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Abstract
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1 INTRODUCTION

Nonparametric estimation of an unknown conditional expectation function and its derivatives
is an important problem in econometrics (see, e.g., Ichimura and Todd (2007) and references
therein). In many applications the conditional expectation, its derivative, or a functional
thereof is the main object of interest, while in other cases their nonparametric estimators
are employed as a first step in a semiparametric procedure. With the growing availabil-
ity of large data sets and affordable computing power, more complex nonparametric and
semiparametric methods are becoming increasing popular. The implementation of nonpara-
metric estimators, however, requires suitable large sample properties, including sufficiently
rapid rates of convergence and known asymptotic distributions with valid standard-error
estimators. Series-based and kernel-based methods are typical examples whose properties
are now well understood.

This paper studies the large sample properties of an estimator of the regression function
and its derivatives known as partitioning. This estimation strategy is alternatively referred to
as blocking, subclassification, or stratification. The estimator is constructed by partitioning
the support of the conditioning variables into disjoint cells, which become finer with the
sample size, and then within each cell the unknown regression function (and its derivatives)
is approximated by parametric regression; a natural choice being linear least squares using
a fixed-order polynomial basis. Consistent estimation of the unknown function is achieved
as the cells become small enough to remove the error of the parametric approximation. For
a recent textbook discussion of this estimation strategy see Gyorfi, Kohler, Krzyzak, and
Walk (2002, Chapter 4).

The partitioning estimator, although simple and intuitive, has not received a thorough
treatment in the econometrics or statistics literatures. The available results typically concern
mean-square rates for special cases (see, e.g., Kohler, Krzyzak, and Walk (2006) and refer-
ences therein). The main goal of this paper is to provide a general asymptotic treatment of
partitioning estimators of the regression function and its derivatives. Our analysis yields the
following new insights. First, employing simple and intuitive sufficient conditions, in most
cases weaker than those in the existing literature, mean-square and uniform convergence
rates of the partitioning estimators are established and shown to be optimal. More gener-
ally, the uniform convergence rate explicitly highlights a natural trade-off between moment
assumptions and rate restrictions. Second, in the piecewise constant case, we are further

able to characterize the leading terms in an asymptotic mean-square error expansion and
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therefore obtain an optimal plug-in selector for the underlying smoothing parameter. Third,
we derive a uniform Bahadur representation of linear functionals of the partitioning esti-
mator. Fourth, we establish asymptotic normality of linear functionals of the partitioning
estimator, as well as consistency of a suitable standard-error estimator, under simple and
intuitive conditions. We cover both regular and irregular estimands. The applicability of the
new results is illustrated in three simple examples: (i) derivative of the regression function
at a point, (ii) partial and full means, and (iii) weighted average derivatives.

Our motivation to work on this problem is twofold. First, in our view, it is of theoretical
interest to understand the asymptotic statistical properties of partitioning estimators, and
how these compare to other nonparametric estimators. To facilitate this, after the necessary
notation and assumptions are introduced, Section 2.2 provides a detailed comparison between
partitioning estimators and other nonparametric estimators. In that section we also outline
how our main results contribute to the existent literature.

A second, equally important motivation for studying the partitioning estimators stems
from their role in empirical work. Perhaps originating with the regressogram of Tukey (1947),
partitioning-based statistical procedures have been informally suggested in the literature and
are commonly used in applications, despite their formal properties being unknown in most
cases. See, e.g., Cochran (1968) and Rosenbaum and Rubin (1983, 1984) for two well-
known examples in the program evaluation literature.® Two other recent examples in the
econometrics literature where a partitioning-based inference strategy has been proposed are
Banerjee (2007) for average derivative estimation and Imbens and Lemieux (2008) in the
context of the regression discontinuity design. The results in our paper can be used to
formalize the asymptotic validity of these inference procedures and, more generally, can also
be useful in other semiparametric and nonparametric settings where the infinite dimensional
parameter is a regression function, its derivative, or a functional thereof.

The paper proceeds as follows. In Section 2 we state our main assumptions, describe the
partitioning estimator, and provide a comparison to other nonparametric estimators. Section
3 presents the rates of convergence as well as an asymptotic mean-square error expansion.
Section 4 develops the Bahadur representation for linear functionals of the estimator, and
obtains asymptotic normality. The results of a small Monte Carlo study are presented in

Section 5. Proofs are gathered in a technical appendix, and a more detailed supplemental

1See Imbens and Wooldridge (2009) for a recent survey of the program evaluation literature, which also
includes other examples of partitioning-based procedures. See also Cattaneo and Farrell (2011) for further
discussion on partitioning in the context of program evaluation, and for an example where some of the results
obtained in the present paper are employed in the context of semiparametric inference.



ASYMPTOTIC PROPERTIES OF PARTITIONING ESTIMATORS 4

appendix is available upon request.

2.1

2 THE PARTITIONING ESTIMATOR AND THE LITERATURE

THE PARTITIONING ESTIMATOR

The following conditions are imposed on the data-generating process throughout the paper.

Assumption 1.

(a) (Y1,X7),--, (Yo, X)) is an i.i.d. sample from (Y, X'), with X € X absolutely contin-

wously distributed.

(b) X C R is a Cartesian product of compact, conver intervals.

(c) E[|Y|>™ | X] is bounded for some n > 0.

(d) The Lebesgue density of X, f(x), is bounded and bounded away from zero on X.

(e) p(z) is S-times continuously differentiable on (an extension of ) X.

We discuss the salient features of this assumption in the following remarks.

Remarks on Assumption 1.

1.

ii.

Part (a) restricts attention to cross-sectional contexts with continuous regressors. Our
results can be extended to cover some form of time-dependent data, or to include dis-
crete regressors by working conditionally, although we do not consider these extensions

here to simplify the discussion and notation.

Part (b) requires regressors with compact support. The assumed rectangular structure
is without loss of generality for most of the results presented here. The compact
support assumption has the main advantage of allowing for the density f(x) to be
bounded away from zero on the full support of X, but has the potential drawback
of introducing bias at the boundary of the support. This assumption is also imposed
in nonparametric series estimators (Newey 1997) and nonparametric local polynomials
(Fan and Gijbels 1996), but it can be relaxed in the context of semiparametric inference
by considering weaker (weighted) norms (Chen 2007). In this paper we only focus on

the conventional mean-square and uniform norms.
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This assumption is important because it can affect the attainable convergence rates
for nonparametric regression estimators in general. Specifically, in the case of mean-
square convergence, Kohler, Krzyzak, and Walk (2009) show that it is possible to
attain Stone (1982)’s optimal Ly convergence rate even without compactness as long
as certain moment conditions hold, and Kohler, Krzyzak, and Walk (2006) show that
a cleverly constructed special partitioning estimator attains this rate. In the case of
the uniform convergence rate, however, it appears to be an open question whether
Stone’s (1982)’s bound is achievable without compactness under reasonable regularity

conditions.

iii. Part (c) allows for the case of n = 0 (i.e., bounded second conditional moment), and

the generality will be useful in the derivation of the uniform convergence rate.

iv. Part (d) ensures that all cells in the partition will contain enough observations asymp-

totically, and appears difficult to relax without affecting the rates of convergence.

v. Part (e) is a classical smoothness condition controlling the amount of bias reduction
possible, when coupled with an appropriate choice of (basis and) order of the polyno-

mial (K) employed within each cell.

To describe the nonparametric procedure, we first give a precise description of the par-
titioning scheme. Following Assumption 1(b), denote X = ngl Xy, with X, C R, compact
and convex. For a sequence J, — oo as n — oo, partition each &} into the J, disjoint
intervals [pgj_1,pe;).7 = 1,...,Jn — 1, and [pe s, —1,De.s,], With ps;—1 < pg; for all j. The
complete partition of X consists of the J? sets formed as Cartesian products of all such
intervals. Let P; C R? denote a generic cell of the partition, j = 1,...,J4, and for z € R?,
let lp,(z) be the indicator for x € P;. Throughout, we suppress the dependence on n for
notational convenience: all aspects of the partition implicitly depend on n.

To guarantee that each cell is well defined and enable nonparametric estimation, we

require that |py; — pej—1] < J, forall ¢ =1,...,d and j = 1,...,J,, where for scalars a
and b, a =< b denotes that C,b < a < C*b for positive constants C, and C* that do not
depend on j = 1,...,J, nor n. Hence, by construction the partition satisfies: vol (P;) =< J, ¢

or equivalently C.J; ¢ < min<;<a vol (P;) < max;<;<javol (P;) < C.J, %, where vol (P))
denotes the volume of cell P;. A simple, natural partitioning scheme meeting this requirement
is evenly dividing the support of each covariate, although other possibilities are allowed

so long as all intervals decrease proportionally to .J,. More general, complex partitioning
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schemes are possible, although the one considered here appears to be parsimonious while
providing adequate flexibility to cover many applications of interest.

Within each cell the unknown conditional expectation is approximated by solving a least
squares problem. For fixed K € N, let 7(z,) = (1,24, 22,..., 2, )" denote the vector of
powers up to degree K — 1 on a single covariate x, € X,. Let R(z) represent a column
vector containing the complete polynomial basis of order K — 1 formed as the Kronecker
product of the r(z,), discarding duplicates and terms with order exceeding K — 1. That
is, using multi-index notation, for x = (z1,...,24) € R* and k = (k1,...,ks) € Z%, a
typical element of R(z) is given by z* for some k € {k € Z% : |k| < K — 1}. We assume
R(z) is ordered ascendingly in k € Z% and ¢ = 1,...,d. To fix ideas, consider two simple
cases: if K =1, then R(z) = (1) and sample means are fitted in each cell, while if K = 2,
R(z) = (1,24,...,24), corresponding to ordinary linear least squares. This construction
is explicitly meant to cover the general, unrestricted case, although in applications other
(restricted) bases may be of interest. For example, if p(z) additively separable, then the
interactions between covariates may be excluded from the basis R(x), leading to a simpler
least squares problem. This additional flexibility is useful, for example, in the context of
estimation via control functions. As formalized in the Appendix (Lemma A.2), the ultimate
goal of this construction is to ensure that R(z) is flexible enough to remove bias up to the
appropriate order.

The choice of K is intimately related to bias reduction. Setting a higher K allows for a
more flexible functional form within each cell and hence lower bias, provided the underlying
function is sufficiently smooth. In this sense, the partitioning scheme and the choice of K
play the same role for the partitioning estimator that the choice of specific higher-order
kernel plays in kernel-based estimation, while the choice of J, is analogous to the choice
of bandwidth in a kernel context. The partitioning scheme and (fixed) K represent the
smoothing parameter, and J, — oo is the tuning parameter of the nonparametric procedure.

Let Rj(r) = lp,(v)R(z) denote basis restricted to the cell containing x. Using this

2 The multi-index k is a d-tuple of nonnegative integers. We adopt the following (standard) notational
conventions: zF = x]f1~~x§d; Bl = ki + -+ kg k! = kil kgly B < K & ki < K. kq < Kl

K1 . k _ _ ¥
Z|k|§K—1 = m—o kalzo e kad:0k1+.,.+kd:m’ and 9% p(x) = aklml»-l-tag’idzd'
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notation the partitioning regression estimator (of order K — 1) is given by:

ZR ©)'B, b= (RR;) R}, )

Rj:(Rj(Xl),...,Rj(Xn))’, Y =(Y,...,Y,),

where A~ denotes any generalized symmetric inverse. Under the regularity conditions given
below, and with proper scaling, the matrix R} R; will be positive definite uniformly in j with
probability approaching one (see Lemma A.4 in the Appendix for details), and the standard
inverse will exist. The structure given in Eqn. (1) implies that ji(x) is a (random) function
that has at most finitely many discontinuities, is almost everywhere differentiable, and is of
bounded variation. (Qualifiers such as “almost everywhere” are omitted for simplicity.)

To construct an estimator of the derivatives of pu(z), let m € Z% be a multi-index and
O™ u(x) denote a partial derivative of order |m/|. A natural and intuitive estimator of 0" u(z)
is given by

—

omu(r) = Z Ip, (z) (0" R(z))' B, (2)

which we take as the definition throughout. In words, 0" u(x) is defined as the derivative
of the estimated polynomial regression function, restricted to a particular cell containing x
(as there are no boundary issues in differentiating R(x)). Because the least squares problem
within each cell is unaffected, but 0™ R(z) corresponds to a lower degree polynomial (i.e.
has zeros in some components), the resulting estimator is based on a lower polynomial of
approximation within each cell. This intuitively corresponds to estimating the rougher func-
tion 0" pu(x). As shown in the appendix, because the same polynomial of best approximation
can serve for all m > 0 (provided K is large enough), the main results of this paper also

naturally cover the estimation of derivatives of the regression function.

2.2 RELATED LITERATURE

The partitioning estimator is closely related to, but different from, other nonparametric
estimators available in the literature. In this section we describe how it relates to two
common estimators: series and local polynomials.

From a sieve estimation perspective, the partitioning estimator may be recast as a series
estimator. Define R, () = (Ry(z)’, ..., Rya(x)') by collecting the bases over all J¢ cells, and
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set R, = [R,(X1),...,R,(X,)]". The partition regression estimator can then be written as
fi(z) = Ra(z) By, Bn = (R;Rn)ilezY = (317 e va]dy'

This representation implies that results available from the sieve estimation literature are
in principle applicable to the partitioning estimator (see, Chen (2007)). However, as shown
in the following sections, exploiting the specific structure of the partition (i.e., the form of
its basis) we are able to improve on rate restrictions and obtain faster uniform convergence
rates, under simple primitive conditions, when compared to the results available in the
general series estimation literature (e.g., Newey (1997) and later refined by de Jong (2002)).
Furthermore, we are able to obtain new results, such as derivative estimation and a Bahadur
representation, that do not appear to be otherwise available in general.

Polynomial regression splines are a special kind of series estimators for which improved
results are available (e.g., Huang (2003)). Partitioning estimators and polynomial splines are
intuitively similar, but fundamentally different smoothing procedures. Both estimators rely
on a refining partition of the support with fixed-order basis functions, but a key distinctive
characteristic of splines is that at the cell boundaries (called “knots”) the spline estimate
is forced to be smooth whenever possible: a spline of degree K is (K — 1)-times differen-
tiable at each knot. It is precisely this condition which make splines a global smoother. In
contrast, partitioning estimators place no restriction on the behavior of the polynomials at
the boundary of each cell, and hence the basis functions are truly local (and compactly sup-
ported). In this paper we show that the partitioning estimators have the same optimal Ly
convergence rate under the same rate restrictions as polynomial splines. We also show that
the partitioning estimator achieves the optimal uniform convergence rate, while regression
splines are only known to have suboptimal uniform rates (de Jong 2002). It seems plausible
that an optimal uniform rate could also be established using results from Huang (2003), but
we are unable to find an explicit statement in the literature. Moreover, we also obtain the
optimal rate for general derivative estimation, as well as other results, as discussed in the
following sections.

Kernel-based local polynomials are another class of nonparametric estimators of the re-
gression function and its derivatives. Partitioning estimators are conceptually (and nu-
merically) distinct from the kernel-based local polynomial estimators discussed in Fan and
Gijbels (1996) and the local polynomial estimators discussed in Eggermont and LaRiccia

(2009, Chapter 16), which are also different from each other. These local polynomial ap-
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proaches and the partitioning estimators differ in the way that observations are grouped:
the local polynomial approaches use observations near the evaluation point, as determined
by the choice of kernel and bandwidth, while partitioning estimators use observations within
each cell, regardless of the particular evaluation point. This fact implies that partitioning
estimators are naturally discontinuous while local polynomials are not. The partitioning
estimator can be viewed as local polynomial estimators with a variable bandwidth and a
uniform spherical kernel.

To describe how the local polynomials and the partitioning estimators differ, consider the
estimation of the regression function (a similar discussion applies to derivative estimation).

These estimation procedures solve the following weighted least-squares problem:

N

fn(x) =arg min Z W, (X;, z) (Y; — B(X,)'8)°,

BGRdim(B(-))

where W, (X;, z) is a non-negative weighting function and B(X;) is a choice of polynomial
basis. Both local polynomials estimators mentioned above employ W, (X;,z) = K((X; —
x)/hy)/hy, for a fixed kernel function K(-) and a bandwidth sequence h,, — 0. Moreover, the
local polynomials in Fan and Gijbels (1996) are obtained by choosing B(X) = R(X —z) and
setting fu(z) = €|, (z) with e; = (1,0,0,...,0), while the local polynomial estimator dis-
cussed in Eggermont and LaRiccia (2009, Chapter 16) employ B(X) = R(X) and set ji(z) =
R(z)'3,(x). In contrast, the partitioning estimators use W, (X;, x) = Zﬁl Lp, (Xi)lp,(x) and
B(X) = R(X), and set ji(x) = R(x)'5,(x). Therefore, one can not directly apply results for
either local polynomial method to partitioning estimators.

Finally, as a reviewer pointed out, Stone (1982, Section 3) also suggested another (hybrid)
local polynomial procedure which bears some relation to the partitioning estimator studied
here. Using the current notation, Stone’s estimators employ W,,(X;, z) = Zﬁl Lp, (Xi)I{j :
|z—x| < hyn,Vz € Pj}/N;, where N; = 377" | 1p (X;) is the number of observations in P;. This
estimator uses all (data in) cells falling completely within an h,-ball around the evaluation
point z, in contrast to partitioning which only consider observations in the cell P;. Moreover,
Stone’s estimator necessitates the choice of two tuning parameters, .J, and h,, which are
required to satisfy h,.J, — oo (the proof does not directly apply if lim,,_sohnJ, < 00). The
rate restriction that the cells are required to shrink faster than the bandwidth implies that
the number of cells in each h,-ball tends to infinity, and hence asymptotically the weighting
is constant in the h,-ball and symmetric about z, just like a classical local polynomial

with a spherical uniform kernel with bandwidth h,,, and not like the partitioning estimators
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considered here.

3 CONVERGENCE RATES

This section studies the rates of convergence of partitioning estimators under Assump-
tion 1 given above. For scalars a and b, let a A b = min{a,b}. For a function h(-) let
1R = [ Ih(z)|” f(z)dx and ||h||e = sup,cy [h(x)| denote the L, and Lo, norms; function
arguments are suppressed if there is no confusion. Rates for derivative estimation are given
in terms of maxy,|<s|0"h||,, where the maximum is taken over all multi-indexes m such
that |m| <s.

3.1 MEAN-SQUARE CONVERGENCE

The following theorem gives the Ly convergence rate for the partitioning estimate of the

regression function and its derivatives.

Theorem 1. If Assumption 1 holds and J%log(J?) = o(n), then for s < S A (K —1):

Jd+25
s [0 0"l = 0, (T2 4 ).
m|<s n

This theorem shows that, by setting J¢ proportional to n®@(S+0)+d) and K > S + 1,
the partitioning estimator achieves the optimal rate of n~=(5t1=5)/(2(S+1)+d) 55 given by Stone
(1982). Therefore, this estimator has the same Lo rate-optimality properties as other series-
based and kernel-based estimators.

Because the partitioning estimator can be recast as a series estimator, the conclusion in
Theorem 1 (for the regression function) could have been obtained directly from general results
in the sieve estimation literature under high-level assumptions. A contribution of this theo-
rem is to obtain such a result under weaker, primitive conditions. In particular, the rate re-
striction required, J%log(J9) = o(n), is weaker than the one typically imposed in the general
series literature (e.g., Newey (1997) requires the analogue of J¢ max, < [|0™R,(+)[|% = o(n)
with maxi, < [|0™R.,(+)||2 polynomial in J?), and exactly the same one required in the spe-
cial case of multivariate polynomial splines (e.g., Huang (2003)). This rate restriction con-
trols the granularity of the partition, and guarantees that all cells are asymptotically “full”
of observations. For example, RiR; = > " 1p,(X;) = N; when K = 1, where N; denotes
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the number of observations in P;, and the rate restriction ensures that for n large enough
this is positive, uniformly over the cells.

This theorem also contributes to the literature in two additional ways. First, existing
results for partitioning estimators of p only yield the optimal rate when Y is bounded, and
otherwise give suboptimal rates (see, Gyorfi, Kohler, Krzyzak, and Walk (2002, Corollaries
19.3 and 11.2). Theorem 1 therefore improves on these results. Second, this result shows
that the partitioning estimator of derivatives of u(-) achieves the optimal rate under the
same weak conditions. This result, which appears to be new for the partitioning estimation

literature, is often useful in econometric applications (e.g., average marginal effects).

3.2 UNIFORM CONVERGENCE

We consider next the Lo, convergence rate of the (derivatives of the) partitioning estimator.

Theorem 2. Suppose the conditions of Theorem 1 hold. If, in addition, for some £ €
0,1 A5 the partition satisfies J&U T Jog(J9)2-(4+2mE = O(n), with 0/0 = 0, then for
s<SNA(K-1):

J7§L27f)d+25 log(l]g)ﬁ
n

max (|7 i = 0" |5, = O, ( +J, 2((5“)“(‘5)) :

The parameter £ is a user-defined choice, which depends on the underlying moment
condition of Assumption 1(c). This parameter is not a tuning parameter in the classical
nonparametric sense, but rather is explicitly introduced in Theorem 2 for potential applica-
tions. As formalized in Lemma A.5 in the Appendix, £ allows for greater or lesser weight
placed on the tails of the (conditional) distribution of the outcome variable Y, which in turn
provides a trade-off between the rate restriction imposed (on .J,) in the theorem and the
actual (possibly suboptimal) rate of convergence of the estimator.

The choice of ¢ explicitly accounts for the underlying moment assumptions imposed.
The convergence rate in Theorem 2 will be optimal if n > 1, allowing for ¢ = 1, provided
the rate restrictions are satisfied. In this case, J¢ may be chosen to attain Stone’s (1982)
bound of (log(n)/n) T =/CETVH). o o i B[Y4|X] < 0o (ie., n = 2), then the additional
requirement of Theorem 2 is J2? = O(n), requiring essentially (S+1)AK > d/2. This result
improves on known uniform convergence rates for general series estimation: de Jong (2002)
improved on Newey’s (1997) uniform convergence rate under the assumptions of a bounded

fourth moment and the slightly stronger rate restriction J2¢ = o(n), but was still unable to
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attain the optimal rate. (As mentioned above, it seems plausible that polynomial regression
splines also have an optimal convergence rate under appropriate conditions, but such a result
does not appear to be readily available in the literature.) When n = 0, which implies that
¢ = 0, only bounded conditional variance is assumed. In this case, Theorem 2 gives the

Jg(dﬂ) /n, and convergence implies the other rate restrictions. If,

uniform convergence rate
in addition, s = 0 then the convergence rate coincides with the one obtained by Newey
(1997) for regression splines, but under weaker rate restrictions. In general, when 0 < ¢ < 1
both rate restrictions in Theorem 2 must hold, since neither implies the other for certain
values of £ and 7.

In semiparametric contexts it may be neither necessary nor desirable that the nonpara-
metric component attain the optimal rate, if the goal is to minimize the restrictions im-
posed (e.g., model assumptions and/or tuning/smoothing parameter restrictions). In many
semiparametric applications forcing the preliminary nonparametric estimator to achieve the
optimal rate requires restrictive moment assumptions and/or rate restrictions; Theorem 2
shows that these conditions may be ameliorated by an appropriate choice of £. To give an
example of how this idea works, consider the standard sufficient condition for asymptotic
linearity of a semiparametric estimator that uses a first-step nonparametric estimate of the
regression function: /7 ||t — p)|>, = 0,(1). (See Newey and McFadden (1994), Chen (2007),
and Ichimura and Todd (2007), and references therein.) This condition can still be satis-
fied under Theorem 2 with & = 0, thereby removing the need for more than two moments.
Moreover, in some situations 0 < £ < 1 may be the best choice if the goal is to minimize the
moment assumptions and/or the rate restrictions on the tuning parameter. See Cattaneo
and Farrell (2011) for a semiparametric estimator that employs such a choice.

Finally, it is also shown in the appendix that if, in addition to the conditions of Theorem
2 the partition satisfies J¢ < (n/log(n))Y, v € (0,1) and n > 2(1 + &v)/(1 — &), then the

same conclusion holds almost surely.

3.3 ASYMPTOTIC MEAN-SQUARE ERROR FOR K =1

Here we show that in the particular case of a piecewise constant fit (K = 1) the leading
constants in the (expected) Ly approximation can be computed explicitly, leading to a sim-
ple (integrated) mean-square error approximation for the partitioning estimator. We then
employ this result to derive a plug-in rule for selecting the value of J,, thereby providing
an alternative to the cross-validation procedures discussed in Gyorfi, Kohler, Krzyzak, and
Walk (2002, Chapters 8, 13).
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The special structure of the constant-fit partitioning estimator appears to be crucial in
the derivation. The main complication in extending this result to A > 1 is in handling
the random “denominator” (R;R;)™", which is difficult to deal with in general. When K =
1, R;Rj = N, is a binomial random variable whose inverse moments can be calculated
or approximated (see Lemma A.6 in the Appendix). An alternative approach to the one
presented here is to consider a conditional mean-square expansion, which in principle can be
computed for any choice of K but leads to an untidy result due to the partitioning structure.

The following theorem present the integrated mean-square approximation for the special
case of evenly spaced partitions. This result can be extended to other partitioning schemes,
but we focus on this special leading case for notational simplicity. Let vol (X') denote the

volume of the support and |X,| denote the length of the interval Xy, £ =1,2,---  d.

Theorem 3. Suppose the conditions of Theorem 1 hold with S = 1 and K = 1. If 0*(x)
and f(x) are continuous on X, where 0%(X) = E[(Y — u(X))?|X], then for an evenly spaced

partition:

/XIE [(i(x) = p(@))?] f(x)dx = %[v +o(1)] + %[B +o(1)],
where
_ 1 o*(X) |, p(X)? 2 1 ,
Y= [f(X) T3 M B pEIVA) DaVuX)],

with Dy the d x d diagonal matriz with entries |X,|*, £ =1,...,d, and Vu(z) = Ou(zx)/0z.

Minimization of the expected L, approximation gives an optimal plug-in choice J =
C*n~Y4+2) with C* = (dV/(2B))"/(4+2) . A feasible plug-in rule can be easily constructed
by using preliminary estimators for the unknown functions in C*; we do not spell out the

details to conserve space.

4 BAHADUR REPRESENTATION AND ASYMPTOTIC NORMALITY

This section studies the asymptotic behavior of partitioning-based estimators of linear func-
tionals of the regression function. We establish a uniform Bahadur representation of the
estimator, asymptotic normality, and consistency of a suitable standard-error estimator.
The results allow for both regular and irregular (not root-n estimable) estimands. The esti-
mand of interest is given by 6 = 6(u). The following assumption characterizes the class of

functionals considered.
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Assumption 2. 0(fi) € R is linear, and |0(fi)| < Cmaxy,<s |0 fi||os, for some C > 0.

This assumption restricts the class of functionals to be linear and bounded (i.e., contin-
uous) in the appropriate uniform norm. This section considers the simple plug-in estimator
0 = O(fr). It is not difficult to extend the results presented here to cover non-linear func-
tionals, although this extension is omitted to conserve space.®* Many interesting econometric
applications are covered by linear functionals of the regression function. For concreteness,

consider the following three examples.*

Example: Pointwise Inference. 0, ,,(u) = 0"u(z), m € Z, |m| < K, where differentia-
tion is defined in (2). |

This example is useful for nonparametric inference for the regression function and its

derivatives. This estimand is known to be irregular.

Example: Partial and Full Means. 6;5(y) = fl’[iﬂXe w(x) f(zy, -+ xs)dxy - -dxgs, § €

{1,...,d}, where components of z € X’ not integrated over are held fixed at some value. W

This second example corresponds to the important problem in econometrics of estimating
partial and full means (see, e.g., Newey (1994)). It is well known that 6, 5(1) will not be
v/n-consistent unless § = d, although the convergence rate improves as more regressors are

integrated out (i.e., as  increases to d).

Example: Weighted Average Derivative. 03,,(n) = — [, p(x)(0"w(z))dz, |m| =
1, where w(x) is a continuously differentiable weighting (trimming) function that vanishes

outside a compact subset of X. [ |

Estimating weighted average derivatives is a well-studied problem (see, e.g., Stoker
(1986)). The conditions on the weighting function w(z) are essential to eliminate the in-
fluence of the boundary of the regressors’ support, and hence achieve /n-consistency. The
functional in this example corresponds to the indirect weighted average derivative (integra-
tion by parts gives 03, (1) = [, (0" u(x))w(x)dz), and leads to a simpler estimator based on

the regression function directly. The corresponding plug-in estimator requires weaker rate

3This extension is achieved by a standard “linearization” argument: first the functional is assumed to be
differentiable in the appropriate sense (e.g. Frechet differentiable with respect to an appropriate norm), and
then rate restrictions are imposed so that the linearization error is asymptotically negligible.

4For other examples of linear (and non-linear) functionals of interest see, e.g., Andrews (1991), Newey
(1997), Chen (2007), Ichimura and Todd (2007), and references therein.
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restrictions than an estimator based on the direct weighted average derivative functional,
which involves the derivative of the regression function.

The first result in this section establishes a uniform Bahadur representation for ().
Specifically, the result shows that the estimator may be represented as an average of in-
dependent, conditionally mean-zero random variables forming a triangular array based on
certain smoothing weights, plus a remainder that enjoys a particular rate of convergence use-
ful for applications. This representation is very useful to establish the asymptotic normality
of the estimators. In addition, this representation also facilitates verification of a variety of
properties of semiparametric estimators employing the nonparametric partitioning estimator
as a preliminary step.’

To describe the result, define ¢; = Y; — u(X;), i = 1,...,n, and ¢; = P[X € Pj],
j=1,...,J% Because ¢; < J, % by Assumption 1(d), ¢; captures the rate of convergence
of each individual cell (as well as the local behavior of f(x) in each cell). The Bahadur

representation of the partitioning-based estimator is then given by:

) = 00) =+ S WX)e+00n), W) = DGR g (B)

with ©; = (O([R;()]1), -, 0([R;(-)]aim(r()))’s where [v], denotes the ¢ element of the
vector v, and Q; = E [R;(X)R;(X)'] /¢;.

The smoothing weight W,,(x) is a nonrandom function which varies with n only through
the partitioning scheme. It follows by linearity of the functional 6(-) that the representation
for the level of the function automatically yields the result for the estimand of interest. That
is, the smoothing weight may be also represented as U, (z) = 0(¢,(, 2)), for the function
Uz, 2) = Zﬁl R;(z) QJ-_IR]'(Z) /q; from the representation of the level of the function at a
particular point: fi(x)—p(z) =Y i Yn(z, X;)e; /n+vy(x). The exact form of the remainder
0(v,) is given in the appendix, and is derived by applying the functional 6 to the random
function v,, the remainder in the Bahadur representation of the level of the function. The

following theorem characterizes the uniform convergence rate of 6(v,).

Theorem 4. Let Assumption 2 hold with s < SN\ (K — 1), and consider the representation

5For a recent detailed discussion of the applicability of the Bahadur representation to semiparametric
inference, and such a result for kernel-based local polynomials, see Kong, Linton, and Xia (2010).
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n (3). If the conditions of Theorem 2 hold, then:

(2 §/2)d+s log( Jh1+€/2  jd+s
(9<Vn) _ Op < n3/2g( ) + T;L + J;((S‘l’l)/\K*S) )

This result provides the rate of convergence of the remainder in the Bahadur repre-
sentation of #(/), which for most purposes is the main information needed to employ the
representation. (An almost sure version of this theorem is available in the appendix.)

An asymptotic variance formula is needed to describe the large sample distribution of

the estimator, which also captures its rate of convergence in general. To this end, define
V, =E [0,(X)%0*(X)] = Y 0/0;'T;0;'0,/q;, (4)
=1

with['; = E[R;(X)R;(X)'0%(X)] /q;. Intuitively, since a linear least squares estimate is com-
puted within each cell, the asymptotic variance is of the Huber-Eicker-White heteroskedas-

ticity robust form. A plug-in sample analogue of V, is given by
. 1 — o A A
Vo=~ Z( Z 1,;0;0,' ;0,16 /q;, & =Y, — i(X;)

-=%Z X:)' /45, ZR Xi)'é /g5

Notice that g; is artificially introduced to take explicit account for the convergence rate of
each sample (and population) average. The g;’s are unknown quantities, but they exactly
cancel out in the formulation above, leading to a feasible estimator of the large sample

variance.

Theorem 5. Suppose the conditions of Theorem 4 hold with n > 0, that o*(z) is bounded
away from zero on X, and 0(v,) = 0,(v/ Vo /v/10).

(a) Forn >0, if 0 <|W,]lz — 00 and [ Uy|lasy/[[Wnll2 = o(n4+27), then:

Vi0() — 0(s)
V. \FZ s

=+ 0,(1) —a N(0, 1),

If, in addition, || — pl| ., = op(1), then v,/ Vi, —p 1.
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(b) If ||V, — ¥lla — 0, 0 < ||¥]|2 < 00, and O(u) = E[W(X)u(X)], then:

V(0(f) —
V'V

O) _ L NmXe

and V, =V =E[V(X)?c*(X)]. If, in addition, ||t — p||,, = 0p(1), then Vn/vn —, 1.

This result gives simple and intuitive sufficient conditions for asymptotic normality of a
partitioning-based plug-in estimator of = 6(u), and for consistency of a suitable standard-
error estimator. The theorem is divided in two parts, which are mutually exclusive, depend-
ing on the asymptotic behavior of the smoothing weights in the Bahadur representation.
This approach is similar in spirit to the central limit theorems of Newey (1997) for series es-
timators (compare to his Assumptions 6 and 7), but using the Bahadur representation we put
simple sufficient conditions directly on the smoothing weights. These results automatically
apply to vector-valued estimands, although we restrict 6 to be scalar for simplicity.

The distinctive feature separating the cases is mean-square continuity of the functional
6(-) and its Riesz representation (see, e.g., van der Vaart (1991)). These conditions are
not imposed in Theorem 5(a), so the estimand is irregular, and the CLT is obtained by
directly exploiting the triangular array structure of the Bahadur representation. In contrast,
in Theorem 5(b) these conditions imply that the estimand is /n-consistent and asymptot-
ically linear with influence function v; = ¥(X,)e;, which permits an easy characterization
of the asymptotic variance. This case is important because it gives easy-to-verify sufficient
conditions for asymptotic linearity.

Finally, in both cases, Theorem 5 establishes consistency of V,, under the additional high-
level condition that ||t — p|| ., = 0p(1), thereby providing feasible asymptotic inference for 6.
Uniform consistency of the regression function estimator is a mild additional requirement,
which in many examples will be implied by the conditions already imposed on the Bahadur
representation remainder.

The high-level conditions in Theorem 5 need to be verified in each application (i.e. for
a particular 6(-)). We demonstrate the applicability of this theorem by returning to the
three examples introduced above, and giving simple primitive conditions under which the

high-level conditions hold for the partitioning plug-in estimator.

Example: Pointwise Inference (continued). Suppose the conditions of Theorem 2 hold
with 7 > 0 and the partition satisfies J* 9 log(J4)1¢/2 = o(n) and /n.J, > ST _ 0,

Then, for [m| < K the conditions of Theorem 5(a) are met, as ||V, |) = JE e and
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V, = Jatm - Therefore, 0™ j(z) = 0™ u(z) + O,(J3**™ /\/n). The rate restrictions are
quite mild in this example. Negligibility of the remainder term requires the “variance” con-
dition J$¥*7¢/2 10g(J2)1+€/2 = o(n); standard error estimation necessitates the only slightly
stronger restriction above. In the case £ = n = 1 (in Theorem 2), the two coincide, giv-
ing J4log(J%)3? = o(n), and only three bounded moments are assumed. As a comparison,
the central limit theorem of Newey (1997) for regression splines requires the analogue of
J?/n — 0 and /nJ, (STOAK 0, and assumes four bounded moments. These improve-
ments are due to the fact that we are able to exactly characterize the convergence rate of V,,,
and to the faster rates of convergence and weaker rate restrictions obtained in the previous

section for partitioning estimators. [

Example: Partial and Full Means (continued). Begin with the irregular case (0 <
d). Suppose the conditions of Theorem 2 hold with n > 0 and the partition satisfies
JIETOTR2 160 (JAVIHE/2 = o(n) and /nd, TOPTETIA 0 The conditions of Theo-

P=D@=9) and hence V,, = J4=°_ For some values of § and &,

rem 5(a) are met as [|[¥,[[P <
this may imply || — pt]|ec —p 0, otherwise the exponent on .J, must be (slightly) increased to
(2 — &)d + §/2. These rate restrictions are strengthened by Jg/ 2 compared to the pointwise
case, exactly the decrease in the order of the variance. As d increases to d, the rate of the vari-
ance decreases, leading to the rate of convergence 6, 5(j1) = 62,5(1) + O,( @=0)/2 ) /), which
shows that the estimator is \/n-consistent only in the full mean case. In this case, 0, 4(1t) =

[y (@) f(z)de = E[W(X)u(X)], with ¥(z) = 1. Moreover, ¥, (z) = qul elR;(z) =1, and

1=

hence ||U,, — |2 = 0, which verifies the conditions in Theorem 5(b). |

Example: Weighted Average Derivative (continued). Suppose the conditions of The-
orem 2 hold and the partition satisfies J&° /??1og(J4)1+$/2 = o(n) and /nJy TN -
0. Then, the conditions of Theorem 5(b) hold and uniform consistency of j(x) is im-
plied. Specifically, note that 63,,(n) = [, p(z)(0™w(x))dr = E[¥(X)u(X)], with ¥(z) =
—f(z)"t0™w(x), and hence ¥, (x) = Zﬁl R;(x)'Q0 'E[R;(X)¥(X)]/q;. Under an appropri-
ate smoothness assumption, there will exist {7} such that max; < ;< ja [|1p, (-)¥(-) = R; ()7}
o(1), yielding the mean-square convergence condition ||¥, — ¥||3 — 0. Hence 65, will be

V/n-consistent, with limiting variance as given in the theorem. [ |

It is important to mention that Theorems 4 and 5 (and the examples discussed above)
are established using the uniform norm || - ||, an approach which leads to the simple and
general sufficient conditions above. In some examples, however, it is possible to improve on

these sufficient conditions by relying on the (weaker) L, norm || - ||2. For instance, if the
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linear functional is continuous with respect to || - ||2 (and hence regular), then it is possible to
improve on the rate restrictions of Theorem 5 by relying on sharper rates on the remainder
of the Bahadur representation. In the specific case of partitioning estimators, and because of
the sharp uniform rates obtained in this paper, the difference between the mean-square and
uniform convergence rates is only a slow-varying function (i.e., log(J¢)) under appropriate
moment assumptions, and hence using the stronger uniform norm is not too restrictive. A

similar discussion applies to functionals continuous with respect to max,<s [[0™ - ||sc-

5 MOoONTE CARLO

In this section we report the results of a small Monte Carlo study, aimed at analyzing some
of the pointwise finite sample properties of the partitioning estimator and other nonpara-
metric estimators. Specifically, our goal is to compare the bias, variance and mean-square
error properties of the partitioning estimator, classical local polynomials, and polynomial
regression splines, when estimating u(x) for a fixed point z € X. Cattaneo and Farrell
(2011) report results from an extensive simulation study in the context of semiparametric
estimation where alternative preliminary nonparametric estimators, including partitioning,
series and nearest neighbor, are employed. Those findings greatly complement the results
presented here.

We consider only a bivariate model with three alternative data-generating processes
(DGPs) for brevity. The DGPs considered here are taken from Fan and Gijbels (1996,
Chapter 4), preserving as many features of the originals as possible while adapting to
the bivariate setting.® For each DGP, YV; = u(X14, Xo,) + &, for Xy ~ U[-2,2], £ =
1,2 and ¢; ~ N(0,1). To describe the three DGPs, define for a scalar x, the functions
pi(xg) = xp + 2exp{—1627} and pa(zy) = xo(1 — xp) sin{27/(x, + 3)}. Let u(Xy, Xp) =
Pony (X1) + oy (X2) + oy (X1) e, (X2), with the three DGPs given by, respectively: (1)
my =my = 1; (2) my = 1, mg = 2; and (3) m; = my = 2. We conduct 2,000 simulations of
each model, with sample sizes of 500, 1,000, and 2,000.

We constructed the piecewise constant, linear, and quadratic partitioning estimators (i.e.
K=1,2, and 3) over an evenly spaced partition for several choices of .J,,. For comparison, we

also compute /i(z) using classical local polynomials and cubic regression splines (see Section

6The models here are adapted from Examples 1 and 5 of Fan and Gijbels (1996, Chapter 4), see their
Tables 4.1 and 4.3. At present we are not concerned with noise, so we set E[%] = 1 throughout. Example 5
is originally used on a uniform fixed design: z; = i/n € [0, 1], hence we slightly change the functional form
to accommodate the present setting.
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2.2 for discussion). Local polynomial estimation is implemented with the Epanechnikov
kernel with bandwidths set to 4/.J, for each .J, (where 4 = |&;|) and the same list of
polynomial degrees (where, e.g., K = 2 is local linear regression). For regression splines
we set the number of knots to J, + 1 in each dimension. Choosing smoothing and tuning
parameters is a delicate matter, and our simulations are not exhaustive. Our heuristic goal
with these particular selections was to ensure that each nonparametric procedure had access
to roughly the same data (locally to x).

The results do not differ qualitatively across the sample sizes 500, 1,000, and 2,000, and
so we only report the results for 1,000. Only the range of “acceptable” tuning parameters
changes with the sample size. For lower sample sizes and higher J,, (and larger K) there will
be an increasing number of cells with insufficient data, so (R R;) and its local polynomial
and spline equivalents are (nearly) singular, and the estimates are numerically unstable. This
effect is already evident in Tables 1-3, where estimation with K = 3,.J, = 7 is not stable.
It is beyond the scope of this work to study a formal trimming procedure.

Tables 1-3 present the results for DGPs 1-3, respectively. We estimate p(x) for three
choices of z: z; = (0,0), 22 = (—1,0), and 23 = (—1.9,0), i.e. two interior points and
one meant to illustrate the boundary behavior of the three estimators. For the partition-
ing estimator in particular, the results bear out that increasing K provides bias reduction.
However, the piecewise linear fit seems to perform well and allow for a larger J,,, whereas
further increases in K exacerbate the above numerical instability. The broad conclusion from
the comparisons is that no method dominates the others. For example, for DGP 1, local
polynomials outperform partitioning and regression splines at xs, but partitioning appears
more accurate at x3. However, this is not a general boundary property: the order is reversed
for DGP 3.
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A PROOF OF THEOREMS

Let C denote a generic positive constant that may take different values in different places. For
scalars, vectors, or matrices, let | - | be the Euclidean norm. Matrix inequalities are understood to
be in the positive definite sense. Consecutive uses of the symbol =< are to be interpreted pairwise.
All results below hold for the partitioning schemes considered here, as described in the text. For a
generic cell Pj, let pj., p;, and pj be the vectors in R¢ giving the start, mid-point, and end of the
cell, respectively, defined in distance to the origin.

Prior to proving the main results, it is convenient to take a nonsingular linear transformation
of the polynomial basis. The estimator fi(x) is invariant to such rotations, thus without loss of
generality we may take the basis to be centered at the midpoint of each cell and scaled by the length
of the cell. Observe that centering the polynomial basis around the center of each cell avoids issues
of differentiability at the boundary of each cell and the support X'. Recall that R(z) is ordered
ascendingly in k € Zi and ¢ = 1,...,d. Define the one-to-one function g(k) : Zi — N that gives
the index position of R(x) corresponding to entry z*. Let g* = maxz{g(k): k € Z¢, |k| < K —1}.
Then R(z) is a g* x 1 vector with element g(k) equal to x* for all {k € Z% : |k| < K —1}. As R(x)
excludes duplicates and terms with order exceeding K — 1, it follows that ¢* < K¢.

Recall from the text that the interval endpoints p,;_1 and p;;, for j = 1,...,J,, define the
partition of the (-dimension of X', and let py; = (pr; + pej—1)/2 € R be the midpoint of each
interval. Define the matrix functions D(a) to be the K x K diagonal matrix with entries given by
a= =Y v =1,..., K and L(b) to be the K x K lower triangular with typical element (Z:}) (=b)“v,
(u,v) € {1,..., K : u > v}. We then take the polynomial basis to be given by

d

Rj(z) = 1p,(z)R(x) = 1p, (z) Sk ® {D (pej — Do) LBoj)r(zo)},
=1

where ®?:1 represents the (repeated) Kronecker product. Each element of the product L(p, ;)r(w¢)
is (the binomial expansion of) (z, —@J)k‘f, 0 < ky; < K—1, and premultiplication by D (p[’j — TJM)
rescales appropriately. The matrix Sk is a ¢* x K¢ selection matrix which removes duplicates and
terms of order exceeding K — 1. By properties of the selection matrix and Kronecker product this

is equivalent to transforming the entire polynomial basis.

A.1 PRELIMINARY LEMMAS

Several intermediate lemmas are required before proving the main results. These lemmas establish

properties of partitioning estimators which may be of independent interest for other applications.
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Lemma A.1. Under Assumption 1(b), for s < K — 1 the polynomial basis satisfies:

max max [|[0"R;(-)||
1<j<Jg Im|<s

=0(J5).

o

Proof. By construction of the partition, for z € F;, ‘x —Toj| < \p;" — Toj| = J 1 therefore for a
multi-index m such that |m| < K — 1:

B 2
R @ = lpy @) Y {am(‘””‘pﬂk}

* __ > \k

_\k—m 2
= 1p,(z) Z {m < k} { G iﬂlm)! (z—1)) }

* __ > \k
k|<K—1 (pj p])

Y B @-pp)bm )

[k|<K—1

1 2
<C|l———| =0/(J2m),
<0 (g te) —0 ()

uniformly in {m : |m| < K — 1}, and in particular for m| < s < K — 1. O

Lemma A.2. Define puj(z) = lp;(x)u(x), and following the definition in Eqn. (2), 0™u;(x) =
Lp, (z)0" u(x). Under Assumptions 1(b) and 1(e), there is a non-random vector B?, depending only
on K and j, such that for s < SN (K —1):

max max |07 (@) = 0" Ry() B, = O (y S+

1<j<Jgd [m|<s

Proof. Assumption 1(e) implies that 0™ pu;(x) satisfies the Taylor expansion given by:

1/ _ N O (SHDAK—

u@) = Y S (M) (=) 0 (lo T @A
[k|SSA(K—1)—|m|

with constants which can be made uniform in the multi-index m, s, and j. The terms of the

summation are assumed to be ordered ascendingly in g(k). It remains to construct ﬂ? appropriately

so that 0™ R;(x)’ ﬁ? is the Taylor approximation given in (A.1). Recall the notational conventions

defined in footnote 2. For fixed m € Z%,|m| < s, any entry of 0™ R;(x) with k& < m is zero. Thus,
entry g(k) of 0™R;(x) is given by:

Ko (x—py)k

(k=m) (pj —pj)*

{m < k}
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Next, for k € Z4 define the function B9(k) as B9 (k) = 319#]'(153')(17; —p;)"/k!. As g(k) is one-to-one

and returns the index of the entry corresponding to multi-index k, we can define the coefficient

vector ﬁ;) as the ¢g* x 1 vector with entry e equal to B?(g_l(e)), for all entries e = 1,...,g".
Therefore:
KL (@—p) " K
mp ()30 _ J (O u:(m. P
0 R](x) ﬁj - Z l{m < k} (k _ m)! (p"f _ﬁ)kz k! (8 ,u](p])> (pJ p])
[k|<SA(K-1) 7o
1 —_\k—m _
= > Hm<klo—— (-1 "0y
(k—m)!
[k|<SA(K-1)

By definition, the multi-index satisfies |k + k'| = |k| + |K|, and so re-indexing the above sum by

changing variables k' = k — m, we obtain

rREH = Y () -5

k' +m|<SA(K—1)

This matches the Taylor series, hence subtracting from Eqn. (A.1) gives:

max max ||0™u;(z) — R (z)'8]| =0 | max max sup |z —p,| TV
1§j§§z \m\SXSH i) i@, HOO 1§j§>§g \m\SXSIEII%" pj‘
-0 <JT;<<S+1>AK—\s\>) ,
completing the proof. ]

Lemma A.3. Recall that ¢j = P[X € Pj] and Q; = E[R;(X)R;(X)] /q;. Under Assumption 1,
1 < I+, the identity matriz, uniformly in j.

Proof. By Assumption 1(d) and the construction of the partition, ¢; =< J,; 4. Applying this result
and Assumption 1(d) again, followed by Assumption 1(b), properties of the Kronecker product,

and the construction of the transformed basis, gives:

% = [ Ry (@) Fa)do = I [ By(o) Ry ds
q; Jx X

d De,j Ty — Dy - Tr — Dy s /
= aisn @ [ () (S s
=1 Dej—1 Dej — Pej Pej — DPej
d d 1
= Jy (H }p&j _pé,j‘> Sk {®/ T(w)r(w)'dw} Sl
=1 =171

d 1 :
= Sk {i@i/_lr(w)r(w) dw » Sk,
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where we have used a change of variables and |ps; — pj—1| < J,; 1. Changing variables again using

the inversion of the centering and scaling performed by the matrices L(-) and D(-) yields
d 1
Q; =< Sk {(X)/ [D@)L(=1)] " r(t)r(t) [L(-1)D(2)] dt} Sk
=170

d
= S {® (D)L~ H [L<—1>D<2>]1} S = I,

(=1

where H denotes the Hilbert matrix of order K, which is positive definite. ]

Lemma A.4. Let a, = n~"J%log(J%), and recall ; = RiRj/(ng;). Under Assumption 1 and the
rate restriction of Theorem 1: max;<;< ja 1 — Q2 = O, (an). If, in addition, J¢ < (n/log(n))",

v > 0, the same is true almost surely.

Proof. For k,k' € Z¢ with |k|,|k'| < K — 1, let the (g(k), g(k’)) element of (€; — ;) be denoted
> i1 Wij(k, k) / (ng;), where Wij(k, k') = [R;(Xi)R;j(Xi)] y) gy — [E [R5 (Xa) R (Xa) 1] ry o)
By Lemma A.1 (taking s = 0), |[W;;(k, k)| < C and E [Wy;(k, k)] < Cq;, for any k,k’. Thus by
Boole’s inequality, K being fixed, Bernstein’s inequality, and ¢; =< J, —d.

n

P | max
1<5<Jd

5 0. 12 | » gd ’\_ ‘ 1/2
QO Qj’>(an) a}_JnlgggP[Qj Ol > (an) a]

< CJ? max max P
1<G<Jg |kl |IF|<K—-1

Z Wij(k, k)| > gjr/nJd 1og(J;§)5]
=1

2nJ%log(J%)e2
SCJd max max ex {—C 9" n 8(Jn)

" 1<<Td kK <K -1 ngj + qj/nJ¢log(Jd)e

2
< 1 dy |1 — &
< Cexp{ og(Jy) [ 01+ an&_”,

which is arbitrarily small for € large enough by the rate restriction of Theorem 1.

When J2¢ = C(n/log(n))?, we use the above bound to write: > o0, Plmax; << a 1 — Q| >
(an)t/%e] < 3%, C(n/ log(n))?1~C7e*/(14vane) < oo, where summability is ensured by choosing &
large enough and a,, — 0 by the rate restriction in Theorem 1. The conclusion follows by the

Borel-Cantelli Lemma. O

Lemma A.5. Let the conditions of Theorem 2 hold, and for & therein let r% = n_ljg(z_g) log(Jg’)g.
Then for G = (u(X1), ..., (X)), we have max; << yi | R (Y =G)/(ng;)| = Op (). If, in addition,
J4 =< (n/log(n))?, v > 0, the same is true almost surely.

Proof. With the convention 0/0 = 0, define t,, = Jae/n log(J4)~¢/7. Following the same notation as
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in Lemma A.4, let H;;(k) = 1p,(X;) [Rj(Xi)]g(k) (Y;{Y; <t,} —E[Y;I{Y; <t,}|X;]) and Tj;(k) =
Ly (X;) [R5 (X0)] gy (ViLY; > 0} — E[ViI{Y; > £,}/X,]).

For the truncated term, since |H;;(k)| < t, by construction and E [Hl](k‘)Q] < Cgj, applying
Bernstein’s inequality and g; < J, 4 we find that for fixed k € Z‘j_:

J max P

1<<Jd = 4jTne

> Hy(k)
i=1

2
NQ;TpE
<CJd max exp CM
1<5<Jd ng; + tpng;rne

prlogt 1) 122

< Cexp {log(Jg) [1 -C Tt

By ¢ € [0, 1] and the rate restriction of the Theorem, the above probability can be made arbitrarily

small for ¢ large enough, as:

>1, and

TT0g(70) ™~ Tog(aD€ = A LT )

1/2
n o, g t, Jhlog(Jd) (Jﬁf““/”’ log(J&)2 £<1+2/n>) /
n

For the tails, by Markov’s inequality, E [Tj;(k)] = 0, Lemma A.1, Assumption 1(c), and ¢; <
J-:

n

n 2

> Ty(k)

=1

n

> Tij(k)

i=1

<CJ max LE

J max P 5
1<j<Jd (ngjrne)

Jax, > NgjTpe

Jd 1 2
n max 7E lpA(Xi)
nrie? 1<j<d ¢; [

J4 1 J2
o SE1 Yi|2 x;]] <
nr2the? lg;i);d q2 (L, (XOE [|Yi[**"| Xi]] < C—F5

(R (X0)] ) Yi{Y: > )

nr2the?’
This is arbitrarily small for large enough &, since:

J?ld B Jﬁd n log(J,ff)é

= In ~ 1
nith n gl ag(gdye It

The two bounds do not depend on k, and hence by Boole’s inequality and K constant,

n
P Ri(Y -G , <cJe P H;i(k ;
122{;‘ )/(ngj)| > rne n e, g ; ij (k) >nqg7“n€]
n
cJl P T;i (k)| > ng;rnel| ,
O Juax PO Ti(h) 7%%]

is arbitrarily small for e large enough.
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The conclusion will hold almost surely by the Borel-Cantelli Lemma if we find sequences r, — 0
and t,, — oo such that (r2n)/(JZlog(J2)) # 0, (tn/rn)(J¢log(J2))/n /> 0o, and, > 00 | J24/(nr2t]) <
oo. For r, in the statement of the Lemma, the first requirement is satisfied as above. For

= (n/log(n))” and ¢, = n", 7 > 0, the second and third conditions above require (1 + &7v)/n <
7 < (1 = &7)/2. This interval is nonempty since by assumption 7 > 2 (%) O

A.2 CONVERGENCE RATES

Proof of Theorem 1. Define L,, j = Il{)\mm( ;) > C} for some positive constant C', where )\mm(QJ) is
the smallest eigenvalue. In the proofs that follow we will redefine the notation fi(z) = Z it bR (z) B3
(cf. Eqn. (1)). As min; ;< yd Inj = 1 w.p.a. 1 by Lemma A.4, this causes no problem in the proof
or formation of the estimator. For ,8;) as in Lemma A.2 and G = (u(X1), ..., u(Xn))":

Ja 2 2
max 107 - "3 —ﬁgEJW[mR ()5 RY/ (ngy) = 0" 1)
mi=s Jj=1 2 2
% 2
< max3 3 (L@ RO B -6/, (@)

d

n R 2

max s, LmW&mmf%@—%@WWW2<R”

+ |rrrn1|a<)§3 Z Hlmj [(3ij(')),50 i ()] HQ (Zns)
B

The proof proceeds by bounding T,1—15,3. To begin, observe that by properties of the trace operator,
Assumption 1(c), R;(R;R;)~ 1R/ idempotent, K fixed, and ¢; < J,; %,

?|

1y O R (Y — G)/(nqj)m {Xi}} — ;?(Ztr {E[( - 6rr; (RR) " By(Y - 6)| (X} }

_ by, {R; (RiRy) " RIE[(v - G)(v - Y| {X.)] }

nqj

n,J '\~ prp g ng
<cl il {(RRy) 7 RiRs} < T (A.2)

This bound is uniform in 1 < j < Jff, and hence:

Jd

n

qu =0 (Jff/n) :

Jj=1

~ 2
O VPR(Y —G)

TLQj

O VPRI(Y ~ o[

nqj

qu n,j

< max E (1,;

1<]<Jd
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Hence by Markov’s inequality, that ¢; = [, f P, x)dz, Lemmas A.1 and A.4, and because the differ-

entiation only affects the basis at the point of evaluation, we have the following bound:

,1/2RY G'/f

=0 (JZ) 0,(1)0, (Ji/n) = Oy (T2 /m) . (A3)

T < ( max max ||0"R; ()Hio> ( max 1l ‘Qj_lD Z]l”ﬂ

1<5<Jd |m|<s 1<5<Jd

By Boole’s and Bernstein’s inequality and the condition of Theorem 1:

2
<C’Jd max exp{ qujg}

1<5<Jd 1+¢

n
Pl max » (Lp(Xi) —q;) > ngje
1<G<Jt

n 52

< Cexp {mg(Jg) [1 — Cngog(Jg) T J } —0. (A4)

Therefore, by R; (R;Rj)*lR;- idempotent and Lemma A.2:

e [1,,95 8 (6 - 1568) |
= g | (G~ R By Ry) 7RG (G o) f )|
< mmax, (G- R;B) (G - R;8) /(”qj)‘
- mox @ z L, (X2) (u(X:) — Ry(X:)30)°
< max [1p,() (1) - RO, max > 15,00 = 0, (45 (as)

=1

And so for Tys, by the above result, Lemmas A.1 and A.4, and Z e f P, x)dx =1, we have

;1))
1/2 151
X <1gjli)§d L ,]Q R (G — Rjﬂ /(ng;) )Z/ flx

< O (J2) 0,(1)0, (JXEFIND) = 0, (7 2(EHIN)) (A.6)

T < (| mas e |07 RO, ) (s 1,

1<j<Jd [m|<s 1<j<Jd
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Finally, Lemma A.2 immediately gives:

I
T3 < "R ()89 — () |12 / dr = O (J, 2STOAE=) (A7
o< i e (@ ROV~ mmO)L 3 [ St (7 ) @A

Combining the bounds (A.3), (A.6), and (A.7), the result follows from min, ;< ja In,; = 1 w.p.a.
1 by Lemma A .4. O

Proof of Theorem 2. For B;-) as in Lemma A.2:
J 2
max ||0™ i — 9™ Z L, jprj|| = max max Hlln,j ((3ij(-))/(R;»Rj)_1R;-Y - 8m,uj(-)) H

Im|<s 1<j<Jg Im|<s

2

[e.9]
J=1 0o

IN

g ("B ()5 RY(Y = 6)/(ngy)) Hio

max max 3
1<j<Jd Im|<s

2
+ max max 3

e <(aij('))/Q;1R;'(G - Rjﬁ?)/(nqj)>Hoo

+ max max 3|1, ((8ij(-))/ﬁ? — 0" p;(-)) Hio

1<j<Jd Im|<s

d(2—-¢) d\¢
_ O (JELS) Op (Jn log(Jn) ) + Op (Jn—Q((S-‘rl)/\K—S)) ’

n

where we apply Lemmas A.1, A.4, and A.5 for the first term; Lemmas A.1 and A.4 and Eqn. (A.5)

for the second; and Lemma A.2 for the third. The result follows as min; ;< ji In; =1 w.p.a. 1. [
We now demonstrate a version of Theorem 2 that holds with probability one.

Theorem A.1. Suppose the conditions of Theorem 1 hold. If, in addition, for some & € [0, 1An)] the
partition satisfies J9 < (n/log(n))?, v € (0,1) and n > 2(1+&7)/(1—£7), then for s < SA(K —1):

(2—§)d+2sl
max [|[0™ {1 — 3mu\|io = Ogs | —
[m|<s

n

og(J* +J2((S+1)/\Ks))'

Proof of Theorem A.1. First observe that the rate restriction on J,, given implies that of Theorem
2. The exponential bound of (A.4) and n='J%log(J%) — 0 gives max; << yd »_iy 1p;(Xi)/(ng;) =
Ous(1). Hence Eqn. (A.5) and the steps of Eqn. (A.6) hold almost surely. Coupled with the second
conclusion in Lemma A.5, the proof of Theorem 2 can be strengthened to hold with probability

one, as Miny << ja I j = 1 w.p.a. 1 using the almost sure Lemma Ad. O
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A.3 MEAN-SQUARE ERROR

We first give three Lemmas necessary for the proof of Theorem 3. Proofs of these results may
be found in the supplemental appendix. Recall that for K = 1, R}Rj = > i1 1p,(X;) is the
number of observations in P;. Call this Nj. Further define Nj _; = 3, 1p,(X;) and N; _;—; =
Zm#,l Lp,(Xom). Then N; ~ Bin(n, q;), Nj—; ~ Bin(n — 1,¢;), and N; _;; ~ Bin(n — 2, ;).

Lemma A.6. Let the conditions of Theorem & hold. For remainder terms uniform in 1 < j < Jff,

1 1 1 1—(1—gq)"
E |1{N; — == ( d ); E _ )"
{{ j>0}Nj] an+O Ta/n [Nj,HrJ ng;

. |:(Nj,—z‘1+ 1)2] - (n;j)Z (1 +o (Jg/n» ;

. [(Nj,ill T 2)2] = e P (1 — o (1 (Jﬁ/@)) |

Lemma A.7. Let the conditions of Theorem 3 hold. If g(-) is continuous on X C R, then:
ij g(w)dw = g(p;)vol (P ) +O(J,; 471, where the order of the remainder is uniform in 1 < j < Jg.

Lemma A.8. Let the conditions of Theorem 3 hold. If g(-) is continuous on X C R, then:
Zj 1g(pJ Jvol (P fXg w)dw + O(J; 1),

Proof of Theorem 3. Let X = (X1,...,X,) and expand as follows:

/X E (@) - p(@))*| f(@)dw = /X {EIV @) | X))+ V[E[i(2) | X]] + (E ()] - p(2)) } [(2)de.

We examine each term one at a time. The following two results will be used frequently. First
observe that ¢; = fP w)dw = f(p;)vol (P;j) + O(J~%1), by Lemma A.7. Further, under the
conditions placed on the partition and Assumption 1(b), vol (P;) = vol (X) /JZ.

Consider the first term. Using the two results above and Lemmas A.6, A.7, and A.8, we have:

T

/X E[V [i(z) | X]] f<x>dx=2( /X ﬂpj(w)f(x)dx)éE[M]EHPj(XOUQ(XH]

j=1

_ inqj (mqu)Q +o ((Jg/n)3)> (/P

J

R (e () o ()

a%w)f(w)dw)
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Jé & [02()()

= o o d n). .
— | TG o+ ot (A8

For the second variance term, define: fi; = E [lp,(X)u(X)] and N; = E [(N;—; +1)7!] =
(1= (1 - g;)")/(ng;). Then:

T

N 1
IRECCIREE ;WE I CORXP)E | | )
1
+ Z gin(n — i E {(Nj,—z’—l - 2)2] (Vi2)
- Z qj(ni;N;)?. (Vis3)
j=1

Now apply the two results above, as well as Lemmas A.6, A.7, and A.8, to get:
1 d
Vi = Zn% ( / [ ot >dw) s (10 (1)
2 1 p 2d d 1
f )vol %) n? n

]

2
E [M ) ][1+0( )] + o(J%/n). (A.9)

IXln f(X)

Similarly:

Van Zf:qg'n(n—l) (/

2
u(w)f(w)dw> ! (1—1<1+0<Jn/n>>)

P; n(n —1)¢; ng;
Jd
— Z“ p;)°f(B;)vol (P}) — |XTnE[ w(X)?] (1 + o(1)) + o(JZ/n). (A.10)
For the final term, similar steps give:
Ji
Voo = =3 ;)2 (5;)v0l (P) [1 + O(J5 ) + O((1 — ¢,)")]. (A.11)

j=1 "
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Finally, for the bias term, we first compute E [i(z)] using Lemmas A.6 and A.7.
Z llp 1 nlk [lp(XZ),u(X,)]
S ) g
" 1—(1—g)"
:lej(x)(qj)/ dZ_Z]lp (1+O(J_d 1))7
= 4j P;

where all remainder terms are uniform in 1 < j < J¢ and z € P;. Note that (py; — Pej) =
—(pej—1 — @J) = (pe,j — pej—1)/2 = |Xe|/Jn. Then we have, applying Assumptions 1(e) and 1(b),
the assumed continuity of the density f(x), and Lemma A.8:

| @l n@)? e = | znp )~ u(@))? fla)de (1400, %)

_ Zn 13, Vu5;) / (¢~ B;)(@ — ;) deVu(B;) + oSy 2)
j=1 £

J

Jd

=72 fZprJ V(D) DaVu(p)vol () + o 7;2)
= Jn_ T E [Vi(X) DaxVu(X)] 1+ o(1)] + o(J,?). (A.12)
Adding Eqns. (A.8), (A.9), (A.10), (A.11), and (A.12) gives the result. O

A.4 BAHADUR REPRESENTATION AND ASYMPTOTIC NORMALITY

We first demonstrate a version of Theorem 4 that holds with probability one. It is convenient to

first prove this result as many elements will be used to prove Theorem 4.

Theorem A.2. Let Assumption 2 hold with s < S A (K — 1), and consider the representation in
(3). If the conditions of Theorem A.1 hold, then:

(3/2—¢€/2)d+s AN (14€) /2
O(vn) = Ous ( n log(Jg)+8)/ N Jn((SJrl)/\Ks)) '
n

Proof of Theorem A.2. Under the linearity condition on #(-) in Assumption 2, we can write the

remainder 6(vy,) from Eqn. (3) as

Z O (Y — ) RY(Y — G)/(ngy) (Tp1)
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I

+ > 0L, R (G~ R;B))/(ngy) (Ty)
j=1
I

+ D g (053] = 0(1y)) (Ths)

Jj=1

I
D (g = 1) [0() + OJQ5 RY(Y = G) /(ngy)] (Toa)
j=1

Applying linearity and then continuity of the functional 6(-) from Assumption 2, followed by Lem-
mas A.1, A.3, A4, and A.5 we have the following bound on |7T},1|:

Jd
n 3 . .\ R/(Y _ G)
Tal = |0 | DRI 15 (9 = )05t =2
J

=1

Ja

Z" . RI(Y -G

<C ‘m|a<x (8mRJ())/]1n,]QJ_1(QJ _ Qj)Q'_IM
m|<s = .

max
1<j<Jd

< C( max max ||aij(-)Hoo) ( max |Q; — €

1<j<Td Im|<s 1<5<Jg

)
X max | ‘ max |—~>—=~
1<j<gd Y 1<5<J¢

nqj
o (A

n

Following similar logic, by linearity, continuity, Lemma A.1, and the almost sure versions of

Lemma A.4 and Eqn. (A.5):
—((S+1)AK—s)

Identical steps and Lemma A.2 give that |T5,3| = Ogs(Jy ). Finally, from ming << a by j =

L Q72 (G—Rjﬂ?)
n,j S - J’

T2l < < max max Haij(-)Hoo) ( max Ilmjflj_l/g‘) ( max
1<5< g

1<5<J¢ [m|<s 1<5<Jd J T ngj

— 0, (J;((S—l—l)/\K—s)) .

1 w.p.a. 1 it follows that T} is smaller order than the other terms. This completes the proof. [

Proof of Theorem 4. Use the same expansion as above. Apply the in probability versions of the

same steps as above for T2, T},3, and T},4, but for T;,; write:

n g
1 = _ A _ A A
Toa = - Z Z 01y, ;Q; '@, - Q;)%; Ny - Q;)82; 'Rj(Xy)ei/q5 (Tha1)
i=1 j=1
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—*ZZ@'“ Sy — )T R (Xo)ei/ g5 (Th12)

=1 j5=1
T,11 is handled identically to 15,1 above, so we find that

~

2 .
|Th11] < C’( max max ||0™R; ()|oo> ( max | — € ) ( max ]anQ-lD
1<j<Jd [m|<s 1<j<Jd 1<j<Jd !
2 R.(Y -G
x(max Q-_l‘><max ]()>
1<j<gd |7 1<j<Jd ng;

372

O (J(Q f/Q)d"rS g(Jg)1+£/2)

For T},12, begin by defining W; (i 1) 1" (R (Xi)Rj(Xi) — B[R (X:)R;(X,)']) Q5 ' Ry (X)er,
so that we can write: Tp12 = Zj 1 (nq T2 > i1 2op=y O5W;(i,1). Observe that E[T;12] = 0 and that
unless i = h and [ = m, E [W;(,0)W;(h,m)] = 0. By Lemmas A.1 and A.3, Assumption 1(c), and

g < Jn_d, we have:

max B [W;(i,i)W;(i,i)'] < O(1) max E[lp,(X;)] = O(J; %), and
1<5<Jd 1<j<Jd (A 13)
(s A —2d ’
lg}?{]gE (Wi, )W;(i,1)'] = O(J,,;*%)
Further note that Assumption 2 and Lemma A.1 give that:
max |©;] < C max <max |0 R, ()||OO> =0(J;). (A.14)
1<j<Jd 1<i<Jd \Im|<

Therefore the variance of 75,2 may be bounded as follows, using g; =< J,,° 4 Eqns. (A.13) and (A.14),

linearity and continuity of 6(-), and Lemma A.1:

Jd
E[T3] = Z T le@/ W;(i,1)'] ©,
=1 =1
C.tt &

i 2 O B W W0, 1] + = DE W, DW; (0] } €5
=1

J4d Jg
_ ZR ) {nE [W; (i, )W (i,1)'] + n(n — DE [W;(6, )W;(i,1)]} ©;
CJ4d Jg Ny . . /
< =i max SO Ry () {nE W55 DW;(50)] + n(n = DR [W5(, D)W 1)]} €5

o0
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CJid . . . :
< <1£ng)§d 1©; ]) <1£r;i>§g nE [W; (i, )W;(i,1)'] + n(n — 1)E [W; (i, 1) W; (i, l)'])

Im|<s 1<j<Jg zeP;

-0, (Jgd+28/n ) .

X <max max sup (0™ R, ()))

Hence |Ty2| = O) (J,‘LHS / n), completing the proof. O

Proof of Theorem 5(a). By Assumption 1(c) and o%(z) bounded away from zero on X, I'; =< ;.
Further, also applying ¢; < J,; @ and Lemma A.3 we have:

jd
Vi < ”\I’nHz = sz [SHE (A.15)
7j=1

The condition that 6(rvy,) = 0,(v/V,/v/n) and the result of Theorem 4 immediately give the
triangular array representation of the Theorem. By construction, E [¥,(X;)e;/v/nV,] = 0 and
Y E [( n(X5)ei/V/nVy) } = 1. It remains to verify the Lindeberg condition. For any § > 0,
by the Holder and Markov inequalities, Assumption 1(c), Vi, < ||, ]|3 by Eqn. (A.15), and the

conditions of the Theorem,

2/(2+n)

n Ve 2 Nes Ve 240 e n/(2+mn)
ZE <‘11n(X1)51> l{ \Ijn(Xz)gz >5} SHE <\Ijn(Xz)5z> P H\Ijn(Xz)Ez >5:|
— vnV, nVy, V/nV, nVy,
Ne o |27
< E]E ‘\IITL(X’L)e’L ]
- on nVn
1 E [| W, (X)PPE[|ed* 7 | Xi]]
N (5777 nn/Qan'HI/Q

B [Wallaan 2"
=0 ((nn/(4+2n)”an”2 — 0.

Convergence in distribution follows by the Lindeberg-Feller central limit theorem.
For the second conclusion of 5(a), observe that by 1, ; = 1 w.p.a. 1, uniformly in j, we have
Vi /Vio = 1 = Ty + Ta + Tz + 0p(1), where

T =V, 'V, — Vlzl 040 T;Q:10;/q5,
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T
= anl Z @ng_l (fj — Fj) Q;1®j/qj,
j=1

and T; = 320 | R;(X;)R;(X;)'e?/(ng;). First, expanding the squared terms, T},; can be split into
two terms, and upon applying Lemmas A.1 and A4, ¢; < J; ¢, Eqns. (A.4) and (A.15), and the
condition of the Theorem, we find that

Jé n
_ n a 1 R a
Vit 10505 (nqj > Ri(X)R; (X)) (p(X:) — u(Xi>)2> 0710,/
= i=1
I
VS e (nq R0 () 22 - u(Xm) 0,10,/
j=1
< (e 110 7) ( max R0l 1) i~ unoo)
1<5<Jga 1<5<Jg8

x - uuva 0 - Zup +*Z|e\ an e
= 0y (I = #ll0) x {0p(1)O(1)0p(1) + Op(1)} = 0y(1),

where the final line additionally uses Assumption 1(c) and the final relation of Eqn. (A.15) to give:

a Jn n a In c
EOCIETD CR B0 9 EllnGORISLIX]_ o)

495

By Lemma A.1 and otherwise identical steps to the above, we get:

Jg n
> 165 T/ | < Z\@r ZE[!R 2] = o).

Therefore, applying Lemmas A.3 and A.4:

Jd
|Tn2‘ =V Z ln]@/ Q + Q ) QJ_I (Q] — Q]) Q;l@j/qj
7j=1
T
3 3 , -1 2T /0.
<0 (m 1950 s 10511 ) (e 19, -1 ) Vit 3165 I

=1

=0, (/108 /) = o0



ASYMPTOTIC PROPERTIES OF PARTITIONING ESTIMATORS 36

Finally, referring to the definitions in Eqn. (3), observe that T3 = > I, T,3(¢)/n, where
Tos(i) = V1 (W,(X;)%e? — E[W,(X;)%e?]), so that E[T,3(i)] = 0. Consider two cases. First,
suppose 77 < 2. Then by Burkholder’s inequality, the fact that for 6 € (0,1), (a + b)(1+9/2 <
a119)/2 4 p(149)/2 the ¢, inequality, Jensen’s inequality, Assumption 1(c), and the first relation of

Eqn. (A.15):

1+n/2 (1+17/2)/2

n3

n1+n/2 = n1+ /2

Z ‘T 1+77/2]

o Els 2wmn(xi)%wvﬂ
2

nn/2 an+n/2

_ 1Walloy  \**
=0 ((nn/(um)”\anQ -0

Next, for the case of n > 2 we utilize only the fourth moment to find that:

i;Tng(i)

IN

2
l - i _l )2 l -2 V447 H\Iln||4 : .
(n 2T )> = B B < DV [In(X0)el] = O <(n1/4|rqfn||2) > "

again using Jensen’s inequality, Assumption 1(c), and the first relation of Eqn. (A.15). In either
case, T3, = 0p(1) by Markov’s inequality. O

Proof of Theorem 5(b). By Assumption 1(c), the Cauchy-Schwarz and triangle inequalities, and

the conditions of the Theorem:
Vo =V =E[(¥,(X)? = ¥(X)*)o*(X)] < C| Wy — 2| ¥, — P[]z +2[¥l2) — O, (A.16)

whence the second conclusion.
Using the above result, the assumed mean-square convergence of ¥, (X), and the remainder

condition of the Theorem,

VRO ~0) _ =[O0 | (00(X6) ~WEX0)er | Ba(Xes (V] | vibon)
A 2y NoYa v \VW A

_L " \I/(Xz)& o
—\/ﬁ; N (1)

Convergence in distribution now follows under the assumed moment condition on ¥(X) and a
standard central limit theorem.
For the final conclusion, as in the proof of Theorem 5(a) write v, JVo—1 =T 1+Tho+Th3+0,(1),
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for Tp1, T2, and T3 defined there. As above, T,1 = 0,(1) and Tj,2 = 0,(1). Next,

(1 1\ 1 ¢ 2o, 1 - [V (X;)? _‘I’(Xz)Q]sz? 1 2.2
To3 = (Vn v) n;\yn(xz) el + n; % +— ;(\I/(XZ) ef V),

where the first two terms tend to zero in probability by Eqn. (A.16) (and the steps therein) and
Markov’s inequality, and the third by the law of large numbers. O
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