(h) is the lag-windows estimators defined as

I o (h) —’Yn0+22wb DYk (8)

where 7, 5 1= n~! Z"ik (h(Xj) = pn(h)) (R(Xjsx) — pn(h)) is the k-th order sample au-
tocovariance with p,(h) =n=1>" i-1h(X;), we is a weight function (with a parameter b)
and {c,, n > 1} is an increasing sequence of positive numbers. We refer the reader to
Priestley (1981) for detailed discussion on lag-windows estimators. We consider weight

functions with the following properties.

Assumption W: For b > 0, w, : [0,00) — [0,1] is a continuous function with
support [0, ], of class C? on the interval (0,b), such that w,(b) = 0 and w,(0) = 1.

This assumption allows for the use of all commonly employed weighting functions, in-
cluding the Bartlett and Parzen kernels. When wy(z) = w(x/b), an equivalent parametriza-
tion of Fi,b(h) is F%}b(h) = Yo+ 2> 2, Lw(k/cn) Y, With ¢, « be,. We impose the
following ergodicity assumption.

Assumption A2 There exist measurable functions Vi : X — [1,00) (k = 1,2,3), V] <
Va, Vi < V3, such that PV3(x) < oo for all z € X, and P satisfies the assumptions
C(1, V4, Vo) and C(1, Vi, V3). Furthermore there exists ¢ > 1 such that
SupE (VX)) < oc. (9)
n>0

A2 implies Al with Vy(z,y) = Vi(2)Vi(y) and Wa(z,y) = Va(x)Va(y). Define the par-

tial sums Sy, 1, == Sk h(X;), and the weight wy, 5(0) = n~t and wy, (k) = 2n~"Lwy(ke,t)

Jj=k+1
for £ > 0. We can rewrite v, as

n—=k
Yo =1 X)X k) + 03— k)2 o — 172800 (Sn—ko + Snoki)
j=1
so that
T2 o(h) =D ) wnp(C — §R(X)(Xe) + R, (10)
(=1 j=1
where

n—1 n—j
—2n728,,9 Zh Zwb )+ ) h(X)D wy(ke,') | =282, (1)
j=1 k=1

If we set aside the term R,,, the expression (10) is of the form (1) with h,(z,y) = h(x)h(y)
and wy, (£, j) = wnp(¢ — j). Here we have hy1(z) = [h(z)h(y)p(dy) = 0, 6, = 0, and
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hna(@,y) = h()h(y). Define

:ZPjh(x), and PG(x /P:Ud,z ), veX.

Jj=0

Then Ga(z,y) = G(2)G(y), PGa(z,y) = PG(2)G(y), and P*Gy(z,y) = PG(x)PG(y).
Therefore

Qnej = QeQj, where Q= G(Xy) — PG(Xy—1).
As above, {(Q, F¢), ¢ > 1} is a martingale: E (Q¢|Fy—1) = 0. From Lemma 2.2 we obtain
the following.

Theorem 3.1. Assume (A2) and (W) and h € Ly, . For alln > 1,

n £—1
r2 _1ZQ5+Zanb€ 7)QeQ;j + Ry + G- (12)
(=1 =1 j=1

Furthermore, there exist p > 1 and a finite constant ¢ such that for all n > 3,

14+ivd

EYP (|GufP) < cen 27, EYP(|R,P) < en ey,

n ! g 1 1,11
and EYP wap(l — QuQ;| | < (7> 2pTateVs,
(=1 j=1

Proof. See Section 5.3. U

A clearer picture of the behavior of the lag-window estimator emerges from this result.

For p > 2, we have

n n {—1
1ZQ?+Zanb Qi+ R+ Cu (13)
/=1 j=1 o _1/2)
~ p(Cn
(1) Op(V/ S +52)

By the law of large numbers for Markov chain the term n=1 >"}_; Q7 converges to o2(h).
As the result, Theorem 3.1 implies that F%b(h) converges in probability to o2(h) provided
¢n — 00, ¢p, = o(n) and p > 2 (for 1 < p < 2, specific rate assumption on ¢, might be
needed). The decomposition (13) also gives some insight into the well known fact that
['.5(h) often has poor finite-sample properties in estimating o2 (h), particularly for highly
correlated time-series. Indeed, for ¢, = o(n), both terms R,, +% ., Z?;i W p(0—7)QeQ;
and (, converge to zero but at antagonistic rates. If ¢, ~ n, then (, ~ Op(n_l/g) but
then R, + >, Z] 1Wn (0 — 7)QeQ; ~ O(1). Whereas for ¢, < n, the convergence of
Cn is slow (¢, = Op(c _1/2)) but R, + 3,4 Ej 1 Wnp(£ — J)QQ; vanishes quickly.
When the goal is to construct confidence interval for u(h) (and one is not interested in
estimating o2(h) per se), it has been suggested to use the lag-window estimator I‘%b(h)
with ¢, = n, the so-called “fixed-b asymptotics” (Neave (1970); Kiefer and Vogelsang
(2005)). With ¢, = n, Fi7b(h) no longer converges to o2(h), but as it turns out, asymp-

totically valid confidence intervals can still be derived for p(h). We have the following.



QUADRATIC FORMS OF MARKOV CHAINS 9

Theorem 3.2. Under the assumption of Theorem 3.1, the following holds true.
(1) If p > 2 and ¢, = o(n), then I'? (k) converges in probability to o*(h). Further-

more, assuming I'2 ,(h) > 0 almost surely,

(a2 (M} (A(XG) — p(h)) 4 N(0,1).

=1

w

(2) Let {B(t), 0 <t <1} be the standard Browian motion. If ¢,, = n, then F%L’b(h) —
o2(h) Ky, where

Ko =1 +2/O1 /Ot wy(t — $)dB(s)dB(1)
—2B(1) /01 gy(t)dB(t) + 2B*(1) /01(1 — twy(t)dt,

where gp(t) = fg wy(u)du + fol_t wy(uw)du. Furthermore, assuming Fi,b(h) > 0

almost surely,

{"F?L,bw)}_lﬂ Z (h(X;) — pu(h)) = B(1)

j=1

Proof. See Section 5.4. O

By Theorem 3.2 (1) an asymptotically valid (1 — «)-confidence interval for u(h) is

pn(h) £ zl_a/g&zg), (14)

where z1_,/p is the (1 — a/2)-quantile of the standard normal distribution and where
6n(h) = /T2 ,(h), with b = 1, ¢;, = o(n). Typical choice of ¢, includes ¢, = n~?,
0 € (0,1) typically around 0.5. Theorem 3.1 (2) provides another asymptotically valid

confidence interval for p(h):
) 102 ", (15)
where t1_q 9 is the (1 — a/2)-quantile of the distribution of B(1)/v/Kj and where 7, (h) =

I’i,b(h), with ¢, = bn, with b € (0,1).

Although the limiting distribution B(1)//K, is non-standard, it can be simulated, for
example by Euler discretization of the stochastic integrals in K. We report in Table
1 the 95% quantiles of the distribution of B(1)/v/Ky using wy(x) = 1o (), wy(z) =
(1 —2/b)1p)(z) and wy(z) = (1 — (x/b)2)1(07b) (), and for different values of b, based
on 10,000 replications of B(1)/v/K,. The distribution departs further from the standard
normal distribution as b increases.

In the next simulation examples, we compare the finite sample properties of these
two confidence intervals in terms of coverage probability and interval length. All the

simulations are performed using the Bartlett kernel w(z) =1 — x.
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wp(x) =1—x/b wy(z) =1— (x/b)* wy(z) = 1(0,1)(z/b)

b=0.3 2.828 4.134 5.496
b=0.5 3.557 6.580 6.299
b=0.9 4.735 12.575 13.045

TABLE 1. 0.975-quantile of the distribution of B(1)/v/Kp.

3.1. Illustration: the Garch(1,1) model. Consider the linear GARCH(1,1) model
defined as follows. hg € (0,00), ug ~ N (0, hy) and for n > 1

u, = ht?e,
h, = w—l—ﬁhn,1+aui_1,

where {e,, n > 0} is i.i.d. N(0,1) and w > 0, @ > 0, 8 > 0. We assume that a, 3 satisfy
C1 There exists v > 0 such that

E[(B+aZ?)"] <1, Z~N(0,1). (16)

It is shown by Meitz and Saikkonen (2008) (Theorem 2) that under (16) the joint process
{(un, hn), m > 0} is a phi-irreducible aperiodic Markov chain that admits an invariant
distribution and is geometrically ergodic with a drift function V(u,h) = 1 + h* + |u|?".
Therefore for v > 2, A2 holds with V; = Vo = V2, and V3 = V. We are interested in
a confidence interval for p(h) where h(u) = u? which belongs to Ly;,. The exact value is
p(h) =w(l —a—p)"

For the simulations we set w =1, a = 0.1, 8 = 0.7 which gives p(h) = 5. We compare
the confidence intervals (14) and (15) by computing (by Monte Carlo) their coverage
probabilities and average lengths. The comparison is performed using sample paths of
length 60,000 from the GARCH(1,1) Markov chain. The results are plotted in Figure 1
and shows across the board better coverage probability of the fixed-b confidence interval

but, as expected, at the expense of a slightly wider confidence intervals.
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Figure 1: Coverage probabilities plots for various values of ¢ (classical confidence

interval) and b (fixed-b confidence interval).

3.2. Markov Chain Monte Carlo. Markov Chain Monte Carlo (MCMC) is a popular
computational tools to obtain random samples from intractable and high-dimensional
distributions (see e.g. Roberts and Rosenthal (2004) for a survey and for additional
references).

Suppose that we interested in sampling from the probability measure p and compute the
integral p(h) = [ h(z)p(dz). Let {X,, n > 0} be a Markov chains with transition kernel
P, invariant distribution p and initial distribution p. By simulating the Markov chain, we
approximate u(h) by the Monte Carlo average pi,,(h) = n~= !> p_, h(X}). Furthermore,
under A2, lim, o n'/?Var (p,(h)) = o%(h), as given by (7), and a central limit theorem
holds: n='/23°7_, (h(X}y) — m(h)) = N(0,0%(h)). Therefore (14) and (15) provide two
valid confidence intervals for p(h). We compare the coverage probabilities and average
interval lengths of these two confidence interval procedures with the following simulation

example.

3.2.1. Illustration: a Poisson regression model. We undertake the comparison using a log-
linear model taken from Gelman et al. (2004). For e = 1,...,N. and p = 1,...,N),
the variables ., are conditionally independent given ({B,}, {gep}) € RM x RNeMNr  with

conditional distribution
Yep ~ P (nepe“+ae+ﬁp+fep) ,e=1,....,N., p=1,...,N,, (17)

where P () is the Poisson distribution with parameter A. In the above display, {n¢p} is a
deterministic baseline covariate, and p € R, {a.} € RNe are parameters. We assume that
{8y} and {e¢p} are independent with distributions

itd itd

By W N(0,03), eep~ N(0,02), e=1,....Ne, p=1,..., N, (18)
for some parameters O'% > 0, 02 > 0. We assume a diffuse prior for (u,a,a%,a?)
(02 > (),0% > 0) with the additional constraint that ay, = — kN:efl ap. Let 0 =

(u, @, B, €, 02, 0’%) € R3FNe—1+(Np+1)Ne - The posterior distribution of 6 given D = (yep, ep)

takes the form

m(0|D) x exp {Z Yep(ft + e + Bp + €cp) — nepet T et Fotee
e?p

N, 1 1
logc;'?—?plogcrg—ft2 eg’p—PZBz . (19)
, B p=1
This posterior distribution is typical of probability distributions for which MCMC is use-
ful. We set N, = 3 and N, = 20. Suppose that we are interested in a confidence
interval for the posterior mean of the parameter vy, i.e. [am(0|D)df. To compare the

two confidence intervals methods described above, we generate an artificial dataset with
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(a1, o, u,as,aﬁ) (0.35,0.15,—1.0,0.1,0.3). We run a preliminary MCMC sampler for
6 millions (6 x 105) iterations and compute its sample mean. We obtain a@; = 0.3309. We
take this value to be [ aym(6)df.

To compare the two confidence interval methods, we use a Random Walk Metropolis
(RWM) algorithm with proposal kernel NV (0,x%) where x and X are selected (from a
preliminary simulation) to yield a reasonably good mixing of the chain. We run the
MCMC sampler for 60,000 iterations and discard the first 10, 000 iterations as burn-in.
We repeat the simulations 200 times in order to estimate the coverage probabilities and
interval lengths. The results are given in Figure 2. We find again that in terms of finite

sample behavior, the fixed-b confidence interval is more robust to the choice of b.

Coverage probabilities Average interval lengths

1.0

A ~ N A
, ~ e N
\NIN/ / \ \
SN T

N
1NN

i/
’ v

0.8
1

Coverage Prob.
0.6

0.4
1

0.2

Interval length
0.000 0.005 0010 0.015 0.020 0.025 0.030
1

—— Classical approach —— Classical approach
g — --- Fixed-b approach — --- Fixed-b approach
T T T T T T T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

delta/b delta/b

Figure 2: Coverage probability and confidence interval length for «; and for different

values of b and §.

4. APPLICATION: A CLT FOR U-STATISTICS WITH VARYING KERNELS

U-statistics with varying kernels are a special case of quadratic forms and correspond
to setting wy, (¢,£) = 0 and wy (¢, j) = 1 if £ # j. We thus have

/-1

ﬁé hﬂ X%a

(=2 j=1

We illustrate another application of Lemma 2.2, by deriving a CLT for U, (h,,). U-statistics
and U-statistics with varying kernels play an important role in nonparametric and semi-

parametric statistics. In the present case, under Al, Lemma 2.2 reduces to

n f{—1
Up(hn) = ( )9 +(n—1) Zhnl X+ Quiaj+ o

(=2 j=1

We impose the following moment assumption
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B1 With V5 and Wy as in Al, suppopse that PVy < ¢V, PW; < CW;, and for
p=2,

sup E (W5(Xy, X;)) < oo. (20)
£,5>0

We recall from Lemma 2.1 that for s € {1,2}, |P*Gp2(z,y)| < c|P5Bn,2|VQW2(x,y),
and
[ Pdn) [ Ply.dobnatuo)

< [Phaaly, sup {Va(e,y)}™" / Pz, du)Vs(u,y) < c|Phoaly, < c||hnsll, v,
T,y€

|P?hnaly, = sup {Va(z,y)}
T,yeX

for all p > 1, using the assumption PV < ¢V in B1. In combination with (20), and the

expression of ¢, in Lemma 2.2, it follows that
B2 (1G,2) < en (|Phaaly, + 1Paaly, ) < en [[Bnall,p, (21)

Bydeﬁnition, Qn,@ —hn2(XZ7 ) PGn2(X€ 1, ) PGTL2( j— 17X€)+P2Gn2(X€ 17X] 1)

and assuming that PthQ, € EVZ, one obtains

Qn,ejl < |hn2(Xe, Xj)| + el Phnaly, (Wa(Xe—1, Xj) + Wa(Xj-1, X0))
+C|P2hn72|72W2(Xg_1,Xjfl). (22)

Thus for j < 4,

7 2
E(Q5 ¢ 1Fe-1) < 4/P(Xg_l,dz) |2 (2, X;)|
= =2
+4 mhnﬂ’”z% E <W2(Xé—1a )+ Wa(Xe, Xjo1) + Wa(Xeo, j71)|fe—1> :
Taking the expectation on both side and using (20), it follows that for all n > 1,

EY2(Q2%,.) <c||n (23)

’ 7] nQ‘HQ,VQ :
We impose an addition stability assumptions.

B2 With Wy as in Al, there exists measurable functions U; < Vi : X — [1,00),
a symmetric measurable function Us : X x X — [1,00) such that P satisfies
C(1,U1, V1) and for all m > 0, all z1, 29,73 € X,

/ Plas,dz1) / P21, dz)

X (WQ(ZQ, Zl) + WQ(ZQ, 1'1)) (WQ(ZQ, .1‘2) + WQ(ZQ, 1‘3))
S Cal (131)52(1‘2,1‘3). (24)

Futhermore,

SgliIi)E (Vl(Xg)ﬁ(Xg, Xg_l)) < o0.
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Remark 5. Assumptions B1-B2 are similar to the assumptions imposed in Dehling and
Wendler (2010) (Theorem 1.8) to obtain a CLT for U-statistics of stationary dependent
processes. Assumption B2 can be easy to check. For example if Wy is given by Wa(z,y) =
W (z)W(y) and P™W < c¢W for all m > 0, then (24) holds with Uy (x) = PW?(x) +
W (z)PW (z) and Us(z,y) = W (x) + W(y).

Define

opy = /{MP}(dﬂc,dy)Li(%y)

= Var, (hn,1(X0)) +2) _ Covy (hn1(X0), hn1(Xe)), and op := n(n —1)%07 ;.
>1

Theorem 4.1. Assume A1, B1-B2 and let {h,, n > 1} be such that hy, 2 € Ly, Suppose
also that

7nellyz, = 0 (n'*on) (25)
Then
1<U(h) 9(”)) L\ (X;) — 0, in probab
on n\tn) — Un 2 - O'n71\/ﬁ£:1 n,1 ¢v) — U, n prooao.
Proof. See Section 5.5. O

Remark 6. From the above result, it is clear that if m > =1 hn1(Xy) converges weakly

to N(0,1), then so does é (Un(hn) = 6n(5))- If hyy does not depend on n, (25) automat-
ically holds and Theorem 4.1 implies a standard CLT for U-statistics (Yoshihara (1976);
Dehling and Wendler (2010)). But unlike these previous works, Theorem 4.1 does not
assume stationarity and for Markov chains, the weak dependence assumption A1 is some-
times easier to check than mixing assumptions.

The theorem describes the limiting behavior of U, (h,) in the case where the kernels
h,, are not degenerate and the quadratic term ), , Zﬁ; Qn,,j is negligible. In general,
the quadratic term needs not be negligible. In which case a correct account of the lim-

iting behavior of Uy, (hy,) will then require a joint study the processes > j_; hy1(X¢) and
-1
E?:l Zj:l @n,tj-

5. PROOFS

5.1. Proof Lemma 2.1. That G5 € Ly, and ’GQ’WZ < C‘EQ’V2 follows from (3). Set

Tonan (@3 (du, dv)) = (P™(a, du) — a(du)) Q) (P™ (y, dv) — pu(dv))

Since P*Wa(z,y) < oo for all x,y € X and s € {1,2} by Al, we deduce that the rhs of
(4) is well-defined and can be written as Ga(x,y) — PGa(y,z) — PGa(z,y) + P?Ga(x,y).
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By dominated convergence,
GZ(xa y) - PGQ(Z/,LL’) - PGQ(:E y) =+ PQGQ(xay)

= N}\ifl_l}ooz% z:()/ z(dz1) — P(x le))/(5y(dZ2) — P(y,dz2)) T mha(z1, 22),

= le\ldm {hao(z,y) — mns1,0h2(2,y) — mo,m41he(z,y) + TN g1 a41ho(z,y) }
= BZ(may)a

proving (4). The bound |P*Gs W, < c\P8ﬁ2|V1 is obtained by showing in a similar way
that
P*Gy(x,y) lim Z Z Tnmi{ P ha}(z,9)

NM—»oo
n=0m=0

://Rz(l',y;le,dZQ){PSBQ}(ZhZZ)'
O

5.2. Proof Lemma 2.2. From the definition, we have h,(z,y) = 0, + ﬁml(x) +hna(y)+

hn2(z,y), and we deduce after some rearrangements that

Un n = n0+zwn1 XE +Zzwn€.7 XZ; )

/=1 j=1

Using (4), we write

B 2(Xe, X5) = An2(X;, Xo, X, Xo)
= Qnij + Mo (Xj, X, X5, Xo) — Mo (Xj-1, X1, X, X0)
= Qnyj + (PGna(Xe—1,X;) — PGna(Xy, X))
+ (PGna(Xj-1,X0) — PGna(X;, X)) + (P2 Grp(Xj, Xo) — P2Gro(Xj-1, Xo-1)) -

Rearranging the terms, it is easy to verify that

n £ n £
Zzwn(£7j> va Zan £ ] Qn@,j

=1 j=1 =1 j=1

n £

+ Y @M, §) (PGra(Xe-1, X)) — P2Gra(Xj-1,Xe-1))
(=1 j=1
n £ ~

+3 > @D () (PGaa(Xjm1, Xe) = PPGra(Xj-1, Xem))
/=1 5=1

—|—ZZW (0, §)P?Gro(Xj—1, Xo—1) + €,
(=1 j=1
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where €, is comprised of the remainder telescoping sums. We obtain

€n = Z {wn(€,0) PGy 2(Xo, X¢) — wn(f — 1,0)P?Gr, 2(Xo, Xo—1))
(=1

+ an(n,]) (P2Gn,2(Xnan) - PGn,Q(Xna X]))
j=1
+ (wn(f - 17€)Pén,2(X€—1aX€) - wn(gvg)PGn,Q(XévXE)) :
(=1

5.3. Proof theorem 3.1. A2 implies that we can find p > 1 such that

supE (V22p(Xn)> < 0. (26)

n>0

From (10), F%b(h) = Z§:1 wnp(0 — §)W(X;)M(X,) + Ry, where w,5(0) = n~! and
wnp(l) = 2n_1wb(kc_1) (in particular wy,(¢) = 0 for £ < 0). Set A)(0) = wy,(0) —
Wy p(¢ — 1) and A (B) = 2wy p(0) —wpp(f+1) —wp (¢ — 1). Then Lemma 2.2 applied to
Sy S wap (£ — §)R(X;)h(X,) gives:

n f{—1

_IZQ5+Zanb §)QeQj + R + Cn,

(=1 j=1

where

n l
Go= Y PG(Xe-1) Y Al - jQJ—l—ZQgZA (£ —j+1)PG(X;_1)
(=1 Jj=1

n —2

- X“ZA (0 — j)PG(X,-1)
= j=1

+ PG(Xo) {Z Wy QH—ZA PG(XZ—I)}

4

— PG(Xy) {Zw”vb(n -)Q ZA(I) - j)PG(X )}
j=1

n

+ AR (PGXe-1))? = (wnsl0) - A1 )ZPG X)Q
=1

— A1) (PG(X,))? = wnp(n — 1) PG(X,) PG(Xo).

Using A2, (26), the martingale-difference property of {Qg, ¢ > 1}, the smoothness of
wp, we derive that for p > 1 as in (26),

1

_ 1
EVP (|CalP) < con 2P >3, (27)

for some finite constant c.
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By martingale approximation for linear partial sums (see e.g. the proof of Proposition

6.1 below), for any sequence of real numbers {a, ¢, 1 <f < n},
n n
Z an,éh(XZ) = Z an,EQZ + €n,1,
/=1 (=1
«a n 1vg
) <e(Smma)
(=1

n o
and E (|epq1]") <c (‘an71| + |ann| + Z |an,e — an,ﬂl’) , (28)

(=2

where E <

provided sup,,> E (V5*(X,)) < oo. We use (28) to bound the term R, as given in (11)
and obtain for all n > 1:
E (|Rnl") < en™Pcp,
for some finite constant c.
By standard martingale inequalities, we obtain the bound

—1 p

n p
C 2 _p 4
E (3D wasll = 3)QuQs| | <e () nbrvE,

(=1 j=1
O

5.4. Proof theorem 3.2. If ¢, = o(n) and p > 2, then from Theorem 3.1, ' ,(h) =
n~t 377 Q7+op(1). Given the ergodicity assumption C(1, Vi, V3) and sup,.»o E(V4 (Xy)) <
00, it follows from Proposition 6.1 that the term n=! >}, Q% converges in probability to
the limit

[ ntde) [ P,y (Gl) - PG,
which is easily seen to be equal to o2(h). This proves the first part of the theorem.
Then by (28) with

From now on, we assume that ¢, = n. Define W, , =

Qe
Vvno(h)’
s Vvno(h)’

Z Wy +€n2, where ¢,9 converges in probability to zero.

Define LxJ as the largest integer smaller or equal to  and for 0 <t < 1, we introduce

[ nt] ¢
= Z Wi, and Z,(t) = / wy(t — u)dBy(u).
0

(=1
Since B, has jumps only at times ¢/n = {/c,, we see that Z,(lc,;') = Zg;é wy((0 —

3)en )W j41. It is also easy to see that the term R, in (11) can be written as

1
R, = 233(1)/0 (1 — w)wy(u)du

_9B,(1) /01 </Otwb(u)du—|—/01twb(u)du) B (1) + ens,
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where €, 3 converges in probability to zero. Thus

n

2 (h):n_lzn:Q2+202(h)Z Qe Zz_éwb(E_j) Gi_ 4Ryt
n,b 4 . cn 0_( n n n

P = o(hvn h)v/n
= az(h)zn:W3£+202(h)zn:anZn ((€—1)ey') + R+
. /=1 /=1 1
— () S W2+ 202(h)/0 Zo(t)dBa(t) + 233(1)02@)/0 wy () (1 — u)du

1
9B, (1)o%(h) /0 g (w)dBo(t) + ens,

where gy(u) = fg wy(u)du + folft wy(u)du, and €, 4 converges in probability to zero.

From the assumptions, sup,sq E (|Q¢[*T¢) < oo, for some ¢ > 0. Therefore, by the
functional central limit theorem for martingales, B,, — B, where B = {B(t), 0 <t < 1} is
the standard Brownian motion. By the continuous mapping theorem, (B,, Z,) = (B, Z),
where Z(t) = fg w(t —u)dB(u). And by the weak convergence of stochastic integrals (see,
e.g., Theorem 2.2 in Kurtz and Protter (1991)),

t 1 n )
{(Bn(t),/o Zn(t)dBn(t),/O g(u)dBn(u),;an) ,0<t< 1}

converges weakly to the stochastic process

{(B(t), /OtZ(u)dB(u),/Olg(u)dB(u), 1) 0<t< 1} .
h(Xe) 12

As the remainders (e, 2, €5,4) converges in probability to 0, this entails that (Z?Zl N0k rs b(h))

converges weakly to the limit

(B(1),
o?(h) (1 +2 /01 Z(u)dB(u) + 2B*(1) /01(1 —ww(u)du — 2B(1) /01 g(u)dB(t)>> .

The conclusion of the theorem follows by the continuous mapping theorem.

5.5. Proof Theorem 4.1. By (6), we have:
n n n {—1
ol [Un(hn) — 0, <2)] =0, (n=1)Y (X)) +0," DD Quj+ 0,
=1 =2 j=1
(21) gives
_ 12 (12
00 E (Gl*) < en”lor 1 [ Bmely p, = 0(1)

by (25). This shows that o, ¢, converges in probability to zero.
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Now, by the martingale property, we have

n (-1 2 n {—1 2 n (-1
E j{:j{:cynfd :ZZE:E: ZE:CQnIJ ::EZ:EE:E:( iﬁg)
=2 j=1 (=2 j=1 =2 j=1
n (-2 (-1
+2 E (Qne,jQnek) = o(o2),

by (23), Lemma 5.1 and (25).

Lemma 5.1. Under the assumptions of Theorem 4.1,

-2 (-1

E(> Y QuejQuek || <cen |H71n,2m;72 , 3<l<n.

k=1 j=k+1

Proof. Fix 1 < k < £ and define

-1
Ty =Ther =E Z Qn,ejQnek|Fr—1 |,
Jj=k+1
so that
=2 41 =2
E > QuiQner || <D E(TH).
k=1 j—kt1 k=1

For m > 0, define

Yo m(Tj—1,Tp—1,2%) = /P(mj—ladxj)/Pm(xjadxé—l)

X /P(wzhdiﬁz)/\ng(flfj—l,xz1;96j,$z)/\n,2(9€k1,1‘31;961@73307

Yim(Tp—1, ) = /{Pm(xk:»dle) — p(dzj—1)} Yo rmm——2(Tj—1, T, Th—1).

Then almost surely we have:

{—k—1

Te=E | > T1,(Xn, Xpo1)| Fror
7=0

The bound (22) and the Cauchy-Schwartz inequality imply that
‘/P(CCZ—I,dIE)An,Z(xj—laxé—l;xja$€)An,2($kz—la134—1;55145,954)
<c ‘HM,Q‘H;VQ (W (g1, 25) + W (1, 25-1)) (W(ze1,2) + W(ze-1, Tp-1)) -
We combine this with B2 to conclude that for all m > 0,

|T2,m(£€j71,9€k—1,$k)| <c H’anmzyg Hl(ﬂfjfl)HQ(l'kal‘k—l)-
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By the short-range dependence assumption C(1,U1, V1), it follows that for any n > 0,

k-1
> T ( Xk, Xio1)
j=0

/—

<3

k—1
Jj=0

/ {P(z,dzj—1) — p(dzj—1)} Yoo jp—o(jo1, Tho1, k)

_ 9 = _
< ¢ |hnzlly 5, Vile)Ua(zr, zi1),
for some finite constant c. We conclude that

|Tk‘ S C HV‘L E (Vl(Xk)az(Xk,Xk_l)’fk_l) .

2
n2llow,

The lemma follows. O

6. APPENDIX A: A WEAK LAW OF LARGE NUMBERS FOR MARKOV CHAINS

Proposition 6.1. Let {X,, n > 0} be a Markov chain with invariant distribution p and
transition kernel P. Suppose that there exist measurable functions Vi < Vo : X — [1,00)

such that

Y NIPH@, ) = pllv; < cVa(z), = € X, (29)
k>0

for some finite constant c. Suppose also that v, := E(VF(X,,)) < oo for each n > 0 and
for some p € (1,2]. Let {f,, n > 1} be such that fn, Pfn € Ly, and let {a, ;,0 < k < n}

be a sequence of real numbers such that

D n

I fully v (Z \%,k!) > kP — 0,
k=1 k=1
and | P fnlv, <Z |, o

k=1

71 n
) Z |an i — anp—1|vi—1 — 0.

k=1

Then, as n — 00, (Xp_ [ank]) ™ Sor_ @k (fa(Xk) — u(fn)) converges in probability to

ZET0.

Proof. Define Sy, = 375y ank (fa(Xk) — p(fn)) and gn(z) = ijo(ijn(x) —p(fn)). Un-
der (29), |gn(z)| < ¢|fulvy Va(z) and |Pgy(z)| < ¢|Pfulv; Va(z). By the Poisson equation,
fu(x) — p(fn) = gn(x) — Pgp(x) which implies that

Sn = Zan,k (gn<Xk) - Pgn(kaI» + Z(an,k - an,kfl)Pgn(kal)
k=1 k=1

+ (an,OPgn(XO) - an,npgn(Xn)) .

where the martingale array > ;_; ank (gn(Xk) — Pgn(Xk—1)) satisfies

n

E < > i (92(Xk) = Pgn(Xi-1)) \”) < Clfalll or D lanulPvy-
k=1

k=1
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The last inequality follows by noting that g, (x)—Pg,(y) = fn(z)—u(fn)—Pgn(xz)—Pgn(y)
and by conditioning on Fj_;. Thus, under the stated assumptions, (3> ,_, |Gn,k;|)71 Sn

converges in probability to zero. Il

Remark 7. An important special case is the case where ay, ¢ = 1 and sup,,>o E (V] (X)) <
co. In this case it is enough to have n~1+1/P Il £ll, v, — 0. If in addition it is true that
sup,ex PV (2)/VF(x) < oo, then clearly || full, v, < clfulvy and the law of large number
holds if n=1+1/P| f, |y, — 0.
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