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Abstract. We prove the geometric Satake equivalence for mixed Tate motives over the integral motivic cohomology

spectrum. This refines previous versions of the geometric Satake equivalence for split groups and power series affine
Grassmannians. Our new geometric results include Whitney–Tate stratifications of Beilinson–Drinfeld Grassmanni-

ans and cellular decompositions of semi-infinite orbits. With future global applications in mind, we also achieve an

equivalence relative to a power of the affine line. Finally, we use our equivalence to give Tannakian constructions of
the C-group and a modified form of Vinberg’s monoid.
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1. Introduction

1.1. Motivation and goals. The geometric Satake equivalence roughly says that L+G-equivariant perverse sheaves
on the affine Grassmannian of a reductive group G are equivalent to algebraic representations of the Langlands dual
group. It is of fundamental importance, having a wide range of applications such as in the geometric Langlands
program and geometric representation theory. It exists in many shapes and forms, using for example complex
analytic sheaves [Gin00, MV07], `-adic sheaves [Ric14, Zhu15], D-modules [BD99, XZ22], or parity sheaves [MR18].
The affine Grassmannian also depends on the context: it can be an ind-scheme living over various base fields as in
the previous references, it can be upgraded to an ind-scheme over a power of a global curve as in [Gai07, Zhu17b],
or it can be a more complicated object living in mixed characteristic such as in [Zhu17a, FS21]. On the other hand,
the category of representations of the dual group remains mostly the same, depending only on the coefficients of
the chosen cohomology theory. Thus, it is natural to ask whether one can formulate a version using a universal
cohomology theory, i.e., motivically.

This question was answered by T. Richarz and one of the authors (J.S.) for mixed Tate motives with rational
coefficients in [RS21], and by X. Zhu for numerical motives in [Zhu18]. The goal of this paper is to generalize [RS21]
by considering integral coefficients. Aside from addressing the above philosophical question, this has multiple
concrete applications. One of our motivations is the ongoing project [RS20, RS21] on a motivic refinement of V.
Lafforgue’s global Langlands parametrization [Laf18]. Namely, the current work also refines [RS21] by not only
considering mixed Tate motives on affine Grassmannians, but more generally on Beilinson–Drinfeld Grassmannians
over powers of the affine line. The resulting factorization properties are a key tool in [Laf18]. For an application
in modular representation theory, we address a question asked in the recent work of J. Eberhardt with J.S. [ES22,
§1.6.1], which provides a step toward deducing the Finkelberg–Mirković conjecture [FM99] from its graded version
[AR18]. Our work is also related to Zhu’s integral Satake isomorphism [Zhu20], which is controlled by a monoid
derived from the Vinberg monoid of the dual group. By restricting to anti-effective motives (Definitions 2.2 and
2.4), we obtain a Tannakian construction of the monoid in loc. cit. with integral rather than `-adic coefficients.

1.2. Main theorem. Let S be a base scheme satisfying the conditions in Notation 2.1 and (2.4), such as the
spectrum of a finite field, Spec Z, or more generally a localization of the ring of integers in a number field. Let G
be a split reductive group over S and let GrG be the affine Grassmannian of G over S. Fixing the smooth curve
X = A1

S , one can define the Beilinson–Drinfeld affine Grassmannian GrG,I over XI , for any nonempty finite set
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I, which interpolates between various self-products of GrG×SX. This is an ind-projective scheme over XI which
admits a left action of a global positive loop group L+

I G.
We use the category DM of integral motives on S-schemes constructed by Spitzweck [Spi18]. Although the

existence of a t-structure on DM(Y ) for an S-scheme Y is still a wide-open question, it does exist on the full
subcategory DTM(Y ) ⊂ DM(Y ) of stratified Tate motives. These are motives generated by the Tate twists of the
constant sheaf Z supported on the strata of an admissible stratification of Y in the sense of Definition 2.7.

Building on [RS21], which treats the case I = {∗}, we show the following.

Theorem 1.1 (Theorem 4.21). The stratification of GrG,I in Definition 4.18, which combines the Schubert cells in
GrG with a stratification of XI , is admissible, and in particular, Whitney–Tate.

This allows us to define the abelian category MTM(GrG,I) ⊂ DTM(GrG,I) of mixed Tate motives. These
are precisely those Tate motives whose (Betti or `-adic) realization is a perverse sheaf. Let MTML+

I G
(GrG,I) ⊂

MTM(GrG,I) be the full subcategory of L+
I G-equivariant motives, cf. Proposition 4.31. In Definition 5.14 we define

the global Satake category SatG,I ⊂ MTML+
I G

(GrG,I) as a certain full subcategory. This subcategory is equipped

with a convolution product p? making it into a symmetric monoidal category.
To state our main theorem, let grAb be the category of graded abelian groups. Let Ĝ be the split reductive group

over Z with root datum dual to that of G. There is a fully faithful embedding grAb → MTM(S), so in particular
a graded Hopf algebra over Z can be viewed as a Hopf algebra in MTM(S).

Theorem 1.2 (§6). After fixing a suitable notion of pinning and a particular grading of Ĝ, cf. (6.16), there is a
canonical equivalence of symmetric monoidal categories

(SatG,I , p?) ∼= (RepĜI (MTM(S)),⊗).

Some comments are in order. First, we note that we do not impose any finiteness conditions on our represen-

tations. Second, if I = {∗} then SatG,{∗} = MTML+
{∗}G

(GrG,{∗}). If |I| > 1, we need some type of universal local

acyclicity with respect to XI . In the absence of a nearby cycles functor for DM with integral coefficients, we take
an ad-hoc approach. It turns out that SatG,I ⊂ MTML+

I G
(GrG,I) is the full subcategory whose compact objects

have dense support relative to XI , cf. Corollary 5.25. This is sufficient because constructibility with respect to our
stratification of GrG,I is already a strong condition.

The proof of Theorem 1.2 consists of two steps in subsections 6.1 and 6.2. The first step is to construct a Hopf
algebra object HG,I ∈ MTM(S), for which the category of comodules is equivalent to SatG,I . This is done via a
Tannakian approach, with the Barr–Beck comonadicity theorem as a key ingredient. The second step is to identify
the group corresponding to this Hopf algebra, for which we mostly follow [FS21, §VI.11]. The fact that HG,I comes
from a graded abelian group, and is thus independent of S, is proved by a geometric argument in Theorem 6.24.
It would be interesting to investigate the connection between the Satake category and the base S in the case of
non-split groups.

The notation p? indicates that we take a perverse truncation, which is necessary because we do not impose any
flatness conditions on the Satake category. Convolution can be described via the standard construction using
multiplication on global loop groups, cf. (4.7). Our construction of the commutativity constraint follows the
technique in [MV07] of interpreting the convolution product as a fusion product, cf. Theorem 5.32. This is also the
only point where we use a Betti realization functor to deduce a property of our motives, namely, right t-exactness
of convolution.

1.3. Variants. In Corollary 6.23 we deduce a version of Theorem 1.2 with coefficients Λ in a finite field or Q.
This is necessary for the identification of the dual group. Furthermore, if Λ and S both have characteristic p,
this provides the first version of geometric Satake which produces the dual group in equal characteristic p to the
best of our knowledge. By contrast, one of the authors (R.C.) applied derived categories of étale sheaves with Fp-
coefficients on schemes X/Fp in the context of geometric Satake in [Cas22]. The mod p étale cohomology of X is
related to the part of crystalline cohomology on which Frobenius acts by a p-adic unit. There are also non-homotopy
invariant phenomena present in [Cas22]. As a rough analogy we expect that for suitable X, anti-effective motives
in DTM(X), cf. Theorem 1.3 below, give a categorical version of the generic Hecke algebra over Fp[q], where q is
an indeterminate. Adjoining an inverse q−1 or specializing to q = 0 should correspond to the categories DTM(X)
and D(Xét,Fp), respectively. However, no direct comparison between DM(X) and D(Xét,Fp) is available because
the étale sheafification of DM(X) is Z[p−1]-linear. We plan to investigate this analogy in future work.

For applications in geometric representation theory, it is sometimes useful to eliminate the extensions between
Tate twists. In [ES22], the authors construct a category of reduced motives DMr with this property by killing
the motivic cohomology of S. In particular, MTMr(S) = grAb. There is a reduction functor DTM → DTMr

which commutes with the six operations. Theorem 1.2 is valid for reduced motives as well. The advantage is that
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representations of Ĝ in grAb are equivalent to representations of a slightly larger ungraded group in Ab. More
precisely, we recover the following variants of the dual group.

Theorem 1.3 (Corollary 6.37, Theorem 6.40). For I = {∗}, there are canonical equivalences

SatG,{∗}r
∼= RepĜ(grAb) ∼= RepCG(Ab),

where CG is the C-group from [Zhu20, §1.1], which is constructed using the same pinning of Ĝ as in Theorem 1.2. If

SatG,{∗},anti
r ⊆ SatG,{∗}r denotes the full subcategory of anti-effective motives (Definitions 2.2 and 2.5), this restricts

to to an equivalence

(SatG,{∗},anti
r , p?) ∼= (RepVĜ,ρadj

(Ab),⊗),

where VĜ,ρadj
is the affine monoid in [Zhu20].

Reduced motives are also a significant tool in our proof of Theorem 1.2 in the non-reduced case, using, e.g.,
Lemma 2.15. For more discussion on anti-effective motives, see Theorem 6.40 ff. Moreover, passing to Grothendieck
rings, we can decategorify the above equivalence and deduce a generic Satake isomorphism involving the generic
Hecke algebra, cf. Definition 6.43 and Corollary 6.45.

1.4. Constant terms. We study the Satake category using constant term functors, obtained by hyperbolic local-
ization. Being a standard technique in geometric representation theory, they have been considered in a global setup
in [FS21, Corollary VI.3.5]. Namely, for a maximal split torus and Borel T ⊆ B ⊆ G defined over S, there is a
functor (5.4) DMGm

(GrG,I)→ DM(GrT,I), for a certain Gm-action on GrG,I , that can be defined using either left
or right adjoints so that it has the favourable properties of both. Moreover, these constant term functors preserve
the Satake subcategories. The hardest part of this is showing that they preserve Tate motives, for which we use
the following geometric result.

Theorem 1.4 (Theorem 3.32). The intersection of any Schubert cell with any semi-infinite orbit in GrG admits a
filtrable decomposition into cellular schemes., i.e., products of copies of A1 and Gm.

We remind the reader that the irreducible components of these intersections are called Mirković–Vilonen cycles.
The proof of this theorem, which is independent of the rest of the paper, is highly combinatorial and is based on
refining previous results of Gaussent–Littelmann [GL05] and Deodhar [Deo85]. In fact, we prove a similar result
with T replaced by a rank one Levi subgroup in Theorem 3.44, which is needed to identify the dual group. The
restriction to rank one Levi subgroups is an artifact of the proof; we believe it could be removed by delving deeper
into the combinatorics, but have not pursued this.

As in [FS21], the constant term functors are used to construct a fiber functor F I : SatG,I → MTM(XI) ∼=
MTM(S), cf. Definition 5.29. The formula here is a geometric version of the classical Satake transform. The
conservativity and t-exactness of this functor (Lemma 5.7, Proposition 5.9) make it an indispensable tool for

studying SatG,I . It is used, for example, in Proposition 5.28, Proposition 5.37, and Theorem 5.41.
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2. Motivic sheaves

Notation 2.1. Throughout this paper, we fix a connected base scheme S that is smooth of finite type over a
Dedekind ring or a field. By convention, a scheme is always supposed to be of finite type over S.

2.1. Recollections.

2.1.1. Motives. Our main sheaf formalism in this paper is the category of motivic sheaves defined using the Nisnevich
topology, with integral coefficients. For a scheme X over a base scheme S as above, the category DM(X) of motives
over X (or motivic sheaves on X) was constructed by Spitzweck [Spi18] (building on the works of Ayoub, Bloch,
Cisinski, Déglise, Geisser, Levine and Morel–Voevodsky; we refer to op. cit. for further references). Very briefly,
there is a motivic ring spectrum MZ ∈ SH(Spec Z) representing motivic cohomology. Defining MZX := π∗MZ for
π : X → Spec Z, the category of motives on X is defined as DM(X) := ModMZX (SH(X)).

The functor DM! : (Schft
S )op → PrSt

Z is a Nisnevich (but not an étale, a fortiori not an h-) sheaf. This follows
from the corresponding sheaf property of the stable homotopy category SH [Hoy17, Proposition 6.24].
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Definition 2.2. For a scheme X, the subcategories

DM(X) ⊃ DTM(X) ⊃ DTM(X)anti

of Tate motives (resp. anti-effective Tate motives) are defined to be the presentable subcategories generated by
Z(n) with n ∈ Z (resp. n ≤ 0).

The terminology anti-effective reflects the fact that we consider the opposite of the usual notion of effective
motives in the literature, e.g., [CD19, Definition 11.1.10]. We will eventually relate representations of the Vinberg
monoid with a certain category consisting of anti-effective (stratified) Tate motives, cf. Theorem 6.40.

2.1.2. Betti realization. In order to prove that the fusion product preserves the Satake category (Theorem 5.32),
we will appeal to the Betti realization functor

ρB : DM(X)→ D(Xan)

taking values in the derived category of sheaves on the analytic space associated to any scheme X (by convention
always of finite type) over S = Spec C. This functor can be constructed by using Ayoub’s Betti realization functor
SH(X)→ D(Xan) [Ayo10, Définition 2.1], and using that for S = Spec C the spectrum MZ constructed by Spitzweck
(cf. Section 2.1.1) is isomorphic to the classical Eilenberg–MacLane spectrum, which is mapped to Z under the above
functor [Lev14, Theorem 5.5]. The restriction of ρB to the subcategory of constructible motives is compatible with
the six functors [Ayo10].

2.1.3. Reduced motives. Reduced motives have been introduced in [ES22]. They behave, roughly speaking, like
motives, except that the higher motivic cohomology of the base scheme S has been removed. This will allow to
exhibit the Tannaka dual of the Satake category as a group associated to a Z-graded Hopf algebra, cf. Theorem 6.20.

The category of reduced motives and its full subcategory of reduced Tate motives on a scheme X/S is defined as

DMr(X) := DM(X)⊗DTM(S) D(grAb),

DTMr(X) := DTM(X)⊗DTM(S) D(grAb).
(2.1)

We will write DM(r)(X) to denote either DM(X) or DMr(X), and similarly with DTM(r)(X).

2.1.4. Functoriality. The assignment X 7→ DM(r)(X) can be organized into a lax symmetric monoidal functor

DM(r) : Corr(Schft
S )→ PrSt

Z .

This functor encodes the existence of *-pullbacks, !-pushforwards (along maps of finite-type S-schemes), the exis-
tence of their left adjoints, the existence of the exterior product �, as well as various projection formulas.

The functor DTM(S)→ D(grAb) used in the definition of DMr(X) gives rise to a natural transformation, called
the reduction functor

ρr : DM→ DMr.

This functor is given on objects by DM(X)→ DMr(X). It is compatible with the !- and *-pullback and pushforward
functors, ⊗ and � [ES22]. At least for stratified Tate motives, it is compatible with Verdier duality (Lemma 2.6).

2.1.5. Motives on prestacks. The above formalism of (reduced) motives on finite-type S-schemes extends formally
(by means of appropriate Kan extensions) to a functor

DM!
(r) : (PreStkS)op → PrSt

Z . (2.2)

The source category is the ∞-category of prestacks, i.e., presheaves of anima on the category of affine, but not
necessarily finite type S-schemes. The target is the ∞-category of presentable stable Z-linear categories with
colimit-preserving functors. This construction is parallel to the one for rational coefficients in [RS20, §2]; Section 2.4
unwinds this definition in the case of equivariant motives. We also refer to [KR21, Cho21] for related constructions
of categories of motives on (appropriate) stacks.

2.1.6. Hyperbolic localization. The following statement is needed below in order to decompose the fiber functor into
weight functors.

Proposition 2.3. Let X be an (ind-)scheme with an action of Gm that is respecting some ind-presentation X =
colimXi. We also assume the Gm-action is étale-locally linearizable. Consider the fixed points X0, the attractors
X+ and repellers X− of this action:

X± = HomGm
(A1
±, X)

p±

''

q±

tt

X0 = HomGm
(S,X) X.
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Here A1
± is A1 with the Gm-action given by λ · t := λ±1t. These functors are representable by (ind-)schemes.

There is a natural transformation
h : q−∗ p

−! → q+
! p

+∗.

The restriction of this natural transformation to the full subcategory DM(X)Gm−mono ⊂ DM(X) of Gm-monodromic
motives, i.e., the subcategory generated under finite colimits by the image of the forgetful functor DM(coeq(Gm ×
X

p

⇒
a
X))→ DM(X) is an equivalence.

Proof. In the context of étale torsion sheaves on algebraic spaces the statement above is Richarz’ version of hy-
perbolic localization [Ric19]. The proof in loc. cit. only uses the *- and !-functors, localization, and homotopy
invariance for étale torsion sheaves, and can be repeated verbatim for motives on schemes. (Another proof in the
context of D-modules (over schemes in characteristic 0) due to Drinfeld–Gaitsgory [DG14] that again only uses
these formal properties of a sheaf context can also be adapted verbatim to motives).

The statement for Gm-monodromic motives on an ind-scheme X as above follows since all four functors appearing
in the natural transformation h are colimit-preserving and DM(coeq(Gm×X ⇒ X)) = colimi DM(coeq(Gm×Xi ⇒
Xi)). �

2.2. Stratified Tate motives. In the sequel, we will be using standard terminology about stratified (ind-)schemes,
as in [RS20, §3].

Definition 2.4. ([SW18, §4], [RS20, 3.1.11]) Let ι : X† =
⊔
w∈W Xw → X be a stratified ind-scheme. We say M

is a stratified Tate motive if ι∗M ∈ DTM(X†). The stratification ι is called Whitney–Tate if ι∗ι∗Z ∈ DTM(X†).

(Equivalently, ιv∗ιw∗ Z ∈ DTM(Xv) for all the strata Xw ιw→ X
ιv← Xv.) We similarly define an anti-effective

stratified Tate motive and an anti-effective Whitney–Tate stratification by replacing DTM(X†) with DTM(X†)anti

everywhere.
If we have an (anti-effective) Whitney–Tate stratification, we denote by DTM(X,X†)(anti) ⊂ DM(X) the full

subcategory of motives such that ι∗M ∈ DTM(X†)(anti). This category is called the category of (anti-effective)
stratified Tate motives, and is also denoted by DTM(X)(anti) if the choice of X† is clear from the context.

A Whitney–Tate stratification is called universally Whitney–Tate if for any scheme Y → S, the natural map

p∗ι∗Z→ (idY × ι)∗p†∗Z (2.3)

resulting from the following cartesian diagram is an isomorphism:

Y ×S X†

p†

��

id×ι
// Y ×S X

p

��

X†
ι // X.

Remark 2.5. Having an (anti-effective) Whitney–Tate stratification ensures that ι∗, ι!, ι! and ι∗ preserve the
categories of (anti-effective) stratified Tate motives, cf. [SW18, §4].

Any stratification such that the closures Xw are smooth over S is Whitney–Tate. This follows from relative
purity [Wil17, Remark 4.7].

If X is universally Whitney–Tate, then the product stratification Y ×S X† → Y ×S X is Whitney–Tate for any
scheme Y/S.

Lemma 2.6. For a Whitney–Tate stratified ind-scheme X, the reduction functor ρr : DTM(X,X†)→ DTMr(X,X
†)

is compatible with the internal Hom-functor. In particular, if Verdier duality preserves Tate motives (e.g., X† is
smooth), ρr is compatible with Verdier duality.

Proof. The functor ι! is conservative and satisfies ι!Hom(M,N) = Hom(ι∗M, ι!N). We can therefore assume X
consists of a single stratum. In this case we conclude using Hom(Z(k), N) = N(−k). �

Definition 2.7. A stratification ι : X† → X of an ind-scheme X is called admissible if a) it is a Whitney–Tate

stratification, b) the structural map π† : X† → S is smooth, and c) π†∗Z ∈ DTM(S)≥0, the smallest subcategory of
DTM(S) containing Z(n), n ∈ Z, stable under extensions, coproducts and shifts [k] for k < 0.

Remark 2.8. The admissibility of the stratification enforces in particular that the motives of the individual strata
Xw are Tate motives. The condition that we only allow negative shifts will be used in order to construct the motivic
t-structure.

A Whitney–Tate stratification for which Xw = Gnw
m ×SAmw is admissible. Such stratifications are called strongly

cellular.
More generally, if each Xw is smooth and admits (in its own right) a strongly cellular Whitney–Tate stratification,

then the stratification of X by the Xw is admissible. We call these stratifications cellular, as in [RS20, Def 3.1.5].
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The following lemma will be applied in the context of the Beilinson–Drinfeld Grassmannian (Theorem 4.21) to
X = An and U being the open subscheme consisting of points in An whose coordinates are pairwise distinct. The
scheme U is not cellular (e.g. for n = 3, U has no F2-points), but the following lemma implies it satisfies part c) of
Definition 2.7.

Lemma 2.9. Let
D :=

⋃
i∈I

Di
i→ X ← U := X \D

be the inclusion of a strict normal crossings divisor (i.e., the DJ :=
⋂
j∈J Dj for all J ⊂ I are smooth over S,

including D∅ = X) and its complement. Suppose for each J , the structural map πJ : DJ → S has the property
πJ∗Z ∈ DTM(S)≥0. Then f∗Z ∈ DTM(S)≥0, for f : U := X \D → S.

Proof. Let Dn =
⊔
J⊂I,|J|=nDJ

π(n)

→ S be the disjoint union of the n-fold intersections of the individual divisors, so

that D0 = X. By localization, the object f∗f
!Z is the homotopy colimit of a diagram of the form

. . .→ π
(2)
∗ π(2)!Z→ π

(1)
∗ π(1)!Z→ π

(0)
∗ π(0)!Z.

Applying relative purity to the smooth maps π(n) and f gives the claim. �

The following lemma allows to zig-zag between reduced motives on the Hecke prestack over Spec Q and over
Spec Fp (cf. Lemma 4.28).

Lemma 2.10. Consider a cartesian diagram

X ′†
ι′ //

f†

��

X ′

��

π′ // S′

f

��

X†
ι // X

π // S,

in which ι determines a universally admissibly stratified (ind-)scheme and S′ is an S-scheme such that f∗π∗ι∗ZX†
∼=→

π′∗ι
′
∗f
†∗ZX† . Then f∗ : DTMr(X)→ DTMr(X ×S S′)(:= DTM(X ×S S′)⊗DTM(S′) D(grAb)) is an equivalence.

Proof. This is the content of [ES22, Proposition 4.25] if the stratification is cellular (as opposed to just admissible).
As in loc. cit., using the universality, one reduces to the case where X is a single stratum. We consider the monad
T = π∗π

∗ associated to the adjunction π∗ : DTMr(S) � DTMr(X) : π∗. By definition of DTM, π∗ is conservative
and colimit-preserving, so that the Barr–Beck–Lurie theorem implies that DTMr(X) = AlgT (DTMr(S)). In order
to establish the equivalence, we first observe that the claim holds true for S in place of X by the definition in (2.1).
By our assumption, f∗ commutes with π∗, so that f∗ maps the monad π∗π

∗ to the monad π′∗π
′∗. �

2.3. t-structures. In this subsection, we summarize some basic properties related to motivic t-structures. Through-
out, let X be an ind-scheme with an admissible stratification X† =

⊔
w∈W Xw. The construction works parallelly

for reduced and regular motives, except that in the latter case we always (have to) assume (in addition to our
running assumption in Notation 2.1) that S satisfies the Beilinson–Soulé vanishing condition

Hn(S,Q(q)) = 0 for n < 0, q ∈ Z. (2.4)

This is satisfied, for example, if S = Spec Q, Spec Z or Spec Fp. Recall that DTM(r) denotes either DTM or DTMr.

Lemma 2.11. In the above situation, the category DTM(r)(X
†)c of compact objects in DTM(r)(X

†) carries a
t-structure whose heart is the abelian category generated by direct summands and extensions by the objects

ZXw/m(k)[dimS X
w], k ∈ Z,m ≥ 0. (2.5)

The same statement holds for DTM(r)(X
†)anti with k ≤ 0 instead.

Proof. The existence of the t-structure is [Spi16, Theorem 9.10]. To see the description of the generators (which
is certainly also well-known), we may replace X† by a connected component thereof. The condition in Defini-

tion 2.7 ensures that HomDM(r)(X†)(Z,Z(k)[n]) = HomDTM(r)(S)(Z, π
†
∗Z(k)[n]) = 0 for n < 0. Here we use that the

Beilinson–Soulé vanishing condition with Q-coefficients in (2.4) implies a similar vanishing for Z-coefficients [Spi16,
Lemma 3.4]. (For reduced motives, this vanishing is trivial since DTMr(S) = D(grAb).) Therefore, the category
DTM(r)(X

†)c satisfies the conditions in [Lev93, Definition 1.1, Equation (1.5)] with Q replaced by Z throughout.

The argument in loc. cit. goes through, with the minor amendment that the triangulated subcategory of DTM(X†)
generated by Z(c), for a fixed c, is equivalent to the PerfZ (the subcategory of the derived category of abelian groups
consisting of perfect complexes). The heart of the usual t-structure, which is simply the category of abelian groups,
is generated by (split) extensions by Z/m (m ∈ Z). The resulting filtration in Theorem 1.4.(iii) in op. cit. then
gives our claim about the heart of the t-structure. �
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The t-structure on DTM(X†)c yields formally a t-structure on its Ind-completion DTM(r)(X
†) such that the

subcategories DTM(r)(X
†)≤n, DTM(r)(X

†)≥n admit and the truncation functors τ≥n, τ≤n and pHn preserve filtered
colimits.

Lemma 2.12. Let X be a smooth S-scheme. Then, for unstratified Tate motives,

DTM(r)(X)anti = {M ∈ DTM(r)(X) : MapsDTM(r)(X)(Z(p),M) = 0 for all p ≥ 1},

MTM(r)(X)anti = {M ∈ MTM(r)(X) : HomMTM(r)(X)(Z(p)[dimX],M) = 0 for all p ≥ 1}.

Moreover, MTM(r)(X)anti ⊂ MTM(r)(X) is stable under subquotients.

Proof. To show “⊂”, it suffices to see MapsDTM(r)(X)(Z(p),M) = 0 or equivalently HomDTM(r)(X)(Z(p),M [s]) = 0

for all s ∈ Z. This group is given by Hs(X,Z(n − p)), which vanishes if p ≥ 1 and n ≤ 0 because it is a higher
Chow group of codimension n− p cycles. For reduced motives, this vanishing still holds by [ES22, (3.4)].

To show “⊃”, let us write C for the right hand category. The inclusion i : DTM(r)(X)anti → C admits a right
adjoint R. In order to show iR = id, it suffices to show Maps(Z(e), iRM) → Maps(Z(e),M) is an equivalence for
all M ∈ C and e ∈ Z. For e ≥ 1 this is immediate because the cofiber of iRM →M is in C. For e ≤ 0, by adjunction
and Ri = id, we have equivalences Maps(Z(e), iRM) = Maps(Z(e), RM) = Maps(Z(e),M).

The proof for MTM(r)(X)anti is analogous. This also implies that MTM(r)(X)anti is stable under subquotients.
Indeed, if N → M is an injection in MTM(r)(X), so is Hom(Z(p)[dimX], N) → Hom(Z(p)[dimX],M). Stability
under quotients then follows as well. �

Remark 2.13. Under our assumptions on X,X† above, the category DTM(r)(X) and its subcategory of compact

objects carries a t-structure glued from the t-structure on the strata, i.e., on DTM(r)(X
†). (Again, for regular

motives, we need to assume that S satisfies the Beilinson–Soulé vanishing condition). The heart of this t-structure
is denoted by MTM(r)(X,X

†) or just MTM(r)(X) if X† is clear from the context. Its objects are called mixed
Tate motives. Again, there is an obvious variant for anti-effective Whitney–Tate stratifications. The heart of the
t-structure on DTM(r)(X)anti is denoted MTM(r)(X)anti.

2.3.1. Conservativity results. The t-structure can be used to prove that various realization(-like) functors are con-
servative. Lemma 2.15 will be used to prove that the fusion product preserves mixed Tate motives.

Lemma 2.14. Let (X,X†) be an ind-scheme over S = Spec Z with an admissible stratification. Then the restriction
to the generic fiber gives a conservative functor

DTM(X,X†)c η∗→ DTM(XQ, X
†
Q)c.

Proof. The restriction functors ι! and ι!Q to the strata are conservative by localization, and commute with η∗. Thus,
we may replace X by a single stratum, with structural map π : X → S. By definition of Tate motives, the functor
π∗ : DTM(X)→ DTM(S) is conservative. It also commutes with η∗, so that we may replace X by S.

Suppose M ∈ DTM(S) is such that η∗M = 0. Every compact object in DTM(S) is a finite iterated extension
of objects in MTM(S) and the functor η∗ is t-exact. We may therefore assume M ∈ MTM(S). By Lemma 2.11,
M admits a finite filtration (inside MTM(S)) whose associated graded pieces are, up to a Tate twist, of the form⊕

i Z/mi (mi ∈ Z). Again using the t-exactness of η∗, we may replace M by these graded pieces, in which case our
claim is obvious. �

Lemma 2.15. Suppose S satisfies the Beilinson–Soulé vanishing and let X/S be an ind-scheme with an admissible
stratification ι : X† → X. Then the reduction and Betti realization functors

ρr : DTM(X)c → DTMr(X)

ρB : DTM(X)c → D(Xan) (for S = Spec Z,Q)

are t-exact and conservative. Thus some M ∈ DTM(X)c lies in positive (resp. negative) t-degrees if and only if
ρr(M) or ρB(M) has the corresponding property. In particular, some M ∈ DTM(X)c lies in MTM(X) iff its Betti
realization is a perverse sheaf on Xan.

Proof. Let ρ = ρB or ρr. The functor ρ commutes with ι∗ and ι!. These two functors are conservative by localization.
Since the t-structure on DTM(X) is obtained by glueing the ones on the strata DTM(Xw), we may replace X by
a single stratum. In this case the t-exactness of ρ is obvious from the definitions. Using the t-exactness, the
conservativity of ρ then follows as in the proof of Lemma 2.14, using that ρB(Z/m(n)) = Z/m 6= 0 (for |m| 6= 1),
respectively ρr(Z/m(n)) = Z/m(n) 6= 0. �
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Definition 2.16. Let w ∈ W be a stratum, and let X
ιw← Xw πw→ S be the obvious maps. Finally, pick L ∈

MTM(r)(S). (In the case of non-reduced motives, we assume S satisfies the Beilinson–Soulé vanishing so this makes
sense.) We call

ICw,L := ιw!∗(π
∗
wL[dimXw]) ∈ MTM(r)(X,X

†) (2.6)

the (reduced) intersection motive. Here ιw!∗ is the intermediate extension functor defined as in [BBD82, Définition 1.4.22],
namely ιw!∗M := im(pH0ιw! M → pH0ιw∗M).

Remark 2.17. The reduction functor ρr is t-exact and commutes with ι!, ι∗, and π∗w, and therefore respects
intersection motives, i.e., sends the unreduced ICw,L to the reduced version. Similarly, ρB(ICw,Z(n)) is the classical
intersection complex ICXw ∈ Perv(Xan).

Lemma 2.18. The compact objects in MTM(r)(X) are generated, by means of extensions and retracts, by the
intersection motives ICw,L for L ∈ MTM(r)(S)c as in Definition 2.16.

Proof. According to Lemma 2.11, MTM(r)(Xw)c is generated under extensions and retracts by objects of the form
π∗wL[dimXw] for L ∈ MTM(r)(S)c. The statement then reduces to generalities about hearts of glued t-structures,
cf. [Ach21, Theorem 3.4.2, Lemma 3.4.3]. �

Lemma 2.19. Let X be an ind-scheme with an admissible stratification. Let j : U → X be the inclusion of a
union of open strata and let i : Z → X be the complement. Let A,B ∈ MTM(r)(X) be such that A has no quotients
supported on Z and B has no subobjects supported on Z. Then there is a natural isomorphism

Hom(A, j!∗j
∗B) ∼= Hom(A,B).

Proof. By localization there is an exact sequence

0→ j!∗j
∗B → pj∗j

∗B → i∗
pH1(i!j!∗j

∗B)→ 0.

We have Hom(A, i∗
pH1(i!j!∗j

∗B)) = 0 by the assumption on A, so Hom(A, j!∗j
∗B) ∼= Hom(A, pj∗j

∗B). By the
assumption on B, there is also an exact sequence

0→ B → pj∗j
∗B → i∗

pH1(i!B)→ 0.

Hence Hom(A,B) ∼= Hom(A, pj∗j
∗B). �

2.4. Equivariant motives.

2.4.1. Basic definitions and averaging functors. The functor in (2.2) gives a category DM(r)(Y ) of (reduced) motives
on any prestack Y over S, and a !-pullback functor between such categories, for any map of prestacks. An important
example of a prestack is a quotient prestack

G \X := colim(. . . G×S G×S X
−→−→−→ G×S X −→−→ X),

where X is any prestack acted upon by a group prestack G. (An example coming up below is the quotient LG/L+G
of the loop group, which is an ind-scheme, by the positive loop group, which is a group scheme, although not of
finite type.) For such quotients, the definition gives

DM(r)(G \X) = lim

(
DM(r)(X) −→−→ DM(r)(G×S X)

−→−→−→ DM(r)(G×S G×S X)→ . . .

)
, (2.7),

where the limit is formed using !-pullback (along the various action and projection maps).

Remark 2.20. (Functoriality for equivariant motives) Suppose f : X → Y is a G-equivariant map of prestacks,
and write f : G \X → G \ Y for the induced map. If f ! admits a left adjoint f!, then the adjoint functor theorem

(cf. [RS20, Lemma 2.2.9]) guarantees the existence of a left adjoint, denoted f !, of f
!
. If G is a pro-smooth group

scheme over S, then f ! commutes (via the forgetful functors, i.e., !-pullbacks along X → G \X etc.) with f!.
This construction of adjoints can be iterated. For example, if f is a proper schematic map, there are adjoints

(f
∗
, f !, f

!
) between the categories DM(r)(G \X) and DM(r)(G \ Y ). Again, if G is pro-smooth, then these functors

can be computed as f∗ etc. on the level of the underlying motives.

Lemma 2.21. Let a smooth algebraic group G act on a scheme X.

(1) The forgetful functor u! : DM(r)(G\X)→ DM(r)(X) admits a left adjoint coav := coavG and a right adjoint
av := avG, called (co)averaging functors.

(2) The composite u! avG can be computed as a∗p
∗ = a∗p

!(−d)[−2d], where d := dimG/S and G×X
a

⇒
p
X are

the action and projection map. Likewise, u! coavG = a!p
!.
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(3) Verdier duality (denoted by D) exchanges averaging and coaveraging functors in the sense that there is a
natural isomorphism of functors DX/G coav = av DX .

(4) The reduction functor ρr commutes with avG and coavG (for DM, respectively DMr).
(5) If f : Y → X is a map of G-schemes, then u! and av commute with f !. If f is smooth, then coav also

commutes with f !.
(6) Given another such pair (G′, X ′), there is an isomorphism

coavG(−) � coavG′(−)
∼=→ coavG×SG′(−�−).

The same holds for the averaging functors if S = Spec k is a field of characteristic zero.

Proof. (1): This follows from the adjoint functor theorem, but also from the following explicit description, which
proves (2). We describe equivariant motives using the limit description as in (2.7), using the isomorphism X ∼=
G \ (G×X). The following diagram displays the low degrees of the simplicial diagrams whose colimits are shown
in the bottom line:

X
e // G× (G×X)
pX

oo

pG×X

��

aG×idX

��

idG×a // G×X

pX

��

a

��

X
e // G×X
pX

oo

��

a // X

��

X // G \ (G×X)
∼=

oo
G\a
// G \X.

The left horizontal bottom maps are isomorphisms of prestacks. Under this equivalence, the functor u! is induced
levelwise by !-pullback along the right horizontal maps, i.e., (idGn × a)! in degree n ≥ 0. These functors admit a
left (resp. a right) adjoint, namely (idGn × a)! (resp. (idGn × a)∗(−d)[−2d]), which both commute with !-pullback
along the vertical maps in the right and middle diagram since the squares are cartesian and G is smooth. Thus,
they assemble to the asserted adjoints of u!.

Under the isomorphism X ∼= G \ (G×X), the composite u! avG is given by a!a∗(−d)[−2d]. In terms of motives
on X, this means we have to evaluate

e!a!a∗p
!(−d)[−2d],

which is isomorphic to a∗p
∗. Likewise, u! coavG corresponds to the endofunctor a!a! on DM(G×X), and e!(a!a!)p

! =
a!p

!.
(3): This follows from (2) since for any map f : Y → Z of finite-type S schemes, we have Df! = f∗D, and for any

smooth map (such as f = a or p) we have f∗DZ = Hom(f∗−, f∗ωZ) = Hom(f !−, ωY ) = DY f
!, as consequences

of the projection formula, resp. the projection formula for f] vs. ⊗ and relative purity [CD19, Theorem 2.4.50,
§1.1.33].

(4): By definition, u! commutes with ρr, so there is a natural map ρr avDM → avDMr
ρr (and analogously for

coav). To check it is an isomorphism it suffices to append the conservative functor u!, so the claim follows from (2)
since ρr commutes with *-functors.

(5): This is similarly reduced to the observation that a!p
! (resp. a∗p

∗) commutes with f ! as asserted, by base-
change and relative purity.

(6): By the definition of � on prestacks of the form X/G [RS21, Appendix A], the forgetful functor is compatible
with exterior products. This gives the map as displayed. In order to check it is an isomorphism, we apply
(u× u′)! = u! � u′!, so we need to prove

a∗p
∗ −�a′∗p

′∗− = (a× a′)∗(p× p′)∗(−�−).

This holds by [JY21, Theorem 2.4.6] (for *-pushforwards, this needs the assumption on S, which is used to apply
resolution of singularities). The argument for coav is similar but only uses the compatibility of � with !-pullbacks
along smooth maps and !-pushforwards (i.e., the projection formula). �

2.4.2. Equivariant Tate motives.

Definition 2.22. For a stratified (ind-)scheme X with an action of a group scheme G (not necessarily of finite
type over S), the category DTM(r)(G \X) of equivariant (reduced) Tate motives on the prestack quotient G \X is
defined as the full subcategory of DM(r)(G \X) whose underlying object in DM(r)(X) is in DTM(r)(X), cf. [RS20,
§3.1]. Note that this is a slight abuse of notation in that it not only depends on the prestack G \X, but rather on
X and G.

Lemma 2.23. Suppose X = colimXi is an admissibly stratified (ind-)scheme with an action of a pro-algebraic
group G = limGi such that the G-action preserves Xi and factors over Gi. Also assume each Gi is cellular and
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ker(G → Gi) is split pro-unipotent [RS20, Definition A.4.5]. Then DTM(r)(G \ X) (Definition 2.22) carries a
(unique) t-structure such that the forgetful functor to DTM(r)(X) is t-exact. Its heart is denoted by MTM(r)(G\X).

The intersection motives ICw,L (Definition 2.16) are naturally objects in this abelian category.

Proof. The proof of [RS20, Proposition 3.2.15] showing the existence of this t-structure carries over. Using the
notation of Remark 2.20, the object im(pH0ιw!M → pH0ιw∗M) ∈ MTM(r),G(X) maps to ICw,L under the forgetful
functor. �

2.5. Rational and modular coefficients. In order to compute the dual group of the Satake category, we will
also need to work with rational and Fp-coefficients. For a commutative ring Λ and a prestack X, the category
DM(r)(X,Λ) of (reduced) motives on X with Λ-coefficients is defined as DM(r)(X) ⊗D(ModZ) D(ModΛ). By con-
struction, DM(X,Q) is the category of Beilinson motives [CD19, §14]. The existence and properties of the six
functors holds without any change, as does the definition and properties of (stratified) Tate motives. Thus, the cat-
egory DTM(X,Q) of stratified Tate motives with rational coefficients is exactly the one considered in [RS20, RS21].

Lemma 2.24. Let X/S be an admissibly stratified ind-scheme. In the case of unreduced motives, also assume that
S satisfies the Beilinson–Soulé vanishing condition (2.4). Then the category DTM(r)(X,Q) carries a t-structure
such that the natural functor DTM(r)(X) → DTM(r)(X,Q) is t-exact. The forgetful functor DTM(r)(X,Q) →
DTM(r)(X) is t-exact and fully faithful. Its essential image is the full subcategory consisting of objects F such that
n · idF is an isomorphism for all nonzero integers n. For S = Spec Fq, the reduction functor ρr : DTM(X,Q) →
DTMr(X,Q) is an equivalence.

Proof. The properties of the t-structure hold by (the proof of) Lemma 2.11. The asserted full faithfulness holds by
Q⊗Q = Q ∈ DM(r)(X). The final statement is [ES22, Proposition 5.3]. �

For Fp-coefficients, the proof of Lemma 2.11 does not immediately apply. We therefore adopt a slightly different
approach.

Definition and Lemma 2.25. For X/S as in Lemma 2.24, we define MTM(r)(X,Fp) ⊂ MTM(r)(X) to be the
full subcategory consisting of the objects F such that p · idF = 0. This is an abelian subcategory.

3. Affine Grassmannians

3.1. Definitions and basic Whitney–Tateness properties. Throughout this paper, G denotes the base change
to S of a split reductive group over Z (all reductive groups are assumed to be connected). We fix a split maximal
torus and a Borel T ⊂ B ⊂ G, also defined over Z. By a parabolic subgroup of G, we mean a subgroup P ⊂ G
containing B associated to a subset of the simple roots. In order to give some constructions uniformly, we let G be a
smooth affine group scheme over S. The loop group (resp. positive loop group) is the functor LG : AffSchop

S → Set,
SpecR 7→ G(R((t))) (resp. L+G(R) = G(R[[t]])). The affine Grassmannian of G is the étale sheafification of the
presheaf quotient

GrG := (LG/L+G)ét. (3.1)

The above choices determine a standard apartment of G with origin 0 and a standard alcove a. For any facet f in
the closure of a, there is an associated parahoric subgroup P ⊂ LG. If f = 0 then P = L+G, and if f = a we write
I for the corresponding Iwahori subgroup.

Definition and Lemma 3.1. For a parahoric subgroup P ⊂ LG, the Zariski, Nisnevich, and étale sheafifications
of the quotient LG/P agree. We denote this common quotient by FlP . The sheaf FlP is represented by an ind-
projective scheme over S. As usual, we denote the affine Grassmannian by GrG := FlL+G, and we denote the affine
flag variety by Fl := FlI .

Proof. Because sheafification commutes with base change we may assume S = Z. Then the agreement of the
different sheafifications of LG/P follows from [Fal03, Def. 5 ff.] (see also [dCHL18]). The representability of FlP
and GrP is a consequence of [PZ13, Corollary 11.7] and [HR18b, Corollary 3.11 (i)] (see also [HR18a, Lemma 2.1
ff.] for further discussion about ind-projectivity). �

The following four statements will be used to prove that averaging the dualizing sheaf on GrB yields a Tate
motive, cf. the proof of Proposition 6.2.

Proposition 3.2. Let µ ∈ X∗(T )+. The stabilizer of t(µ) · e ⊂ GrG(Z) is represented by a subgroup Pµ ⊂ L+G
which is an extension of a split reductive Z-group by a split pro-unipotent Z-group in the sense of [RS20, Definition
A.4.5]. The étale sheaf-theoretic image

GrµG := L+G · t(µ) · e ⊂ Gr≤µG

agrees with (L+G/Pµ)ét. Using a superscript n to denote jet groups, this quotient agrees with (LnG/Pnµ )Zar for
n� 0. For such n, Pnµ is an extension of a split reductive Z-group by a split unipotent Z-group.
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Proof. Let f = 0 be the origin in the apartment of G. By lifting µ to the extended affine Weyl group we can form
the translate µf . Then Pµ ⊂ L+G is constructed explicitly in [RS20, Lemma 4.3.7] as the parahoric associated to
f ∪ µf . It has the stated form by the proof of [RS20, Lemma 4.2.7], see also [RS20, Remark 4.2.8]. Then P0

µ ⊂ G is
generated by the root subgroups Uα such that 〈α, µ〉 ≤ 0 by the discussion following [Zhu17b, Corollary 2.1.11]. By
[RS20, Lemma 4.3.7], GrµG

∼= (L+G/Pµ)ét
∼= (LnG/Pnµ )ét for n� 0. It remains to show that LnG→ (LnG/Pnµ )ét

admits sections Zariski-locally. Fix such an n and let L>0G = ker(LnG
t 7→0−−−→ G). Then (LnG/L>0G)ét

∼= G and
we have the following diagram, where the square is cartesian.

LnG (LnG/L>0G ∩ Pnµ )ét GrµG

G (G/P0
µ)ét

g f

The left vertical map is the quotient by L>0G. The bottom horizontal map can be trivialized Zariski-locally over
a covering of (G/P0

µ)ét by affine spaces, cf. [Jan87, 1.10(5)]. By the Quillen–Suslin theorem [Qui76, Sus76], every
finitely generated projective module over Z[x1, . . . , xm] is free. Thus the right vertical map, which is an affine
bundle, also trivializes over each of the affine cells in (G/P0

µ)ét. It follows that GrµG is covered by affine cells over

which f is a trivial P0
µ-torsor. The map g is also an affine bundle, so by using the Quillen–Suslin theorem again,

g admits a section over the image of any of our sections of f . This gives enough sections of the composition f ◦ g
Zariski-locally. �

Lemma 3.3. For any parabolic subgroup P ⊂ G, GrP is represented by an ind-scheme of ind-finite type over S.
The natural morphism GrP → GrG identifies GrP with the attracting locus of a Gm-action on GrG, and it restricts
to a locally closed embedding on connected components of GrP . If k is a field, then GrP (k)→ GrG(k) is a bijection.

Proof. Choose a cocharacter η ∈ X∗(T )+ which is orthogonal to the simple roots associated to P , but not orthogonal
to any other simple root. Then the action of Gm on G via conjugation by η extends to a Gm-action on GrG. By
[HR18b, Theorem 3.17], GrP identifies with the the attractor (GrG)+ for this Gm-action. The representability of
GrP then follows from [HR18b, Theorem 2.1 (iii)]. To show that we have a locally closed embedding, first note that
there exists a closed embedding G→ GLn for some n. Then the proof of [HR18b, Lemma 3.16] shows the Gm-action
on GrG is Zariski-locally linearizable. Thus, we may write GrG = colimXi, where each Xi is projective over S and
Gm-stable, and there is a Gm-equivariant Zariski cover Ui → Xi which is affine. Then X+ = colim(Xi)

+, and by
[Ric19, Lemma 1.11] we have (Ui)

+ = (Ui)
0×(Xi)0 (Xi)

+. Since (Ui)
+ is representable by a closed subscheme of Ui

[Ric19, Lemma 1.9], we conclude that GrP → GrG is Zariski-locally on GrP a locally closed immersion. The final
claim about points over a field k will then imply it is a locally closed immersion on each connected component. For
this, we note that GrG(k) = LG(k)/L+G(k) and GrP (k) = LP (k)/L+P (k). It follows that GrP (k) → GrG(k) is
injective, and it is surjective by the Iwasawa decomposition of G(k((t))). �

By [Ric19, Corollary 1.12], there are bijections π0(GrB) ∼= π0(GrT ) ∼= X∗(T ). The resulting connected compo-
nents of GrB are denoted by Sν for ν ∈ X∗(T ), and called the semi-infinite orbits. If B− is the opposite Borel
subgroup, we denote by Tν the corresponding connected component of GrB− . Now fix µ ∈ X∗(T )+ and ν ∈ X∗(T )
such that Sν ∩GrµG 6= ∅. Let n� 0 be such that the action of L+G on GrµG factors through LnG. Let Pnµ ⊂ LnG
be the stabilizer of t(µ) as in Proposition 3.2.

Lemma 3.4. The Pnµ -torsor LnG→ GrµG is trivial over Sν ∩GrµG.

Proof. Fix a regular dominant cocharacter, so that that Sν is a connected component of the attracting locus of the
resulting Gm-action on GrG. Let P0

µ ⊂ G be the mod t reduction of Pµ. The attractors for the Gm-action on G/P0
µ

are affine cells isomorphic to the orbits UwP0
µ/P0

µ, where U ⊂ B is the unipotent radical and w belongs to the

Weyl group, cf. [NP01, Lemme 6.2]. Let q : GrµG → G/P0
µ be the reduction mod t map. Then Sν ∩GrµG is contained

in q−1(UwP0
µ/P0

µ) for some w. By the proof of Proposition 3.2, it suffices to show that the Pµ0 -torsor G → G/P0
µ

is trivial over UwP0
µ/P0

µ. As in the proof of [NP01, Lemme 6.2], there is a vector subgroup Uw ⊂ U 1 which

maps isomorphically onto Uw = UwP0
µ/P0

µ. The map Uw × P0
µ → G, (u, p) 7→ uwp then induces a trivialization of

G→ G/P0
µ over UwP0

µ/P0
µ. �

Proposition 3.5. Let a : LnG×(Sν∩GrµG)→ GrµG be the action map and let tµ : S → GrµG be the point corresponding
to µ. Then a−1(tµ) ∼= Pnµ × (Sν ∩GrµG).

Proof. The projection a−1(tν)→ Sν ∩GrµG is a Pnµ -torsor. Let r : Sν ∩GrµG → LnG be a section, as per Lemma 3.4.

Then there is an isomorphism Pnµ × (Sν ∩GrµG)→ a−1(tµ), (p, x) 7→ (r(x) · p · r(x)−1, x). �

1It is Uw = wU+
µ w−1 ∩ U , where U+

µ is the unipotent radical of the parabolic opposite to P0
µ.
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The next proposition is an extension (but not strictly speaking a corollary) of the Whitney–Tateness of partial
affine flag varieties [RS20, Theorem 5.1.1]. It will be used in order to show the Whitney–Tateness of the Beilinson–
Drinfeld Grassmannian. The following lemma serves to show the anti-effectivity.

Lemma 3.6. Let X and Y be ind-schemes, each having a Whitney–Tate stratification by affine spaces. Let π : X →
Y be a smooth map which sends strata onto strata, and such that for each stratum Xw ⊂ X, the induced map on
strata Xw → π(Xw) is a relative affine space. Then the functors π! and π∗π! preserve anti-effective stratified Tate
motives.

Proof. By excision and base change, it suffices to consider a motive ιw!Z, where ιw : Xw → X is a stratum. Then
the lemma follows from the fact that the structure map f : An

S → S satisfies f!(Z) ∼= Z(−n)[−2n]. �

Proposition 3.7. For any parahoric subgroups P, P ′ ⊂ LG, the stratification of the partial affine flag variety FlP
by P ′-orbits is anti-effective universally Whitney–Tate.

Proof. This follows by revisiting the proof in [RS20, Theorem 5.1.1]: Beginning with the case P = P ′ = I is the

Iwahori subgroup, let ι : Fl† → Fl be the stratification map and, for any S-ind-scheme Y , let ι′ : Fl†×SY → Fl×SY
be the product stratification. For an element w of the extended affine Weyl group, one shows by induction on the
length l(w) that ι′!ι′w!Z ∈ DTM(Fl†×Y ): this is clear if l(w) = 0. Inductively, for w = vs for a simple reflection s
and an element with l(v) = l(w) − 1, there is a cartesian diagram, where Ps is the parahoric subgroup associated
to s and the map π arises from the inclusion I ⊂ Ps:

(Flv tFlw)× Y //

π† ((

π−1(FlvPs ×Y )

π̃

��

// Fl×Y

π

��

FlvPs ×Y // FlPs ×Y.

The map π† is isomorphic to the disjoint union of idFlv and the projection p : A1
FlvPs

→ FlvPs . More generally,

the map π is smooth and proper, and the induced map from each stratum of Fl×Y onto its image in FlPs ×Y is
either an isomorphism or an affine space of relative dimension one. Applying Verdier duality D to the localization
sequence [RS20, (5.1.2)] and noting that ωAn = Z(n)[2n] gives a fiber sequence

ι′v∗Z(−1)[−2]→ π!π!ι
′
v∗Z(−1)[−2]→ ι′w∗Z. (3.2).

Thus, the fact p!Z = Z(−1)[−2] shows that we have a Whitney-Tate stratification, and the condition of (2.3) being
an isomorphism on the summand corresponding to v implies the same for the summand of w.

The Whitney–Tateness for general P,P ′ ⊂ LG is then treated identically as in loc. cit.
We prove the anti-effectivity of the stratification using the same reduction steps, as follows.
First case: I = P = P ′. We apply Lemma 3.6 to π (we may assume Y = S), and conclude the claim using (3.2).
Second case: I = P ′ ⊂ P. By [RS20, Lemma 4.3.13], the projection Fl → FlP satisfies the hypotheses of

Lemma 3.6, where both ind-schemes are stratified by I-orbits. For a stratum ιw : FlwP → FlP , let s : FlwP → Fl be a
section which includes FlwP as a stratum of Fl. Then ιw∗Z = π∗s∗Z, so we conclude by the first case and Lemma 3.6.

Third case: P, P ′ arbitrary. Let ι : Fl†P → FlP be the stratification by P ′-orbits, and let ι′ be the stratification

of Fl†P by I-orbits. To check if ι∗ι∗Z is anti-effective, we apply Lemma 2.12. By localization, the condition
Maps(Z(p), ι∗ι∗Z) = 0 is equivalent to Maps(ι′!ι

′∗Z(p), ι∗ι∗Z) = Maps(ι′∗Z(p), ι′!ι∗ι∗Z) = 0. Since the motive Z on

Fl†P′ is anti-effective with respect to ι′, we conclude by the second case.
�

Lemma 3.8. Consider some schematic map f : X ′ → X ′′ of (ind-)schemes over S, some M ∈ DM(X ′) and some
stratified Tate motive N ∈ DTM(FlP), where the stratification on FlP is by any P ′-orbits. Then the following
natural maps are isomorphisms:

f∗M �N →(f × id)∗(M �N),

(f × id)!(M �N)→f !M �N.

Remark 3.9. Resolution of singularities implies that *-pushforward functors are compatible with exterior products:

for a field k, and two maps X ′
f→ X ′′, Y ′

g→ Y ′′, the natural map

f∗M � g∗N → (f × g)∗(M �N)

is an isomorphism for any M ∈ DM(X ′), N ∈ DM(Y ′) if k is of characteristic 0 or if char k is invertible in the ring
of coefficients [JY21, Theorem 2.4.6]. Since below we are interested in motives with integral coefficients, and work
over Spec Z, we need to supply a more specific argument.
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Proof. We may refine our stratification and replace P ′ by the Iwahori subgroup I. The proof of Proposition 3.7
implies that (cf. [RS20, Proposition 5.2.2]) DTM(FlP) is generated (under colimits) by π!DTM(Fl), where π : Fl→
FlP is the quotient map. This map is proper, so the projection formula and the fact that *-pushforwards along
schematic maps (as well as any !-pullback) preserve colimits reduce the claim for P to the one for I. In this case,
again by loc. cit., the category DTM(Fl) is the smallest presentable subcategory containing τ∗DTM(S), where
τ : S → Fl is the closed embedding of a base point, and stable under π∗sπs∗, where πs : Fl→ FlPs is as in the proof
above. Now, � commutes with τ∗ and also with π∗s and πs∗, since this map is smooth and proper. �

The following corollary will be used in order to show that Beilinson–Drinfeld affine Grassmannians are Whitney–
Tate stratified.

Corollary 3.10. Let X be any stratified Whitney–Tate (ind-)scheme X. Then the product stratification on X×SFlP
(i.e., strata are products of Xw times P ′-orbits, for an arbitrary fixed parahoric subgroup P ′) is again Whitney–Tate.

Proof. Abbreviate Fl := FlP and write ιX and ιFl for the stratification maps. It suffices to have an isomorphism
(ιX × ιFl)∗Z = ιX∗Z � ιFl ∗Z, since in any case ∗-pullbacks commute with exterior products. We have

(ιX × ιFl)∗Z = (ιX × id)∗(id× ιFl)∗Z.

Since Fl is universally Whitney–Tate, (id× ιFl)∗Z = p∗ιFl ∗Z, where p : X†×Fl→ Fl is the projection. This motive
can also be written as ZX† � ιFl ∗Z. Applying (ιX × id)∗ to it gives, by Lemma 3.8, ιX∗Z � ιFl ∗Z. �

3.2. Semi-infinite orbits over an algebraically closed field. In this section we assume that S = Spec k is the
spectrum of an algebraically closed field and that G is simple and simply connected. See Lemma 3.31 for how to
generalize the argument to general reductive groups. Let I ⊂ L+G be the Iwahori subgroup. The I-orbits in GrG
are parametrized by X∗(T ), see [RS20, 4.2.12]. For λ, ν ∈ X∗(T ), let GrIλG ⊂ GrG be the corresponding I-orbit,

and consider the semi-infinite orbit Sν . View the intersection Sν ∩GrIλG as a reduced subscheme of GrIλG .

In this section we show that Sν ∩GrIλG has Tate cohomology. In the case of the L+G-orbits GrλG, we will prove

the stronger result that Sν ∩GrλG has a filtrable cellular decomposition over Z for any split G in Theorem 3.32, and
a similar result for semi-infinite orbits with respect to a rank one parabolic subgroup in Theorem 3.44. The latter
result will be used to identify the Tannakian group of the Satake category, cf. Theorem 6.27, and more precisely
Proposition 6.33. Our purpose in this section is to give a short proof that the constant term functors for B preserve
Tate motives over an algebraically closed field without delving into the detailed combinatorics in Section 3.3.1.

Recall the following definition from [BB76, Definition 2].

Definition 3.11. A decomposition of a scheme X into locally closed subschemes (Xα)α∈A is called filtrable, if there
exists a finite decreasing sequence X = X0 ⊃ X1 ⊃ . . . ⊃ Xm = ∅ of closed subschemes of X, such that for each
j = 1, . . . ,m, the complement Xj−1 \Xj is one of the Xα’s.

In particular, every stratification is filtrable. While not every filtrable decomposition is a stratification, it is
enough for the purposes of inductively applying localization.

Proposition 3.12. If p : Sν ∩GrIλG → S is the structure morphism, p!(Z) ∈ DTM(S).

Proof. Pick a regular cocharacter Gm → T , so that the reduced locus of GrT is the set of fixed points for the resulting
Gm-action on GrG. Because G is simple and simply connected, by [Zhu17b, Theorem 2.5.3] we may identify GrG

with the flag variety of an affine Kac–Moody group. Choose a Bott–Samelson resolution m : X → GrIλG such that

m is an isomorphism over GrIλG . Details about the construction of X can be found in [JMW14, §4].

Let f = m
∣∣
m−1(Sν∩GrIλG )

and let i : (Sν ∩GrIλG ) \ (Sν ∩GrIλG )→ Sν ∩GrIλG be the closed immersion. By applying

localization to f!Z we have an exact triangle

p!Z→ p!f!Z→ p!i!i
∗f!Z.

We will prove the middle and right terms lie in DTM(S).
Note that the variety X is smooth, projective, and it has a Gm-action such that m is Gm-equivariant. As X

embeds equivariantly into a product of affine flag varieties, this Gm-action has isolated fixed points. Since k is
algebraically closed, the attractors for this action of Gm as in [BB73] then give a decomposition of X into affine
spaces. By the existence of T -equivariant ample line bundles on affine flag varieties, cf. [Zhu17b, §1.5], X also embeds
Gm-equivariantly into some projective space. By [BB76, Th. 3], this implies the Bia lynicki-Birula decomposition of

X is a filtrable decomposition into affine cells. Since Sν ∩GrIλG is an attractor, the fiber m−1(Sν ∩GrIλG ) is a union
of attractors. By repeatedly applying localization and noting that affine spaces have Tate cohomology it follows
that p! ◦ f!(Z) ∈ DTM(S).

The proof of [JMW14, Prop. 4.11] shows that m!(Z) is isomorphic to a composition of ∗-pullbacks and !-
pushforwards along stratified maps between Kac-moody flag varieties which are stratified by (affine) I-orbits. In
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particular, m!(Z) ∈ DTM(GrIλG ), where GrIλG is stratified by I-orbits. By proper base change, the restriction of

f!(Z) to each Sν ∩GrIλ
′

G ⊂ GrIλG is Tate. Thus p!i!i
∗f!Z ∈ DTM(S) by induction on λ and localization with respect

to the stratification by intersections of Sν with I-orbits. �

3.3. Intersections of Schubert cells and semi-infinite orbits. In the following subsection, we prove that the
intersections of the Schubert cells and semi-infinite orbits admit a cellular decomposition, following [GL05]. This
will later allow us to show the constant term functor associated to the Borel preserves Tate motives. Over an
algebraically closed field, this can also be shown using Proposition 3.12. The proof in this section, while much
longer and much more combinatorial, works over any base. Moreover, it will allow us to prove a more general
cellularity result, which implies the preservation of Tate motives by constant term functors associated to higher
Levi subgroups. For the rest of this section, we will work over S = Spec Z for simplicity, the general case then
follows by base change.

Notation 3.13. Consider T ⊆ B ⊆ G as before. Recall that if ev : L+G → G is the evaluation at 0, then the
Iwahori I ⊆ L+G ⊆ LG is the inverse image ev−1(B). Similarly, we define I− := ev−1(B−) and T := ev−1(T ).
Let N := N(T ) be the normalizer of T in G, which gives us the finite Weyl group W = N/T of G. We also have
the affine Weyl group W a, which agrees with the extended affine Weyl group N(Z((t)))/T (Z[[t]]) when G is simply
connected. We denote by Φ be the roots of G, and Φ+ ⊂ Φ the positive roots with respect to B. Similarly, we
denote by R+ ⊆ R the (positive) affine roots. Finally, we fix a Chevalley system of G. In particular, for any root
β ∈ Φ, we get an isomorphism xβ : Ga → Uβ , where Uβ is the root group associated to β.

3.3.1. Review of combinatorial galleries. For the rest of this section, we will assume G is semisimple and simply
connected, unless mentioned otherwise (which will be the case for the main theorems in this section). Under this
assumption, a weaker version of what we want was already proved by Gaussent–Littelmann in [GL05] for complex
groups. However, their arguments work almost verbatim over any algebraically closed field, and we will also use this
in the sequel. Our aim will be to generalize (and strengthen) their work to groups over Spec Z. We first recall the
most important notation and terminology from [GL05], and refer to loc. cit. for details. By the following remark,
we can work over an arbitrary algebraically closed field k for now.

Remark 3.14. For any field k, the natural mapsN(Z((t)))/T (Z((t)))
∼=−→ N(k((t)))/T (k((t))) and T (Z((t)))/T (Z[[t]])

∼=−→
T (k((t)))/T (k[[t]]) are isomorphisms. In particular, there is a natural isomorphismN(Z((t)))/T (Z[[t]])

∼=−→ N(k((t)))/T (k[[t]]),
i.e., an isomorphism between the (extended) affine Weyl groups of G and Gk. Using this, we get an isomorphism
of apartments A(G,T ) ∼= A(Gk, Tk), equivariant for the actions of the affine Weyl groups of G and Gk. This
isomorphism is moreover compatible with the identifications A(G,T ) ∼= X∗(T )⊗Z R and A(Gk, Tk) ∼= X∗(T )⊗Z R,
if we choose the canonical Chevalley valuations on G⊗Z Z[[t]] and Gk ⊗k k[[t]] as basepoints of the apartments.

Consider the group X∗(T ) of cocharacters of G, and let AG := X∗(T ) ⊗Z R. The affine Weyl group W a acts
on AG by affine reflections. The reflection hyperplanes (also called walls) in AG for this action are all of the form
Hβ,m = {a ∈ AG | 〈a, β〉 = m}, for some positive root β ∈ Φ+ and m ∈ Z. Let sβ,m ∈W a denote the corresponding
affine reflection, and H+

β,m = {a ∈ AG | 〈a, β〉 ≥ m} and H−β,m = {a ∈ AG | 〈a, β〉 ≤ m} the associated closed
half-spaces.

Remark 3.15. We use the Tits convention for the action of W a on AG, i.e., we let t ∈ T (k((t)))/T (k[[t]]) = X∗(T )
act via the translation by −t. The advantage of this convention is that if we let W a act on the set R of affine roots
as usual, via w(α)(x) := α(w−1x) for α ∈ R, w ∈ W a and x ∈ AG, then wUαw

−1 = Uw(α). This will be used later
on.

Let Ha :=
⋃
β∈Φ+,m∈Z Hβ,m denote the union of the reflection hyperplanes. Then the connected components

of AG \Ha are called open alcoves, and their closures simply alcoves. More generally, a face of AG is a subset F
that can be obtained by intersecting closed affine half-spaces and reflection hyperplanes, one for each β ∈ Φ+ and
m ∈ Z. One example of an alcove is the fundamental alcove ∆f = {a ∈ AG | 0 ≤ 〈a, β〉 ≤ 1,∀β ∈ Φ+}.

It is well-known that W a is generated by the affine reflections Sa, consisting of those sβ,m ∈ W a such that
∆f admits a face lying in Hβ,m. For a face F contained in ∆f , we define the type Sa(F ) as the subset of
Sa consisting of those sβ,m ∈ Sa such that F is contained in the hyperplane Hβ,m. In particular, we have
Sa(0) = S := {sβ,0 | β ∈ Φ+} and Sa(∆f ) = ∅. Since W a acts simply transitively on the set of alcoves, we
can translate any face to a face of ∆f using this action, and use this to define the type of arbitrary faces in AG.
Moreover, to any subset t ⊂ Sa, we can associate a parahoric subgroup Pt :=

⋃
w∈Wa

t
IwI ⊆ LG, where W a

t is

the subgroup of W a generated by t. We call this the standard parahoric of type t. For example, we have P∅ = I,
and PS = L+G. Conversely, any parahoric subgroup P containing I arises uniquely in this way; we denote the
associated subgroup of W a by W a

P .
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Now, consider the isomorphisms xβ : Ga → Uβ arising from the Chevalley system. Let v denote the canonical
valuation on k((t)), and define, for any r ∈ R, the subgroup

Uβ,r := 1 ∪ {xβ(f) | f ∈ k((t)), v(f) ≥ r} ⊆ G(k((t))).

Letting `β(Ω) := − infx∈Ω〈x, β〉 for any ∅ 6= Ω ⊆ AG, we can define the subgroups UΩ := 〈Uβ,`β(Ω) | β ∈ Φ〉 of
G(k((t))), and use this to define the affine building of G.

Definition 3.16. The affine building J a of G is the quotient G(k((t)))×AG/ ∼, where two pairs (g, x) and (h, y)
are equivalent if there is some n ∈ N(k((t))) such that nx = y and g−1hn ∈ Ux.

There is an N(k((t)))-equivariant injection AG ↪→ J a : x 7→ (1, x). An apartment of J a is a subset of the form
gAG, for some g ∈ G(k((t))). In particular, AG is an apartment, called the standard apartment.

Finally, we define the faces in J a as the G(k((t)))-translates of the faces in AG. The type of a face in J a is
defined similarly, by translating to a face in AG; this is a well-defined notion.

The following definition is a central topic in [GL05].

Definition 3.17. A gallery in J a is a sequence of faces

γ = (Γ′0 ⊂ Γ0 ⊃ Γ′1 ⊂ . . . ⊃ Γ′p ⊂ Γp ⊃ Γ′p+1)

in J a, such that

• Γ′0 and Γ′1, called the source and target of γ, are vertices,
• the Γj ’s are all faces of the same dimension, and
• for 1 ≤ j ≤ p, the face Γ′j is a codimension one face of both Γj−1 and Γj .

The gallery of types of such a gallery γ is the sequence of types of the faces of γ:

tγ = (t′0 ⊃ t0 ⊂ t′1 ⊃ . . . t′p ⊂ tp ⊃ t′p+1),

where the t′j and tj are the types of Γ′j and Γj respectively.

We will be especially interested in galleries of a more combinatorial nature, depending on a fixed minimal gallery.
To define these, we need the following extension of cocharacters.

Remark 3.18. If Gadj = G/ZG is the adjoint quotient of G and Tadj ⊆ Gadj the adjoint torus, then we have natural
injections X∗(T ) ⊆ X∗(Tadj) ⊆ X∗(T )⊗Z R. The lattice X∗(Tadj) ⊆ X∗(T )⊗Z R consists exactly of those vertices
that are a face of AG. In what follows, we will often consider all elements of X∗(Tadj) ⊆ X∗(T )⊗Z R instead of just
the cocharacters, this will help us when applying the results of this section to non-simply connected groups. Note
that notions such as dominance and regularity extend to X∗(Tadj).

For µ ∈ X∗(Tadj), let Hµ =
⋂
〈µ,α〉=0 Hα,0 be the intersection of those reflection hyperplanes corresponding to

the roots orthogonal to µ (so that Hµ = AG for regular µ).

Definition 3.19. Fix some µ ∈ X∗(Tadj), let Ff be the face corresponding to 0 ∈ AG, and Fµ the face corresponding
to µ ∈ AG; note that both are vertices. A gallery γ = (Γ′0 ⊂ Γ0 ⊃ Γ′1 ⊂ . . . ⊃ Γ′p ⊂ Γp ⊃ Γ′p+1) contained in AG
is said to join 0 with µ if its source is Ff , its target Fµ, and if the dimension of the large faces Γj is equal to the
dimension of Hµ.

In fact, we are interested in those galleries that are minimal in a precise sense. While one can define what it
means for an arbitrary gallery in J a to be minimal, we will content ourselves to give an equivalent definition for
galleries joining 0 with some dominant µ ∈ X∗(Tadj), cf. [GL05, Lemma 4]. We say that a reflection hyperplane H
separates a subset Ω and a face F of AG, if Ω lies in a closed half-space defined by H, and F is contained in the
opposite open half-space. For two faces E,F in AG, let MAG(E,F ) be the set of such hyperplanes separating E
and F . It is known that this set is finite.

Definition 3.20. Let γµ = (Ff ⊂ Γ0 ⊃ Γ′1 ⊂ . . . ⊃ Γ′p ⊂ Γp ⊃ Fµ) be a gallery joining 0 with µ. For each

0 ≤ j ≤ p, let Hj be the set of reflection hyperplanes H such that Γ′j ⊂ H and Γj * H. We say γµ is minimal if
all the faces of γµ are contained in Hµ, and if there is a disjoint union

⊔
0≤j<pHj =MAG(Ff , Fµ).

Let us fix a minimal gallery γµ joining 0 with µ, with associated gallery of types tγµ = (S ⊃ t0 ⊂ t′1 ⊃ . . . ⊃
t′p ⊂ tp ⊃ tµ). We denote by Γ(γµ) the set of all galleries of type tγµ and of source Ff contained in the standard
apartment AG. Such galleries are called combinatorial of type tγµ . One can describe Γ(γµ) quite explicitly; recall
that for some type t, we defined Wt as the subgroup of W a generated by t. For simplicity, we will also write
Wµ := Wtµ , and similarly Wi := Wti and W ′i := Wt′i

. Then, by [GL05, Proposition 2], there is a bijection

W ×W0 W ′1 ×W1 . . .×Wp−1 W ′p/Wp → Γ(γµ),

sending an equivalence class [δ0, δ1, . . . , δp] to the combinatorial gallery of type tγµ given by (Ff ⊂ Σ0 ⊃ Σ′1 ⊂ . . . ⊃
Σ′p ⊂ Σp ⊃ Fν), where Σj = δ0δ1 . . . δjFtj .
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Most important for us will be the subset of positively folded combinatorial galleries. Before we can explain their
definition, note that we can (and will) assume that for any [δ0, δ1, . . . , δp] ∈W ×W0 W ′1×W1 . . .×Wp−1 W ′p/Wp, each
δj ∈W ′j is the minimal length representative of its class in W ′j/Wj . Moreover, the minimal gallery γµ is represented

by [1, τmin
1 , . . . , τmin

p ], where each τmin
j ∈ W ′j is the minimal length representative of the longest class in W ′j/Wj .

The positively folded galleries are now defined as in [GL05, Definition 16].

Definition 3.21. Let δ = (Ff ⊂ Σ0 ⊃ Σ′1 ⊂ . . . ⊃ Σ′p ⊂ Σp ⊃ Fν) be a combinatorial gallery in Γ(γµ) corresponding
to [δ0, δ1, . . . , δp], where each δj is a minimal representative of its class in W ′j/Wj .

(1) If j ≥ 1 and δj 6= τmin
j , we say δ is folded around Σ′j .

Now, consider for each j ≥ 1, the combinatorial galleries

γj−1 = [δ0, . . . , δj−1, τ
min
j , . . . , τmin

p ] = (Ff ⊂ . . . ⊂ Σj−1 ⊃ Σ′j ⊂ Ωj ⊃ Ω′j+1 ⊂ . . .)

and

γj = [δ0, . . . , δj , τ
min
j+1 , . . . , τ

min
p ] = (Ff ⊂ . . . ⊂ Σj−1 ⊃ Σ′j ⊂ Σj ⊃ Σ′j+1 ⊂ . . .).

Then, by [GL05, Lemma 5], there exist positive roots β1, . . . , βq and integers m1, . . . ,mq such that the small face
Σ′j is contained in

⋂q
i=1 Hβi,mi , and where Σj = sβq,mq . . . sβ1,m1

(Ωj).

(2) If δ is folded around Σ′j , we say this folding is positive if Σj ⊂
⋂q
i=1 H+

βi,mi
.

(3) The combinatorial gallery δ is positively folded, if all of its folds are positive.

We denote the subset of Γ(γµ) consisting of the positively folded combinatorial galleries by Γ+(γµ).

As an example, γµ does not have any folds, so that it is automatically positively folded. We will also need the
following definition.

Definition 3.22. Let δ = (Ff ⊂ Σ0 ⊃ Σ′1 ⊂ . . . ⊃ Σ′p ⊂ Σp ⊃ Fν) ∈ Γ+(γµ) be a positively folded combinatorial

gallery. A load-bearing wall for δ at Σj is a reflection hyperplane H such that Σ′j ⊂ H and Σj * H, and for which

there exist an integer nβ for each positive root β ∈ Φ+ such that H separates Σj from
⋂
β∈Φ+ H−β,nβ .

As δ was assumed positively folded, it follows from the definitions that any folding hyperplane is a load-bearing
wall.

Finally, to each δ = [δ0, . . . , δp] ∈ Γ+(γµ), we will need to attach two sets of indices. For any affine root α of G,
we denote by Uα the corresponding root subgroup of LG.

Definition 3.23. (1) For any parahorics Q ⊆ P and w ∈ WP/WQ, we define the subsets of affine roots
R+(w) := {α > 0 | Uw−1(α) * Q} and R−(w) := {α < 0 | w(α < 0),Uα ⊆ P,Uα * Q}.

(2) Using the same notation as above, we define U+(w) :=
∏
η∈R+(w) Uη and U−(w) :=

∏
θ∈R−(w) Uθ.

(3) Let δ = [δ0, . . . , δp] ∈ Γ+(γµ) be a positively folded combinatorial gallery of type tγµ . For any j, let Pj
and Qj be the parahoric subgroups containing I of type t′j and tj respectively. Consider the set of walls
in AG that contain FPj , but not δjFQj . If we index this set by Ij , then Ij can be decomposed in as

Ij = I+
j t I

−
j , such that R+(δj) = {αi | i ∈ I+

j }, where αi is the positive root corresponding to the wall

Hi, and there is a similar description for R−(δj); cf. [GL05, §10]. Then, we define J−∞(δ) ⊆
⊔p
j=0 Ij as the

subset corresponding to those walls that are load-bearing. We also define J±−∞(δ) := J−∞(δ) ∩ (
⊔p
i=0 I

±
j ).

3.3.2. Cellular stratifications of Bott–Samelson schemes. In this subsection, we will apply the methods from [GL05],
and explain how to generalize them to more general bases. By Remark 3.14, we can use notions that depend only
on the standard apartment (instead of the whole affine building) over any base, and independently of the base.
Examples of this are the standard apartment AG = A(G,T ), and combinatorial galleries of a fixed type, possibly
minimal or positively folded.

Fix some dominant µ ∈ X∗(Tadj), a minimal gallery γµ in AG joining 0 with µ, and let

tγµ = (t′0 ⊃ t0 ⊂ t′1 ⊃ . . . ⊃ tj−1 ⊂ t′j ⊃ tj ⊂ . . . t′p ⊃ tp ⊂ tµ)

be its gallery of types. For 0 ≤ j ≤ p, let Pj ⊆ LG (resp. Qj , resp. Pµ) be the parahoric subgroup of type
t′j (resp. tj , resp. tµ) containing I. Note that if µ is a dominant cocharacter, then Pµ = L+G. In general, Pµ
is exactly the parahoric subgroup such that the sheaf quotient LG/Pµ from Definition and Lemma 3.1 is LG-
equivariantly universally homeomorphic to the connected component of GrGadj

corresponding to the image of µ
under X∗(Tadj) → π1(Gadj) ∼= π0(GrGadj

). This will allow us to reduce the combinatorics needed to the case of
simply connected groups, cf. Lemma 3.31. For simplicity, we will denote the L+G-orbit in LG/Pµ corresponding to

µ by GrµG, and its closure by Gr≤µG , but we emphasize that these are only subschemes of GrG when µ is an actual
cocharacter of G, as opposed to a cocharacter of Gadj.
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Definition 3.24. The Bott–Samelson scheme Σ(γµ) is the contracted product

P0 ×Q0 P1 ×Q1 . . .×Qp−1 Pp/Qp.

Proposition 3.25. The multiplication morphism (defined since Qp ⊆ Pµ)

ψ : Σ(γµ)→ Gr≤µG

is an isomorphism over the open subscheme GrµG.

Proof. Denote the restricted morphism by φ : Σ◦(γµ) → GrµG, i.e., Σ◦(γµ) = ψ−1(GrµG). Over algebraically closed
fields, the proposition follows from [GL05, Lemma 10] (while they only show the restricted morphism is bijective, the
Bott–Samelson resolutions are always birational, so that φ is an isomorphism by Zariski’s Main Theorem [Mum99,
III, §9, (I)] as the target is smooth and therefore normal). Let us show how this implies the statement over Spec Z.

Note that Σ(γµ) is an iterated sequence of Zariski-locally trivial fibrations with smooth fibers, and in particular
smooth itself. By [Sta22, Tag 039D] and the result over algebraically closed fields, φ is flat. As its geometric
fibers are isomorphisms, φ is hence smooth, and even étale. Bijectivity of φ also follows from the similar statement
over algebraically closed fields, and one readily checks that φ is even universally bijective. We conclude by [Sta22,
Tag 02LC] that φ is an isomorphism. �

Since these Bott-Samelson schemes are smooth projective, they are much better behaved with respect to Gm-
actions. So we will first study the decomposition on Σ(γµ) induced by a certain action, and later restrict this
decomposition to GrµG. Recall the notion of filtrable decompositions from Definition 3.11.

Definition and Lemma 3.26. Consider some regular anti-dominant cocharacter λ ∈ X∗(T ), and the induced
Gm-action on Σ(γµ) via left-multiplication on the first factor. Then the connected components of the attractor
locus are indexed by Γ(γµ), and we denote them by Cδ. These Cδ form a filtrable decomposition of Σ(γµ).

Proof. The attractor locus of Σ(γµ) is representable and smooth by [Ric19, Theorem 1.8 (iii)]. Since the Bia lynicki-
Birula decomposition from [BB73, Theorem 4.4] agrees with the attractor locus when working over an algebraically
closed base field, [Ric19, Corollary 1.16] tells us that the geometric fibres of the attractor locus are the schemes
C(δ) from [GL05, Proposition 6]; in particular, the connected components of these geometric fibres are indexed by
Γ(γµ). By smoothness, the same holds over Spec Z. The fact that the Cδ induce a decomposition of Σ(γµ) also
follows from the claim over the geometric points from [GL05, Proposition 6].

To show that Σ(γµ) =
⊔
δ∈Γ(γµ) Cδ is a filtrable decomposition into locally closed subschemes, we can use the

proof of [BB76, Theorem 3] (additionally using [Dri18, Lemma 1.4.9]), as soon as Σ(γµ) admits a Gm-equivariant
embedding into some projective space with linear Gm-action. For GLn, this is classical, while for general G this
follows by choosing a faithful representation of G. �

The C(δ) from [GL05, Proposition 6] are affine spaces. In fact, the Cδ are already affine spaces over Z, but we
omit details as we will not need this.

By Proposition 3.25 and Definition and Lemma 3.26, we get an induced filtrable decomposition of GrµG =⊔
δ∈Γ(γµ)Xδ, with Xδ := Cδ ∩GrµG. This is related to the semi-infinite orbits Sν as follows:

Proposition 3.27. For some ν ∈ X∗(Tadj), let Γ(γµ, ν) denote those galleries in Γ(γµ) with target Fν . Then we
have a filtrable decomposition Sν ∩GrµG =

⊔
τ∈Γ(γµ,ν)Xτ .

Proof. The fact that Sν ∩GrµG =
⊔
τ∈Γ(γµ,ν)Xτ follows from the similar result over the geometric points of Spec Z,

as in [GL05, Theorem 3]. The fact that this decomposition is filtrable then follows from Definition and Lemma 3.26,
as GrµG is open in Σ(γµ). �

Lemma 3.28. If Xδ 6= ∅, then δ ∈ Γ+(γµ), i.e., δ is positively folded.

Proof. Again, this follows from [GL05, Lemma 11] applied to the geometric points of Spec Z. �

In the proof of our main result, Theorem 3.32, the existence of a cellular decomposition will be reduced to
considering galleries with only three faces. The following proposition is a step towards this case. We consider
a triple gallery of types (tj−1, t

′
j , tj) for some 0 ≤ j ≤ p, and the parahoric subgroups P and Q containing I

corresponding to t′j and tj respectively. Moreover, we let w be (the shortest representative of) some element in

WP/WQ, and τmin the shortest representative of the longest class in WP/WQ. Recall also the groups U+(w) and
U−(w) from Definition 3.23.

Proposition 3.29. The intersection U+(w)wU−(w) ∩ U+(τmin)τmin admits a stratification into products of A1’s
and Gm’s.
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Proof. As in [GL05, Proposition 9], we are reduced to showing that for some v ∈W a
P , the intersection Iv−1∩I−Q/Q

(inside P/Q) admits a stratification as in the statement of the proposition. This is shown using methods of Deodhar
(although in the infinite-dimensional setting), and we postpone this to Corollary 3.41. �

Modulo Corollary 3.41 alluded to in the previous proof, we now have all the ingredients to deduce the main
result of this section. We begin with the simpler case where µ is regular. Then, for any δ = [δ0, . . . , δp] ∈ Γ(γµ) and
any 1 ≤ i ≤ p, δi is either trivial, or a simple reflection [GL05, p.80]. There is a unique possibility for this simple
reflection, and we denote the corresponding affine root by αi.

Proposition 3.30. Assume µ is regular, and let δ ∈ Γ+(γµ). Then Xδ
∼= Ak ×Gl

m for some k, l ≥ 0.

Proof. Since Σ(γµ) was defined as an iterated Zariski-locally trivial Pi/Qi-fibration for some parahoric subgroups
Qi ⊂ Pi, the Bruhat stratification for each such quotient shows that Σ(γµ) is stratified by affine spaces, indexed
by W ×W0 W ′1 ×W1 . . .×Wp−1 W ′p/Wp, where the locally closed strata can be described via root groups. (We note
that, although this index set is naturally in bijection with Γ(γµ), the resulting decomposition does not agree with
the one from Definition and Lemma 3.26.)

Then, [GL05, Proposition 10], tells us that over any geometric point of Spec Z and any δ = [δ0, δ1, . . . , δp] ∈ Γ(γµ)
(with each δi a minimal representative of its class in W ′i/Wi), Cδ is exactly the locally closed subscheme of Σ(γµ)
given by

δ0 ·
∏

β<0,δ0(β)<0

Uβ ·
p∏
i=1

U•αi · δi

where αi is as above, U•αi is defined as Uαi (resp. U×−αi , resp. {0}) when i ∈ J+
−∞(δ) (resp. i ∈ J−−∞(δ), resp. i /∈

J−∞(δ)), and J−∞(δ) = J+
−∞(δ) t J−−∞(δ) is as in Definition 3.23. In particular, the same description in terms of

(punctured) root groups can be given over Spec Z, showing the proposition. �

In general, Xδ will not be as simple, and we have to stratify it further using Proposition 3.29. Before we state
our main result, let us compare Schubert cells in different affine Grassmannians. This will allow us to remove the
assumption that G is semisimple or simply connected. In particular, we omit this assumption for the lemma. We
will denote by Gadj the adjoint quotient of G, and by Gsc the simply connected cover of Gadj.

Lemma 3.31. Let µ ∈ X∗(T )+ be a dominant cocharacter of G, and denote the induced dominant cocharacter of

Gadj the same way. Then there exist universal homeomorphisms Gr≤µG → Gr≤µGadj
← Gr≤µGsc

, which are equivariant for

the LG-, respectively the LGsc-action. Moreover, these morphisms restrict to isomorphisms on the open Schubert
cells.

Proof. First, consider the morphism GrG → GrGadj
induced by the quotient G→ Gadj. It is clearly LG-equivariant,

and restricts to a morphism Gr≤µG → Gr≤µGadj
, as both subschemes are defined as orbit closures. This latter mor-

phism is proper, and a universal homeomorphism when restricted to certain geometric fibers of Spec Z by [HR22,

Proposition 3.5]. In particular, Gr≤µG → Gr≤µGadj
is a universal homeomorphism, and it restricts to an isomorphism

over GrµG → GrµGadj
, as both source and target are smooth over Spec Z.

Next, we note that LGsc acts on GrGadj
via the natural morphism LGsc → LGadj. This realizes any connected

component of GrGadj
as a quotient, up to universal homeomorphism, of LGsc by a hyperspecial parahoric subgroup;

this follows as in the previous paragraph for the neutral connected component, and in general by conjugating L+Gsc

by a suitable element of LGadj(Z). In particular, this identification is LGsc-equivariant. Consequently, it restricts

to a universal homeomorphism Gr≤µGsc
→ Gr≤µGadj

, and to an isomorphism GrµGsc
→ GrµGadj

by a similar argument as

above. �

For the following theorem, we again omit the assumption that G is semisimple or simply connected.

Theorem 3.32. Let µ and ν be cocharacters of G, with µ dominant. Then the intersection GrµG ∩Sν admits a
filtrable decomposition into cellular schemes.

Proof. By Lemma 3.31, we may assume G simply connected, so that the results of this subsection apply. By
Proposition 3.27, it is enough to prove that for each δ ∈ Γ(γµ), the intersection Xδ = Cδ ∩ GrµG is cellular.
Moreover, by Lemma 3.28, we may assume that δ ∈ Γ+(γµ).

Now, consider the immersion Cδ → Σ(γµ). As in the regular case, we need to determine the preimage Xδ of
GrµG under this map. Over algebraically closed fields, this is done in [GL05, Theorem 4], by first identifying the
points of Σ(γµ) with certain galleries in J a, and showing that the galleries corresponding to points in GrµG are
exactly the minimal galleries. Then, splitting up δ into galleries of triples, the description of Σ(γµ) as an iterated
Zariski-locally trivial fibration and Proposition 3.29 are used to decompose Xδ into locally closed subsets, which are
iterated products of (punctured) vector bundles. By induction, each such iterated bundle is already trivial, i.e., a
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product of A1’s and Gm’s. Finally, these locally closed subsets can be described via root groups, their zero sections,
and the complements of zero sections, using [GL05, Proposition 8 and Lemma 13]. As the result is independent of
the choice of algebraically closed field, we can use the same method to deduce the result over Spec Z.

As we used an induction on the iterated Zariski-locally trivial fibration Σ(γµ), and as each induction step used
an actual stratification by Proposition 3.29, the resulting cellular decomposition of Xδ is a stratification as well. �

Example 3.33. Let us work out what happens for the (non-simply connected) group PGL2, whose simply connected
cover is SL2. Considering the natural identification X∗(PGL2) ∼= Z, let µ ∈ Z≥0 be a dominant cocharacter of
PGL2, which lives in the standard apartment ASL2

= X∗(SL2) ⊗Z R ∼= R of SL2. Note that µ is (induced by) a
cocharacter of SL2 exactly when µ is even. Consider the unique minimal gallery

γµ := ({0} ⊂ [0, 1] ⊃ {1} ⊂ . . . ⊃ {µ− 1} ⊂ [µ− 1, µ] ⊃ {µ})
joining 0 with µ. Noting that the affine Weyl group of SL2 is generated by two reflections s0 : x 7→ −x and
s1 : x 7→ 2− x, the gallery of types of γµ is given by(

{s0} ⊃ ∅ ⊂ {s1} ⊃ . . . ⊂ {sµ−1(mod 2)} ⊃ ∅ ⊂ {sµ(mod 2)}
)
,

and there is a bijection
Γ(γµ) ∼= 〈s0〉 × 〈s1〉 × . . .× 〈sµ−2(mod 2)〉 × 〈sµ−1(mod 2)〉.

As the face corresponding to the empty type is the fundamental alcove, we see that under this bijection, γµ
corresponds to (1, s1, s0, . . .), which is just a straight path in ASL2

from {0} to {µ}. The other combinatorial
galleries (δ0, δ1, δ2, . . .) can be described as follows: they begin at 0, and if δ0 = 1, then they start in the positive
direction (towards µ), otherwise they start in the opposite direction. After this, if δi = 1, the path turns around, so
that the i− 1th and ith large faces in δ agree, otherwise the path continues in the same direction. However, at the
points where the path turns around, there is a fold, which is positive exactly when the path is going into the negative
direction, and turns to the positive direction. In particular, there is a unique positively folded combinatorial gallery
in Γ+(γµ), with source 0 and target ν, where ν ∈ X∗(Tadj) corresponds to an integer congruent to µ modulo 2,
such that −µ ≤ ν ≤ µ. Finally, we note that in this case, the index set J−∞ consists of those indices for which
a path in ASL2

moves in the positive direction, and J−−∞ those indices which correspond to a fold (necessarily
positive). So, using the proof of Proposition 3.30, we see that GrµG ∩S−µ = Spec Z, that GrµG ∩Sµ ∼= Aµ, and that

GrµG ∩Sν ∼= Gm ×A
µ+ν

2 −1 when −µ < ν < µ.

3.3.3. Generalizing the Deodhar decomposition. To finish the proof of Proposition 3.29, we will follow the method
of Deodhar as in [Deo85]. Our goal will be to generalize this result to arbitrary bases, to the infinite-dimensional
setting, and to more general parahoric subgroups. So let Q be as in Proposition 3.29. Then there is a Bruhat
decomposition

LG/Q =
⊔

w∈Wa/WQ

Iw · Q,

where WQ is the subgroup of W a generated by the type of Q. Fix some y ∈W a, which we can assume is a minimal
length representative of its class in W a/WQ, together with a reduced expression y = s1 · . . . · sk, where each si is
a simple reflection (this can include the simple reflections not appearing in the finite Weyl group W ). Let αi be
the (not necessarily distinct) simple roots corresponding to si. Denoting gA := gAg−1 for any g and A, we define
Uj := U+ ∩ sj ·...·skU− and U j := U+ ∩ sk·...·sjU+, where U+ (resp. U−) denotes the pro-unipotent subgroup of LG
corresponding to the positive (resp. negative) affine roots.

Lemma 3.34. (1) Uj is the subgroup of U+ generated by 1-parameter subgroups corresponding to the roots

{α ∈ R+ | sk . . . sj(α) ∈ R−} = {αj , sj(αj+1), . . . , sj . . . sk−1(αk)}.
In particular, Uj ∼= Ak−j+1.

(2) U1 ⊇s1 U2 ⊇s1s2 U3 ⊇ . . . ⊇s1...sk Uk+1 = 0.
(3) U j is the subgroup of U+ generated by 1-parameter subgroups corresponding to the roots {α ∈ R+ |

sj . . . sk(α) ∈ R+}.
(4) U1 ⊆ U2 ⊆ . . . Uk+1 = U+.
(5) For any j, we have U+ = Uj ·sj ...sk U j, with a uniqueness of expression.

Proof. (1) is clear, using that wUαw
−1 = Uw(α) for any w ∈W a and α ∈ R (cf. Remark 3.15). (3) is similar to (1).

(2) is again clear, with (4) being similar, and (5) follows from (1) and (3). �

Using the fixed isomorphisms xα : Ga → Uα for all α ∈ R, denote sα := xα(1) · x−α(−1) · xα(1). The following
lemma is the infinite-dimensional analogue of [Deo85, Lemma 2.1], and can be proven in a similar way.

Lemma 3.35. Let α ∈ R+. For a ring R and t ∈ R×, there exists h ∈ T (R) such that

xα(t−1) · sα · xα(t) = h · sα · xα(−t−1) · s−1
α .

19



The following notion will be used to parametrize certain cells in Iy · Q/Q.

Definition 3.36. A subexpression is a sequence σ = (σ0, . . . , σk) of elements of W a/WQ such that, denoting by
σmi the unique minimal length representative of σi (cf. [Ric13, Lemma 1.6]), the following holds:

(1) σm0 = id, and
(2) (σmj−1)−1σmj ∈ {id, sj} for each 1 ≤ j ≤ k.

We denote the set of such subexpressions by S. An element σ ∈ S is called a distinguished subexpression if it
satisfies the following additional condition:

(3) σmj ≤ σmj−1sj for each 1 ≤ j ≤ k.

We denote the set of all distinguished subexpressions by D.

If x ∈ X is a point of a scheme, we will usually identify it with the map Spec k(x)→ X.

Lemma 3.37. For a point u1 ∈ U1 and 0 ≤ j ≤ k, let σj ∈ W a/WQ be the unique element such that u1s1 . . . sj ∈
I−σjQ. Then σ = (σ0, . . . , σk) is a distinguished subexpression.

Proof. First, we note that for any w ∈ W a and simple s, we have wQs ⊂ I−wsQ ∪ I−wQ. Moreover, if wQs ∩
I−wQ 6= ∅, then l(ws) ≥ l(w); this variant of the (T3) condition for Tits systems can be proven in a similar way,
see e.g. [Bor91, 21.15] for the finite-dimensional case.

Clearly, σm0 = id, so consider 1 ≤ j ≤ k. Then by induction, u1s1 . . . sj−1sj ∈ I−σmj−1Qsj . So, by the previous

paragraph, we have either u1s1 . . . sj ∈ I−σmj−1sjQ or u1s1 . . . sj ∈ I−σmj−1Q, the latter of which can only happen
when l(σmj−1sj) ≥ l(σmj−1). The conditions for σ being a distinguished subexpression are now clearly fulfilled. �

In particular, this gives a set-theoretic map η : U1 → D.

Lemma 3.38. For each σ ∈ D and 1 ≤ j ≤ k, define Ω(σ, j) ⊆ A1 as

Ω(σ, j) =


A1 if σmj−1 > σmj
Spec Z if σmj−1 < σmj
Gm if σmj−1 = σmj .

(3.3)

Then for each j there is a locally closed immersion fj : Ω(σ, j) × Uj+1 → Uj, such that for any ring R, any
t ∈ Ω(σ, j)(R) and any uj+1 ∈ Uj+1(R), there exist b−j ∈ I−(R) and vj+1 ∈ U j+1(R) such that

σmj−1fj(t, uj+1)sj · . . . · sk = b−j σ
m
j uj+1sj+1 · . . . · sk · vj+1. (3.4)

Proof. If σmj−1 > σmj , then σmj = σmj−1sj , and Ω(σ, j) = A1. Denoting the simple root corresponding to the

simple reflection sj by αj , we have σmj (αj) ∈ R+, and we define fj : A1 × Uj+1 → Uj on R-valued points by

fj(t, uj+1) = xαj (t) · sjuj+1s
−1
j . Then fj is an isomorphism, and the conditions of the proposition are satisfied.

If σmj−1 < σmj , then again σmj = σmj−1sj , but this time we have Ω(σ, j) = Spec Z (the zero section of A1). So

now we define fj(0, uj+1) = sjuj+1s
−1
j (again on R-valued points). This is clearly an isomorphism onto the closed

subscheme sjUj+1 ⊆ Uj , and again (3.4) is satisfied.
Finally, assume σmj−1 = σmj , in which case we have Ω(σ, j) = Gm. Moreover, l(σmj−1sj) ≥ l(σmj−1) and hence

σmj−1(αj) ∈ R+. For any ring R, any t ∈ R× = Gm(R), and any uj+1 ∈ Uj+1(R), Lemma 3.34 (5) gives unique

ũj+1 ∈ Uj+1(R) and vj+1 ∈ U j+1(R) such that

xαj (t) · uj+1 = ũj+1 · sj+1 . . . skv
−1
j+1s

−1
k . . . s−1

j+1. (3.5)

Then we define fj : Gm × Uj+1 → Uj as fj(t, uj+1) := xαj (t
−1)sj ũj+1s

−1
j ∈ Uj(R). Note that fj is injective on

R-valued points, hence a monomorphism, and that fj is a group homomorphism. Moreover, the image of fj is the

open Uj \ sjUj+1, and fj is an isomorphism onto its image: consider xαj (d) · sj · ũj+1s
−1
j , for some ring R, some

d ∈ R× and ũj+1 ∈ Uj+1(R). Then by (3.5), we have

xαj (−d−1) · ũj+1 = uj+1sj+1 . . . skvj+1 · s−1
k . . . s−1

j+1

for some uj+1 ∈ Uj+1(R), so that fj(d
−1, uj+1) = xαj (d) · sj ũj+1 · s−1

j . We are left to check (3.4). For this, note
that

σmj−1fj(t, uj+1) · sj . . . sk = σmj−1 · xαj (t−1) · sj ũj+1sj+1 . . . sk.

By (3.5) and Lemma 3.35 we get

σmj−1fj(t, uj+1) · sj . . . sk = σmj−1xαj (t
−1) · sj · xαj (t)uj+1sj+1 . . . sk · vj+1

= σmj−1hsjxαj (−t−1) · s−1
j (σmj−1)−1σmj−1uj+1sj+1 . . . sk · vj+1,

for some h ∈ T (R). But then we are done: σmj−1hsjxαj (−t−1)s−1
j (σmj−1)−1 ∈ I−(R) as σmj−1(αj) ∈ R+, and because

σmj−1 = σmj in this case. �
20



The following proposition is the infinite-dimensional analogue of [Deo85, Theorem 1.1], although allowing more
general parahorics than just the minimal ones, and a more general base.

Proposition 3.39. There is a decomposition Iy · Q =
⊔
σ∈DAm(σ) ×G

n(σ)
m . Moreover, for each σ ∈ D, there is

an x ∈W a/WQ such that the associated Am(σ) ×G
n(σ)
m is contained in I−x · Q.

Proof. Using that the Bruhat cell Iy · Q can be identified with U1 (cf. e.g. the proof of [RS20, Proposition 4.3.9]),
let Dσ be the preimage of σ under the map η : U1 → D defined by Lemma 3.37. It is clear that we have a disjoint
union Iy · Q =

⋃
DDσ, so fix some σ = (σ0, . . . , σk) ∈ D.

For 1 ≤ j ≤ k + 1, we define locally closed subschemes Aj ⊆ Uj inductively as follows: first, we define Ak+1 :=
Uk+1 = 0, and for j ≤ k, we let Aj := fj(Ω(σ, j) × Aj+1), where fj is the map constructed in Lemma 3.38. It is

clear that A1 is isomorphic to Am(σ) ×G
n(σ)
m , where m(σ) and n(σ) can be determined explicitly by (3.3). So we

are left to show that A1 = Dσ.
For a point u1 ∈ A1, let k be its residue field. Then we can inductively find points uj : Spec k → Aj and

tj : Spec k → Ω(σ, j) such that uj = fj(tj , uj+1). By Lemma 3.38 one then sees that u1s1 . . . sj ∈ I−σj · Q for each
j, so that u1 ∈ Dσ.

Conversely, let u1 ∈ Dσ. We want to inductively find uj ∈ Uj and tj ∈ Ω(σ, j), such that uj = fj(tj , uj+1) for
each j. Recall that the image of fj : Ω(σ, j)× Uj+1 → Uj is Uj if σj−1 > σj ,

sjUj+1 if σj−1 < σj , and Uj \ sjUj+1

if σj+1 = σj . Now, u1 ∈ Dσ implies that u1 ∈ im(f1). So we can find unique t1 and u2 such that f1(t1, u2) = u1.
Similarly, by some case distinctions, one can prove that each such u2 ∈ im(f2), as otherwise u1 /∈ Dσ, and hence
inductively find uj and tj as desired. Moreover, we have uk+1 ∈ Ak+1, so that by definition of Aj , we get uj ∈ Aj
by induction. This shows that u1 ∈ A1, so that A1 = Dσ, which concludes the first part of the proposition.

For the second part, one easily checks that Dσ ⊂ I−σk · Q, using the definition of the map η : U1 → D. �

Remark 3.40. Unfortunately, the decompositions obtained by Deodhar in the finite-dimensional setting fail to
satisfy the closure relations, cf. [Dud08] for a counterexample. In particular, we don’t expect the decomposition
from Proposition 3.39 to be a stratification. Fortunately, we can refine the decomposition into a stratification
that still satisfies the required property. This finally finishes the proof of Proposition 3.29, and hence the proof of
Theorem 3.32.

Corollary 3.41. For any x, y ∈W a/WQ, the intersection (Iy ∩I−x) · Q inside LG/Q admits a stratification into
products of A1’s and Gm’s.

Proof. We keep the notation of Proposition 3.39. Consider first the coset U1 = Ix · Q ⊆ LG/Q. The proofs of

Lemma 3.38 and Proposition 3.39 realize U1 as a k-fold product
∏k
i=1 A1

i of affine lines, together with a decom-
position A1

i = (Gm)i t (Spec Z)i of these affine lines, such that for any σ ∈ D, the component Dσ is isomorphic
to a product of A1’s, Gm’s and Spec Z’s as above, one for each 1 ≤ i ≤ k. In particular, the intersection
X := (Iy ∩ I−x) · Q is the disjoint union of such products inside the affine space U1

∼= Ak.
Now, we apply the proof of [Sta22, Tag 09Y5], although slightly modified for our purpose. Namely, let Z ⊆ X be

an irreducible component. As X =
⋃
Dσ, where the σ range over a certain subset of D, we have Z ⊆ Dτ for some

τ ∈ D. As Dτ is locally closed in X, we see that Z ∩Dτ contains an open subset of Z, so that Z ∩Dτ must contain
an open subset V 6= ∅ of X. Moreover, we can choose V to be a product of A1

i ’s, (Gm)i’s, and (Spec Z)i’s, one for

each i. Now, write Dτ = V tD+
τ tD−τ , where D+

τ = (Dτ \ V ) ∩ V , and D−τ = (Dτ \ V ) ∩ V c. On the other hand,

for σ 6= τ , let us write D+
σ = Dσ ∩ V and D−σ = Dσ ∩ V

c
, so that Dσ = D+

σ tD−σ . Now while these D±σ ’s (where σ

is allowed to be τ again) are not necessarily a product of A1
i ’s, (Gm)i’s and (Spec Z)i’s, they are the disjoint union

of such products; let us write D±,jσ for the subschemes appearing in this disjoint union. Then

X \ V =
⊔
D±,jσ ,

where all the subschemes appearing are products of A1
i ’s, (Gm)i’s and (Spec Z)i’s, one for each 1 ≤ i ≤ k. Moreover,

V =
⊔
D+,j
σ . Finally, we note that X \V is closed in X and strictly smaller, so we may apply noetherian induction

to find a stratification of X \ V of the desired form. Adding V then gives a cellular stratification of X. �

3.3.4. The case of rank 1 Levi subgroups. Let us generalize Theorem 3.32, by replacing the semi-infinite orbits by
the stratification of GrG induced by a more general Levi subgroup M of G. While we suspect the result will hold
for arbitrary Levi subgroups, we only prove it for Levi subgroups of semisimple rank one, which will be enough for
our purposes.
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Let α be any positive simple root of G, with associated parabolic P ⊆ G containing B, and its Levi quotient M .
Consider the Borel Q = im(B →M) of M , together with the diagram

GrB

GrQ GrP

GrT GrM GrG,

where the square is cartesian, cf. Proposition 4.10. For any cocharacters µ, λ ∈ X∗(T ), where µ is dominant for G

and λ dominant for M , we want to understand the intersection of the preimages of GrµG and GrλM inside GrP , and
more specifically the restriction of GrP → GrM to this intersection. As GrQ → GrM is a stratification, it makes
sense to study the similar restriction of GrB → GrQ first.

Now, while we would like to use similar combinatorial methods as before, the Levi subgroup M is not semisimple.
So we will also need its derived subgroup Mder, which is simply connected by [Ste75, Theorem 1 and Remark 2.13]
(as we still assume G is simply connected). We can now work with the standard apartment AMder

of Mder; however,
we will need to be careful as Mder has less cocharacters than M .

Let π : AG → AMder
be the projection given by modding out the kernel of α, viewed as a functional on AG;

cf. also [BT72, §7.6]. In particular, the image of any alcove or face in AG under π is an alcove or face in AMder
, and

the image of any reflection hyperplane is either a reflection hyperplane, or the whole apartment AMder
. We also fix

some dominant µ ∈ X∗(Tadj), and a minimal gallery γµ in AG joining 0 with µ.

Definition and Lemma 3.42. For any combinatorial gallery δ ∈ Γ(γµ), there is a natural combinatorial gallery
π(δ) in AMder

, which is positively folded if δ is.

Proof. Let δ = (Ff ⊂ Σ0 ⊃ Σ′1 ⊂ . . . ⊃ Σ′p ⊂ Σp ⊃ Fν), and consider the naive projection

(π(Ff ) ⊆ π(Σ0) ⊇ π(Σ′1) ⊆ . . . ⊇ π(Σ′p) ⊆ π(Σp) ⊇ π(Fν)).

While this is not necessarily a gallery in AMder
, we do know that each π(Σ′i) is either equal to both π(Σi−1) and

π(Σi), or it is a codimension one subface of both; this uses that AMder
is one-dimensional. In particular, replacing

the triples π(Σi−1) = π(Σ′i) = π(Σi) in this sequence by π(Σi), we do get a gallery in AMder
, which we denote by

π(δ). It is clear that if δ is positively folded, then the same holds for π(δ). Let λ be the dominant cocharacter of
Madj corresponding to the length of π(δ). As Mder has rank 1, there is a unique minimal gallery γλ in AMder

joining
0 with λ. It is then clear that π(δ) is a combinatorial gallery of type tγλ . �

For any δ ∈ Γ(γµ, ν), we would like to say that, using the notation Xδ from Definition and Lemma 3.26, there is
a natural map Xδ → Xπ(δ), which agrees with the restriction of the natural projection GrB → GrM . However, here
we have to be careful about which connected component Xδ ⊆ GrµG ∩Sν ⊆ GrP will map to in GrM . As the semi-
infinite orbits of both GrG and GrM are defined as the fibers of the maps GrB → GrT and GrQ → GrT respectively,
we see that Xδ ⊆ GrP will map to the connected component that contains the semi-infinite orbit corresponding
to ν. So, for the following proposition, we consider Xπ(δ) ⊆ Cπ(δ), but with a natural closed immersion into the
connected component of GrQ corresponding to ν, via Lemma 3.31. (Note that, technically speaking, this only works
if ν is an actual cocharacter; in general we need to look at the adjoint quotient of M .)

Proposition 3.43. For δ ∈ Γ+(γµ, ν) as above, the projection GrB → GrQ restricts to a morphism Xδ → Xπ(δ),
which can be stratified (on the source) into products of geometric vector bundles and punctured geometric vector
bundles.

Proof. Let λ be the cocharacter of Madj corresponding to the length of π(δ), as in the proof of Definition and
Lemma 3.42.

Let us first assume µ is regular, in which case λ is regular (i.e., nonzero) as well. In that case, we can describe
Xδ and Xπ(δ) explicitly via root groups, by Proposition 3.30. As the set of roots appearing for Xπ(δ) is a subset of

the roots appearing for Xδ, by definition of the index sets J+
−∞ and J−−∞, and as the image of a load-bearing wall

under the projection π is either a load-bearing wall or the whole apartment AMder
, there is a natural projection

Xδ → Xπ(δ), which is the product of (punctured) geometric vector bundles. As the projection P →M is obtained
by modding out similar root groups, we see that Xδ → Xπ(δ) agrees with the restriction of GrB → GrQ.

For the general case, note that by Example 3.33, we do not need to use Proposition 3.29 for the cellular decom-
position of GrλM ∩Sν = Xπ(δ). Then we can argue similarly as in the regular case, using that at any step in the

gallery where an A1 or Gm appears for Xπ(δ), every stratum appearing in the Deodhar decomposition at this step

of Xδ naturally lives over either A1 or Gm. �
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For the next theorem, we again omit the assumption that G is semisimple or simply connected.

Theorem 3.44. Let µ, λ ∈ X∗(T ) be two cocharacters, with µ dominant for G, and λ dominant for M . Consider

the intersection Grµ,λP of the preimages of GrµG and GrλM in GrP . Then the restriction of GrP → GrM to Grµ,λP
admits a filtrable decomposition into cellular GrλM -schemes.

Proof. By Lemma 3.31, we can assume G is semisimple and simply connected. As the morphism Grµ,λP → GrλM is

L+M -equivariant, and this action on GrλM is transitive, it is enough to show the theorem over an open subset of

GrλM . But then we can use Proposition 3.43 and the open subscheme GrλM ∩Sλ ⊆ GrλM , where we take the union of

all combinatorial galleries δ ∈ Γ(γµ) such that Xδ maps to GrλM ∩Sλ. The fact that the resulting decomposition is
filtrable follows from the similar result as for the torus T , by Theorem 3.32. �

4. Beilinson–Drinfeld Grassmannians and convolution

4.1. Beilinson–Drinfeld Grassmannians. In this section, we collect basic geometric information about the
Beilinson–Drinfeld affine Grassmannians, following [Zhu17b, §3] and [HR18b, §3] in the case of constant group
schemes.

Let G be a smooth affine group scheme over S and let X := A1
S . Then we have a distinguished S-point

{0} ∈ X(S). To define the Beilinson–Drinfeld Grassmannians, we first introduce some notation for working with
étale G-torsors. For Spec(R) ∈ AffSchS , let XR := X ×S Spec(R). If x : Spec(R) → X is a morphism, we denote
the graph of x by Γx ⊂ XR. We fix a trivial G-torsor E0 on X, and for any Spec(R) ∈ AffSchS we also denote its
base-change to XR by E0.

Note that any Spec(R) ∈ AffSchS can be viewed as an X-scheme lying over 0 by composing with inclusion S
0−→

X. In the following proposition we make this identification. A theorem of Beauville and Laszlo [BL95] implies that
GrG (defined in (3.1)) has the following moduli interpretation, cf. [HR18b, Example 3.1 (i)].

Proposition 4.1. There is a canonical isomorphism of étale sheaves

GrG(R) ∼=
{

(E , β) : E is a G-torsor on XR, β : E
∣∣
XR−Γ0

∼= E0
∣∣
XR−Γ0

}
.

Let I be a nonempty finite set. For a point x = (xi) ∈ XI(R), let

Γx =
⋃
i∈I

Γxi ⊂ XR.

Definition 4.2. The Beilinson–Drinfeld Grassmannian for G over XI is the functor

GrG,I(R) =
{

(x, E , β) : x ∈ XI(R), E is a G-torsor on XR, β : E
∣∣
XR−Γx

∼= E0
∣∣
XR−Γx

}
.

Remark 4.3. The definition of GrG,I makes sense for general smooth curves X, but the existence of the necessary
t-structure on DTM(XI) is not known in general. In future work we hope to extend the results in this paper to
other curves for which the t-structure is known to exist, such as X = P1.

Remark 4.4. Our definition of GrG,I is the following specialization of [HR18b, Eqn. (3.1)]. In the notation of
loc. cit., let Spec(O) = AI

S and X = A1
O. If Spec(O) has affine coordinate functions xi for i ∈ I and X has the affine

coordinate function t, then let D be the divisor on X defined locally by the ideal
∏
i∈I(t − xi). After identifying

pairs (Spec(R) ∈ AffSchS , x ∈ AI
S(R)) with objects in AffSchSpec(O), Definition 4.2 agrees with Gr(X,G×X,D) as

defined in [HR18b, Eqn. (3.1)].

Lemma 4.5. If G = G is a split reductive group, GrG,I is represented by an ind-projective scheme over XI . If
G = P is a standard parabolic subgroup of G, GrP,I is represented by an ind-scheme of ind-finite type over XI .

Proof. For any closed immersion of group schemes G→ GLn, the quotient GLn/G is an affine S-scheme, cf. [Alp14,
Corollary 9.7.7]. Hence GrG,I is ind-projective by [HR18b, Corollary 3.11 (i)]. By [HR18b, Theorem 2.1 (iii) and
Theorem 3.17], this also implies the claim for GrP,I . �

In the special case I = {∗} is a singleton, Proposition 4.1 implies there is a canonical isomorphism

GrG,{∗} ∼= GrG ×X. (4.1)

For general I, the fiber of GrG,I over a point in (xi) ∈ XI depends on the partition of (xi) into pairwise distinct
coordinates. More precisely, let

φ : I � J

be a surjection of nonempty finite sets. This induces a partition

I =
⋃
j∈J

Ij , Ij := φ−1(j).
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Let
Xφ := {(xi) ∈ XI : xi = xi′ if and only if φ(i) = φ(i′)}. (4.2)

This is a locally closed subscheme of XI . In the special case φ = id we write X◦ = X id, which is the locus with
pairwise distinct coordinates. For later use, we also define the open subscheme

X(φ) := {(xi) ∈ XI : xi 6= xi′ if φ(i) 6= φ(i′)} ⊂ XI . (4.3)

Proposition 4.6. There is a canonical isomorphism

GrG,I
∣∣
Xφ
∼=
∏
j∈J

GrG ×Xφ (4.4).

Proof. The arguments in [Zhu17b, 3.1.13] generalize to an arbitrary base. �

We now define the global loop groups. For x ∈ XI(R), let Γ̂x be the formal completion of Γx in XR. Locally on

S, Γ̂x is the formal spectrum of a topological ring, so by forgetting the topology we can view Γ̂x as an object in
AffSchS , cf. [HR18b, §3.1.1]. Following the discussion in [HR18b, §3.1.1], one can view Γx as a Cartier divisor in

Γ̂x, so Γ̂◦x := Γ̂x − Γx ∈ AffSchS .

Definition 4.7. The global positive loop group L+
I G (resp. the global loop group LIG) is the functor

L+
I G(R) = {(x, g) : x ∈ XI(R), g ∈ G(Γ̂x)}.

LIG(R) = {(x, g) : x ∈ XI(R), g ∈ G(Γ̂◦x)}.

By [HR18b, Lemma 3.2], L+
I G is represented by a pro-smooth affine group scheme over XI and LIG is represented

by an ind-affine ind-scheme over S. Both groups satisfy a factorization property as in (4.4). If I = {∗} is a singleton,
there is a canonical isomorphism L+

{∗}G
∼= L+G×X. The proof of the following lemma was explained to us by T.

Richarz.

Lemma 4.8. The Beilinson–Drinfeld Grassmannian GrG,I can be identified with the Zariski, Nisnevich, and étale
sheafifications of LIG/L

+
I G.

Proof. Since sheafification commutes with base change, we may assume S = Spec Z. By [HR18b, Lemma 3.4],
we have a right L+

I G-torsor LIG → GrG,I , which we must show is Zariski-locally trivial. The big open cell in
[HR18b, Lemma 3.15] is an open sub-ind-scheme of GrG,I over which LIG → GrG,I admits a section. Under the

factorization isomorphism (4.4), it restricts to products of the big open cell L−−G = ker(L−G
t−1 7→0−−−−→ G) in GrG,

where L−G(R) = G(R[t−1]). By [Fal03, Definition 5 ff.], GrG is covered by left translates of L−−G by the points in
LT (Z) given by evaluation of cocharacters in X∗(T ) at t. Fix a surjection φ : I → J . Then LIT

∣∣
Xφ
∼= (LT )J ×Xφ.

By the previous discussion, it suffices to show that a point in ((LT )J×Xφ)(Xφ) corresponding to a tuple in X∗(T )J

lifts to an XI -point of LIT . For this we use the explicit description of LIT (XI) in [HR18b, Lemma 3.4]. In the
notation of Remark 4.4, LIT (XI) is given by the T -points of the complement of D =

∏
i∈I(t−xi) in the completion

of Z[x1, . . . , xn][t] at D. Choosing |J | of the coordinates x1, . . . , xn to represent the distinct J coordinates over Xφ,
it follows that the lift we need exists, and is already defined before passing to the completion. �

By Lemma 4.8, the group LIG acts on GrG,I on the left. We denote the result of the action of g ∈ LIG(R) on
(x, E , β) ∈ GrG,I(R) by (x, gE , gβ). Here gE is obtained by gluing E

∣∣
XR−Γx

to E
∣∣
Γ̂x

along β−1
∣∣
Γ̂◦x
◦ g ◦β

∣∣
Γ̂◦x

: E
∣∣
Γ̂◦x
→

E
∣∣
Γ̂◦x

, and gβ : gE
∣∣
XR−Γx

∼−→ E
∣∣
XR−Γx

β−→ E0
∣∣
XR−Γx

. We refer to [Ric14, §3.1] for more details on these group actions.

Definition 4.9. For any nonempty finite set I, we define the Hecke prestack by HckG,I := L+
I G\GrG,I . We will

denote the canonical quotient by map u : GrG,I → HckG,I .

The following result should be well-known, but we include it as we were unable to find a reference.

Proposition 4.10. Let K,L,M be smooth affine S-group schemes, and K → M and L → M group homomor-
phisms, with L → M surjective. Suppose K ×M L is represented by a smooth affine S-group scheme. Then the
natural morphisms GrK×ML → GrK ×GrM GrL, and GrK×ML,I → GrK,I ×GrM,I GrL,I are isomorphisms for any
finite set I.

Proof. We will only show the first assertion; the case of Beilinson–Drinfeld Grassmannians can be handled analo-
gously. To construct the inverse, let R be a scheme over S. Let x ∈ X(R) be the point Spec(R)→ X corresponding
to the origin. An element of (GrK ×GrM GrL)(R) can be represented by a pair (EK , βK), with EK a K-torsor on

Γ̂x and βK : EK
∣∣
Γ̂◦x
∼= EK,0

∣∣
Γ̂◦x

, a similar pair (EL, βL) for L, and an isomorphism α : EK ×K M ∼= EL ×L M ,

commuting with βK and βL under the natural identifications E0,K ×K M ∼= E0,M ∼= E0,L ×L M . Let us denote
EK ×K M ∼= EL ×L M by EM . Using the natural morphisms EK ∼= EK ×K K → EK ×K M ∼= EM and EL → EM ,
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we can consider the fiber product EK ×EM EL. Moreover, the isomorphisms βK and βL induce an isomorphism
βK×ML : EK ×EM EL

∣∣
Γ̂◦x
∼= E0,K×ML

∣∣
Γ̂◦x

. We leave it to the reader to verify that the inverse is

(EK , βK , EL, βL, α) 7→ (EK ×EM EL, βK×ML).

�

4.2. Convolution Grassmannians.

4.2.1. Local case. Recall that P ⊂ LG denotes a parahoric subgroup.

Definition and Lemma 4.11. The convolution product is defined to be the functor

? : DM(r)(P\LG/P)×DM(r)(P\LG/P)→ DM(r)(P\LG/P)

F1 ? F2 := m!p
!(F1 � F2), (4.5)

where the maps are the natural quotient and multiplication maps (which are maps of prestacks):

P\LG/P × P\LG/P P\LG×P LG/P
p
oo m // P\LG/P. (4.6)

The functor ? preserves anti-effective (resp. all) stratified Tate motives (Definition 2.22). It endows (at least) the
homotopy category Ho(DTM(r)(P\LG/P)(anti)) with the structure of a monoidal category.

Remark 4.12. Recall the existence of the functors in the right hand side of (4.5). For any map of prestacks
f : Y → Z, we have a !-pullback functor by construction, cf. (2.2). If f , or its Zariski- or Nisnevich sheafification, is an
ind-schematic map (as is the case for m), then f ! admits a left adjoint f!, cf. [RS20, Lemma 2.2.9, Proposition 2.3.3],
joint with Remark 2.20. Finally, the exterior product functor for motives on placid prestacks has been constructed
in [RS21, Corollary A.15]. The prestacks P\LG/P and also the Hecke prestacks HckG,I are placid, the point being
that the quotient is formed with respect to a pro-smooth group P, resp. L+

I G. For later use, we note that the
!-pullback along a pro-smooth quotient map (such as GrG → P\GrP ) is compatible with �.

Proof. The proofs of [RS21, Lemma 3.7, Theorem 3.17] carry over to show that Tate motives are preserved under
convolution. What is more, these proofs also show more generally that the convolution product defined in [RS20,
Definition 3.1] (for a triple of parahorics) preserves anti-effective Tate motives. More precisely, the argument for
P = I in [RS20, Proposition 3.19] applies verbatim. The argument for the next case in [RS20, Proposition 3.26]
needs to be modified by using the functors a∗ and b∗ instead of a! and b! in the diagram in loc. cit. so as to avoid
introducing positive twists. This proves the theorem for arbitrary P and motives which are anti-effective with
respect to the Iwahori stratification. The general case of a coarser stratification follows as in the the third case of
Proposition 3.7. �

4.2.2. Global case: Type I. By replacing LG by LIG and P by L+
I G in (4.6), and using any number of factors of

HckG,I , we obtain a convolution product

? : DM(r)(HckG,I)× · · · ×DM(r)(HckG,I)→ DM(r)(HckG,I).

F1 ? . . . ? Fn := m!p
!(F1 � . . .� Fn)[−(n− 1)|I|]. (4.7)

The box product is formed with respect to XI . As above, this functor turns the homotopy category of DM(r)(HckG,I)
into a monoidal category. It will be clear from context if we mean the local or global version of ?. The shift by
−(n − 1)|I| ensures the box product will be right exact for a t-structure introduced later, cf. Theorem 5.32 and
Proposition 5.37.

4.2.3. Beilinson–Drinfeld convolution Grassmannians. If I is an ordered finite set we identify I with {1, . . . , |I|}.
For the rest of this subsection, fix an order-preserving surjection of nonempty ordered finite sets φ : I � J . If
(xi) ∈ XI , let xIj ∈ XIj be the corresponding component.

Definition 4.13. The convolution Beilinson–Drinfeld Grassmannian over XI is the functor

G̃rG,φ(R) =

{
(x, Ej , βj)j=1,...,|J| : x ∈ XI(R), Ej is a G-torsor on XR, βj : Ej

∣∣
XR−ΓxIj

∼= Ej−1

∣∣
XR−ΓxIj

}
, (4.8)

where E0 is the trivial G-torsor.

There is a factorization property for G̃rG,φ similar to (4.4). There is also a convolution morphism

mφ : G̃rG,φ → GrG,I , (x, Ei, βi) 7→ (x, E|J|, β1 ◦ · · · ◦ β|J|) (4.9)

which restricts to an isomorphism over the locus of XI with pairwise distinct coordinates. More generally, for j ∈ J
there is a morphism G̃rG,φ → GrG,XI1t···tIj which records Ej and the trivialization β1 ◦ · · · ◦ βj . The product of

these |J | morphisms is a closed embedding, so G̃rG,φ is represented by an ind-projective scheme over XI . The group
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L+
I G acts on G̃rG,φ on the left by (x, Ej , βj) 7→ (x, gEj , gβjg−1), cf. [Ric14, Corollary 3.10 ff.], and mφ is equivariant

for this action. If φ = id we let G̃rG,I := G̃rG,φ and mI := mφ.

4.2.4. Global case: Type II. As in previous approaches to geometric Satake, we will relate the convolution product
? on DM(r)(HckG,I) to a fusion product. In order to prove facts about the fusion product, we will use another type
of global convolution product described below.

Let I = I1 t I2 be a partition into two nonempty finite sets associated to a surjection φ : I → {1, 2}. We define
a functor on AffSchS by

LI1I2G(R) = {((xi, Ei, βi)i=1,2, σ) : xi ∈ XIi(R), Ei is a G-torsor on XR,

βi : Ei
∣∣
XR−Γxi

∼= E0
∣∣
XR−Γxi

, σ : E0
∣∣
Γ̂x2

∼= E1
∣∣
Γ̂x2

}.

There is a commutative diagram, which we explain below.

GrG,I1 ×S GrG,I2

u

��

LI1I2G

q

��

p
oo

GrG,I1 ×S HckG,I2

v

��

G̃rG,φ

w

��

p̃
oo

mφ
// GrG,I

w

��

HckG,I1 ×S HckG,I2 L+
I G \ G̃rG,φ

p
oo

mφ
// HckG,I

(4.10)

Lemma 4.14. The projection p : LI1I2G→ GrG,I1 ×GrG,I2 which forgets σ is a Zariski-locally trivial L+
I2
G×XI2XI-

torsor. Consequently, LI1I2G is represented by an ind-scheme over XI .

Proof. The group L+
I2
G×XI2 XI acts on LI1I2G by changing σ, and p is a torsor for this group. For every point in

GrG,I1(R), E1 is trivializable on XR − Γx1tx2
, so by Lemma 4.8, E1 is trivializable on Γ̂x1tx2

Zariski-locally with

respect to R. By pulling back along the map Γ̂x1
→ Γ̂x1tx2

this shows that a trivialization σ as in the definition of
LI1I2G(R) exists Zariski-locally on R. �

For a point in LGI1I2(R), we can construct a point (x, E ′j , β′j)j=1,2 ∈ G̃rG,φ(R) as follows. Let x = x1 × x2,

E ′1 = E1 and β′1 = β1. Let E ′2 be the bundle obtained using [BL95] (see also [BD99, §2.12]) to glue E1
∣∣
XR−Γx2

to

E2
∣∣
Γ̂x2

along σ ◦ β2

∣∣
Γ̂◦x2

. By construction there is an isomorphism β′2 : E ′2
∣∣
XR−Γx1

∼= E1
∣∣
XR−Γx1

. This defines the

map q, which is a torsor for the action of L+
I2
G×XI2 XI , that fixes (E1, β1), and sends (E2, β2, σ) to (gE2, gβ2, σg

−1),
cf. [BR18, §1.7.4].

Lemma 4.15. The map q is a Zariski-locally trivial L+
I2
G×XI2 XI-torsor.

Proof. Fix a point (xi, Ei, βi)i=1,2 ∈ G̃rG,φ(R). By Lemma 4.8, after an affine Zariski cover Spec(R′) → Spec(R),

both bundles Ei become trivial on Γ̂x1tx2
. Then the isomorphism β2 : E2

∣∣
XR′−Γx2

∼= E1
∣∣
XR′−Γx2

shows that E2 is

obtained by gluing E1
∣∣
XR′−Γx2

to the trivial bundle E0
∣∣
Γ̂x2

. We can then construct a section over R′ by taking

E ′2 = E0 to be the trivial bundle on XR′ . �

The maps labelled with u, v, and w are the natural maps to the prestack quotients by the left L+
I2
G ×XI2 XI ,

L+
I1
G×XI1 XI , and L+

I G-actions. The map p̃ exists because p is equivariant for the left action of L+
I2
G on GrG,I2 .

Technically, p̃ only exists after taking the Zariski-sheafification of the target. However, for any prestack Z the

!-pullback along the sheafification map Z → ZZar induces an equivalence DM(r)(ZZar)
∼=→ DM(r)(Z) (and likewise

with the Nisnevich topology), so we can safely pretend p̃ exists as stated. Likewise, the map p exists because we
only take pre-stack quotients on the bottom row.

For Fi ∈ DM(r)(HckG,Ii), we can form the Type II convolution product

mφ!p
!(F1 � F2) ∈ DM(r)(HckG,I).

Lemma 4.16. The motive on G̃rG,φ underlying p!(F1 � F2) agrees with what is in the literature often denoted by

F1�̃F2, cf. [Zhu17b, A.1.2]. Similarly, the motive on GrG,I underlying mφ!p
!(F1 � F2) agrees with mφ!(F1�̃F2).

This specializes to the construction in [MV07, Eqn. (5.6)] (without the perverse truncation of the box product) under
Betti realization ρB for compact motives over S = Spec Q.
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Proof. The left most functor v! is, by definition, compatible with �. The map mφ is ind-schematic and proper,

so that the natural map mφ!w
! → w!mφ! is an isomorphism. Thus, the underlying motive of mφ!p

!(F1 � F2) in

DM(r)(GrG,I) is given by mφ!p̃
!(v!(F1 �F2)). By the setup of equivariant motives, p!(F1 �F2) is the unique object

in DM(r)(L
+
I G\G̃rG,φ) whose image under q!w! in DM(r)(LI1I2G) is p!(u ◦ v)!(F1 �F2). Again by definition, u! and

v! are compatible with �. In other words, the motive p̃!(v!(F1 � F2)) is a twisted external product in the sense
of [Zhu17b, A.1.2]. The compatibility with [MV07, Eqn. (5.6)] then follows from the fact that Betti realization
commutes with the six functors. �

Remark 4.17. There is an analogue of LI1I2G for n factors I1, . . . , In, cf. [Ric14, Definition 3.11]. Lemma 4.16
and Proposition 4.27 below generalize to n-fold convolution products.

4.2.5. One further convolution Grassmannian. We will need one further object similar to LI1I2G in order to show
admissibility of a certain stratification of GrG,I . Specifically, for n > 1 there is an étale L+

{n}G-torsor

E→ G̃rG,{1,...,n−1} ×X

whose functor of points records (x, Ei, βi)i=1,...,n−1 ∈ G̃rG,{1,...,n−1}(R), xn ∈ X(R), and a trivialization of En−1 on

Γ̂xn . There is an L+
{n}G-action on E given by changing the trivialization over Γ̂xn . Then G̃rG,I ∼= E×

L+
{n}G

X GrG,{n},

where L+
{n}G acts diagonally. Given an R-point of E, the last bundle En−1 is trivial on XR − Γx1t···txn−1

, and

therefore also on XR−Γx1t···txn−1txn . Hence En−1 becomes trivial on Γ̂x1t···txn after passing to some Zariski cover

of R, so E→ G̃rG,{1,...,n−1} ×X is Zariski-locally trivial and E is represented by an ind-scheme over XI . Iterating

this procedure shows that G̃rG,I can be written as a twisted product

G̃rG,I ∼= GrG,{1}
∼
× · · ·

∼
×GrG,{n} . (4.11)

See [Zhu17b, Eq. (3.1.22)] for more details.

4.3. Stratifications of Beilinson–Drinfeld Grassmannians. In this section we show that a certain stratification
of Beilinson–Drinfeld affine Grassmannians is Whitney–Tate.

Definition 4.18. For a surjection of nonempty finite sets φ : I � J and µ = (µj) ∈ (X∗(T )+)J , the corresponding
stratum of GrG,I is

Grφ,µG,I :=
∏
j∈J

Gr
µj
G ×X

φ ⊂ GrG,I ,

where the inclusion is induced by the factorization isomorphism (4.4). Let

ι : Gr†G,I → GrG,I (4.12)

be the inclusion of the disjoint union of the strata.

Example 4.19. As a preparation for the proof below, we consider the case of the trivial group G, where GrG,I ∼=
XI = AI . For φ : I � J , let

jφ : Xφ → XI (4.13)

be the inclusion of the corresponding stratum. For example, if I = {1, 2}, we have X◦ = X2 \∆X , the complement
of the diagonal. The closure of Xφ is the diagonal

Xφ := {(xi) ∈ XI : xi = x′i if φ(i) = φ(i′)}.
In particular, this is smooth and it is a union of strata, so that we have a Whitney–Tate stratification by Remark 2.5.

Lemma 4.20. The closure of Grφ,µG,I is a union of strata.

Proof. By restricting to Xφ and using (4.4), we reduce to the case when φ is a bijection. Thus we can assume our
initial stratum is of the form Gr◦,µG,I . In this case, using (4.11) we can form the closed subscheme

Y := (Gr≤µ1

G ×X)
∼
× · · ·

∼
× (Gr≤µnG ×X) ⊂ G̃rG,I .

Note that mI (cf. (4.9)) is an isomorphism over X◦, and that by computing smooth-locally it follows that Y is

the closure of Grφ,µG,I in G̃rG,I . Hence mI(Y ) ⊆ Gr◦,µG,I ⊂ GrG,I . As mI(Y ) is closed and it contains Gr◦,µG,I , this
containment is an equality.

It remains to see that mI(Y ) is a union of strata. For this, let φ′ : I � K be an arbitrary surjection and put

λk =
∑
i∈(φ′)−1(k) µi for k ∈ K. Using that the image of a local convolution morphism Gr≤µ1

G

∼
× · · ·

∼
×Gr≤µnG

m−→ GrG

is Gr≤µ1+···+µn
G , it follows that

mI(Y )
∣∣
Xφ′
∼= Gr≤λ1

G × · · · ×Gr
≤λ|K|
G ×Xφ′ .
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�

Theorem 4.21. The stratification of GrG,I in (4.12) is universally admissible.

The key idea for the proof is to interpret restrictions along partial diagonals in GrG,I as convolution. Then we
can apply Definition and Lemma 4.11.

Proof. Let ιφ,µ : Grφ,µG,I → GrG,I be the inclusion of a stratum as in Definition 4.18, where φ : I � J . Then we have

to prove ι∗ ◦ ιφ,µ∗ (Z) ∈ DTM(r)(Gr†G,I).

Fix a bijection I
∼−→ {1, . . . , n}. We will induct on n. If n = 1, the proposition follows from smooth base change

applied to the projection GrG×X → GrG and the universal Whitney–Tate property of GrG (Proposition 3.7). In
fact, the Iwahori-orbit stratification on GrG by affine spaces is Whitney–Tate, so we get a cellular Whitney–Tate
stratification in the case n = 1, also using that X = A1 is cellular itself.

Now assume n > 1. By Lemma 2.9, the schemes Xφ and therefore also the strata Grφ,µG,I are admissible S-schemes
in the sense of Definition 2.7. Thus, it remains to show the stratification is universally Whitney–Tate. If φ is not

injective, there exist i, i′ ∈ I such that Xφ is contained in the diagonal

Xxi=xi′ = {(xi) ∈ XI : xi = xi′}.

This diagonal is a union of strata, so under the obvious identification Xxi=xi′ ∼= XI−{i′} and the factorization
property (4.4) this case is covered by induction.

Now assume φ is injective. We can assume I = J and φ = id. Write X◦ := X id. To ease notation we let
φ : I → K be a new surjection, and we will compute the fiber of ι◦,µ∗ Z over Xφ. We consider two further cases.

If there exists i ∈ I such that φ−1φ(i) is a singleton, let X◦i ⊂ XI−{i} be the locus with pairwise distinct
coordinates. Consider the open subset X(φ) ⊆ XI from (4.3), for which X◦, Xφ ⊂ X(φ). Then

GrG,I
∣∣
X◦
∼= (GrG,I−{i}

∣∣
X◦i
×GrG,{i})×XI X(φ)

(note that the right hand side already lives over X◦) and

GrG,I
∣∣
X(φ)

∼= (GrG,I−{i}×GrG,{i})×XI X(φ).

Hence this case follows by induction applied to the factor GrG,I−{i} and universality of the Whitney–Tate
stratification of GrG,{i}.

For the final case, suppose the fibers of φ have at least two elements each. Write j◦ : X◦ → X for the embedding.
Let µ = (µi) ∈ (X∗(T )+)I , and let jµi : GrµiG → GrG be the inclusion of the corresponding L+G-orbit. Let us
require that φ is order-preserving so that there is an induced order on K.

The proof is based on the following diagram:∏
i∈I GrG×X◦ × L+G

q◦

��

j2
// E×X GrG,{n}

q

��

Y<m × Ym
i2oo

qφ

��∏
i∈I GrG×X◦

∼

��

j1
// G̃rG,I

mI

��

∏
k∈K GrIk,conv

G ×Xφi1oo

mφI
��∏

i∈I GrµiG ×X◦
jµi

//
∏
i∈I GrG×X◦

��

j0
// GrG,I

��

∏
k∈K GrG×Xφi0oo

��

X◦
j◦

// X Xφ.
jφ

oo

The bottom squares are cartesian by the factorization property of GrG. The remaining squares, all of which are
also cartesian, will be discussed below.

It suffices to show

i∗0 ◦ j0
∗

(
�
i∈I
jµi∗ Z � Z

∣∣
X◦

)
∼= �
k∈K

(
?

i∈Ik
jµi∗ Z

)
�
(
j∗φj
◦
∗(Z)

)
. (4.14)

Indeed, the convolution product ?
i∈Ik

jµi∗ Z is an object of DTM(r)(GrG) by Definition and Lemma 4.11. This holds in-

dependently of the base scheme since the stratification on GrG is universally Whitney–Tate by Corollary 3.10. Also,
j∗φj
◦
∗(Z) ∈ DTM(r)(X

φ) by Example 4.19. Again, this is independent of the base scheme because the computation
behind Remark 2.5 only uses relative purity.

We will prove this formula by induction on the number of cocharacters such that µi = 0, starting with the case
where all µi = 0. In this case the above formula holds because the relevant geometry is supported on the image of
the trivial section XI → GrG,I .
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Now suppose µi 6= 0 for some i. After possibly relabelling we can assume µn 6= 0. The middle part of the above
diagram is cartesian, where Ik = φ−1(k) and we write, for a nonempty finite ordered set J ,

GrJ,conv
G := LG×L

+G · · · ×L
+G LG×L

+G Gr︸ ︷︷ ︸
|J| factors

.

The morphism mφ
I is a product of |K| local convolution morphisms, times the identity morphism on Xφ. The map

q at the top is the L+G-torsor introduced in (4.11). Let m ∈ K be the largest element. The fiber of E×X GrG,{n}
over Xφ is the product of

Y<m :=
∏
k<m

GrIk,conv
G ×Xφ

and
Ym := LG×L

+G · · · ×L
+G LG×Gr︸ ︷︷ ︸

|Im| factors

.

Here we set Y<m = S if |K| = 1. The map q◦ is a trivial L+G-torsor, cf. [BR18, (1.7.5) ff.]. The map qφ is the
quotient by the diagonal action of L+G on the last two factors LG×Gr in Ym, which is possible by our assumption
that |Im| > 1. The point is that in the top row we have split off the factor GrG which supports jµn∗ Z.

By proper base change,

i∗0 ◦ j0
∗

(
�
i∈I
jµi∗ Z � Z

∣∣
X◦

)
∼= mφ

I∗ ◦ i
∗
1 ◦ j1

∗

(
�
i∈I
jµi∗ Z � Z

∣∣
X◦

)
.

Let
E = �

1≤i≤n−1
jµi∗ Z � Z

∣∣
Gr0

G

� Z
∣∣
X◦
,

i.e., the object we would like to push-pull but where we set the last cocharacter µn = 0. By smooth base change
and Lemma 3.8 we have

qφ∗ ◦ i∗1 ◦ j1
∗(�i∈Ij

µi
∗ Z � Z) ∼= qφ∗ ◦ i∗1 ◦ j1

∗(E) � jµn∗ Z,

cf. [Zhu14, Prop. 7.4(ii)]. This isomorphism is equivariant for the diagonal action of L+G, so by descent we have

i∗1 ◦ j1
∗(�i∈Ij

µi
∗ Z � Z) ∼= i∗1 ◦ j1

∗(E)�̃jµn∗ Z.

Here the twisted product is formed on∏
k∈K

GrIk,conv
G ×Xφ ∼=

∏
k<m

GrIk,conv
G ×Gr

Im−{n},conv
G ×Xφ

∼
×GrG,

which comes from the identification (obtained by restricting (4.11) to the diagonal)

GrIm,conv
G

∼= Gr
Im−{n},conv
G

∼
×GrG .

The construction of the twisted product of motivic sheaves is analogous to Lemma 4.16 and is purely local, cf. [RS21,
Lemma 3.11 ff.].

Now we factor mφ
I by first convolving the left n− 1 factors, and then convolving with the final factor supporting

jµn∗ Z, as below. ∏
k∈K GrIk,conv

G ×Xφ m1 //

mφI

**

∏
k<m GrG×(Gr

∼
×Gr)×Xφ

m2

��∏
k∈K GrG×Xφ.

By proper base change and Lemma 3.8,

m1∗(i
∗
1 ◦ j1

∗(E)�̃jµn∗ Z) ∼= (mφ
I∗ ◦ i

∗
1 ◦ j1

∗(E))�̃jµn∗ Z.

By induction the above is isomorphic to

�
k<m

(
?

i∈Ik
jµi∗ Z

)
�

((
?

i∈Im−{n}
jµi∗ Z

)
�̃jµn∗ Z

)
� j∗φj

◦
∗(Z).

Applying the projection formula to m2∗ = m2!, we deduce (4.14), completing the proof. �

Remark 4.22. The proof of Theorem 4.21 implies that the convolution product ?
i∈I
jµi∗ Z is independent of the

ordering on I, modulo the factor j∗φj
◦
∗(Z). This is similar to Gaitsgory’s construction of the commutativity constraint

following [Gai01, Gai04], where this factor disappears when one uses nearby cycles; see also [Zhu15].

Theorem 4.21 entitles us to the following definitions, cf. Definition 2.4 and Definition 2.22.
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Definition and Lemma 4.23. We denote by DTM(r)(GrG,I) the category of stratified Tate motives on the
Beilinson–Drinfeld Grassmannian. The category DTM(r)(HckG,I) of Tate motives on the Hecke prestack is defined to
be the full subcategory of DM(r)(HckG,I) of objects whose underlying motive in DM(r)(GrG,I) lies in DTM(r)(GrG,I).

Both categories carry a natural t-structure such that the forgetful functor u! : DTM(r)(HckG,I)→ DTM(r)(GrG,I)
is t-exact. As usual, the heart of these t-structures is denoted by MTM(r). We refer to these motives as mixed
(stratified) Tate motives.

Proof. The t-structure on DTM(r)(GrG,I) is an instance of Remark 2.13. For the t-structure on the Hecke prestack

we first note that this t-structure is glued by the t-structures on DTM(r)(GrG,I ×XIXφ), for all the surjections

φ : I � J (cf. Definition 4.18). By factorization, we have GrG,I ×XIXφ = GrGJ ×Xφ, compatibly with the
stratification and the LIG

∣∣
Xφ

-action. Therefore the existence of the t-structure on equivariant objects follows from

[RS20, Proposition 3.2.15]. �

Corollary 4.24. The natural map πG : GrG,I → XI is Whitney–Tate, i.e., πG∗ preserves Tate motives, with respect
to the stratification of XI in Example 4.19.

Proof. It suffices to show that πG! maps the generators of DTM(r)(GrG,I), namely ιφ,µ! Z, to an object in DTM(r)(X
I),

for φ : I � J . Using the factorization property (4.4), we have

πG!ι
φ,µ
! Z ∼= jφ!

(
�
j∈J

π
(j)
! Z

∣∣∣
Xφ

)
,

where jφ : Xφ → XI is as in (4.13), and π(j) :
∏
i∈φ−1(j)(GrµiG ×SX)→ Xφ−1(j) is the projection onto the diagonal.

The stratification of GrµiG by Iwahori-orbits is a stratification by affine spaces, so that pushforward along the
structural map GrµiG → S preserves Tate motives [RS20, Lemma 3.1.19]. Thus, the above expression is an object of
DTM(r)(X

I). �

4.4. Tate motives on Beilinson–Drinfeld Grassmannians.

Notation 4.25. When working on GrG,I , for some finite index set I, we will often need to shift by |I|. We will
denote [|I|] and [−|I|] by [I] and [−I], and similarly for twists.

4.4.1. Convolution. In this subsection, we prove that the various convolution functors preserve Tate motives, and
we relate Type I and II convolution products of Tate motives.

In the context of the Type II convolution diagram, suppose I1 = I2. The fiber of part of (4.10) over the diagonal
embedding XI1 → XI , where I = I1 t I1, is the global version of the classical convolution diagram [MV07, (Eqn.
(4.1)],

GrG,I1 ×XI1 GrG,I1 LI1G×XI1 GrG,I1 (LI1G×
L+
I1
G

XI1
GrG,I1)Zar GrG,I1 .

m (4.15)

The left map is the quotient on the left factor and the right map is the quotient by the diagonal action of L+
I1
G.

Denoting the base of a box product with a subscript, for Fi ∈ DM(r)(HckG,Ii) we can form the twisted product

F1�̃XI1F2 ∈ DM(r)(LI1G ×
L+
I1
G

XI1
GrG,I1) by applying the same arguments as in Lemma 4.16. Let fI1 : GrG,I1 →

HckG,I1 be the quotient map. Base change along the quotient of m by the left action of L+
I1
G shows that

m!(F1�̃XI1F2) ∼= f !
I1(F1 ? F2)[I1]. (4.16)

This result generalizes to an n-fold convolution product.

Proposition 4.26. The convolution product ? in (4.7) preserves Tate motives, i.e., it restricts to a functor

? : DTM(r)(HckG,I)× . . .×DTM(r)(HckG,I)→ DTM(r)(HckG,I).

Likewise, for a surjection φ : I � J and Ij = φ−1(j), the convolution product mφ!(−�̃ . . . �̃−) from Lemma 4.16
(for any number of factors) restricts to a functor

DTM(r)(HckG,I1)× . . .×DTM(r)(HckG,I|J|)→ DTM(r)(GrG,I).

Proof. By continuity we may restrict to compact objects. Then we may replace the torsors used to construct
the twisted products in both types of convolution by finite-type quotients. In this case, the twisted products
can be formed using either !- or ∗-pullback. The fibers of (4.15) and (4.10) over the strata of XI are products
of local convolution diagrams. Hence, by base change and the compatibility between box products and the two
operations of ∗-pullback and !-pushforward [JY21, Theorem 2.4.6], the claim follows from the local case (Definition
and Lemma 4.11). �
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Proposition 4.27. Suppose I1 = I2. Let

i1 : GrG,I1 → GrG,I , i : HckG,I1 ×XI1 HckG,I1 → HckG,I1 ×S HckG,I1

be the diagonal embeddings. For Fk ∈ DTM(r)(HckG,Ik), there is a canonical isomorphism

i!1mφ!(F1�̃F2) ∼= f !
I1(F1 ? F2)(−I1)[−I1]. (4.17)

Proof. Note that the definition of ? includes a shift by −|I1|. By base change and (4.16), it suffices to identify

F1�̃XI1F2(−I1)[−2|I1|] with the corestriction of F1�̃SF2 to the diagonal. This amounts to identifying F1 �XI1
F2(−I1)[−2|I1|] with i!(F1 �S F2). To get a map

(F1 �XI1 F2)(−I1)[−2|I1|]→ i!(F1 �S F2),

rewrite i as i′ × id : HckG,I1 ×XI1 HckG,I1 → (HckG,I1 ×SXI1)×XI1 HckG,I1 . Here i′ is the product of the identity
map of HckG,I1 and the structure map to XI1 . The map we seek is the canonical map in [JY21, Theorem 2.4.6],

i′!(F1 �S Z
∣∣
XI1

) �XI1 F2 → (i′ × id)!(F1 �S Z
∣∣
XI1

�XI1 F2). (4.18)

Indeed, by using relative purity to rewrite F1 �S Z
∣∣
XI1

as a !-pullback from HckG,I1 , we have i′!(F1 �S Z
∣∣
XI1

) ∼=
F1(−I1)[−2|I1|].

To show that the map (4.18) is an isomorphism, we may replace HckG,Ii by GrG,Ii throughout (by definition
of � on the Hecke prestacks). By the Whitney–Tateness of the stratification on GrG,I1 , we may assume F2 is

*-pushforward of a Tate motive on GrG,I2 |X(φ) =
∏
j∈J GrG,{∗} |X(φ) for some I2

φ
� J . By base change we may

thus replace GrG,I2 by
∏
j∈J GrG,{∗}. We are then done by Lemma 3.8. �

4.4.2. Independence of the base. The following statement, which is false for non-reduced motives, allows to connect
Satake categories over various base schemes.

Lemma 4.28. Let π : S′ → S be a scheme over S. For G/Spec Z, we consider G′ = G×SS′ etc. and the associated
Beilinson–Drinfeld affine Grassmannian GrG′,I over S′. The functor

π∗ : DTM(r)(HckG,I)→ DTM(r)(HckG′,I)

is a monoidal functor with respect to the convolution product ? and also with respect to mφ(−�̃ . . . �̃−). For reduced
motives (but not for non-reduced ones), these functors are equivalences.

Proof. The functor π∗ exists since GrG′,I → GrG,I is schematic. Up to taking reduced subschemes, the stratification
on GrG′,I is just the preimage stratification of the one on GrG,I . This follows from [RS20, Proposition 4.4.3]. Thus
π∗ preserves Tate motives. The functor π∗ is compatible with these convolution functors since it commutes with
�, the !-pullback functors along pro-smooth maps (the maps p in (4.6), resp. in (4.10)) and !-pushforward (along
the maps m, resp. mφ). The functor π∗ is an equivalence for reduced motives by Lemma 2.10, which is applicable
by Theorem 4.21. �

4.4.3. Forgetting the equivariance. The following local result will be used in the proof of Corollary 6.14. The
proceeding global result (Proposition 4.31) will be used implicitly in several places, cf. Remark 5.16.

Proposition 4.29. Let µ ∈ X∗(T )+ and let e : S → L+G\GrµG be the identity section. Then we have an equivalence

e![dim GrµG] : MTM(r)(L
+G\GrµG) ∼= MTM(r)(S).

Proof. By [RS20, Proposition 3.1.27] we may replace L+G by LnG for n� 0. Then using the isomorphism GrµG
∼=

(LnG/Pnµ )Zar from Proposition 3.2, the proposition follows from the arguments in [RS20, Proposition 3.2.23]. �

Lemma 4.30. Let F : A → B be a fully faithful and exact functor between abelian categories. Then the Ind-
completion Ind(F ) : Ind(A) → Ind(B) is fully faithful and exact. Furthermore, if B is Noetherian (sequences of
subobjects stabilize eventually) and the image of F is stable under subquotients, so is the image of Ind(F ).

Proof. The full faithfulness of Ind(F ) is clear by definition, and the exactness is [KS90, Corollary 8.6.8]. For stability
under subquotients, let Y → X be a subobject in Ind(B), where X = colimXi with Xi ∈ A and Y = colimYj with
Yj ∈ B. Replacing each Xi with its image in X, and likewise for each Yj , we can assume these are filtered colimits
of injective maps [Hub93, Lemma 1.3]. Then each Yj is a subobject of some Xi, and hence belongs to the image of
F . This shows stability under subobjects, and then stability under quotients follows using additionally exactness
and full faithfulness. �

Proposition 4.31. The pullback functor u! : MTM(r)(HckG,I)→ MTM(r)(GrG,I) is fully faithful, and the image is
stable under subquotients.
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Proof. By Lemma 4.30, it suffices to prove this for the respective subcategories of compact objects. These are
supported on a finite-type L+

I G-stable closed subscheme Y ⊂ GrG,I , and admit a finite filtration by IC motives of

compact mixed Tate motives on the strata. The action of L+
I G on Y factors through a smooth quotient L+

I G� H
such that the kernel of this quotient map is split pro-unipotent by [RS20, Lemma A.3.5, Proposition A.4.9]. By
[RS20, Proposition 3.1.27], we reduce to considering H-equivariant motives on Y .

Let a, p : H ×XI Y → Y be the action and projection maps. Since H is smooth and the fiber of H over each
stratum Xφ ⊂ XI is cellular, the preimage stratification on H ×XI Y is admissible. By smooth base change, we
therefore get an exact functor p![−d] = p∗(d)[d] : MTM(r)(Y )→ MTM(r)(H×XI Y ), where H has relative dimension

d. The restriction of p![−d] to the fiber over each stratum Xφ ⊂ XI is fully faithful by [RS20, Proposition 3.2.12].
The functor p![−d] also preserves IC motives. Since homomorphisms between IC motives associated to the same
stratum are determined by their restriction to the stratum, and there are no nonzero homomorphisms between
IC motives associated to different strata, this implies p![−d] is fully faithful when restricted to IC motives. Full
faithfulness in general then follows by induction on the lengths of filtrations by IC motives as in [Cas22, Lemma
3.4]. By the proof of [RS20, Proposition 3.1.20] this implies that u! is fully faithful, with image consisting of mixed
Tate motives such that there exists an isomorphism a!F ∼= p!F .

To show stability under subquotients, by a standard argument as in [Let05, Proposition 4.2.13] it suffices to
show that the image of the exact functor p![−d] : MTM(r)(Y )c → MTM(r)(H ×XI Y )c is stable under subquotients.

Here we give H ×XI Y the preimage stratification. The functor p![−d] has a left adjoint pp![d] and a right adjoint
pp∗(−d)[−d]. Then by [BBD82, §4.2.6], it suffices to show that the natural map pp!p

!F → F is an injection for
all F ∈ MTM(r)(Y )c. To prove we have an injection, let K be the homotopy fiber of p!p

!F → F . It suffices to

show that if F ∈ DTM(r)(Y )≤0, then K ∈ DTM(r)(Y )≤−1. By base change, the formation of the map p!p
!F → F

commutes with ∗-pullback to the strata Xφ ⊂ XI . Hence, to prove the claim we can assume H is cellular relative to
XI . Then because H is connected, by dévissage we have an exact triangle K ′ → p!p

!Z→ Z where K ′ ∈ DTM(r)(Y )
lies in negative cohomological degrees for the classical t-structure (defined like the t-structure in Lemma 2.11 etc.,
but omitting the shift by dimXw/S in (2.5); see also [RS20, Remark 3.2.7]). Hence K ′ ⊗F ∈ DTM(r)(Y )≤−1, and
by the projection formula K = K ′ ⊗F . �

5. The global Satake category

In this section, we construct and study the Satake category. We do this in a global situation, i.e., as certain
motives on the Beilinson–Drinfeld affine Grassmannians. Recall the category of (mixed) Tate motives on the Hecke
prestack, cf. Definitions 4.9 and 4.23.

5.1. Constant terms. Given a cocharacter χ ∈ X∗(T ), consider the induced conjugation action Gm × G →
G : (t, g) 7→ χ(t) · g · χ(t)−1. The attractor and repeller for this action are opposite parabolics P+ and P− of G,
and the fixed points are given by the Levi subgroup M = P+ ∩ P−. We will often abbreviate P := P+. If χ is
dominant regular, then P = B is the Borel, P− = B− the opposite Borel, and M = T is the maximal torus.

Now, Gm also acts on GrG,I via Gm → L+
I Gm

L+
I χ−−−→ L+

I T → L+
I G. For this action, the fixed points, attractor

and repeller are given by GrM,I , GrP+,I and GrP−,I respectively, compatibly with the natural morphisms between
them, cf. [HR18b, Theorem 3.17]. In particular, the natural projections and inclusions corresponding to these affine
Grassmannians only depend on the parabolic P+, not on χ. We obtain the corresponding hyperbolic localization
diagram as follows. Since the top horizontal maps are L+

I M -equivariant, we get the corresponding diagram of
prestacks underneath:

GrM,I

��

GrP±,I
q±Poo

��

p±P // GrG,I

��

L+
I M\GrM,I L+

I M\GrP±,I
q±Poo

p±P // L+
I M\GrG,I .

(5.1)

By a proof analogous to that of Lemma 3.3, the morphisms p±P are locally closed immersions on connected
components. Recall that these are indexed by π1(M), and are exactly the preimages of the connected components
of GrM,I .

If χ is dominant regular, so that P = B is a Borel, the connected components of GrB,I are denoted Sν,I , and
called the semi-infinite orbits as for the usual affine Grassmannian.

Proposition 5.1. The semi-infinite orbits determine a stratification of GrG,I .

Proof. We claim that Sν,I =
⋃
ν′≤ν Sν′,I . To prove this we can assume S is the spectrum of an algebraically closed

field. In this case, consider the usual affine Grassmannians GrT ← GrB → GrG, and let Sν ⊆ GrB be the preimage
of the connected component [ν] ∈ π0(GrT ). Taking the closure inside GrG, we get Sν =

⋃
ν′≤ν Sν′ by [Zhu17b,
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Proposition 5.3.6]. From this, we can immediately conclude our lemma in the case I = {∗}. The case of general
I is a straightforward generalization of arguments in the proof of [BR18, Proposition 1.8.3] for I = {1, 2}, which
involve the factorization property (4.4) and the identification of the Sν,I with the attractors for a Gm-action. �

The previous proposition also shows that the semi-infinite orbits Tν,I ⊆ GrB−,I for the opposite Borel determine
a stratification.

We consider again a general parabolic. If (GrP±,I)ν and (GrM,I)ν are the connected components corresponding

to ν, we denote the restriction of p±P and q±P by

(GrM,I)ν
q±ν← (GrP±,I)ν

p±ν→ GrG,I . (5.2).

The map q±P is map between ind-schemes, so that also the functor qP∗ exists [RS20, Theorem 2.4.2]. The geometry

of hyperbolic localization, see e.g. [Ric19, Construction 2.2], induces a map q−P∗p
−!
P → q+

P !p
+∗
P . Since L+

I M is pro-

smooth, we obtain functors q−P∗ etc. which are compatible with forgetting the L+
I M -action (cf. Remark 2.20), and

therefore a natural transformation

(q−P )∗(p
−
P )! → (q+

P )!(p
+
P )∗ (5.3)

of functors DM(r)(HckG,I) → DM(r)(HckM,I). By Proposition 2.3, this is an equivalence after forgetting the

L+
I M -equivariance, for Gm-monodromic objects. However, as forgetting the equivariance is conservative, and the

Gm-action factors through L+
I M , we see that (5.3) is already a natural equivalence. Hence, the following definition

makes sense.

Definition 5.2. Using the maximal torus quotient M/Mder of M , we define the degree map as the locally constant
function

degP : GrM,I → GrM/Mder,I → X∗(M/Mder)
〈2ρG−2ρM ,−〉−−−−−−−−−→ Z,

where the middle map is given by summing the relative positions, and ρ− indicates in which group we take the
half-sum of the positive roots. If P = B, we will usually write deg := degB .

The constant term functor associated to P is

CTIP := (q+
P )!(p

+
P )∗[degP ] ∼= (q−P )∗(p

−
P )![degP ] : DM(r)(HckG,I)→ DM(r)(HckM,I). (5.4)

Implicit in this definition is the functor DM(r)(HckG,I)→ DM(r)(L
+
I M\GrG,I) forgetting part of the equivariance.

Remark 5.3. By the usual properties of morphisms of quotient stacks, the constant term functors satisfy

u!CTIP
∼= (q+

P )!(p
+
P )∗u! ∼= (q−P )∗(p

−
P )!u!,

where u denotes both quotient maps GrG,I → HckG,I and GrM,I → HckM,I .

Remark 5.4. The same discussion as above also works in the setting of usual affine Grassmannians, so that we
can define constant term functors

CTP := (q+
P )!(p

+
P )∗[degP ] ∼= (q−P )∗(p

−
P )![degP ] : DM(r)(L

+G\GrG)→ DM(r)(L
+M\GrM ).

Although we will not mention this explicitly, all properties we prove for CTIP also hold for CTP .

The following lemma can be compared to [FS21, Proposition VI.7.13] and the proof of [BD99, 5.3.29].

Lemma 5.5. Let P ′ ⊆ P ⊆ G be parabolic subgroups with Levi quotients M ′ ⊆ M , and let Q := im(P ′ → M)

be the parabolic of M with Levi quotient M ′. Then there is a natural equivalence CTIP ′
∼= CTIQ ◦ CTIP of functors

DM(r)(HckG,I)→ DM(r)(HckM ′,I).

Proof. This follows from base change and Proposition 4.10. �

The following result is crucial in order to prove the t-exactness of the fiber functor. Although we expect it to
hold in general, we only prove it in case M is of semisimple rank at most one. In particular, we will always need to
assume this.

Proposition 5.6. If P = B or if M is of semisimple rank one, then the constant term functor CTIP preserves Tate
motives.

Proof. Since CTIP commutes with restriction along the maps jφ (4.13), we may replace XI by Xφ. By using

factorization properties, we may assume φ is injective, and then have to consider �i∈ICT
{i}
P . By the Künneth

formula, i.e., the compatibility of !-pushforwards and *-pullbacks with exterior products, and preservation of Tate

motives by �, it suffices to consider the individual CT
{i}
P ’s. For these individual constant term functors, our claim

holds by Theorem 3.44 (or the weaker Theorem 3.32 if P = B). �
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The following result will allow us to reduce many proofs to the case of tori, which is easier to handle by
e.g. Lemma 5.8. Recall that for an ind-scheme Y , a motive F ∈ DM(r)(Y ) is said to have bounded support, if
there exists a closed subscheme i : Z ⊆ Y , such that F lies in the essential image of i∗ : DM(r)(Z)→ DM(r)(Y ). We

say F ∈ DM(r)(HckG,I) has bounded support if u!F ∈ DM(r)(GrG,I) has bounded support.

Lemma 5.7. The restriction of the constant term functor CTIP : DM(r)(HckG,I)→ DM(r)(HckM,I) to the subcate-
gory of motives with bounded support is conservative.

Proof. As the property of having bounded support is preserved by the constant terms, we can assume P = B
is the Borel by Lemma 5.5. Given some F ∈ DM(r)(HckG,I) with bounded support that satisfies CTIB(F) = 0,

we will prove F = 0. Recall that F being trivial can be checked on the strata of XI , as hyperbolic localization
commutes with the restriction functors. So assume F 6= 0, and let Xφ ⊆ XI be a stratum, on which the restriction
of F does not vanish. By the factorization property [Zhu17b, Theorem 3.2.1], we can assume φ is bijective, so

that Xφ = X◦. Now, let (µi)i ∈ (X∗(T )+)I correspond to a maximal stratum L+
I G\Gr

◦,(µi)i
G,I on which F is

supported. This stratum is isomorphic to the prestack quotient
(∏

i∈I(L
+
i G)µi ×X X◦

)
\X◦, where (L+

i G)µi is

the stabilizer of µi in L+
i G. Consider T(µi)i :=

(∏
i∈I Tµi,{i} ×X

) ∣∣
X◦

, a connected component of the restriction

of the semi-infinite orbit T∑
i µi,I

for the opposite Borel. As (Gr
◦,(µi)i
G,I ∩T(µi)i,I) ×XI X◦ ∼= X◦, we see that after

forgetting the L+
I T -equivariance, the restriction of CTIB(F) to

∏
i∈I Xµi

∣∣
X◦
⊆ [
∑
i µi] ∈ π0(GrT,I), where Xµi

∼= X
denotes the connected component of GrT,{i} corresponding to µi, is given by a shift of the !-pullback of F along

X◦ →
(∏

i∈I(L
+
i G)µi ×X X◦

)
\X◦, which does not vanish. �

Lemma 5.8. The pushforward πT ! : DTM(r)(GrT,I)→ DTM(r)(X
I) is t-exact and conservative. (The stratifications

are those of Definition 4.18 and Example 4.19.)

Proof. It suffices to check this after replacing XI by Xφ. Over Xφ, the reduced subschemes of the connected
components of GrT,I are just Xφ, so the claim is immediate from the definitions. �

For the following proposition, we assume M is of semisimple rank at most one, so that CTP preserves Tate
motives.

Proposition 5.9. The constant term functor CTIP : DTM(r)(HckG,I)→ DTM(r)(HckM,I) is t-exact. In particular,
if F ∈ DTM(r)(HckG,I) has bounded support, then F lies in positive (resp. negative) degrees if and only if this is

true for CTIP (F).

Proof. It is enough to show CTIP is t-exact, the second statement follows from Lemma 5.7. By Lemma 5.5, we can
then also assume P = B, as t-exactness can be checked on compact objects, which always have bounded support.

We will show that (q+
B)!(p

+
B)∗[deg] is right t-exact, while (q−B)∗(p

−
B)![deg] is left t-exact. For the right t-exactness,

note that DTM≤0
(r) (GrG,I) is generated by ι!DTM≤0

(r) (
∐
φ,µ Grφ,µG,I). So consider some φ : I � J and µ = (µj)j ∈

(X∗(T )+)J , and let us denote 〈2ρ, µ〉 :=
∑
j∈J〈2ρ, µj〉. As DTM≤0

(r) (Grφ,µG,I) is generated under twists, extensions,

and coproducts by the Z[k] for k ≥ 〈2ρ, µ〉+ |J |(= dim Grφ,µG,I), it is enough to show that (q+
B)!(p

+
B)∗(ιφ,µG! Z[〈2ρ, µ〉+

|J |])[deg] ∈ DTM≤0
(r) (GrT,I). Now, let ν = (νj)j ∈ X∗(T )J , denote by Grφ,µ,νB,I the intersection of the preimages of

Grφ,µG,I and Grφ,νT,I in GrB,I , and consider the diagram

Grφ,νT,I Grφ,µ,νB,I Grφ,µG,I

GrT,I GrB,I GrG,I ,

ιφ,νT

q+
φ,µ,ν p+

φ,µ,ν

ιφ,µG
q+
B p+

B

We can assume Grφ,µ,νB,I 6= ∅. By base change, and as Grφ,µ,νB,I is a union of connected components of GrB,I ×GrG,I Grφ,µG,I ,

it is enough to show that (q+
φ,µ,ν)!Z[〈2ρ, µ〉+|J |] ∈ DTM≤−〈2ρ,ν〉(Grφ,νT,I). Using the product description of Beilinson–

Drinfeld Grassmannians over Xφ, we see via Theorem 3.44 that Grφ,µ,νB,I admits a filtrable cellular decomposition,

of relative dimension 〈ρ, µ + ν〉 over Grφ,νT,I . We conclude right t-exactness by the usual computation of f!Z for f

the product of vector bundles and punctured vector bundles, which is an extension of twists of Z[−2(dim f)], and
the observation that

〈2ρ, µ〉+ |J | − 2〈ρ, µ+ ν〉+ 〈2ρ, ν〉 = |J |
is exactly the dimension of Grφ,νT,I .

To show that (q−P )∗(p
+
P )! is left t-exact, we cannot apply duality, even when restricted to equivariant motives,

as we are working with integral coefficients. Instead, arguing as above, and using the description of the heart of
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the t-structure in Lemma 2.11, we reduce to the computation of (q−B)∗(p
−
B)!(ιφ,µ∗ (Z/m[〈2ρ, µ〉 + |J |])), for m ∈ Z

(including m = 0). Note that for a locally closed immersion i of codimension c between two smooth S-schemes, we
have i!Z/m ∼= i∗Z/m(−c)[−2c]. For f as above, one computes that f∗Z/m is an extension of twists of Z/m[k]’s,

with −dim f ≤ k ≤ 0. We can then proceed as above, replacing Grφ,µ,νB,I by a similar subset of GrB−,I , which is

stratified cellular of dimension 〈ρ, µ− ν〉 over Grφ,νT,I . �

We denote the natural projection GrG,I → XI by πG, and similarly for other groups.

Proposition 5.10. If F ∈ DTM(HckG,I) satisfies πT !u
!CTIB(F) ∈ DTM(r)(X

I), then also πG!u
!(F) ∈ DTM(r)(X

I),

where Tate motives on XI are defined with respect to the trivial stratification.

Proof. We use the notation of (5.2). By assumption,

πT !u
!CTIB(F) ∼=

⊕
ν∈X∗(T )

πT !(q
+
ν )!(p

+
ν )∗(u!F)[〈2ρ, ν〉]

lies in DTM(r)(X
I), which is idempotent-closed, so that each of the summands is also contained in DTM(r)(X

I).
On the other hand, the stratification of GrG,I into the semi-infinite orbits Sν,I (Proposition 5.1) gives a filtration
on πG!(u

!F) with graded pieces

πG!(p
+
ν )!(p

+
ν )∗(u!F) ∼= πT !(q

+
ν )!(p

+
ν )∗(u!F).

So πG!(u
!F) is a colimit of extensions of Tate motives on XI , and hence Tate itself. �

The following proposition gives two ways to describe the fiber functor we will use later on, similar to [BR18,
Theorem 1.5.9].

Proposition 5.11. There is a natural equivalence⊕
n∈Z

pHnπG!u
! ∼= πT !u

!CTIB

of functors MTM(r)(HckG,I)→ MTM(r)(X
I).

Proof. More precisely, we will construct a natural equivalence

pHnπG!u
! ∼=

⊕
ν∈X∗(T ) : 〈2ρ,ν〉=n

πT !(q
+
ν )!(p

+
ν )∗u![n]

of functors MTM(r)(HckG,I)→ MTM(r)(X
I), for each n ∈ Z, where p+

ν and q+
ν are the restrictions of the hyperbolic

localization functors to the semi-infinite orbit Sν,I ⊆ GrB,I , as in the proof of Proposition 5.10.
For any n ∈ Z, let Sn =

⊔
ν∈X∗(T ) : 〈2ρ,ν〉=n Sν,I ⊆ GrG,I . These in : Sn → GrG,I determine a decompo-

sition of GrG,I . Then we have a natural equivalence pHnπG!in!i
∗
nu

! ∼=
⊕
〈2ρ,ν〉=n πT !(q

+
ν )!(p

+
ν )∗u![n] of functors

MTM(HckG,I) → MTM(r)(X
I), while pHkπG!in!i

∗
nu

! is trivial if k 6= n; this follows from Proposition 5.9 and
Lemma 5.8.

As the Bruhat ordering can only compare tuples of cocharacters µi for which
∑
i〈2ρ, µi〉 have the same parity,

we can decompose GrG,I = Greven
G,I

∐
Grodd

G,I into two clopen sub-ind-schemes, each containing the Schubert cells

corresponding to (µi)i ∈ (X∗(T )+)I for which
∑
i〈2ρ, µi〉 is even, respectively odd. Additionally using that Sν,I =⊔

ν′≤ν Sν′,I in GrG,I , cf. the proof of Proposition 5.1, we get the closure relations Sn = Sn t Sn−2 t Sn−4 t . . . =

Sn t Sn−2. Denote the corresponding inclusion by in : Sn → GrG,I . We claim that the two natural morphisms

pHnπG!in!i
∗
nu

! → pHnπG!in!i
∗
nu

! ← pHnπG!u
!

of functors are equivalences, which will finish the proof. This can be checked on compact objects, so let F ∈
MTM(r)(GrG,I) be the image of a compact object in MTM(r)(HckG,I); in particular it has bounded support.
Moreover, using the decomposition of GrG,I into clopen sub-ind-schemes as above, we can assume the support of

F is contained in Greven
G,I ; the case where its support is contained in Grodd

G,I can be handled analogously.

Consider the closed immersion with complementary open immersion Sn−2
i−→ Sn

j←− Sn. Applying in! to the

localization sequence j!j
∗i
∗
nF → i

∗
nF → i!i

∗i
∗
nF gives the exact triangle in!i

∗
nF → in!i

∗
nF → in−2,!i

∗
n−2F , which in

turns gives a long exact sequence

. . .→ pHk(πG!in!i
∗
nF)→ pHk(πG!in!i

∗
nF)→ pHk(πG!in−2,!i

∗
n−2F)→ pHk+1(πG!in!i

∗
nF)→ . . .

We claim that
pHk(πG!in!i

∗
nF) = 0 if k > n or k is odd.
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This can be proved by induction on n, starting with the observation that πG!in!i
∗
nF = 0 for n � 0 as the support

of F is bounded. The claim also holds for k � 0 by compactness. Now the claim follows in general by induction
on k, using the long exact sequence and the fact that pHk(πG!in!i

∗
nF) = 0 if k 6= n.

We further claim that the natural localization morphisms give isomorphisms

pHn(πG!in!i
∗
nF)

∼=−→ pHn(πG!in!i
∗
nF)

∼=←− pHn(πG!im!i
∗
mF)

for all m ≥ n such that m ≡ n mod 2. The first isomorphism is immediate from the previous claim; the second
follows from induction on m. As the support of F is bounded, we conclude by noting that im!i

∗
mF ∼= F for

m� 0. �

Corollary 5.12. The functor πT !u
!CTIB

∼=
⊕

n∈Z
pHnπG!u

! : MTM(r)(HckG,I)→ MTM(XI) is exact, conservative,
and faithful.

Proof. The exactness combines Proposition 5.11 and Proposition 5.9. The functor is conservative on objects with
bounded support by Lemma 5.7 and Lemma 5.8, and therefore on compact objects. The conservativity of an exact
functor is equivalent to its faithfulness. We now conclude using that for an exact faithful functor C → D between
abelian categories, the induced functor IndC → IndD is also faithful. �

5.2. The global Satake category. For a surjection φ : I � J of nonempty finite sets, recall that we have defined
the locally closed subscheme Xφ ⊂ XI (4.2) and the open subscheme (4.3) X(φ) ⊂ XI . We denote the corresponding
open immersion and complementary closed immersion into GrG,I by

j(φ) : GrG,I
∣∣
X(φ) → GrG,I , i(φ) : GrG,I

∣∣
X−X(φ) → GrG,I .

If φ = id, then X id ⊂ XI is the locus with distinct coordinates. We denote the base change of an XI -scheme to
X id with the symbol ◦. For example, X◦ = X id and Gr◦G,I = GrG,I ×XIX◦.

Definition 5.13. Consider some µ ∈ (X∗(T )+)I and let j◦,µ : Gr◦,µG,I → GrG,I be the inclusion of the corresponding

open stratum, as defined in Definition 4.18 when φ = id. By Lemma 2.23, we may for L ∈ MTM(r)(S) define

ICµ,L ∈ MTM(r)(HckG,I)

to be the (reduced) intersection motive of this stratum.

Definition 5.14. The global Satake category SatG,I(r) is defined as the Ind-completion of the full subcategory of

MTM(r)(HckG,I) consisting of objects F that admit a finite filtration

0 = F0 ⊂ · · · ⊂ Fk = F (5.5)

for some integer k such that Fi ∈ MTM(r)(HckG,I) and

Fi/Fi−1
∼= ICµi,Li

for some Li ∈ MTM(r)(S)c and µi ∈ (X∗(T )+)I for all 1 ≤ i ≤ k.

Remark 5.15. Since the ICµi,Li above are compact objects in MTM(r)(HckG,I), SatG,I(r) is again a full subcategory

thereof. It can also be described as the smallest full subcategory containing the ICµ,L, and being closed under
extensions and filtered colimits.

The compact objects in SatG,I(r) are precisely the direct summands of objects admitting a finite filtration as above.

Remark 5.16. By Proposition 4.31, every filtration of a compact object in SatG,I(r) by objects in MTM(r)(GrG,I)

comes from a filtration by objects in MTM(r)(L
+
I G\GrG,I).

Proposition 5.17. Let p : GrG,{∗} → GrG be the projection coming from the identification (4.1). Then p![−1]
induces a t-exact equivalence

p![−1] : DTM(r)(L
+G\GrG)

∼−→ DTM(r)(L
+
{∗}G\GrG,{∗})

with quasi-inverse p![1].

Corollary 5.18. The functor p!(−1)[−1] ∼= p∗[1] induces an equivalence

MTM(r)(L
+G\GrG)

∼−→ Sat
G,{∗}
(r) ,

which identifies the IC motives in these two categories.
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Proof. First note that Sat
G,{∗}
(r) = MTM(r)(L

+
{∗}G\GrG,{∗}) by Lemma 2.18, since X◦ = X if I = {∗}. By smooth

base change and the isomorphism L+
{∗}G

∼= L+G × X, it follows that p! preserves equivariance. Hence p![−1]

induces a functor as in the proposition. Since p is smooth of relative dimension one and GrG,{∗} has the preimage

stratification, it also follows that p![−1] is t-exact (recall the convention on the normalization of the t-structure
from (2.5)). As p! commutes with both types of pushforwards and pullbacks between strata, the argument in [ES22,
Proposition 4.25] reduces us to the case of a single stratum. Here the result follows from homotopy invariance. �

Proposition 5.19. For any surjection φ : I � J and F ∈ SatG,I(r) , there is a canonical isomorphism

j
(φ)
!∗ (j(φ),∗(F)) ∼= F .

Proof. Both objects are perverse and canonically identified overX(φ), so it suffices to show pi∗(φ)F = 0 and pi!(φ)F = 0.

Since i∗(φ) and i!(φ) preserve colimits and both halves of the t-structure on DTM(r) are stable under filtered colimits

(cf. Section 2.3), we may assume F has a filtration as in (5.5). By induction on the length of that filtration, it
suffices to consider F = ICµ,L for some µ ∈ (X∗(T )+)I and L ∈ MTM(r)(S). This case is immediate because ICµ,L
is an intermediate extension from the open subset X◦ ⊂ X(φ). �

Example 5.20. For the trivial group G = 1, we have Gr1,I = XI . Since the projection p : XI → S and also the
structural map of all strata are smooth, the functor p∗[I] is t-exact, so that the intersection motives (in (2.6), with
respect to the trivial stratification of XI) are just given by p∗L[I].

It is a generality about recollement of t-structures that j
(φ)
!∗ is fully faithful, cf. [BBD82, Remarque 1.4.14.1], so

we arrive at the following corollary.

Corollary 5.21. The restriction functor

j(φ),∗ : SatI(r) → MTM(r)(L
+
I G\GrG,I

∣∣
X(φ))

is fully faithful.

We now determine the structure of SatT,I(r) . First, note that

(Gr◦T,I)red =
∐

µ∈X∗(T )I

X◦.

It follows that
MTM(r)(Gr◦T,I)

∼= Fun(X∗(T )I ,MTM(r)(X
◦)). (5.6)

Proposition 5.22. Let jI : X◦ → XI and j◦ : Gr◦T,I → GrT,I be the inclusions. The following composition of
functors, denoted ST ,

Fun(X∗(T )I ,MTM(r)(X
I))

∏
X∗(T )I j

∗
I
//

ST

((

Fun(X∗(T )I ,MTM(r)(X
◦))

∼= (5.6)

��

MTM(r)(Gr◦T,I)

j◦!∗

��

MTM(r)(GrT,I)

is fully faithful, with essential image being SatT,I(r) . Here mixed Tate motives on XI are with respect to the trivial

stratification (so that MTM(r)(X
I) ∼= MTM(r)(S)).

Proof. Let L ∈ MTM(r)(X
I)c. Then ST sends the object of Fun(X∗(T )I ,MTM(r)(X

I)) supported at µ with value

L to ICµ,L ∈ SatT,I(r) . Since all functors appearing are continuous, ST takes values in SatT,I(r) .

The connected components of GrT,I are in bijection with X∗(T ). The closure of the connected component
in Gr◦T,I associated to (µi) ∈ X∗(T )I is isomorphic to XI , and it is an irreducible component of the connected
component of GrT,I associated to

∑
i µi. Note that by Example 5.20, ICµ,L is the pullback of L[I] along the

structure morphism XI → S of the corresponding irreducible component of GrT,I . Hence ST is exact. This

description of ICµ,L, along with the fact that j◦!∗ is fully faithful, implies that ST is also fully faithful. Since SatT,I(r)

is generated under filtered colimits by objects that admit a finite filtration with subquotients isomorphic to the
ICµ,L, to see that ST is an equivalence, it suffices to show that if µ 6= λ, then Ext1

DTM(r)(GrT,I)(ICµ,L1
, ICλ,L2

) = 0

for any L1, L2 ∈ MTM(r)(S)c.
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To prove this, let Y be the (reduced) union of the supports of ICµ,L1
and ICλ,L2

. We can assume Y is connected.
Let i : Z → Y be the inclusion of the intersection of the supports, and let j : U → Z be the inclusion of the
complement. Then Z ∼= Ac where c > 0 is the number of i ∈ I such that µi = λi. By localization, it suffices to
prove

HomDTM(r)(Y )(ICµ,L1 , i∗i
!ICλ,L2 [1]) = 0, HomDTM(r)(Y )(ICµ,L1 , j∗j

∗ICλ,L2 [1]) = 0.

Using adjunction, the right group is a Hom group between sheaves on U with disjoint support, so it vanishes. Now
apply adjunction to identify the left group with a Hom group on Z. Then by relative purity and the homotopy
invariance DTM(r)(Z) ∼= DTM(r)(S), the group on the left is

HomDTM(r)(S)(L1, L2(c− |I|)[1− 2(|I| − c)].

Since µ 6= λ we have 1− 2(|I| − c) < 0, so this group vanishes. �

Theorem 5.23. The constant term functor restricts to a functor

CTIB : SatG,I(r) → SatT,I(r) .

Proof. By Proposition 4.31 (cf. Remark 5.16) and the continuity of CT-functors, it suffices to show CTIB(ICµ,L) ∈
SatT,I(r) for L ∈ MTM(r)(S)c. To prove this, note that Proposition 5.9 implies CTIB(ICµ,L) ∼= j◦!∗j

◦∗(CTIB(ICµ,L)).

Hence by Proposition 5.22, it suffices to identify j◦∗(CTIB(ICµ,L)) with an object in the image of Fun(X∗(T )I ,MTM(r)(X
I))→

Fun(X∗(T )I ,MTM(r)(X
◦)). Let ICIµ,L be the IC-motive associated to L and the open embedding

∏
i∈I(GrµiG ×X)→∏

i∈I(Gr≤µiG ×X). By (4.4), j◦∗(CTIB(ICµ,L)) is isomorphic to restriction of (
∏
i q

+
B)!(

∏
i p

+
B)∗ICIµ,L to X◦. Analo-

gous reasoning as in the proof of Proposition 5.17 yields a homotopy equivalence DTM(GrGI ×XI) ∼= DTM(GrGI ,{∗})

which extends the equivalence DTM(XI) ∼= DTM(X). Using the identification GrGI ∼= (GrG)I of Proposition 4.10,
(
∏
i q

+
B)!(

∏
i p

+
B)∗ corresponds under these homotopy equivalences to a constant term functor MTM(r)(HckGI ,{∗})→

DTM(X). It follows that (
∏
i q

+
B)!(

∏
i p

+
B)∗ICIµ,L ∈ DTM(XI) is unstratified Tate. �

Proposition 5.24. If F ∈ (SatG,I(r) )c, then F has no subquotients in MTM(r)(GrG,I) supported over XI \X◦.

Proof. Suppose F has a subquotient supported over XI \ X◦. Then CTIB(F) has a subquotient supported over

XI \X◦. Since CTIB preserves the Satake category, we may assume G = T and we must show F does not belong

to SatT,I(r) . We will argue by contradiction. Since F has a subquotient supported over XI \X◦ there exists a finite

filtration 0 = F0 ⊂ · · · ⊂ Fk = F for some integer k such that Fi ∈ MTM(r)(GrT,I), each Fi/Fi−1 is an intersection

motive as in Definition 2.16, and at least one of these intersection motives is supported over XI \X◦. Because F is

an intermediate extension over X◦ (Proposition 5.19), it follows that F1 has support over X◦. Thus F1 ∈ SatT,I(r) ,

and since SatT,I(r) is an abelian category by Proposition 5.22 it follows that F/F1 ∈ SatT,I(r) . Replacing F with F/F1

and proceeding in this manner, we eventually reach an object of SatT,I(r) with a subobject supported over XI \X◦,
a contradiction. �

Corollary 5.25. The following conditions on F ∈ MTM(r)(HckG,I)
c are equivalent.

(1) F belongs to SatG,I(r) .

(2) F has no subquotients supported over XI \X◦.
(3) CTIB(F) belongs to SatT,I(r) .

Therefore, the category (SatG,I(r) )c ⊂ MTM(r)(HckG,I)
c is stable under subquotients and extensions. In particular, it

is abelian, and therefore so is SatG,I(r) .

Proof. If F ∈ MTM(r)(HckG,I)
c has no subquotients supported over XI \X◦, then every finite filtration of F with

subquotients given by intersection motives as in Definition 2.16 satisfies the conditions of Definition 5.14. Thus

F ∈ SatG,I(r) . Hence by Proposition 5.24, (1) and (2) are equivalent. Condition (1) implies (3) by Theorem 5.23.

Because CTIB is t-exact (Proposition 5.9) and conservative (on objects with bounded support, Lemma 5.7), if

CTIB(F) has no subquotients supported over XI \X◦, the same is true of F . Thus (3) implies (2).
The final statement follows from the characterization in (2). �

Now that we know the property of lying in the Satake category can be checked after applying CTIB , the following
corollary is immediate.

Corollary 5.26. For any parabolic P with Levi M of semisimple rank at most one, the constant term functor
restricts to

CTIP : SatG,I(r) → SatM,I
(r) .
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Note that Xφ ∼= XJ . Let iφ : GrJ → GrI be the corresponding closed immersion induced by the factorization

isomorphisms [Zhu17b, 3.2.1]. Let dφ = |I| − |J |. By Remark 2.20, there are functors

i∗
φ
, i!
φ

: DTM(r)(HckG,I)→ DTM(r)(HckG,J)

which restrict the usual pullback functors on the non-equivariant derived categories.

Proposition 5.27. For F ∈ SatG,I(r) we have

i∗
φ
F [−dφ] ∈ SatG,J(r) , i!

φ
F [dφ] ∈ SatG,J(r) .

Proof. The functors i∗
φ

and i!
φ

commute with CTIB , so by Corollary 5.25 we can assume G = T . By induction on

the length of a filtration of F we can assume F = ICµ,L for some µ ∈ X∗(T )I and L ∈ MTM(r)(S)c. Then ICµ,L is

a shifted constant sheaf supported on XI , so the result follows from relative purity. �

Proposition 5.28. Pushforward along πG induces a functor

πG!u
! : SatG,I(r) → DTM(r)(X

I),

where Tate motives on XI are defined with respect to the trivial stratification.

Proof. We can assume G = T by Theorem 5.23 and Proposition 5.10. It suffices to handle the case of intersection
motives, so let µ ∈ X∗(T )I and L ∈ MTM(r)(S)c. Recall the intersection motives ICµ,L associated to the stratum

Gr◦,µG,I (Definition 5.13). If we denote by p : XI → S the structure morphism, then by Example 5.20 we can identify

ICµ,L with p∗L[I] supported on the irreducible component XI of GrT,I associated to µ. Then πT !(ICL,µ) ∼= p∗L[I]
is Tate because πT restricts to the identity morphism on this irreducible component. �

Definition 5.29. Recall that XI πT← GrT,I
u→ HckT,I are the natural maps. Using the constant term functor from

Definition 5.2, we define a functor F I as the composite

F I := πT !u
!CTIB : DM(r)(HckG,I)→ DM(r)(X

I).

We denote its restriction to SatG,I(r) the same way, in which case it takes values in unstratified mixed Tate motives

by Proposition 5.11 and Proposition 5.28:

F I := πT !u
!CTIB : SatG,I(r) → MTM(r)(X

I).

We call this restriction the fiber functor. (Since X = A1
S , we have MTM(r)(X

I) ∼= MTM(r)(S), but we prefer to

write XI to emphasize the rôle of I.) Using the natural isomorphism π0(GrT,I) ∼= X∗(T ), we see that F I decomposes
as a direct sum, which we denote by F I =

⊕
ν∈X∗(T ) F

I
ν .

We will mostly be interested in the restriction of F I to SatG,I(r) , but the general functor will be useful when

constructing adjoints in Subsection 6.1. See also Remark 5.3 for an equivalent way of defining F I .

Remark 5.30. By Corollary 5.12, the fiber functor F I is exact, conservative, and faithful, and hence deserves its
name.

Recall from Proposition 5.11 that the fiber functor F I is isomorphic to
⊕

n∈Z
pHnπG!u

!, hence independent of

the choice of T ⊆ B ⊆ G. Note also that pHnπG!u
! ∼=

⊕
〈2ρ,ν〉=n F

I
ν .

In the context of motives with rational coefficients in the case I = {∗}, the fiber functor appearing in [RS21,
Definition 5.11] is the composite of F I and taking the associated graded of the weight filtration. The weight filtration
is less useful in the context of integral coefficients, e.g., Z/n is not pure of weight 0. Moreover, by not taking the
associated graded we are able to construct a Hopf algebra in MTM(r)(S), which is helpful for showing it is reduced,
and thus independent of S, in Theorem 6.24.

Remark 5.31. As in Remark 5.4, we can define a functor

F := πT !u
!CTB : DM(r)(L

+G\GrG)→ DM(r)(S),

which satisfies a similar decomposition F =
⊕

ν∈X∗(T ) Fν .
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5.3. Fusion. As usual, φ : I � J denotes a surjection of nonempty finite index sets, and we write Ij := φ−1(j) for
j ∈ J . Recall the setup and notation from Lemma 4.16 (and its generalization to |J |-fold convolution products):

for Fj ∈ DM(r)(HckG,Ij ), we defined the twisted product �̃j∈JFj ∈ DM(r)(G̃rG,φ). Recall also the convolution

morphism mφ : G̃rG,φ → GrG,I . By Proposition 4.26, the functor mφ!�̃j∈J(−) preserves Tate motives. We use the
same notation to denote the restriction of this functor to the product of Satake categories.

Theorem 5.32. The functor mφ!�̃j∈J(−) :
∏
j∈J Sat

G,Ij
(r) → DTM(r)(GrG,I) is right t-exact, and pHn(mφ!�̃j∈J(−))

restricts to a functor
∏
j∈J Sat

G,Ij
(r) → SatG,I(r) for all n ≤ 0.

In the proof below we make crucial use of a Betti realization functor. It would be interesting to find a proof
which avoids this.

Proof. We proceed by several reductions.

Reduction to compact objects and |J |=2. As all relevant functors preserve colimits, we may restrict to compact

objects. There is a natural associativity constraint on mφ!�̃j∈J(−) coming from the associativity of � and proper
base change. This can be constructed using the general version of LI1I2G for any number of factors in analogy to
the associativity constraint on the local Satake category, cf. [RS21, Lemma 3.7]. Associativity and the closure of
the Satake category under subquotients and extensions in MTM(r)(GrG,I)

c (Corollary 5.25) allows us to reduce to
the case J = {1, 2}.

Standard objects. We take a brief detour and consider certain standard objects in SatG,I ; see Subsection 6.1.4

for more details when I = {∗}. For µ ∈ (X∗(T )+)I , let j : Gr◦,µG,I → Gr◦,µG,I

∣∣∣
X◦

be the inclusion (take φ = id

in Definition 4.18). Here j is a product of the identity map on X◦ with the embeddings GrµiG → Gr≤µiG , and

j◦ : Gr◦,µG,I

∣∣∣
X◦
→ Gr◦,µG,I . Fix L ∈ MTM(r)(S), and let J Iµ!(L) = j◦!∗

pj!(L[dim Gr◦,µG,I ]). By a proof similar to Theo-

rem 5.23, J Iµ!(L) ∈ SatG,I . In the particular case L = Z/N for N ≥ 0, we claim

J Iµ!(Z/N)
∣∣
X◦
∼= �i∈IJ {i}µi!

(Z)⊗ Z/N
∣∣∣
X◦
. (5.7)

Indeed, since GrIG
∼= GrGI , then J Iµ!(Z/N)

∣∣∣
X◦
∼= J Iµ!(Z)

∣∣∣
X◦
⊗ Z/N by Proposition 6.11. (The reader can check

that this computation does not use anything from the present section. See also [BR18, Proposition 1.11.3] for the
corresponding assertion in the context of Betti sheaves.) This reduces us to N = 0, where the claim follows from

the Künneth formula for !-pushforward, right t-exactness of �, and flatness of the CT
{i}
B J

{i}
µi!

(Z) (see Lemma 6.12

or [BR18, Proposition 1.11.1]). By applying CTIB in order to check the left side below lies in SatG,I , it follows from
(5.7) and Proposition 5.19 that

J Iµ!(Z)⊗ Z/N ∼= J Iµ!(Z/N). (5.8)

Reduction to standard objects. Suppose we have proved the theorem for the standard objects as above; we now
show how to deduce the general case. Let I = I1 t I2, and let φ : I → {1, 2} map I1 to {1} and I2 to {2}. Fix a
standard object F2. We will prove the theorem holds for all F1 by induction on the support of F1

∣∣
X◦

. If the theorem
holds for a given F1, then it hold for any retract of F1 as well. Thus, we may assume F1 has a filtration with
subquotients given by compact IC-motives. Again, using the closure of the Satake category under subquotients and
extensions, it suffices to consider the case F1 = ICµ,L for arbitrary µ = (µi) ∈ (X∗(T )+)I1 and L ∈ MTM(r)(S)c.

In the base case GrµiG = Gr≤µiG for all i ∈ I1, so we are done because F1 is a standard object. In general, there is

an exact sequence 0 → K → J I1µ! (L) → ICµ,L → 0 in SatG,I1 , so this case follows by applying induction to K and

the case of standard objects. To finish the proof we may consider a similar induction on the support of F2

∣∣
X◦

.

Reduction to constructible sheaves. It remains to prove the theorem for standard objects. In particular, the rest
of the proof amounts to checking the vanishing of certain perverse cohomology sheaves of the ! and ∗-restrictions of

mφ!(J I1µ1!(−)�̃J I2µ2!(−)) and its perverse truncations over the strata of X \X◦, for µi ∈ (X∗(T )+)Ii . We will shortly

prove the theorem for constructible sheaves in the complex analytic topology over C. Given this, the theorem
follows in general by the following steps:

(1) Regular motives motives over S = Spec Q. Betti realization ρB commutes with all relevant functors and is
t-exact and conservative by Lemma 2.15, so this case follows from the case of constructible sheaves over C.

(2) Reduced motives over any base S. By Lemma 4.28, it suffices to consider S = Spec Q. Then this case
follows from the first step since ρr is t-exact and commutes with all relevant functors.
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(3) Regular motives over any base S satisfying (2.4). This follows from the previous case by using the reduction
functor, this time additionally using that it is conservative by Lemma 2.15.

The case of constructible sheaves. We now work with constructible sheaves over C, but we keep our notation for
motives.

For constructible sheaves, the theorem holds for arbitrary J and Fj in the Satake category if φ is a bijection.
Indeed, this follows from the stratified smallness of mφ as observed in [MV07, Eqn. (5.10) ff.]. This amounts to
the stratified semi-smallness of local convolution morphisms, first observed in [Lus83], and requires one to check

that �̃j∈JFj is constructible with respect to the stratification of G̃rG,φ by|I|-fold twisted products (Grλ1

G ×X)
∼
×

. . .
∼
× (Gr

λ|I|
G ×X) for λi ∈ X∗(T )+ as in (4.11). Constructibility with respect to this stratification follows from

the Whitney–Tateness of GrG, or one can use (L+
{∗}G)I -equivariance of �j∈JFj on (GrG,{∗})

I . Here we use that

SatG,{∗} ∼= MTM(L+G\GrG). If the box product is perverse, so is the convolution product. See also [Ach21,
Lemma 9.5.8] for more details.

Returning to the task at hand, we consider standard objects in the case I = I1 t I2 → {1, 2} = J . Let
(µij)j∈Ii ∈ (X∗(T )+)Ii for j = 1, 2. Using the case where φ is a bijection and (5.7), we have

J Iiµi!(Z) ∼= mφi!(J
{1}
µi1

(Z)�̃ . . . �̃J {|Ii|}
µi|Ii|

(Z)).

Thus, by associativity of mφ!�̃j∈J(−) and using (5.7) again, we have J I1tI2µ1tµ2(Z) ∼= mφ!(J I1µ1!(Z)�̃J I2µ2!(Z)). This

proves the theorem for standard objects associated to free, finitely abelian groups. To get torsion coefficients, we
note that since all functors appearing are Z-linear, by (5.8) it follows that for all N1, N2 ≥ 0,

J I1tI2µ1tµ2(Z)⊗ (Z/N1 ⊗ Z/N2) ∼= mφ!(J I1µ1!(Z/N1)�̃J I2µ2!(Z/N2)).

�

Remark 5.33. The reason for using standard objects in the proof of Theorem 5.32 instead of IC-motives is that
(5.7) and (5.8) are both false in general due to torsion. For coefficients in a field, we could work directly with
IC-motives.

Remark 5.34. Recall the fully faithful functor j(φ),∗ : SatI(r) → MTM(r)(L
+
I G\GrG,I

∣∣
X(φ)) from Corollary 5.21.

By Proposition 5.19 and Theorem 5.32, there is a natural isomorphism

pmφ!�̃j∈J(−) ∼= j
(φ)
!∗ (pH0(�j∈J(−)

∣∣
X(φ))) :

∏
j∈J

Sat
Ij
(r) → SatI(r).

This functor satisfies natural commutativity and associativity constraints, induced from those of the exterior prod-

ucts over X(φ). However, this naive commutativity constraint is not compatible with that of
∏
j∈J MTM(XIj )

�−→
MTM(XI) under the fiber functors F Ij , as the two will differ by some signs. To correct this we modify the com-

mutativity constraint by hand as in [FS21, VI.9.4 ff.]. Namely, let us decompose GrG,I = Greven
G,I

∐
Grodd

G,I into open

and closed subsets, where Greven
G,I is the union of the Schubert cells corresponding to (µi)i ∈ (X∗(T )+)I for which∑

i∈I〈2ρ, µi〉 is even, and likewise for Grodd
G,I . This induces a similar decomposition of HckG,I . Then, we change the

commutativity constraint by adding a minus sign when commuting the exterior product of motives concentrated
on Grodd

G,I . If we denote the resulting functor equipped with this commutativity constraint by ∗, we have changed
the signs such that the diagram ∏

j∈J Sat
Ij
(r) SatI(r)

∏
j∈J MTM(XIj ) MTM(XI)

∏
j∈J F

Ij

∗

F I

�

is functorial in the Ij and under permutations of I1, . . . , I|J|; this follows from the implicit shifts appearing in the

fiber functors, via Proposition 5.11. The diagram is commutative because this can be checked over X(φ) by full
faithfulness of j(φ),∗, where it is immediate because the twisted product in the definition of ∗ becomes a box product.
Here we also use the (−)!(−)∗-description of CTIB and the Künneth formula, as well as Lemma 5.8.

Definition 5.35. The functor ∗ :
∏
j∈J Sat

Ij
(r) → SatI(r) in Remark 5.34 equipped with the modified commutativity

constraint is called the fusion product.

Definition 5.36. We endow the category MTM(r)(X
I) with the tensor product defined as pH0((-)⊗ (-)[−I]). The

normalization ensures that the monoidal unit is Z[I]. We refer to this as the underived tensor product.
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Proposition 5.37. Let

-p? - := pH0(- ? -) : MTM(HckG,I)×MTM(HckG,I)→ MTM(HckG,I)

be the perverse truncation of the functor constructed in Proposition 4.26 (recall it includes a shift by [−I], cf. (4.7)).

Then (SatG,I(r) ,
p?) has the structure of a symmetric monoidal category coming from the fusion product (constructed

in the proof), and CTIP (where P ⊆ G is a parabolic whose Levi has semisimple rank at most one) is a symmetric
monoidal functor. Moreover, F I : MTM(r)(HckG,I) → MTM(r)(X

I) is a symmetric monoidal functor, where the
tensor structure on the target is as in Definition 5.36.

Proof. The construction is analogous to [FS21, VI.9.4. ff.]; see also [Ric14, Theorem 3.24] for more details. Briefly,
for an integer n > 0, consider the natural surjection φ : tni=1I → I and the diagonal embedding iφ : GrG,I → GrG,In .

Let dφ = |I|n−1. The fusion product and Proposition 5.27 determine a functor

SatI(r) × . . .× SatI(r)
∗−→ SatIt...tI(r)

i!
φ

(−dφ)[dφ]

−−−−−−−→ SatI(r), (5.9)

which makes SatI(r) into a symmetric monoidal category. By Proposition 4.27, this convolution product agrees with
p?, so (SatG,I(r) ,

p?) is a symmetric monoidal category.

Over X(φ) ⊆ XI , the functor CTIP decomposes as
∏
j∈J CT

Ij
P . As in Remark 5.34, there is a diagram expressing

the compatibility between fusion and the constant term functors, which is also functorial in the Ij and under
permutations of I1, . . . , I|J|. Base change for !-pullback along the diagonal embedding XI → XIt...tI then shows

that CTIP and F I are symmetric monoidal. �

5.3.1. Dualizability. The following theorem, which is similar to [MV07, §11] and [FS21, VI.7.2], will be used in
Theorem 6.20 to establish inverses for the dual group.

Let sw be the involution of DM(HckG,I) induced by !-pullback along the inversion map LIG → LIG, g 7→ g−1.

Recall that for a prestack Z
π→ Y over a scheme Y , the (relative) Verdier duality functor is defined as DZ/Y (F) :=

Hom(F , ωZ/Y ), for F ∈ DM(Z) and ωZ/Y := π!ZY . At least if Z is an ind-scheme and Y → S a smooth scheme,
DZ/Y is an involution on compact objects by relative purity. We write DZ := DZ/S and we also sometimes omit
the subscript in DZ if the choice of Z is clear.

Definition 5.38. Following [AG15, §12.2.3], the subcategory of locally compact motives DTM(r)(HckG,I)
lc ⊂

DTM(r)(HckG,I) is the full subcategory of motives whose image in DTM(r)(GrG,I) is compact.

Lemma 5.39. Verdier duality (relative to XI) is an anti-equivalence on DTM(r)(GrG,I)
c and on DTM(r)(HckG,I)

lc.

Proof. We show that the natural map M → D(D(M)) is an isomorphism for these motives. For compact Tate

motives on GrWI this holds since Tate motives are generated by twists of ιµ,φ∗ Z. For motives on the Hecke prestack,
we additionally use the isomorphism D coav = av D (Lemma 2.21(3)) which implies u!DHckWG,I

= DGrWG,I
u! by passing

to adjoints. For reduced motives we additionally use Lemma 2.6. �

Lemma 5.40. The dualizing functor with respect to the (derived) convolution product ? on DTM(r)(HckG,I)
lc, i.e.,

the internal Hom functor Hom?(−, 1), is given by

D− := DHckG,I /XI ◦ sw. (5.10)

An object M ∈ DTM(r)(HckG,I)
lc is dualizable iff the resulting natural map

M ?N → D−(D−M ?D−N) (5.11)

is an isomorphism with N = D−(M).

Proof. We have a cartesian diagram as follows.

L+
I G \ LIG/L

+
I G

inv //

f

��

L+
I G \ LIG×L

+
I G LIG/L

+
I G

m

��

p
// (L+

I G \ LIG/L
+
I G)2

L+
I G \ L

+
I G/L

+
I G

i // L+
I G \ LIG/L

+
I G

Here f is the quotient by L+
I G of the structural map LIG/L

+
I G → L+

I G/L
+
I G
∼= S, the map i is induced by the

inclusion L+
I G→ LIG, and inv is induced by the identity map on the first factor and inversion on the second factor.

Let p be the natural quotient map (obtained by modding out two copies of L+
I G instead of one acting diagonally).

Then the composite inv∗p! = ∆∗(id× sw), where id× sw is the involution of DM(Hck2
G,I) induced by inversion on

the second factor.
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The first claim is a formal manipulation similar to, say, [BD14, Lemma A.10]:

HomDM(HckG,I)(M,D−(N)) = HomDM(HckG,I)(M ⊗ sw(N), ωHckG,I)

= HomDM(HckG,I)(inv∗p!(M �N), f !Z)

= HomDM(XI/L+
I G)(f!inv∗p!(M �N),Z)

= HomDM(XI/L+
I G)(i

∗m!p
!(M �N),Z)

= HomDM(XI/L+
I G)(i

∗(M ?N)[−I],Z)

= HomDM(HckG,I)(M ?N, i∗Z[I])

= HomDM(HckG,I)(M ?N, 1).

Given this and Lemma 5.39, the category DTM(r)(HckG,I)
lc is thus an r-category in the sense of [BD13, Defini-

tion 1.5], which gives a natural morphism as in (5.11). The final claim is then just [BD13, Corollary 4.5]. �

Theorem 5.41. Let F ∈ SatG,I(r) be compact. Then F is dualizable with respect to p? if and only if F I(F) is

dualizable in MTM(r)(X
I) with respect to the underived tensor product (Definition 5.36). In the case of reduced

motives, this means that the graded components of F I(F) are flat abelian groups. If F is dualizable, its dual agrees
with (the derived dual) D−(F) (cf. (5.10)).

Proof. Every compact object in DTM(r)(X
I) is dualizable with respect to ⊗. (For compatibility with MTM(r) we

add a shift by −|I| so that Z[I] is the unit.) A compact object in MTM(r)(X
I) is dualizable with respect to the

underived tensor product if and only if its derived dual lies in MTM(r)(X
I). This follows because the reduction

functor is conservative and preserves inner Hom, so it reduces to the statement that a finitely generated abelian
group is dualizable if and only if it is free.

Now let C ⊂ (SatG,I(r) )c be the subcategory of objects such that F I(F) is dualizable in MTM(r)(X
I) with respect

to the underived tensor product. We first show that C is stable under D and sw, so the last statement makes
sense. As in [FS21, Proposition IV.6.13], D commutes with hyperbolic localization up to taking the inverse of the

Gm-action. Also, CTIB commutes with sw because the diagram (5.1) is induced by homomorphisms of loop groups.
Then by Corollary 5.25 we are reduced to proving that D and sw preserve C in the case G = T . This in turn follows

from the explicit description of SatT,I(r) in Proposition 5.22. Moreover, πT ! is invariant under sw, and it commutes

with D because πT is proper. As F I is independent of the choice of B when restricted to SatG,I(r) , the functor F I
∣∣
C

preserves dualizing functors (and the derived duals agree with the underived duals).

Next, we claim that the natural map F ? F ′ → F p? F ′ is an isomorphism for any F ∈ C and F ′ ∈ SatG,I(r) . To

see this it suffices to apply the conservative functor F I , which is monoidal (both with respect to ? and to p?). To
check that the resulting map F I(F)⊗F I(F ′)[−I]→ pH0(F I(F)⊗F I(F ′)[−I]) is an isomorphism, we may pass to
reduced motives, which again reduces to a statement about finite abelian groups.

Putting everything together, it follows that F I
∣∣
C commutes with the formation of the map (5.11). Thus, every

object F ∈ C is dualizable with dual D(sw(F)). For the converse, if F ∈ SatG,I(r) is dualizable with dual F∨, by

monoidality of F I we have F (F∨) = F (F)∨. �

6. Tannakian reconstruction

6.1. The Hopf algebra object. The goal of this section is to construct a Hopf algebra object HG,I
(r) ∈ MTM(r)(X

I)

such that the Satake category is equivalent to comodules over that Hopf algebra (Theorem 6.20). Based on the results
of the previous sections, the Satake category appears for formal reasons in a comonadic adjunction (Proposition 6.7).
Several steps, including an analysis of (co)standard motives, are needed to show the relevant comonad is given by
tensoring with a Hopf algebra.

Throughout, I denotes a nonempty finite set, and W ⊂ (X∗(T )+)I a finite subset closed under the Bruhat

order. Let GrWG,I be the closure of the union of the strata Gr◦,µG,I for µ ∈ W , and let iW : GrWG,I → GrG,I be the

closed embedding. In addition to the Satake category SatG,I(r) , we consider its full subcategory SatG,I(r),W consisting

of motives supported on GrWG,I .

6.1.1. Adjunctions between motives on the Hecke prestack and on the curve. We establish two adjoints for F I :=

πT !u
!CTIB (Definition 5.29). Recall that the restriction of this functor to SatG,I(r) is the fiber functor.
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Lemma 6.1. The restriction of F I to DM(r)(HckWG,I) admits a left and a right adjoint given by

LIW = coav p−W !q
−∗
W π∗T,W [−deg],

RIW = av p+
W∗q

+!
W π

!
T,W [−deg].

(6.1)

Here the subscript W denotes the restriction of (5.1) to GrWG,I ⊂ GrG,I , and GrWT,I = GrT,I ∩GrWG,I .

Proof. We will show that the forgetful functor u! : DM(r)(HckG,I)→ DM(r)(GrG,I) admits a right adjoint denoted

av := avL+
I G

and that the restriction of u! to objects with bounded support, i.e., u!|DM(r)(HckWG,I), admits a left

adjoint coavW . Once this is shown, the formulae in (6.1) do define the advertised adjoints by Remark 5.3. Note

that the restriction of (5.1) to GrWG,I ⊂ GrG,I consists of maps of schemes (as opposed to ind-schemes), so that the

functors appearing in the definitions of LIW (notably q−∗W ) are well defined on the categories DM(r).
By definition of motives on prestacks, see around (2.2), each !-pullback functor admits a right adjoint, so av

exists. For each W , the L+
I G-action on GrWG,I factors over a smooth algebraic quotient group L+

I G � HW , such
that the kernel of this quotient map is split pro-unipotent by [RS20, Lemma A.3.5, Proposition A.4.9]. By the

computation of equivariant motives in [RS20, Proposition 3.1.27], DM(r)(HckWG,I) = DM(r)(HW \GrWG,I). Thus, the

coaveraging functor coavHW from Lemma 2.21 is left adjoint to u!, as claimed. �

Proposition 6.2. The adjunction LIW a F I a RIW restricts to an adjunction on the categories DTM(r)(HckWG,I)

and DTM(r)(X
I).

Proof. We need to show LIW andRIW preserves stratified Tate motives. The composites p+
W∗q

+!
W π

!
T,W and p−W !q

−∗
W π∗T,W

map DTM(r)(X
I , (XI)†) to the category of motives on GrG,I that are Tate motives with respect to the stratification

by the Sν,I ∩ Grφ,µG,I . It remains to be shown that av and coav map these motives to Tate motives with respect to

the (coarser!) stratification by the Grφ,µG,I .

The formation of av commutes with !-pullback over the strata Xφ ⊂ XI , and likewise for coav and ∗-pullback.
Using the factorization property (4.4) and the fact that GrJG

∼= GrGJ , we only need to consider GrG. We treat the
functor av; the argument for coav is dual. If i : Sν ∩GrµG → GrµG is the inclusion, it suffices to show that u! av i∗Z
is Tate. Since this motive is LnG-equivariant for n � 0, it suffices to show its !-restriction along the base point
tµ : S → GrµG is a Tate motive [RS20, Lemma 2.2.21, Proposition 3.1.23]. Using Lemma 2.21 to compute this !-
restriction, it suffices to show that f∗(Z) ∈ DM(S) is Tate, where f : a−1(tµ)→ S and a : LnG×(Sν∩GrµG)→ GrµG is
the action map. By Proposition 3.5, a−1(tµ) ∼= Pµn×(Sν∩GrµG), where Pnµ is an extension of a split reductive Z-group
by a split unipotent Z-group (Proposition 3.2). For the structural map π : Pnµ → S, we have π∗π

∗Z ∈ DTM(S)

by virtue of the cellular Bruhat stratification. Since Sν ∩ GrµG is also stratified cellular, we conclude that f∗(Z) is
Tate. �

Corollary 6.3. (1) Let W ′ ⊆W be a second finite subset, also closed under the Bruhat order. For i : GrW
′

G,I ⊂
GrWG,I , the adjoints are related by

i∗LIW = LIW ′ , i
!RIW = RIW ′ . (6.2)

Thus, the right adjoints assemble to a globally defined adjunction

F I : DTM(r)(HckG,I) � DTM(r)(X
I , (XI)†) : RI

which is given by

RI = colim
W

RIW . (6.3)

(2) The preceding adjunctions restrict to adjunctions

F I : MTM(r)(HckG,I) �MTM(r)(X
I) : pRI = pH0 av p+

∗ q
+!π!

T [−deg].

pLIW = pH0 coav p−W !q
−∗
W π∗T,W [−deg] : MTM(r)(X

I) �MTM(r)(HckWG,I) : F I .
(6.4)

(3) The functors F I , RI , RIW and LIW are compatible with the reduction functor ρr.

Proof. (1): This holds by passing to adjoints starting from F I i∗ = F I . For the existence of RI recall that objects

in DM(r)(HckG,I) are compatible systems–under !-pullback–of objects in DM(r)(HckWG,I), for all W . The equation
(6.3) is a generality about filtered colimits of presentable ∞-categories: for a filtered colimit C = colimW CW in

PrSt, there is an equivalence colimW ιW ι
R
W

∼=→ idC , where ιW : CW → C is the natural functor and ιRW its right
adjoint.

(2): This holds since F I is t-exact, so that RI is left t-exact and LIW is right t-exact.
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(3): The functor ρr commutes with F I since the latter is a composite of the standard six functors (cf. Section
2.1.3). By construction, to check that ρr also commutes with RI , we again only have to consider the finite-
dimensional situation. There, the claim holds by Lemma 2.21(4). �

6.1.2. Compatibility with Verdier duality and exterior products. Recall the notation for Verdier duality from Section
5.3.1.

Lemma 6.4. Up to inverting the Gm-action, the right and left adjoints are exchanged under Verdier duality. More
precisely, let LIW− be the left adjoint of πT !u

!CTIB− , where B− is the opposite Borel. Then there is an isomorphism

of functors DTM(r)(X
I)→ DTM(r)(HckG,I)

op:

DHckWG,I /S
LIW− = RIWDXI/S .

Proof. By Lemma 5.39, D is adjoint to itself on DTM(GrWG,I)
c and thus also on DTM(HckWG,I)

lc. By Proposition 6.2,

LIW− and RIW preserve Tate motives. Thus our claim is equivalent, by passing to right adjoints, to having a natural

isomorphism (of functors DTM(HckWG,I)
lc → (DTM(XI)c)op)

πT,W !u
!CTIB−DHckWG,I

= DXIπT,W !u
!CTIB . (6.5)

Hyperbolic localization commutes with Verdier duality, provided we invert the Gm-action [FS21, Proposi-

tion IV.6.13]. As degB− = −degB , this gives an isomorphism CTIB− ◦ D = D ◦ CTIB . We conclude using the
above compatibility of D with u!, as well as DπT,W ! = πT,W∗D = πT,W !D, since πT,W is proper. �

Proposition 6.5. The adjunctions LIW a F I a RIW for Tate motives are compatible with the exterior product in
the following sense. Consider the diagrams for k = 1, 2

XIk πk← GrWk

T,Ik

q+
k← GrWk

B,Ik

p+
k→ GrWk

G,Ik

uk→ HckG,Ik

as in (5.1), where Ik = {∗} is a singleton. Let Rk := RWk

Ik
etc. and write

R12 := av12(p+
1 × p

+
2 )∗(q

+
1 × q

+
2 )!(π1 × π2)!,

F12 := (u1 × u2)!(p+
1 × p

+
2 )∗(q+

1 × q
+
2 )!(π1 × π2)!,

L12 := coav12(p−1 × p
−
2 )!(q

−
1 × q

−
2 )∗(π1 × π2)∗,

where av12 : DTM(r)(GrG,I1 ×GrG,I2)→ DTM(r)(HckG,I1 ×HckG,I2) is the right adjoint to (u1×u2)! and coav12 is

its left adjoint. Then there are isomorphisms (of functors DTM(r)(X
I1)×DTM(r)(X

I2)→ DTM(r)(HckG,I1 ×S HckG,I2))

L12(−�−)→ L1(−) � L2(−). (6.6)

R1(−) �R2(−)→ R12(−�−). (6.7)

as well as

F1(−) � F2(−)→ F12(−�−). (6.8)

Proof. First of all, the existence of the av12, coav12 as stated is proven exactly the same way as for the single
(co)averaging functors. The isomorphism (6.8) exists since *-pullbacks and !-pushforwards are compatible with �.
By adjunction, this gives the maps (6.6) and (6.7). The former map is an isomorphism even when evaluated on
DM(r)(HckG,Ik) again because � commutes with *-pullbacks and !-pushforwards.

It remains to prove (6.7) is an isomorphism. Since Verdier duality is an involution on DTM(XIk)c, it suffices to
show that the natural map

(R1(DF1)) � (R2(DF2))→ R12(DF1 � DF2)

is an isomorphism for Fk ∈ DTM(XIk)c. We compute this map as the composite of the following isomorphisms

R1DF1 �R2DF2 = DL1F1 � DL2F2 (by Lemma 6.4)

= D(L1F1 � L2F2) (*)

= DL12(F1 � F2) (by (6.6))

= R12(D(F1 � F2)) (by Lemma 6.4)

= R12(DF1 � DF2) (*).

The isomorphisms marked (*) hold by Lemma 6.6 below, which is applicable since Lk preserves Tate motives. �

The following lemma is the technical replacement of the notion of ULA-ness.
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Lemma 6.6. Consider again two singletons Ik = {∗} and write Hckk := HckG,Ik for clarity. For Fk ∈ DTM(r)(Hckk),
there are natural isomorphisms

D(F1) � D(F2)
∼=→ Hom(F1 � F2, ωHck1 � ωHck2)

∼=→ Hom(F1 � F2, ωHck1×Hck2) = D(F1 � F2).

Proof. By definition of � on the Hecke prestacks, we may replace Hckk by Grk := GrG,Ik . Let fk : Grk → S
be the structural map. Following the method of [Cis21, Theorem 3.1.10], we first observe that the natural map
f !

1Z � f !
2Z → (f1 × f2)!Z is an isomorphism. This follows from Lemma 3.8 and the observation that ωGrk = f !

kZ
is a (non-compact) Tate motive. Since DTM(Grk) is generated by ιk!Z (ιk is the stratification map of Grk), we
conclude by using Dι! = ι∗D, and using ι1∗Z � ι2∗Z = (ι1 × ι2)∗Z, which again follows from Lemma 3.8. �

6.1.3. Adjunction for the Satake category. We now construct an adjunction involving the fiber functor F I : SatG,I(r) →
MTM(r)(X

I). The right adjoint RISat will computed explicitly in Proposition 6.17.

Proposition 6.7. There is a comonadic adjunction

F I : SatG,I(r) � MTM(r)(X
I) : RISat. (6.9)

In other words, there is an equivalence

SatG,I(r) = coModT I (MTM(r)(X
I)),

where T I := F I ◦RISat is the comonad induced by the adjunction and coMod denotes the category of comodules over
that comonad. Here MTM(r)(X

I) denotes the category of mixed unstratified Tate motives on XI .

Similarly, the restriction of F I to SatG,I(r),W yields a comonadic adjunction with right adjoint denoted RISat,W , so

that with TG,IW := F I ◦RISat,W :

SatG,I(r),W = coModT IW (MTM(r)(X
I)).

Proof. The restriction of F I to SatG,I(r) takes values in unstratified Tate motives by Proposition 5.28. On the level of

DTM, the functor πT ! is left adjoint to π!
T , hence it preserves coproducts. The constant term functor also preserves

coproducts. The functor F I is t-exact by Corollary 5.12, and therefore preserves all colimits. Both categories are
presentable (in fact compactly generated) so the adjoint functor theorem guarantees the existence of a right adjoint
RISat.

In addition, F I is conservative again by Corollary 5.12. Being t-exact, it also preserves finite limits, so that the
adjunction is comonadic by the Barr–Beck comonadicity theorem. �

Our eventual goal is to show that T I preserves colimits. Part of this is immediate:

Lemma 6.8. The functors RISat and RISat,W , and thus the comonads T I and T IW , preserve filtered colimits.

Proof. Both SatG,I(r) and MTM(r)(X
I) are compactly generated. Thus RISat preserves filtered colimits as soon as

F I preserves compact objects. Generally, for a category C, compact objects in the ind-completion Ind(C) are the

retracts of objects in C. Thus, compact objects in SatG,I(r) are precisely the retracts of sheaves F as in (5.5). Thus,

it suffices to see that ICµ,L (Definition 2.16) with L ∈ MTM(r)(S)c is mapped to a compact object under πT !CTIB .

Indeed, π!, for any map π of ind-schemes, preserves compact objects (even for DM). In addition, p+∗ preserves
compact objects since the map is schematic. �

6.1.4. Standard and costandard motives. Lemma 6.8 does not cover the preservation of finite colimits, i.e., cokernels.
To handle these, we adapt the method of (co)standard sheaves [BR18, §1.11] to a motivic context. In this subsection,
we only consider the local case, i.e., GrG instead of GrG,I . Using the isomorphism GrG,{∗} = GrG×X and homotopy
invariance, the results in this subsection immediately yield similar results for Beilinson–Drinfeld Grassmannians in
the case I = {∗}. In particular, if I = {∗} in Proposition 6.2, we may suppress this extra factor of X and consider

the triple LW a F a RW as an adjunction on the categories DTM(r)(L
+G \GrWG ) and DTM(r)(S).

Definition 6.9. The standard and costandard functors are the functors MTM(r)(S)→ MTM(r)(L
+G\GrG) defined

as

J µ! := pιµ! (p∗µ(−)[dim GrµG]), J µ∗ := pιµ∗ (p
∗
µ(−)[dim GrµG]),

where pµ : L+G \GrµG → X and ιµ : L+G \GrµG → L+G \GrG.

Here p∗µ : DM(r)(S) → DM(r)(L
+G \ GrµG) denotes the functor whose composition with the forgetful functor to

DM(r)(GrµG) is the usual functor p∗µ (and the components in further terms of the Čech nerve of the L+G-action, as
in (2.7), are given by !-pullbacks along the action, resp. projection maps).
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Remark 6.10. Using the equivalence MTM(r)(L
+G\GrG) ∼= Sat

G,{∗}
(r) , we get corresponding (co)standard functors

MTM(r)(S) → Sat
G,{∗}
(r) which we denote the same way. When using this notation, the target of the functors will

clear from the context.

Proposition 6.11. For µ ∈ X∗(T )+ and L ∈ MTM(r)(S) there are functorial isomorphisms

J µ! (Z)⊗ L
∼=→ J µ! (L), J µ∗ (L)

∼=→ J µ∗ (Z)⊗ L.

(The tensor product is formed in DTM(r)(L
+G \GrG), i.e., it is a derived tensor product.)

Proof. The first map is the composite pH0ιµ! (Z[dim GrµG])⊗L→ ιµ! (Z[dim GrµG])⊗L = ιµ! (L[dim GrµG]) = ιµ! ι
µ!J µ! (L)→

J µ! (L) and dually for the second one.

Being supported on Gr≤µG , both motives have bounded support, so our claim follows from Corollary 5.12 and the
computation in Lemma 6.12. �

Lemma 6.12. The composite FνJ µ! is isomorphic to the endofunctor on MTM(r)(S) given by

L 7→
⊕

Irr(Sν∩Grµ)

L(−dimSν ∩Grµ),

where the direct sum runs over the irreducible components of Sν ∩Grµ. A similar statement holds for FνJ µ∗ , where
the direct sum is indexed by Irr(Tν ∩Grµ).

Proof. By t-exactness of Fν we have

FνJ µ! ∼=
pH〈2ρ,ν〉((q+

ν )!(p
+
ν )∗ιµ! [〈2ρ, µ〉]) = pH〈2ρ,µ+ν〉(q+

ν )!ι
′µ
! .

By Theorem 3.32, Sν ∩ GrµG is cellular of equidimension 〈ρ, µ + ν〉 relative to S, so this expression computes the
top-dimensional cohomology group with compact support.

For a cellular stratified scheme Z
π→ X that is of equidimension d, let Z◦ =

⊔
i A

ni×X Gmi
m be the disjoint union

of the top-dimensional cells (i.e., ni +mi = d) and j : Z◦ → Z. Then

pH2dπ!j!j
∗π∗ → pH2dπ!π

∗

is an isomorphism (of endofunctors on MTM(r)(S)) by localization. The left hand functor is tensoring with⊕
i Z(−d).
The argument for J∗ is dual to this, using instead the affine Grassmannian GrB− for the opposite Borel. In this

case it is cohomology in degree 0 of the top-dimensional cells which contributes. �

Example 6.13. Following up on Example 3.33 we consider G = PGL2. In this case FνJ µ! L = L(−µ+ν
2 ) if |ν| ≤ µ

and ν ≡ µ mod 2. In all other cases, FνJ µ! = 0.

Corollary 6.14. Let W ⊂ X∗(T )+ be a finite subset closed under the Bruhat order. For a maximal element µ ∈W ,

let jµ : GrµG → GrWG be the open immersion. Then for L ∈ MTM(r)(S) we have

pj∗µRW (L) ∼=
⊕

ν∈X∗(T )

p∗µL(dimSν ∩Grµ)[dim GrµG]
⊕
| Irr(Sν∩Grµ)|.

A similar statement holds for the functor pj∗µLW− .

Proof. By Proposition 4.31 we can take quotients by L+G. Then we have adjunctions, with left adjoints on top of
their right adjoints:

MTM(r)(S)
p∗µ[dim GrµG]

�
∼=

MTM(r)(L
+G\GrµG)

pjµ,!

�
pj∗µ

MTM(r)(L
+G\GrWG )

F
�

pRW

MTM(r)(S).

The equivalence on the left follows from Proposition 4.29. By Lemma 6.12, the functor going right is given by
tensoring with

⊕
ν Z(− dimSν ∩ GrµG)

⊕
| Irr(Sν∩GrµG)|, hence its right adjoint is given by Hom(

⊕
ν Z(−dimSν ∩

Grµ)
⊕
| Irr(Sν∩GrµG)|,−). This implies that pj∗µRW (L) has the stated form. The argument for pj∗µLW− is dual to this,

using the computation of FνJ µ∗ instead. �

Proposition 6.15. The kernel and cokernel of the natural morphism αL : J µ! (L)→ J µ∗ (L) are killed by an integer
N > 0 independent of L ∈ MTM(r)(S). Furthermore, for µ ∈ X∗(T )+ the canonical surjection J µ! (Z) → ICµ,Z is
an isomorphism.
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Proof. For the first statement, let fib(αL) be the homotopy fiber of J µ! (L) → J µ∗ (L). By Lemma 6.12, fib(αL) ∼=
fib(αZ)⊗L. Thus, it suffices to show that fib(αZ) is N -torsion for some N > 0. Since αZ is a map between objects
with bounded support, it suffices to prove the statement after applying Fν . Then we may restrict to reduced motives
by Lemma 2.15. By Lemma 6.12, Fν(αZ) is a map between finite free Z-modules, so it suffices to check it becomes
an isomorphism after applying −⊗ZQ. The category MTMr(GrG,Q)c is semisimple: by Lemma 2.10 (applicable by
Theorem 4.21), we may assume S = Spec Fp for this, then apply Lemma 2.24 and [RS21, Corollary 6.4]. In addition
ICµ,Q ∈ MTMr(GrG,Q) is a simple object, so the natural morphisms J µ! (Q) → ICµ,Q and ICµ,Q → J µ∗ (Q) are
isomorphisms. Since Fν(αZ) ⊗Z Q is the composite of these morphisms, it is an isomorphism. The fact that
J µ! (Z)→ ICµ,Z is an isomorphism may also be checked on reduced motives, so this completes the proof. �

Lemma 6.16. In the notation of Corollary 6.14, let W = W \ {µ}.
(1) The mixed Tate motive pHnF (RW (Z)) can be identified with a free graded Z-module for n = 0, 1 (regarded

as an object in MTM(S) via the natural functor, cf. (6.15)). Furthermore, F (pR(Z)) is flat.
(2) For L ∈ MTM(r)(S), localization yields an exact sequence (in MTM(r)(HckG))

0→ pRW (L)→ pRW (L)→ pjµ∗j
∗
µ

pRW (L)→ 0.

(3) For L ∈ MTM(r)(S), there is a canonical isomorphism

pR(Z)⊗ L ∼= pR(L).

Proof. (1): The proof is similar to [FS21, VI.10.1]. First, flatness of F (pR(Z)) = pH0F (R(Z)) will follow from
freeness of pH0F (RW (Z)). By Lemma 6.4, RW (Z) is the Verdier dual of LW−(Z). We again use the isomor-
phism DF = F−D, cf. (6.5), where F− = πT !u

!CTB− . Thus, F (RW (Z)) is Verdier dual to F−(LW−(Z)). Since
F−(LW−(Z)) ∈ DTM(r)(S)≤0, then pHnF (RW (Z)) is free for n = 0, 1 if pH0F−(LW−(Z)) is a free, finitely graded
Z-module. By Corollary 6.14, j∗µ

pLW−(Z) can be identified with a free, finitely generated graded Z-module. Then
by localization there is an exact sequence

0→ pjµ!j
∗
µ

pLW−(Z)→ pLW−(Z)→ pL
W
−(Z)→ 0.

Injectivity of the left map follows from Proposition 6.15, because the kernel is contained in the kernel of pjµ!j
∗
µ

pLW−(Z)→
pjµ∗j

∗
µ

pLW−(Z). By Lemma 6.12, F−(pjµ!j
∗
µ

pLW (Z)) is a free graded Z-module, and by induction F−(pLW (Z)) is

free. Thus pH0F−(LW (Z)) is also free.
(2): By localization, the sequence is exact except possibly at the right. Thus we have to show that C(L) :=

coker(pRW (L) → pjµ∗j
∗
µ

pRW (L)) ∈ MTM(r)(L
+G\GrG) vanishes. The composite j∗µ

pRW preserves surjections by
Corollary 6.14, and hence so does pjµ∗j

∗
µ

pRW by Proposition 6.11. Thus C also preserves surjections. Since it also
preserves filtered colimits (Lemma 6.8) and is compatible with Tate twists, it suffices to show C(Z) = 0.

The map pjµ!j
∗
µ

pRW (Z) → pjµ∗j
∗
µ

pRW (Z) factors through pRW (Z), so by Proposition 6.15, C(Z) is killed by

an integer N > 0. Thus, the claim will follow from freeness of pH1F (RW (Z)), once we show that F (C(Z)) ⊂
pH1F (RW (Z)) is a torsion submodule of a free module. But for this, if i is the complementary embedding to jµ, we

have a sequence of injections C(Z) → pH1(i!pRW (Z)) → pH1(i!RW (Z)), where i!RW (Z) = RW (Z). Here the first

map is an injection by the localization sequence for pRW (Z), and the second map is an injection because i! is left
t-exact.

(3): We will construct isomorphisms pRW (Z)⊗ L ∼= pRW (L) functorial in W and L. The functors defining RW
and F are DTM(r)(S)-linear, so there is a natural isomorphism RW (Z) ⊗ L ∼= RW (L). Thus, it suffices to show

that the natural map pRW (Z) ⊗ L → RW (Z) ⊗ L identifies the source with pH0(RW (Z) ⊗ L). We may assume
L is a compact object. Then, using Lemma 2.15, it suffices to consider reduced motives. Thus, L ∈ MTMr(S)c

is a graded abelian group. We may then check the claim after applying F , where it follows from the fact that
F (RW (Z)) ∈ DTMr(S)≥0 is free in degrees 0 and 1, and because Z has global dimension one. �

6.1.5. Compatibility with the fusion product.

Proposition 6.17. (1) The right adjoint in (6.9) is given by

RISat = j!∗j
∗pRI

where j : Hck◦G,I → HckG,I is the inclusion over the open locus of pairwise distinct points.

(2) For W =
∏
iWi ⊂ (X∗(T )+)I and L ∈ MTM(r)(X

I) there is a functorial isomorphism

RIW,Sat(L) ∼= ∗i∈IpR
{i}
Wi

(Z[1])⊗ L[−I].

Proof. (1) We first show that pRI(L), equivalently each pRIW (L), has no subobjects supported over XI \ X◦.
We can assume W is of the form W =

∏
Wi. Let j : Hck◦,WG,I → HckWG,I be the inclusion over X◦ and let

i : HckWG,I \Hck◦,WG,I → HckWG,I be its complement. We claim that if F ∈ DTM≥0
(r) (XI) is an unstratified Tate
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motive, then i!RIW (F) ∈ DTM≥1
(r) (HckWG,I \Hck◦,WG,I ). By base change applied to av p+

∗ (Lemma 2.21(5)), the forma-

tion of i!RIW commutes with !-restriction to any of the
(|I|

2

)
hyperplanes which comprise XI \X◦. Hence the claim

follows from relative purity and the left t-exactness of R
I\{∗}
W . Because i! is also left t-exact, pRIW (L) indeed has no

subobjects supported over X \X◦.
Next we will show that j!∗j

∗pRI takes values in the subcategory SatG,I(r) ⊂ MTM(r)(HckG,I). Using this claim, we

conclude using Lemma 2.19: for F ∈ SatG,I(r) we have

Hom(F , pRI(L)) ∼= Hom(F , j!∗j∗pRI(L)).

OverX◦, we have a Künneth formula for the right adjoints by Proposition 6.5. Hence j∗RIW (L) ∼= �i∈IR
{i}
Wi

(Z)⊗ L
∣∣∣
X◦

.

We claim that the natural maps pR
{i}
Wi

(Z[1]) → R
{i}
Wi

(Z[1]) induce an isomorphism �i∈IpR
{i}
Wi

(Z[1]) ⊗ L[−I] ∼=
pH0(�i∈IR

{i}
Wi

(Z[1])⊗ L[−I]). Arguing as in the proof of Lemma 6.16(3), this follows from Lemma 6.16(1). Thus,

�i∈I
pR
{i}
Wi

(Z[1])⊗ L[−I]
∣∣∣
X◦
∼= j∗(pRIW (L)). (6.10)

Moreover, if |I| = 1, we have SatG,{∗} = MTM(HckG,{∗}). Now we conclude by using that fusion preserves the
Satake categories by Theorem 5.32.

(2): By DTM(r)(X
I)-linearity, there is an isomorphism RIW (Z[I]) ⊗ L[−I] ∼= RIW (L) functorial in W and L.

Using (6.10), applying j!∗
pj∗ produces the desired isomorphism. �

Corollary 6.18. The object T I(Z[I]) is a flat object with respect to the underived tensor product in MTM(r)(X
I)

(Definition 5.36).

Proof. In order to show that MTM(r)(X
I) 3 L 7→ F IRISat(Z[I]) ⊗ L = F I(RISat(Z[I]) ⊗ L) (underived tensor

products, cf. Definition 5.36) preserves finite limits, we may replace RISat by RIW,Sat as in Proposition 6.17(2) above,

according to which we may assume I = {∗}. We have R
{∗}
Sat = R{∗}, so we are done by Lemma 6.16(1). �

Corollary 6.19. The comonads TG,I and TG,IW preserve colimits.

Proof. By the continuity of F I and (6.3), we only need to show this for RISat,W . By Lemma 6.8, it suffices to prove

RISat,W preserves cokernels. This follows from Proposition 6.17(2). �

6.1.6. The Hopf algebra.

Theorem 6.20. The object

HG,I
(r) := F IRISatZ[I]

is a commutative Hopf algebra in MTM(r)(X
I). If G̃I,(r) ∈ MTM(r)(X

I)op denotes the corresponding monoid,

there is an equivalence of symmetric monoidal categories, for the underived tensor product on MTM(r)(X
I) (Defi-

nition 5.36):

(SatG,I(r) ,
p?) ∼= (RepG̃I,(r)(MTM(r)(X

I)),⊗). (6.11)

Proof. The functor F I is symmetric monoidal (Proposition 5.37), so that RISat is symmetric lax monoidal. Thus

the composite T I = F I ◦RISat is also lax monoidal, so that in particular HG,I
(r) = T I(Z[I]) is a commutative algebra

object in MTM(r)(S). For F1,F2 ∈ MTM(XI), the monoidality of F I and adjunctions yield a natural map

T I(F1)⊗ T I(F2)→ T I(F1 ⊗F2) (6.12)

and

T I(Z[I])⊗F1 → T I(F1). (6.13)

We claim this latter map is an isomorphism.
To see this, we observe that both functors are exact: the right hand side by Corollary 6.19 and Corollary 5.12,

and the left hand side by Corollary 6.18. In addition, both functors preserve filtered colimits. Thus, to see that the
natural transformation (6.13) is an isomorphism, it suffices to check it for F1 = Z(k)[I], which is clear.

In particular HG,I
(r) is a coalgebra, and (6.11) holds on the level of abelian categories. A routine, if tedious

argument (e.g., [Moe02, Theorem 7.1] dualized; our map (6.12) is the one in Definition 1.1 there) shows that the

monoidality of F I (i.e., the forgetful functor coModH(MTM(r)(X
I))→ MTM(r)(X

I))) implies that HG,I
(r) is then a

bialgebra, and hence (6.11) holds on the level of symmetric monoidal categories.
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It remains to show the existence of an antipode. For each W ⊆ (X∗(T )∗)I as usual, TG,IW (Z[I]) is flat by
Lemma 6.16 (1) and compact, and hence dualizable. Thus, RISat,W (Z[I]) is dualizable by Theorem 5.41. Using ∨

to denote duals, it follows formally that

TG,IW (Z[I]) ∼= Hom((F I ◦RISat,W (Z[I]))∨,Z)

∼= Hom((RISat,W (Z[I]))∨, RISat,W (Z[I]))

∼= Hom((RISat,W (Z[I]))∨ ⊗ (RISat,W (Z[I]))∨,Z[I]).

Switching the two copies of (RISat,W (Z[I]))∨ as in [FS21, Proposition VI.10.2] gives an involution of TG,IW (Z[I]),

functorial in W . In particular, we get an involution of TG,I(Z[I]) = colimW TG,IW (Z[I]). It is routine to check that

this defines an antipode of HG,I
(r) = TG,I(Z[I]). �

Corollary 6.21. There is a natural isomorphism of Hopf algebras

⊗i∈IHG,{i}
(r)

∼= HG,I
(r) .

Proof. This follows from Proposition 6.17(2) and the fact that F I is symmetric monoidal. �

6.1.7. Rational and modular coefficients. In the identification of the dual group below, we also need to work with
Q- and Fp-coefficients. Let Λ = Q or Fp. We define the category

SatG,Λ(r) := MTM(r)(HckG,{∗},Λ) ⊂ MTM(r)(HckG,{∗}) = Sat
G,{∗}
(r)

of mixed Tate motives with rational, resp. modular coefficients as in Subsection 2.5.

Lemma 6.22. The full subcategory SatG,Λ(r) ⊂ Sat
G,{∗}
(r) is stable under the fusion product (Definition 5.35). In

addition, the underived tensor product functor

pH0(−⊗ Λ) : Sat
G,{∗}
(r) → SatG,Λ(r)

is symmetric monoidal.

Proof. This is clear for Λ = Q, since F ⊗Q = colim(. . .F n→ F . . . ) and all our functors are additive and preserve
filtered colimits.

For Λ = Fp, we write F/p := pH0(F ⊗ Fp) = coker(F p→ F) for an object F in an abelian category. Then

Sat
G,Fp
(r) = {F ∈ Sat

G,{∗}
(r) ,F = F/p}. Both functors in (5.9) are right exact (combine Theorem 5.32 and the t-

exactness of i!
φ
[dφ], which follows from Proposition 5.27) so that in particular (F1

p? F2)/p = F1
p? (F2/p). This

shows our claims for Fp-coefficients. �

The adjunction in (6.4) restricts to an adjunction

SatG,Λ(r)

F

�
R

MTM(r)(X,Λ).

and FR(Λ[1]) = FR(Z[1]) ⊗ Λ = pH0(FR(Z[1]) ⊗ Λ), according to Lemma 6.16(3). The image of H
G,{∗}
(r) under

pH0(−⊗Λ) is again a commutative Hopf algebra object. If we denote the corresponding group by G̃(r),Λ ∈ SatG,Λ,op
(r) ,

we get a version of (6.11) for Λ-coefficients.

Corollary 6.23. There is an equivalence of symmetric monoidal categories

SatG,Λ(r) = RepG̃(r),Λ
(MTM(r)(X,Λ)).

6.2. The dual group. In this section we identify the group associated to the Hopf algebra object HG,I
(r) ∈

MTM(r)(X
I). We first show in Theorem 6.24 that the unreduced Hopf algebra HG,I is in fact reduced. We

then move on to compute the reduced Hopf algebra HG,I
r .

6.2.1. Independence of the base.

Theorem 6.24. There is a natural isomorphism of Hopf algebras

HG,I = iHG,I
r , (6.14)

where

i : MTMr(X
I) = grAb→ MTM(XI),Z(k) 7→ Z(k) (6.15)

is the natural symmetric monoidal functor.
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As an immediate consequence we obtain that the Betti realization functor (for S = Spec Q) factors over the
reduction functor:

MTM(L+G \GrG)

ρr

��

ρB // PervL+G(GrG)

MTMr(L
+G \GrG)

55

This answers affirmatively a question posed in [ES22, §1.6.1].
The following result provides the key geometric input in the proof of Theorem 6.24. To begin, fix ν ∈ X∗(T ) such

that Tν∩GrµG 6= ∅. For n� 0, we have the action map a : LnG×(Tν∩GrµG)→ GrµG. Let Y (µ, λ, ν) = a−1(Sλ∩GrµG)
for one such n.

Proposition 6.25. We have dimY (µ, λ, ν) = dimLnG−〈ρ, ν〉+〈ρ, λ〉 and this scheme has a cellular stratification.

Proof. Let F0 be the fiber of Y (µ, λ, ν) over tµ, and let s : Sλ ∩GrµG → LnG be a section as per Lemma 3.4. Using

the left action of LnG on LnG×(Tν∩Gr≤µG ), there is an isomorphism (Sλ∩GrµG)×F0 → Y (µ, λ, ν), (x, f) 7→ s(x) ·f .
Since Sλ∩GrµG has a filtrable cellular decomposition (Theorem 3.32), it suffices to decompose F0. By Proposition 3.5,
F0
∼= Pnµ × (Tν ∩ GrµG). Now we are done because Tν ∩ GrµG is cellular (Theorem 3.32), and Pnµ is cellular by the

Bruhat decomposition. For the dimension, note that dimSλ ∩ GrµG = 〈ρ, µ + λ〉, dimTν ∩ GrµG = 〈ρ, µ − ν〉, and
dimPnµ = dimLnG− 2〈ρ, µ〉. �

Proof of Theorem 6.24. The isomorphism ρr(H
G,I) = HG,I

r (Corollary 6.3(3)) is an isomorphism of Hopf algebras
by construction. It therefore suffices to prove the isomorphism (6.14) after forgetting the (co)multiplication. By
Corollary 6.21, it suffices to consider the case I = {∗}. Note that i is a colimit-preserving fully faithful functor.
By (6.3), it suffices to identify F {∗}(pRW (Z[1])) ∈ MTM(X) with an object in the image of i for all finite W ⊂
X∗(T )+ closed under the Bruhat order. As in the proof of Lemma 6.16(1), F {∗}(pRW (Z[1])) is Verdier dual
to F {∗}(pLW−(Z[1])). By restricting to connected components of GrT,{∗}, we get a direct sum decomposition

LW− = ⊕ν∈X∗(T )L
ν
W− . Let ã : LnG× (Tν ∩Gr≤µG )→ Gr≤µG be the action map and let Ỹ (µ, λ, ν) = ã−1(Sλ∩Gr≤µG ).

Then

F
{∗}
λ (LνW−(Z[1])) = f!Z(2 dimLnG)[2 dimLnG− 〈2ρ, ν〉+ 〈2ρ, λ〉+ 1],

where f : Ỹ (µ, λ, ν)×X → X is the projection, cf. [BR18, Proposition 1.12.1]. Here we are using the isomorphism

GrG,{∗} = GrG×X. The scheme Ỹ (µ, λ, ν) is stratified by the Y (µ′, λ, ν) for µ′ ≤ µ, so by Proposition 6.25,

Ỹ (µ, λ, ν) is cellular of dimension dimLnG−〈ρ, ν〉+ 〈ρ, λ〉. Thus, F
{∗}
λ (pLνW−(Z[1])) computes the top cohomology

of a cellular scheme, so as in the proof of Lemma 6.12 it is identified with a free graded Z-module. �

6.2.2. Identification of the Hopf algebra for reduced motives. We now identify the group G̃I,(r) ∈ MTM(r)(X
I)op.

By Corollary 6.21, it suffices to do this for I = {∗}. By Theorem 6.24, it is enough to consider reduced motives, in

which case we have MTMr(X) ∼= grAb. In particular, we can describe HG
r := H

G,{∗}
r by the affine Z-group scheme

G̃ which underlies G̃{∗},r, together with a grading of its global sections. This is similar to [FS21, §VI.11], where
we have a Gm-action instead of a WE-action. We will therefore follow the methods of loc. cit. in the proof of the
theorem below.

Consider the Langlands dual group Ĝ, which is the pinned Chevalley group scheme with root datum dual to the
root datum of G. In particular, it comes with a fixed choice T̂ ⊆ B̂ ⊆ Ĝ of maximal Torus and Borel. As in [FS21],

we need to modify it to get a canonical identification of G̃. Namely, for any simple root a of Ĝ, instead of requiring
an isomorphism Lie(Ûa) ∼= Z in the data of our pinning, we require an isomorphism Lie(Ûa) ∼= Z(1) (note that Z(1)

does not have a preferred basis). In particular, this induces a Gm-action on all the root groups of Ĝ. Letting Gm

act trivially on the root datum (X∗(T ),Φ∨, X∗(T ),Φ), we get a Gm-action on (the modified) Ĝ.

Now, let T̂adj ⊆ Ĝadj be the adjoint torus of Ĝ, and let 2ρadj : Gm → T̂adj be the composition of 2ρ with the

projection T̂ � T̂adj. Then we get a Gm-action on Ĝ by

Gm
ρadj−−→ T̂adj → Aut(Ĝ), (6.16)

where ρadj : Gm → T̂adj is the unique square root of 2ρadj and the action is by conjugation.

Remark 6.26. To ensure that the above Gm-action gives the correct grading in the following theorem, we consider
the Tate twist Z(1) to be in degree −1 under the equivalence MTMr(S) ∼= grAb. We keep this convention for the
rest of the paper. This agrees with the usual convention, and also with [Zhu20] and [ES22].

Theorem 6.27. There is a canonical Gm-equivariant isomorphism G̃ ∼= Ĝ. Moreover, this Gm-action agrees with
the one given by (6.16).
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The existence of a (non-equivariant) isomorphism of Z-group schemes G̃ ∼= Ĝ can be deduced from Theorem 6.24
ff. and [MV07]. Following [FS21, §VI.11], we will prove Theorem 6.27 from scratch in a way which also gives the
Gm-action, or equivalently the Z-grading, and makes the isomorphism canonical. We start by fixing a pinning of G,

which extends the choice of (T,B). We will use this pinning to construct the isomorphism G̃ ∼= Ĝ, and afterwards
show this isomorphism does not depend on the choice of pinning.

By Proposition 5.22, we have SatT,{∗}r = Fun(X∗(T ),MTMr(X)). This implies that HT
r has degree 0, and that

T̃ is the torus with character group X∗(T ), i.e., T̃ ∼= T̂ canonically.

As the constant term functor CT
{∗}
B : SatG,{∗}r → SatT,{∗}r is symmetric monoidal and commutes with the fiber

functors, we get an induced morphism HG
r → HT

r of Hopf algebras in MTMr(X), and hence a homomorphism

T̃ → G̃. To show this is a closed immersion, it is enough to show that each ICµ,Z ∈ SatT,{∗}r , for µ ∈ X∗(T )+,

is a quotient of an object lying in the image of CT
{∗}
B . This holds since F

{∗}
ν (J µ! (Z)) for µ ∈ X∗(T )+ is free and

nonzero for each ν in the Weyl-orbit of µ by Lemma 6.12.

Proposition 6.28. The generic fiber G̃Q is a split connected reductive group and T̃Q ⊂ G̃Q is a maximal torus.

Proof. The proof follows [MV07, §7]. Restricting the equivalence of Corollary 6.23 to compact objects with Λ =

Q, we see that RepG̃Q
(Vectfd

Q) is semisimple, cf. the proof of Proposition 6.15, and the irreducible objects are

parametrized byX∗(T )+. AsX∗(T )+ is a finitely generated monoid and ICµ1+µ2,Q is a subquotient of ICµ1,Q?ICµ2,Q

for all µ1, µ2 ∈ X∗(T )+, we see that G̃Q is algebraic by [DM82, Proposition 2.20]. As for any 0 6= µ ∈ X∗(T )+, the

intersection motive IC2µ,Q is a subquotient of ICµ,Q ? ICµ,Q, [DM82, Corollary 2.22] tells us that G̃Q is connected.

Using this, we deduce by [DM82, Proposition 2.23] that G̃Q is reductive. The rank of a reductive group over Q

agrees with the rank of its representation ring by [Tit71], so T̃Q is a maximal torus of G̃Q, and hence G̃Q is split. �

We have the following generalization of [FS21, Lemma VI.11.3].

Lemma 6.29. Let f : M → N be a morphism of flat abelian groups. If M/p → N/p is injective for all primes p
and M ⊗Z Q→ N ⊗Z Q is an isomorphism, then f is an isomorphism.

Proof. Injectivity of f follows from flatness of M . For surjectivity, consider some x ∈ N . There exists some n ≥ 1
such that nx = f(y) lies in the image of f ; let n ≥ 1 be minimal with this property. Then y is a nontrivial element
in the kernel of M/p → N/p for any prime p dividing n. Our assumption on the maps M/p → N/p then tells us
that n = 1, so that f is surjective. �

Consider the quotient HG
r � K, stabilizing the filtration

⊕
i≤n

pHiπG!u
! of the fiber functor. This corresponds

to a subgroup B̃ ⊆ G̃, such that B̃Q is a Borel containing T̃Q.

Proposition 6.30. For G = PGL2, the standard pinning of G induces a graded isomorphism G̃ ∼= Ĝ. Moreover,
the induced Gm-action on Ĝ agrees with (6.16).

Proof. The Langlands dual group of PGL2 is SL2. Consider the minuscule dominant cocharacter µ, for which
GrµPGL2,{∗}

∼= P1
S ×S X. Moreover, we have GrµPGL2,{∗} ∩Sµ,{∗}

∼= A1
S ×S X, and GrµPGL2,{∗} ∩S−µ,{∗}

∼= X, while

the intersection of GrµPGL2,{∗} with the other semi-infinite orbits is empty. In particular, F {∗}(ICµ,Z) ∼= Z⊕Z(−1)

is an HPGL2
r -comodule, where we omit the shifts for simplicity. This induces a homomorphism G̃→ GL(Z⊕Z(−1)).

We claim this is a closed immersion, with image SL(Z⊕ Z(−1)) ⊆ GL(Z⊕ Z(−1)). Then G̃ is reduced by [PY06,

Theorem 1.2], so that G̃ ∼= SL(Z⊕ Z(−1)).

Indeed, T̂ acts on Z ⊕ Z(−1) by weights ±1, as CT
{∗}
B (ICµ,Z) is concentrated on the connected components

corresponding to ±1 under the isomorphism π0(GrT,{∗}) ∼= Z. Thus, the image of T̂ lands in SL(Z ⊕ Z(−1)). In

particular, the claim over Spec Q follows as we already know G̃Q is reductive with maximal torus T̂Q ∼= Gm,Q,

and G̃Q is not a torus by considering its representation ring. By flatness, the Z-morphism G̃ → GL(Z ⊕ Z(−1))

factors through SL(Z ⊕ Z(−1)), and we get a map G̃Fp → SL(Z ⊕ Z(−1))Fp for any prime p. Let Kp denote the

image of this map, so that we have a surjection G̃Fp → Kp. The irreducible (ungraded) representations of G̃Fp are
parametrized by X∗(T )+. In particular, the irreducible representations of Kp can be indexed by a subset of X∗(T )+,
so that Kp = SL(Z⊕Z(−1))Fp by [FS21, Lemma VI.11.2]. Then Lemma 6.29, used on the level of (ungraded) Hopf

algebras, tells us that G̃→ SL(Z⊕ Z(−1)) is an isomorphism.

As B̃ stabilizes Z ⊆ Z⊕Z(−1), the Lie algebra of its unipotent radical Ũ can be identified with Hom(Z(−1),Z) ∼=
Z(1). This gives the Gm-equivariant isomorphism G̃ ∼= Ĝ when G = PGL2.

To identify the Z-grading of G̃, we again consider Ũ ⊂ B̃ ⊂ G̃ ∼= SL2. It is clear that T̂ ∼= T̃ → G̃ is the maximal

torus appearing in the pinning of SL2. Restricting the action of Ũ on Z⊕ Z(−1) to Z gives a (graded) morphism

Z(−1)→ Z[t]⊗ (Z⊕ Z(−1)) = (Z[t]⊗ Z)⊕ (Z[t]⊗ Z(−1)) : n 7→ (t⊗ n, 1⊗ n),
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where Z[t] is the Hopf algebra of Ũ , equipped with a grading as a quotient of HG
r . In particular, t lies in degree 1,

and similarly we see that the coordinate of the unipotent radical of the opposite Borel of G̃ lies in degree −1. This

shows that the grading on G̃ corresponds to the Gm-action Gm → Aut(SL2), where an invertible element x acts by(
a b
c d

)
7→
(

a xb
x−1c d

)
=

(
x 0
0 1

)(
a b
c d

)(
x−1 0

0 1

)
. (6.17)

This is the grading (6.16), so this finishes the case G = PGL2. �

Returning to arbitrary G, the adjoint quotient G � Gadj induces a map GrG,{∗} → GrGadj,{∗} which restricts
to a universal homeomorphism on each connected component. As DM does not satisfy étale descent we cannot
conclude that this map induces equivalences of motives on these connected components. However, we can show
that we get equivalences for Tate motives, even for unreduced motives.

Lemma 6.31. Let X be a connected component of GrG,{∗} and Y the connected component of GrGadj,{∗} to which
it maps under the natural morphism. If we denote the induced morphism by α : X → Y , then α∗ : DTM(r)(Y ) →
DTM(r)(X) is an equivalence.

Proof. It suffices to prove the lemma for the stratification by Iwahori-orbits. In this case, we will show that the
unit id→ α∗α

∗ and counit α∗α∗ → id are equivalences. The map α is an LG-equivariant universal homeomorphism
by Lemma 3.31, so it induces an isomorphism on Iwahori-orbits, which are isomorphic to affine spaces. Hence, the
lemma is immediate if we have a single cell. Because α is ind-proper, the unit and counit maps commute with
∗-pullback to any union of cells. We thus conclude by localization and induction on the number of cells. �

Proposition 6.32. If G has semisimple rank 1, then a pinning of G induces a graded isomorphism G̃ ∼= Ĝ, and
the grading agrees with (6.16).

Proof. The adjoint quotient Gadj can be identified with PGL2 via the pinning of G. Since π0(GrG,{∗}) ∼= π1(G)
canonically, it follows from Lemma 6.31 that DTMr(GrG,{∗}) ∼= DTMr(π1(G)×π1(PGL2)GrPGL2,{∗}). As π1(PGL2) ∼=
Z/2, every object in DTMr(PGL2), and hence every object in the Satake category, is equipped with a Z/2-grading.

Then SatG,{∗}r is equivalent to the category of objects of SatPGL2,{∗}
r , equipped with a π1(G)-grading that refines

the Z/2-grading. In particular, we get G̃ ∼= P̃GL2

µ2

× Z̃, where Z̃ is the multiplicative group scheme with character

group π1(G); note that Z̃ is a torus exactly when π1(G) is torsion-free. By [SGA70a, XII, Proposition 4.11], the

center Ẑ of Ĝ is multiplicative, with character group canonically isomorphic to π1(G) by [Bor98, Proposition 1.10].

Thus, the isomorphism Ĝ ∼= Ĝsc

µ2

× Ẑ implies that Ĝ ∼= G̃ canonically, inducing T̂ ∼= T̃ and B̂ ∼= B̃. Moreover, these
isomorphisms are compatible with the gradings. �

Finally, we consider a general group G, still equipped with a fixed pinning. To any simple coroot a of G, we can
associate a parabolic with Levi quotient containing the maximal torus: T ⊆Ma ⊆ Pa ⊆ G. As Ma is of semisimple

rank 1, we have the symmetric monoidal constant term functor CTPa : SatG,{∗}r → SatMa,{∗}
r . This commutes

with the fiber functors, so it induces a morphism HG
r → HMa

r of Hopf algebras, and hence a homomorphism

M̂a
∼= M̃a → G̃. By Lemma 5.5, the morphism M̃a → G̃ commutes with the closed immersions T̂ → M̂a

∼= M̃a

and T̂ → G̃. To show this is a closed immersion on the generic fiber, we apply [DM82, Proposition 2.21]: consider

objects of the form ICλ,Q ∈ SatMa,{∗}
r , with λ dominant for Ma. By Theorem 3.44, ICλ,Q is a quotient of a twist

of ICµ,Q, where µ is the unique dominant (for G) representative of λ. Thus M̂a,Q → G̃Q is a closed immersion.

Proposition 6.33. The closed immersions T̂Q → G̃Q and M̂a,Q → G̃Q, which involve a choice of pinning of G,

extend uniquely to a graded isomorphism ĜQ
∼= G̃Q, and the grading agrees with (6.16).

Proof. By Proposition 6.28, G̃Q is a split reductive group with maximal torus T̃ . As M̃a,Q → G̃Q is a closed

immersion, it induces an embedding on Lie algebras, so that a ∈ X∗(T ) = X∗(T̂ ) determines a root of G̃Q, while

the root a∨ associated to a determines a coroot of G̃Q. Note that, as T̃ ∼= T̂ , passing to dual groups preserves the
pairing between roots and coroots, up to reversing their roles. Hence, the simple reflections are also contained in

the Weyl group of G̃Q, giving an inclusion W = W (G,T ) ⊆ W̃ := W (G̃Q, T̃Q), as subgroups of Aut(X∗(T )). Let
us denote as before the roots of G by Φ := Φ(G,T ), and the coroots by Φ∨ := Φ∨(G,T ). Then, as all (co)roots

are a W -translate of a simple (co)root, this implies that Φ∨ ⊆ Φ(G̃Q, T̃Q) and Φ ⊆ Φ∨(G̃Q, T̃Q), as subsets of

X∗(T ) ∼= X∗(T̂ ) and X∗(T ) ∼= X∗(T̂ ) respectively.

To show that these inclusions are equalities, note that for λ ∈ X∗(T̃ )+, the weights of the simple G̃Q-representation

of highest weight λ are those weights λ′ in the convex hull of the W̃ -orbit of λ such that λ−λ′ is in the root lattice

of G̃Q. Let a ∈ Φ(G̃Q, T̃Q), and choose λ regular, so that the corresponding simple G̃Q-representation has a weight

λ′ such that a appears in λ−λ′ with non-zero coefficient. Then the restriction of CT
{∗}
B (ICλ,Q) to λ′ ∈ π0(GrT,{∗})
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does not vanish. But this implies that λ−λ′ is in the coroot lattice of G, so that a must be a coroot. Thus, the root

data of G̃Q and ĜQ agree, so we get the desired isomorphism ĜQ
∼= G̃Q. Finally, compatibility with the gradings

follows from the case where G is a torus or has semisimple rank 1, as the closed immersions induced by constant
term functors are compatible with the gradings. �

Proposition 6.34. The isomorphism in Proposition 6.33 extends uniquely to an integral isomorphism Ĝ ∼= G̃.

Proof. Consider a prime p, and the ring of integers Z̆p ⊆ Q̆p of the completion of the maximal unramified extension

of Qp. Viewing Ĝ(Z̆p) and G̃(Z̆p) as subsets of Ĝ(Q̆p) ∼= G̃(Q̆p), we know that Ĝ(Z̆p) ⊆ G̃(Z̆p), as the former

is generated by the M̂a(Z̆p) ∼= M̃a(Z̆p). Let G̃ → GLn be a representation corresponding to some object in

SatG,{∗}r which is a closed immersion on the generic fiber. Then ĜQp
∼= G̃Qp

→ GLn,Qp
extends to a morphism

ĜZp → GLn,Zp by [BT84, Proposition 1.7.6]. Using a reduction to the adjoint group as before, in which case Ĝ is

simply connected, [PY06, Corollary 1.3] tells us that ĜZp → GLn,Zp is also a closed immersion. By flatness of G̃,

this map then factors as G̃Zp → ĜZp , which is an isomorphism on the generic fiber. But it is also surjective on the

special fiber, as any point in Ĝ(Fp) can be lifted to a point in Ĝ(Z̆p) by smoothness of Ĝ and completeness of Z̆p,

and we already know that Ĝ(Z̆p) ⊆ G̃(Z̆p). Lemma 6.29 then tells us that G̃Zp → ĜZp is an isomorphism.

As the previous paragraph is valid for all primes p, we see that all fibers of G̃ → Spec Z are reductive, so that

G̃ is reductive. Since the closed immersion T̂ → G̃ determines a maximal torus on the generic fiber, T̂ is already

a maximal torus of G̃, so that G̃ is split. The corresponding root datum can be determined on the generic fiber,

so that the previously obtained identification of G̃ on the generic fiber gives us Ĝ ∼= G̃, although a priori only

non-canonically. But then [SGA70b, XXIII, Théorème 4.1] gives us a unique isomorphism Ĝ ∼= G̃ extending the

isomorphisms ĜZp
∼= G̃Zp for each prime p. �

This finishes the proof of Theorem 6.27 when G is equipped with a pinning; it remains to show the isomorphism

Ĝ ∼= G̃ is independent of the choices.

Proposition 6.35. The isomorphism in Proposition 6.34 is independent of the pinning of G.

Proof. As T̃ is the stabilizer of the cohomological grading of the fiber functor, and B̃ is the stabilizer of the
corresponding filtration, they are independent of (T,B) by Corollary 5.12.

For the independence of the rest of the pinning, let us consider the flag variety F`, non-canonically isomorphic to
G/B, parametrizing the Borels of G. The quotient of the universal Borel BF` ⊆ GF` := G×S F` by its unipotent
radical is a torus, the universal Cartan TF`. It is defined over Z, as F` is simply connected, and split. Consider a

simple coroot a. Then there is the universal parabolic Pa,F` with Levi quotient Ma,F`. Let F̃`a be the Gm-torsor
over F` parametrizing the pinnings of Ma,F`. The group M

a,F̃`a is constant by [SGA70b, XXIII, Théorème 4.1].

Now, we can repeat the whole story, replacing our base S by F̃`a. In particular, we have the symmetric monoidal
constant term functor

CT
{∗}
P
a,F̃`a

: DTMr(Hck
GF`,{∗},F̃`a)→ DTMr(Hck

Ma,F`,{∗},F̃`a),

where the reduced motives are defined using the base F̃`a. The fact that CT
{∗}
P
a,F̃`a

preserves Tate motives is not

immediate because P
a,F̃`a is not split, but we can argue as follows. Since G → G/B is Zariski-locally trivial,

P
a,F̃`a is Zariski-locally split. Thus, CT

{∗}
P
a,F̃`a

preserves Tateness Zariski-locally on F̃`a by Theorem 3.44. By

L+
{∗}Ma,F̃`a -equivariance of the image, CT

{∗}
P
a,F̃`a

preserves Tateness [RS20, Lemma 2.2.21, Proposition 3.1.23]. Now

by independence of the base, Lemma 4.28, *-restricting to a fiber of F̃`a and shifting by dim(F̃`a) induces an
equivalence of Satake categories (defined using different bases), compatible with the constant term functors. This

shows that the constant term functor CT
{∗}
Pa

is independent of the choice of Borel. We can hence replace G by a
simple Levi, i.e., assume that G is of semisimple rank 1. There, we only used the pinning to identify Gadj, reducing

us to G ∼= PGL2. In that case, we had a canonical graded isomorphism Lie(Ũ) ∼= Hom(Z(−1),Z) ∼= Z(1), cf. the
discussion preceding (6.17). �

Remark 6.36. Let the C-group of G be the semidirect product CG := Ĝo Gm, with Gm acting on Ĝ via (6.16),
cf. [Zhu20, §1.1]. When k is a field and S = Spec k, this group is related to the C-group defined in [BG14], which

is a semidirect product of Ĝo Gm with the absolute Galois group of the field k.
Modulo the identification of the root groups of Ĝ with Tate twists, CG agrees with Deligne’s modification of the

dual group from [FG09], defined as Ĝ1 := (Ĝ×Gm)/(2ρ× id)(µ2), cf. also [Del07]. As the group we obtain below

arises naturally as a semidirect product, we prefer to keep the notation CG := Ĝo Gm.
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Since graded abelian groups are equivalent to abelian groups equipped with a Gm-action, we can also describe
the Satake category as a representation category of (ungraded) abelian groups as follows.

Corollary 6.37. There is a canonical equivalence SatG,{∗}r
∼= RepCG(Ab).

This gives further evidence for Bernstein’s suggestion that the C-group might be more appropriate in the Lang-
lands program than the L-group [Zhu20, Remark 9 (2)].

Remark 6.38. In order to get canonical equivalences in Theorem 6.27 and Corollary 6.37, we have to identify the
simple root groups of Ĝ with a Tate twist, even after forgetting the grading. However, any isomorphism Z ∼= Z(1)

of abelian groups induces a Gm-equivariant isomorphism of G̃ with the usual Langlands dual group, equipped with
the Gm-action from (6.16).

6.3. The Vinberg monoid. In this section we consider a subcategory of anti-effective stratified Tate motives for
the purpose of geometrizing Hecke algebras over Z[q], where q is an indeterminate. Recall that for `-adic sheaves
over S = Fq, the trace of the geometric Frobenius element on Q`(−1) is q. Thus, it is natural to single out
anti-effective motives, so that `-adic realization geometrizes the specialization map on Hecke algebras q 7→ q.

By Proposition 3.7 and Definition and Lemma 4.11, we have the symmetric monoidal category

SatG,anti
(r) := Sat

G,{∗},anti
(r) := MTM(HckG,{∗})

anti.

For G = 1, SatG,anti
r = MTMr(X)anti ⊂ SatG,{∗}r = MTMr(X) identifies with the full subcategory consisting of those

graded abelian groups concentrated in nonnegative degrees (under the monoidal isomorphism f∗[1] : MTMr(S) →
MTMr(X) for f : X → S, where we still consider the Tate twist Z(1) to be negatively graded). For general G,

SatG,anti
r is generated by the ICµ,L for µ ∈ X∗(T )+ and L ∈ MTMr(S)anti ⊆ MTMr(S).

Theorem 6.39. Let M ∈ Sat
G,{∗}
(r) . Then M ∈ SatG,anti

(r) if and only if F {∗}(M) ∈ MTM(r)(X)anti.

Proof. IfM ∈ SatG,anti
(r) , by excision and the filtrable decomposition in Theorem 3.32 we have F {∗}(M) ∈ MTM(r)(X)anti.

For the converse, suppose F {∗}(M) ∈ MTM(r)(X)anti. If M is compact, it admits a finite filtration with subquotients
given by IC-motives of compact objects on the strata. Since we are in the equivariant situation, by Proposition 4.29
these subquotients are of the form ICµ,L for L ∈ MTM(r)(S)c and µ ∈ X∗(T )+. Each F {∗}(ICµ,L) is a subquotient

of F {∗}(M), and consequently each f∗L[1] is also a subquotient of F {∗}(M), as GrµG,{∗} ∩Sw0(µ),{∗} = X where w0

is the longest element in the Weyl group. Because MTM(r)(X)anti is closed under subquotients (Lemma 2.12), this
implies each L is anti-effective, and hence so is ICµ,L by Remark 2.13. This implies that M is also anti-effective. If
M is not necessarily compact, we can present it as a filtered colimit M = colimMi of compact subobjects Mi ⊂M
in MTM(HckG,{∗}). Being a subobject of F {∗}(M), F {∗}(Mi) is anti-effective (Lemma 2.12), hence so is Mi and
therefore also M = colimMi. �

In Zhu’s integral Satake isomorphism [Zhu20, Proposition 5], the Vinberg monoid appears instead of the usual
dual group. We now explain how this monoid naturally appears from our motivic Satake equivalence. Afterwards,
we construct a generic Satake isomorphism between the generic spherical Hecke algebra and the representation
ring of the Vinberg monoid, which are naturally Z[q]-algebras for some indeterminate q. In an attempt to not
further lengthen the paper, we will only recall the necessary definitions for the Vinberg monoid, and we refer to
[Vin95, XZ19, Zhu20] and the references there for more details.

Denote by X∗(T̂adj)pos ⊆ X∗(T̂ )+
pos ⊆ X∗(T̂ ) the submonoids of characters generated by the simple roots,

respectively the dominant characters and the simple roots. Viewing Z[Ĝ] as a Ĝ × Ĝ-module via left and right

multiplication, the global sections Z[Ĝ] admit an X∗(T̂ )+
pos-multi-filtration Z[Ĝ] =

∑
µ∈X∗(T̂ )+

pos
filµZ[Ĝ], where

filµZ[Ĝ] is the maximal Ĝ × Ĝ-submodule such that all its weights (λ, λ′) ∈ X∗(T̂ ) × X∗(T̂ ) satisfy λ ≤ −w0(µ)
and λ′ ≤ µ. Here w0 is the longest element of the Weyl group of G. We then define Vinberg’s universal monoid
VĜ = Spec

⊕
µ∈X∗(T̂ )+

pos
filµZ[Ĝ], with the natural (co)multiplication map and monoid morphism dρadj

: VĜ →
Spec Z[X∗(T̂adj)pos] =: T̂+

adj. The dominant cocharacter ρadj extends to a monoid morphism ρadj : A1 → T̂+
adj, and

the monoid VĜ,ρadj
is defined as in the commutative diagram below, in which all squares are cartesian.

Ĝ× T̂ // // Ĝ
ZĜ
× T̂

��

// VĜ

��

VĜ,ρadj

dρadj

��

oo (Ĝ×Gm)/(2ρ× id)(µ2)

id×2ρ

rr
oo

��

Ĝ×Gm
oooo

T̂adj
// T̂+

adj A1
ρadj
oo Gm

oo
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There is an isomorphism (Ĝ×Gm)/(2ρ×id)(µ2) ∼= ĜoGm = CG, (g, t) 7→ (g2ρ(t)−1, t2). In particular, Ĝ
ZĜ
× T̂ ⊆ VĜ

and CG ⊆ VĜ,ρadj
are the respective groups of units.

The following theorem was already explained by T. Richarz during a talk in the Harvard Number Theory Seminar
in April 2021 for rational coefficients. In the same talk, he asked whether it was possible to do this integrally, and
mentioned Lemma 6.44. The theorem below gives an affirmative answer to this question.

Theorem 6.40. The equivalence SatG,{∗}r
∼= RepCG(Ab) restricts to an equivalence SatG,{∗},anti

r
∼= RepVĜ,ρadj

(Ab).

Remark 6.41. As observed by T. Richarz, the reason we have to consider anti-effective, instead of effective, motives
is that the fiber functor and convolution use (−)! functors, which are cohomological in nature. As the Tate twist is
of a homological nature, this leads to a change of signs.

Proof. The proof is a generalization of the arguments in [Zhu20, Lemma 21] to integral coefficients. First, as
CG ⊆ VĜ,ρadj

is open and dense, the restriction functor RepVĜ,ρadj

(Ab)→ RepCG(Ab) is fully faithful. In particular,

it suffices to identify the two full subcategories under the equivalence SatG,{∗}r
∼= RepCG(Ab).

The composite Ĝ× T̂ → VĜ in the above diagram corresponds to the natural inclusion of coalgebras⊕
µ∈X∗(T̂ )+

pos

filµZ[Ĝ]→ Z[Ĝ]⊗Z Z[X∗(T̂ )].

This map is given by sending each filµZ[Ĝ] into Z[Ĝ] ⊗ Zeµ, where eµ ∈ Z[X∗(T̂ )] generates the rank 1 subgroup
corresponding to µ; this follows from [XZ19, (3.2.3) ff.].

We first determine when a Ĝ
ZĜ
× T̂ -representation M extends (necessarily uniquely) to a VĜ-representation.

Consider the decomposition of M into its T̂ × T̂ -weight spaces. We may assume that 1 × T̂ acts on M by a fixed
weight µ ∈ X∗(T̂ ). Then M extends to VĜ-representation if only if µ ∈ X∗(T̂ )+

pos, and as a Ĝ-representation, the

coaction map sends M into filµZ[Ĝ] ⊗Z M . The second condition means that λ ≤ −w0(µ) for each weight λ of
T × 1 appearing in M . Since these weights are symmetric under the Weyl group, it follows that M extends to a
VĜ-representation if and only if each weight (λ, µ) of T̂ × T̂ satisfies µ+ λ− ∈ X∗(T̂adj)pos, where λ− is the unique
anti-dominant weight in the Weyl-orbit of λ.

We now specialize the previous argument to VĜ,ρadj
. The composite Ĝ×Gm → VĜ sends filµZ[Ĝ] into filµZ[Ĝ]⊗

t〈2ρ,µ〉, where t is the coordinate of Gm. Thus, a representation of Ĝ×Gm extends to VĜ,ρadj
if and only if for each

weight (λ, n) appearing, there exists some µ ∈ X∗(T̂ )+
pos such that 〈2ρ, µ〉 = n and µ+λ− ∈ X∗(T̂adj)pos. We claim

this condition is equivalent to the following two conditions on the weights (λ, n):

(−1)〈2ρ,λ〉 = (−1)n and 〈2ρ, λ−〉 ≥ −n. (6.18)

The necessity of these conditions is straightforward; to see sufficiency take µ = −λ− + ν, where ν ∈ X∗(T̂ )pos is
any element such that 〈2ρ, ν〉 = n+ 〈2ρ, λ−〉.

Under the isomorphism (Ĝ×Gm)/(2ρ× id)(µ2) ∼= CG, (g, t) 7→ (g2ρ(t)−1, t2), a weight (µ, n) of T̂ o Gm ⊂ CG
pulls back to the weight (µ,−〈2ρ, µ〉+ 2n). Thus, using (6.18), the previous isomorphism identifies RepVĜ,ρadj

(Ab)

with the subcategory of RepCG(Ab) of representations with nonnegative Gm-weights. Now we conclude using
Theorem 6.39. �

Remark 6.42. The criterion we obtained for extending a representation to VĜ or VĜ,ρadj
is equivalent to the

condition that the representation extends to the closure of a maximal torus. For normal reductive monoids over an
algebraically closed field, this condition is always sufficient, cf. [Ren05, Remark 5.3].

We conclude with a generalization of [Zhu20, Proposition 5] for generic Hecke algebras. Recall that for S =

Spec Fq the spectrum of a finite field, the spherical Hecke algebra ofG is the ringHsph
G := Cc(G(Fq[[t]])\G(Fq((t)))/G(Fq[[t]]),Z)

of locally constant, compactly supported, bi-G(Fq[[t]])-invariant, Z-valued functions on G(Fq((t))), equipped with
the convolution product ?. This is a free Z-module, with a basis given by the characteristic functions 1µ of
G([[t]])µ(t)G([[t]]), for µ ∈ X∗(T )+. The convolution is given by

1µ ? 1λ =
∑

ν∈X∗(T )+

Nµ,λ,ν(q) · 1ν ,

for uniquely determined polynomials Nµ,λ,ν with integral coefficients. This follows by considering a second basis of

Hsph
G ⊗Z Z[q

1
2 ] consisting of the φµ := q〈ρ,µ〉χµ, where χµ ∈ Z[X∗(T̂ )] is the character of the irreducible complex

representation of Ĝ of highest weight µ. Indeed, the change of basis between {φµ} and {1µ} is given by integral
polynomials in q [Gro98, Proposition 4.4], while the multiplication for the basis {φµ} is determined by integers
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independent of q [Lus83, Corollary 8.7]. This suggests the following definition, generalizing [PS20, Definition 6.2.3]
for G = GL2.

Definition 6.43. Let q be an indeterminate. The generic spherical Hecke algebra Hsph
G (q) of G is the free Z[q]-

module with basis {Tµ | µ ∈ X∗(T )+}, and multiplication

Tµ · Tλ =
∑

ν∈X∗(T )+

Nµ,λ,ν(q)Tν .

To show that this generic spherical Hecke algebra agrees with the representation ring of the Vinberg monoid,
we first show that the representation ring is not affected by rationalizing. Recall that the representation ring
of an (algebraic) group or monoid M is defined as the Grothendieck group of the category of finitely generated
representations of M , and we denote it by R(M).

Lemma 6.44. The rationalization functor RepVĜ,ρadj

(Ab)c → RepVĜ,ρadj
⊗Q(VectQ)c induces an isomorphism on

Grothendieck rings.

Proof. As the rationalization functor is symmetric monoidal, it induces a ring morphism on Grothendieck rings.
This morphism is surjective, as RepVĜ,ρadj

⊗Q(VectQ)c ∼= SatG,Q,anti,c
r is semisimple with simple objects J µ! (Q)(n)

for µ ∈ X∗(T )+ and n ≤ 0, and J µ! (Z)(n)⊗Q ∼= J!(Q)(n) by Proposition 6.11.
For injectivity, we first claim that any torsion VĜ,ρadj

-representation vanishes in the Grothendieck ring. Indeed,

we can reduce to the case of J µ! (L) and J µ∗ (L) for µ ∈ X∗(T )+ and L ∈ MTMr(S)anti,c torsion. But then we
can find some degreewise free L′ and a presentation 0 → L′ → L′ → L → 0. This gives a short exact sequence
0→ J µ! (L′)→ J µ! (L′)→ J µ! (L)→ 0, so that [J µ! (L)] = 0 ∈ K0(RepVĜ,ρadj

(Ab)c), and similarly for J µ∗ .

Finally, we note that if M1,M2 ∈ RepVĜ,ρadj

(Ab)c become isomorphic after rationalizing, where we may assume

the Mi are torsion-free, we can scale such a rational isomorphism such that it preserves the integral subrepresenta-
tions. Then the kernel and cokernel of this integral morphism are torsion representations, which are trivial in the
Grothendieck ring. �

We can now construct a generic Satake isomorphism, again generalizing [PS20, Theorem 6.2.4] for G = GL2.
(The authors informed us they also knew how to generalize their proof to general split reductive groups.) Note that

the Grothendieck ring of SatG,{∗},anti
r is naturally a Z[q]-algebra, where multiplication by q corresponds to twisting

by (−1).

Corollary 6.45. There is a unique natural isomorphism Ψ between Hsph
G (q) and the representation ring of VĜ,ρadj

such that for any prime power q, the diagram

Hsph
G (q) R(VĜ,ρadj

)

Hsph
G ⊗Z Z[q±

1
2 ] Z[q±

1
2 ][X∗(T )]W0 ∼= R(Ĝ)⊗Z Z[q±

1
2 ]

Ψ

q=q [dρadj
]=q

Ψcl

(6.19)

commutes. Here, Ψcl denotes the classical Satake isomorphism, cf. [Gro98, Proposition 3.6], and the rightmost map

is obtained by taking the character R(VĜ,ρadj
) → R(CG) → Z[X∗(T̂ o Gm)], and then setting the character of the

projection T̂ o Gm → Gm equal to q. In particular, Hsph
G (q) is commutative and unital.

Proof. By Lemma 6.44, it suffices to show thatHsph
G (q) is isomorphic to the Grothendieck ring of RepVĜ,ρadj

,Q(VectQ)c ∼=

SatG,Q,anti,c, which we denote by Ranti. Recall that Z[q±
1
2 ][X∗(T )]W0 admits a natural Z[q±

1
2 ]-basis given by the

characters χµ of the simple complex algebraic representations of Ĝ, for µ ∈ X∗(T )+. Define fµ := Ψ−1
cl (q〈ρ,µ〉χµ).

By [Gro98, (3.12) and Proposition 4.4], we have fµ = 1µ +
∑
λ<µ dµ,λ(q)1λ, for uniquely determined polynomials

dµ,λ(q) ∈ Z[q]. Setting fµ(q) := Tµ +
∑
λ<µ dµ,λ(q)Tλ, we get a second Z[q]-basis {fµ(q) | µ ∈ X∗(T )+} of

Hsph
G (q).

Now, consider the group homomorphism Ψ: Hsph
G (q)→ Ranti sending qn ·fµ(q) to [ICµ,Q(−n)], where [−] denotes

the class of an object in Ranti. As the simple objects in SatG,Q,anti,c
r are exactly the ICµ,Q(−n) for µ ∈ X∗(T )+ and

n ∈ Z≥0, and because the fµ(q) form a Z[q]-basis of Hsph
G (q), it follows that Ψ is both injective and surjective. For

Ψ to be an isomorphism of rings, we need to show certain equalities of polynomials. But since the classical Satake
isomorphism is a ring morphism, the polynomials in question agree for all prime powers q, so that they must be

equal. Hence Ψ gives the desired isomorphism Hsph
G (q) ∼= Ranti of rings. Since we defined Ψ by Ψcl and scaling by

some power of q, the Gm-action on T̂ appearing in T̂ o Gm ensures that (6.19) commutes. �
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Remark 6.46. In [Zhu20, (1.12)], Zhu modifies the Satake isomorphism so that it is defined over Z[q]. Using the
commutative diagram in [Zhu20, Lemma 25 ff.], one can also construct a commutative diagram as in Corollary 6.45
involving Ψ, [Zhu20, (1.12)], and a subring of R(CG) ⊗Z Z[q]. Setting q = q and base changing along Z → Fp
recovers the mod p Satake isomorphism as in [Her11, HV15], cf. also [Zhu20, Corollary 7].

References

[Ach21] Pramod N. Achar. Perverse sheaves and applications to representation theory, volume 258 of Mathematical Surveys and

Monographs. American Mathematical Society, Providence, RI, [2021] c©2021. doi:10.1090/surv/258. 8, 41

[AG15] D. Arinkin and D. Gaitsgory. Singular support of coherent sheaves and the geometric Langlands conjecture. Selecta Math.
(N.S.), 21(1):1–199, 2015. URL: http://dx.doi.org/10.1007/s00029-014-0167-5, doi:10.1007/s00029-014-0167-5. 42

[Alp14] Jarod Alper. Adequate moduli spaces and geometrically reductive group schemes. Algebr. Geom., 1(4):489–531, 2014. doi:
10.14231/AG-2014-022. 23

[AR18] Pramod N. Achar and Simon Riche. Reductive groups, the loop Grassmannian, and the Springer resolution. Invent. Math.,

214(1):289–436, 2018. doi:10.1007/s00222-018-0805-1. 1
[Ayo10] Joseph Ayoub. Note sur les opérations de Grothendieck et la réalisation de Betti. J. Inst. Math. Jussieu, 9(2):225–263, 2010.
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