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If Alice attempts to communicate a single bit to Bob over a noisy classical channel, the one-
shot success probability is the probability that Bob correctly receives this bit. It has recently been
shown that the one-shot success probability can be increased if Alice and Bob share non-signaling
correlations or entanglement. We investigate the limitations of this assistance. We provide tight
upper bounds on the amount that a non-signaling correlation can increase the one-shot success

probability.

If two parties, Alice and Bob, communicate over a clas-
sical channel NV, neither shared entanglement @] nor the
assistance of non-signaling correlations ﬂa] can increase
the classical capacity of the channel. However, recent
work has shown that other notions of capacity can be
increased E@] Previous work on entanglement or non-
signaling enhanced communication over classical chan-
nels has focused on the (one-shot) zero error capacity,
which measures the number of different messages Alice
can send to Bob perfectly. The non-signaling enhanced
zero error capacity can be written as the solution to linear
programs E, E] In the quantum setting, upper bounds
are known for the entanglement assisted zero error capac-
ity ﬂa], these bounds are often the best bounds available
in the unassisted case, suggesting that there are strong
limitations to the amount of assistance that entanglement
can provide.

A dual notion to that of one-shot zero error capac-
ity is one-shot success probability, which measures the
probability of success when Alice tries to send a message
to Bob with a single use of the channel. The one-shot
success probability has been considered before. In ﬂa],
a formula is derived for the best non-signaling assisted
one-shot success probability for a fixed channel. In @],
Prevedel et al give an example of a channel where the
unassisted, entanglement-assisted, and non-signaling as-
sisted one-shot success probabilities are all different. In
light of these results, it is natural to ask how large the
gaps between these different success probabilities can
be—that is, how much can entanglement or non-signaling
correlations aid Alice and Bob? It is known that entan-
glement cannot be completely helpful: if the unassisted
success probability is less than one, then so is the en-
tanglement assisted success probability ﬂa] How much
shared entanglement can improve the success probability
has remained open, and while the optimal non-signaling-
assisted success rate can be written as the solution to a
linear program, this gap has not been explicitly bounded.

In this work, we prove a bound on the amount of as-
sistance that non-signaling correlations can provide. We

In the case of binary correlations, we extend these to tight upper bounds on the
entanglement-assisted one-shot success probability.

prove that the ratio

Sucens(N) — 3

Succ(N) — & W)

is always less than or equal to 2 (where Succ(N) and
Succys(N) denote the unassisted and non-signalling as-
sisted one-shot success probabilities, respectively). We
also demonstrate a family of examples which show that
this ratio can be made arbitrarily close to 2, thus showing
that our bound is optimal. Then we prove a similar tight
bound on the amount of assistance that can be provided
by binary quantum correlations (Theorem [3)).

Terminology and Notation. Alice’s goal is to send a
bit a to Bob over the classical channel N with input
alphabet X and output alphabet ). Alice and Bob are
assisted by the bipartite correlation D. The component
D, of D accepts bits as input and returns elements of X
as output. The component Dy accepts elements of ) as
inputs and returns bits as outputs. Bob will choose a bit,
b, which represents his guess at Alice’s message a. The
protocol succeeds if a = b.

We will denote random variables by capital letters.
The letters X, Y, A, and B will denote random vari-
ables whose ranges are, respectively, X, ), {0,1}, and
{0,1}.

The simplest way for Alice and Bob to use D to assist
with communication over A is the following protocol
(shown in Figure[l). Let A denote Alice’s message.

Protocol 1:

1. Alice gives the bit A as input to D;.

2. Alice sends the output X from D; across N.

3. Bob gives the element Y he receives from N as
input to Do.

4. Bob treats the output bit B from D5 as his received
message.

We will denote by D;”Z the conditional probability that
Alice receives x and Bob receives b given their respective
inputs a and y.
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FIG. 1. Alice and Bob communicate over N, with assistance
from the correlation D.

A correlation is non-signaling if Alice’s output is inde-
pendent of Bob’s input and vice-versa:

Tk €% *b *b
Dy, = Dyy and D) = D

A correlation is local-deterministic if it can be specified
simply by a pair of functions f: {0,1} — X, g: )Y —
{0,1}. A correlation is local if it is a convex combination
of local-deterministic distributions.

For any non-signaling correlation H, let Succy (A) de-
note the probability of a successful bit transmission when
H is used to assist N via Protocol 1. Let Succ(N) de-
note the optimal unassisted success probability for a bit-
transmission across A/. (The latter quantity is equal to
the maximum of Succz(N) over all local-deterministic
distributions L.)

Non-Signaling Correlations. Here, we will prove a
bound on the quantity Sucep(N) in terms of Succ(N).
Our proof is based on relating protocols that require
non-signaling assistance to protocols that do not. Let us
consider the following protocol.

Protocol 2:

1. Alice chooses an element t € X.

2. Alice flips a coin to obtain an additional bit, C.
She uses this bit as input to D;.

3. Alice compares C and A. If these two bits agree,
then Alice uses the output X from D; as input to
channel /. Otherwise, Alice gives the letter ¢ as
input to V.

4. Bob uses the output of A" as input to Dy, and treats
the output of Ds as his received message.

We can directly calculate the success probability of this
protocol. In the event that C' = A, the probability of a
successful transmission is equal to Succp(N). On the
other hand, in the event that C' # A, the received bit B
is entirely independent of A, and therefore the probability
of a successful transmission is 1/2. Therefore, the success
probability for Protocol 2 is

1 1
it3 Sucep (N). (2)

Now, observe that Protocol 2 can be simulated using
shared randomness. (Alice and Bob can communicate be-
forehand and establish shared random variables (C’, X’)
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FIG. 2. The correlation D[k].

whose joint distribution is identical to the joint distribu-
tion (C,X) that Alice would obtain if she were to use
the device Dy. Alice and Bob can then use ¢’ and X’ to
simulate the protocol.) Therefore the success probabil-
ity ) cannot exceed the unassisted success probability
Succ(N). This implies

1 1
{Such(N) - 5] <2 [Succ(]\/) - 5] : (3)
The following result, which is a strenthening of (@), is
based on a more complex version of the reasoning above.

Theorem 1. The quantity Succp(N) satisfies

{Succo(./\/') - %] <2 <1 - %) {Succ(]\/) - %] .

Proof. We may assume, without loss of generality, that
the set X is equal to Z/rZ for some r > 1. Let us define
a series of correlations D[0], D[1],...,D[r — 1] by

(D[k))Zy = D{=Re. (4)

(See Figure 21)

Let D' = (D[0]+ D[1] + ...+ D[r — 1]) /r. Consider
the quantity Succp/ (N). When Protocol 1 is applied with
D', the input X to channel N is completely independent
of Alice’s message. As a consequence, Succp (N) = 1.

By linearity,
2kex Suceppy (V)

r

()
N). As a conse-

— N

Consider the quantity mingex Succpy
quence of (B]), we have

—_

. —1 1
min Sucepy (N) — 5 < — [Succo WN) — 5] . (6)

Consider the following protocol.

Protocol 3:

1. Alice chooses an element s € X' which is such that
the quantity Succpg (N) is minimized.

2. Alice flips a coin to obtain a new bit, C'. She uses
this bit as input to D, and obtains output X.

3. Alice compares C' and A. If these two bits agree,
then Alice uses X as the input to channel N'. Oth-
erwise, Alice uses (X + s) as the input to N.

4. Bob uses the output of A" as input to Dy, and treats
the output of Dy as his received message.



In the event that A = C, the probability of success of
this protocol is Sucep (N). In the event that A # C,
the probability of success is 1 — Succpps) (NV). Thus, the
success probability of Protocol 3 is

1 1
5 Sucep (N) + 5 [1— Suceppy (N)] (7)
Applying (@), we find that

1 1
§-SuCCD(N)+§
1 1

>1. {5 N m] . (such (V) - %) C®

Additionally, Protocol 3 (like Protocol 2) can be simu-
lated using only shared randomness. Therefore the suc-
cess probability of Protocol 3 cannot be any larger than
Sucep(N). From (8), we must have

1+1 1
2

- [1 = Suceppy (V)]

+ m] . (such ) — %) < Suce (V).

The desired result follows by an algebraic manipulation.
O

Optimality. We will now discuss an example in which
equality occurs in Theorem [l This example is inspired

by [
Let m be a positive integer. Let

zZ =F7, (9)
W = (F7 < {0}) x Fs. (10)

Let M be a channel defined as follows:

1. The input alphabet of M is Z, and the output
alphabet of M is W.

2. For any given input v € F3’, the output of M is
unformly distributed over the set

{(w,w-v)|weTF~{0}}. (11)

(Here, w-v € 5 denotes the inner product of w and v.)
Let (E1, E2) be a two part input-output device defined
as follows. (See FigureBl)

1. The input alphabet for F; is F3, and the output
alphabet for F; is Z.

2. The input alphabet for E; is W, and the output
alphabet for F5 is Fs.

3. If the inputs to E; and Ey are a € {0,1} and
(w,r) € (F5*~{0}) x Fa, then the output of
E; is unformly distributed over all vectors a =
(a1,as2,...,a,) that satisfy a; = a, and the out-
put of Ex isa @ r & (w-a).

It can be checked that the correlation £ arising from
(D1, D2) is non-signaling. Additionally, one can see (by
substitution) that using & to assist M yields a perfect
transmission of a single bit.

a w, T
a=(a,a2,...,am) a®r®d (w-a)

FIG. 3. The device (F1, E2).
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Bob

FIG. 4. A perfect communication protocol.

Now, let us calculate the quantity Succ (M). For any
two distinct vectors xo,x; € F5', the probability that a
randomly chosen vector w € F5'~ {0} will satisfy w-xq #
w - x1 is equal to 271/ (2™ —1). This fact has the
following consequence: if Alice employs the deterministic
encoding strategy [0 — Xo, 1 — x1] to send a single bit,
then the optimal probability with which Bob can decode
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Therefore, Succ (M) is equal to quantity (I3, while

Succg (M) is equal to 1. Theorem [l asserts the following
bound on Succg (M):

1

Sucee (M) < 5 +2 <1 - é) {Succ(/\/l) - %]

1., om _ 1 gm—1
) om om+1 _ 9
=1

(13)

Therefore, equality is achieved in Theorem [0 when
(N,D) = (M,E).

Entanglement. We will now be concerned with binary
non-signaling devices (i.e., devices with inputs and out-
puts in {0,1}), and we assume throughout this section
that X =) = {0,1}. For any binary non-signaling cor-
relation G, let

f1(9) = Z
a,z,b,ye{0,1}
This is the function which defines the CHSH inequality
ﬂ] Additionally, let fa, f3, and f4 be the functions de-
fined by the same expression with aAy replaced by —aAy,
a A —y, and —a A\ —y, respectively.

(_1)m@b®(a/\y)G22' (14>



We note the following facts. (See [§].)

1. A non-signaling correlation G is local if and only if
—2< fi(G)<2fori=1,2,3,4.
2. If G is a quantum correlation, then for ¢ = 1,2, 3,4,

-2V2 < fi(G) <2v2. (15)

3. There are eight non-signaling correlations {’P;r [
and {P; }!_,, satisfying

N FY R
fi (Pi ) o { 0  otherwise (16)

(These are the Popescu-Rohrlich (PR) boxes.)
4. Every non-signaling correlation is a convex combi-
nation of local correlations and the eight PR boxes.

Item [E] above can be made stronger. For any two dis-
tinct PR boxes P and P’, the correlation (P + P’) /2 is
local. From this, it follows that any convex combination
of local boxes and PR boxes can be simplified into an
expression of the form

al+(1-a)Q, (17)

where £ is local, Q is a PR box, and « € [0,1]. Any non-
signaling correlation can thus be expressed as a convex
combination of a local correlation and a single PR box.

Proposition 2. Let D be a binary quantum correlation.
Then, there exists a decomposition

D=pL+(1-p)Q, (18)
where L' is local and Q is a PR box, with B > 2 — /2.

Proof. Let D = aL+ (1 — «)Q, where L is local and Q is
a PR box. Let us assume that Q = ’P;r. The argument

for the case Q = ’P; is similar. Let

al+ (8- a)P;r
3 .

for any 8 € [a, 1]. Then Lg is local whenever f;(Lg) < 2.

If f; (£1) < 2, then £1(= D) is local, and the proposition

follows easily. Otherwise, there is a value 8 € [a, 1] such
that f; (Lg) = 2. We have

D=j-Ls+(1-B)P;. (20)

J

Ls= (19)

The quantity § must be at least 2 — /2, since otherwise
([@I3E) would be violated. O

We introduce a small piece of notation (to match the
setup of M]) Suppose that D is a nonsignaling correlation
whose first component D; accepts an input bit A and
returns an output letter X. Let D° denote the device
whose first component D} accepts the bit A and returns
the pair (A, X). (Note that the output alphabet of DY
is twice as large as that of D;.)

Theorem 3. Suppose that D is a binary quantum cor-
relation. Then Succpe (N) satisfies

1 1 1 1
o —_ = < — [ - — .
[Such (N) 2} < (2 + \/§> [Succ(/\/) 2}
Proof. This follows directly from Theorem [ and Propo-
sition 2] by linearity. O

In @], Prevedel et al present a channel N and a
quantum correlation D such that Succ(N) = 5/6, but
Succp(N) = 2 + ﬁ Plugging 5/6 into Theorem
yields Sucep(N) < 2 + ﬁ Thus we have shown that
the protocol of M] achieves the optimal increase in ac-
curacy for binary quantum devices. (We note that this
generalizes [9], which shows the optimality of [4] for a
particular channel within a class of protocols.)

Conclusion. We have given tight bounds for the
amount of assistance non-signaling correlations can pro-
vide to the one-shot success probability. If the correla-
tions are binary, we extended these results to obtain tight
bounds for the entanglement assisted success probability,
showing that the results of M] are optimal. The obvious
open question is whether or not the entanglement results
can be extended to apply to quantum devices of arbitrary
alphabet size. Our arguments imply that a decomposi-
tion analogous to Proposition 2] for larger devices will
immediately yield a more general version of Theorem
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