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Abstract—We present an algorithm that determines the point on a direct method. Our reasons for pursuing direct rather
on a convex parametric surface patch that lies closest to a given than indirect methods have to do with certain properties
(possibly moving) point. Any initial point belonging to the surface that can be developed and proven much more easily for the

patch converges to the closest point (which might itself be moving) . . . .
without ever leaving the patch. The algorithm renders the direct methods. These properties will not be available fier t

patch invariant and is globally uniformly asymptotically stable. ~indirect methods (the polyhedral methods accompanied by
The algorithm is based on a control problem formulation and tessellation algorithms), primarily because tesselatitasks
solution via a switching controller and common control Lyapunov  the construction of the parametric models. We further belie
function. Analytic limits of performance are available, delineating .-+ these properties will be essential for any method that i
values for control gains needed to out-run motion (and shape) . L2,
and preserve convergence under discretization. Together with to be extended for use in an.advance.d. collision detector. We
a top-level switching algorithm based on Voronoi diagrams, the Use the ternadvancedo describe a collision detector that can
closest point algorithm treats parametric models formed by tiling treat intersecting, non-convex, and possibly deformabtiids
together convex surface patches. Simulation results are used tocomposed by tiling together multiple convex surface pache
demonstrate invariance of the surface patch, global convergee, (e that a body itself may be non-convex, even when all
limits of performance, relationships between low-level and top- .
level switching, and a comparison to competing Newton-iteration component surface paftg:hes are convex, dependmg on the
based methods. orientation and composition of the patches.) We anticifizde
direct methods (again, with those certain properties) hal
especially advantageous for the case of deforming bodieg si
parametric models offer compact geometric representtion
fast and reliable collision detection algorithm is ess@ntieven under deformation. Polygonal models, on the other,hand
for computer simulation of dynamical systems, includingequire calculation of new tessellations as the bodiesraefo
systems of rigid bodies and deformable bodies. CollisigParametric models also support solid mechanics-baseiheont
detectors are also important components of software to@us deformation models which, in certain cases, may prove
for computer-aided design and computer-aided manufagfuri computationally more ef cient than nite element approash
Many collision detectors are based on closest point alyost  Although very high resolution tessellations can be achieate
that determine the pair of closest points on two disjointiéed interactive speeds, smoothness and continuity indepéondien
A closely related problem is the determination of the fustheparticular rendering are intrinsic properties of directtinoels.
points on two intersecting bodies. Also, the determinatbn  In this paper we present a closest point algorithm with
the point on a body closest to a penetrating point is usedrtain properties not possessed by our previous algasithm
in penalty-based haptic rendering algorithms. The petietyra The algorithm applies to a convex parametric surface patch,
point might be the image of a stylus tip in the hand ofathematical object that we will de ne carefully in the body
an operator acting through a haptic interface. The vectef the paper. The certain provable properties @evergence
connecting the closest point and the image of the stylad initial points on the patch converge to the closest point
tip determines the magnitude and direction of the reactieid invariance all paths starting in the patch never leave the
force to be rendered. Likewise, closest point algorithne thpatch. These two properties taken together yield an alyurit
can determine the penetration depth and direction (de neflat is globally asymptotically convergent.
suitably) between two intersecting bodies can be used tteren In the algorithm's nominal form it determines the point
reaction forces appropriate to the intersection of the Enaiy on a convex surface patch that is closest to a given (pos-
a ngertip and a virtual object through a thimble-based Faptsibly moving) point. In forms that are simple extensions, it
interface. determines the pair of closest points on two disjoint convex
In our previous work [1] [2], we developed a closesturface patches. In forms that we claim are further simple
point tracking method with local convergence properties thextensions, but will not fully lay out here for lack of spadte,
operates on pairs of parametric surface patches. Thaitalgor determines the furthest pair between two intersecting @onv
can be called alirect method, in that it operates directly onsurface patches, and thus becomes what may be called an
parametric surface representations such as NURBS surfagggemalalgorithm.
rather than on polyhedra such as those that result from thealthough convergence may seem like a desirable property
tessellation of such surfaces. For a full literature sureey (and indeed a property possessed by many available algo-
direct and indirect closest point algorithms for paraneetriithms) invariance and global convergence at rst glance/ ma
surfaces, see [2]. In the present paper, we also concentrsdem unwarranted. We argue, however, that global conver-
I . , gence is essential if a given closest point algorithm is to be
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tiled together convex surfaces patches, the point on théy'®o 1. PRELIMINARIES

surface that is closest to a given point in its interior witkke a5 Convex Surface Patch

path with discontinuous jumps as the given point moves acros ) _ . .

a medial axis [3] of the body. With discontinuous jumps, it is In this paper we treat bodies descrlb_ed by a collection of
much more dif cult to guarantee that the initial conditionliw tiled together surface patches. We restrict the surfacenpat

lie within a local region of attraction of the analytical skst to be clonvex gnd for now, we also require the bod|es.to be
point. convex®. That is, the convex surface patches shall be oriented

and joined together at their boundaries in such a way that
Another very desirable feature in any closest point algarit a line joining any two points in the interior of the compact
is the availability of analytical limits of performance, tte body will be wholly contained in that body. While de ning
availability of adjustments that can be made to preserve thenvexity for a body is straightforward even when it is a
properties in the face of demands made upon the algorithtied body, de ning convexity for a surface patch requires
Such a limits of performance provide what adjustments capecial consideration. Like the de nition for a convex spac
be made to preserve the properties under relative motionafrve [8], we have de ned a convex surface patchamy
the bodies, especially fast relative motion, how are thogatch cut from a compact convex body. Convexity of the
adjustments dependent on the sharpness of body shapessamtice patch only depends on convexity of the body from
what tradeoffs exist between the algorithm speed (in terinswhich it is cut, and not on the curvature of the bounding
large time step used in a discretization) and convergeries.racurves that lie in the surface. Thus the projection of a serfa
_ ) patch onto a plane may well produce a planar area which
Many closest point algorithms are based on a NewiQ not convex. Likewise, smoothness of the surface patch
Iteration [4] [5] [6] [7]. A well-known de cit in Newton's  jenends on smoothness of the body from which it was cut
iteration, however, is a limited region of attraction. Even&Ne require at least® smoothness). Note that the body from
for convex problems, Newton's iteration cannot yield globgyhich a patch is cut is to be distinguished from the body
convergence. Its region of attraction is local and COmBr&e tormeq py the tiled together patches. The convex tiled body
not necessarily connected set. In our work, we build algote ;5 the intersection of the bodies that play host to the patch
based on the explicit use of fee(_jback control. Newton's Flo%tting operations. To accommodate a requirement for our
can be interpreted as a special case of feedback con{tghyergence proof that appears below, we further de ne a
(using a particular control law) which, as can be shown using . ov" o\ \rface patch as ‘nice’ when the angle between any
control analysis, inherits onlipcal convergence. In the work two surface normals (pointing outward) subtend less than 18

presented here, we rely on control laws that can be provggyrees. This requirement is non-restrictive as any convex
globally convergent. Interestingly, these control laws als0 g, itace patch that is not nice can easily be divided into at

simpler to implement. As a natural product of our adoption Qf ,<t two convex surface patches that are nice.
control theoretic design tools, our algorithm is equippdthw
gains that_ can be tuned to preserve the_ des_lrable proper%gsFee dback Based Algorithm
under various demands. One can even imagine tuning gains
adaptively to yield maximum computational ef ciency when In this paper, and without loss of generality, we shall use
the body shape and motion allows it, without risking loss dpur curves intersecting in four distinct vertices to de tiee
global convergence. This is possible since the boundaries Rpundary of a surface patch. For example, Figure 1 shows
the gain values where the properties break down can be eadilgonvex surface patcB composed of its interiolS and
evaluated. the four curvesc (i = 1:::4) that bound it. Further, a
parametric surface patch may be conveniently parametkrize
In the following, we rst carefully de ne aconvexsurface using parametersi and v whose domains are restricted to
patch and outline the design of our closest point algorith[o,1]. Thus the boundaries are the=0;v=0;u=1;v=1
in Section Il. In Section Il we present the control law thagurves and the whole patc is described as the image of
renders the closest point globally asymptotically congatg the vector mapping (u;v) : ([0;1] [0;1]) ! < 3. Given a
even when there exists relative motion between the point aﬁdint Q lying outside a convex surface pat&h there exists
surface patch. The controller is presented in the form oa+h a unique point P of the patch that is closer t@ than any
rem and the proof (based on a common Lyapunov function)dsher point of the patch [9]. We will calP the closest point
given in detail. The basic closest point algorithm involeedy and (u ;v ) the parameters of the closest point.
a single patch and point. Extensions to two patches areetelat The central problem we address in this paper is how to
in Theorem Il. In Section IV we present four simulationgietermine the closest poiRt given surface patcB and point
which are designed to feature each of the critical propedfe Q and how to maintairP given relative motion betwees
our algorithm: invariance, global region of attractioniestion andQ. To determine® , we use an algorithm that causes an
of gains given relative motion and discretization, and tee dinitialization pointP, lying anywhere in the patch to converge
coupled nature of the top-level Voronoi-region based $viilg  to the closest point. The algorithm drives to zero the tahgen
and low-level switching between the surface patch interigiane projections of the vectdR  from the best current guess
and its bounding curves. Finally, in Section V, we revisi th
relationship between our controls-based approach tosamli ILater, after a means of tracking tHerthest points on two intersecting

detector desi d the Newt iterati b d ﬁonvex surface patches has been developed, the restriét@mvexity on the
etector design an € Newton [eraton based approac I@§—together bodies can be lifted. These topics will beradsed in future

espoused in the past by other researchers. papers.
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Fig. 2. This gure demonstrates the feedback stabilizedgirstton of the
differential error kinematics of the closest point problerheprojection errors
( x) are regulated to zero by the proportional control lwthat drives the

@ inversedifferential error kinematics, whose convergent integratiesults in
the desired surface parameters.

v=0 the error kinematics Y and V. Differentiating the error
- /\/u: 1 kinematics produces an expression which may be encapdulate
u=0 in = M(X)x+ b(x), whose inverse appears (solved far

renamedw) in the forward loop in Figure 2. Note that, by
Fig. 1. A surface patcl$, parameterized byu;v) 2 ([0;1] [0;1]), is  convexity of the surface patc8, the projection errors are
composed of its interio6 and its bounding curves (i = 1;:::; 4). Point . . . . .
Q (the free moving point outside the patcl®), (the corresponding closest Zero Only if t_he witness PO'UP is the closest p(_)lnP_ - For
point on the patch) an@ (the current best estimate of the closest point) arany other poinP, the projection vector has a direction and

indicated in the gure. Vectord,, fy (the unit surface tangents in the v 3 non zero magnitude that can be used to drive the parameters
directions) and\ (the unit surface normal) de ne the surface frame at an{I andv tou andv

point on the patch. VectoR  (the vector fromP to Q) is expressed in the

surface frame where U, U and are the resulting measure numbers. As N [2], we have shown that the control law =

the best estimat® approaches the closest poft , the measure numbers M 1( K b) renders the closest point solutidacally

in the tangent directions ¥, Y, referred as the projection errors, converg : . . .

to zero, and the measure numberconverges tcE, the minimum distance aasym_ptotlcally Stable qnd an estimate on the pasm of dtirac

betweenS andQ. of this controller is given by the set of points arourd
where theM matrix is positive de nite. While solving for

] ] ) a manipulator's inverse kinematics with a feedback stadli
P (referred to as the witness point) @. Maintenance of the gjmjation of its differential kinematics, one may conside

closest pointP comes for free, since convergenceRfto  cqnirol Jaws other than the one resulting from the direct
P ensures continual tracking as the closest pBintthanges inyersion of its differential kinematics. In [10], Lyapuno
Ioca_tlon on the surface patc® under the effects of relative type arguments are used to demonstrate that utilizing the
motion betweenQ and S and the shape o8. Note that, j5c0hian transpose in the control law produces performance
when the difference vectoR is projected onto the surface qmparable to that produced using the Jacobian inverskeln t
tangentsf, andf,, these projections are called tpejection eyt section, we will prove with a control Lyapunov function
errors and labelled v and "V, respectively. that asymptotic convergence ® is preserved even when
Our algorithm is based on the formulation of a nonlinegpe termw = M 1( b) in the controller is replaced by
control problem and its solution takes the form of a feedba%kpositive de nite matrix. The convergence properties a§ th
stabilizing controller. The “plant” driven by the contretlis  simpji ed control law follow from the fact that any positive
an integrator wrapped around the differential kinematidhe e nite matrix can be bounded by its eigenvalues and the

error vector R . The outputs of the plant are the parametetsifect of motion can be counteracted by the feedback term

manipulateu andv until the projections , and , of R

onto the surface tangents andf, at P are driven to zero. C. Voronoi Switching to Locate the Active Patch

The “simulation” or numerical integration of the differéait If the modeling environment is represented withsiagle
kinematics then produces the convergent algorithm. Fedbgatch and the algorithm is initializesuf ciently closeto P

is used to stabilize the integration. Note that similar fesek then the proposed controller can guarantee convergenbawit
stabilization techniques have been used to solve for thersev the patch even thougR changes location on the patch under
kinematics of robot manipulators [10] and to solve for théhe effect of relative motion. However, consideration of a
motion of constrained multibody systems [11]. single parametric surface patch by itself is not quite s,

In complete analogy to the solution of a manipulator'since within a parametric modeling environment, objects ar
inverse kinematics by a feedback stabilized simulationt®f igenerally modeled using collections of tiled-togetherfaue
differential kinematics (see [10], Fig. 3.12), Figure 2 wko patches. In such case, detection of #utive patch on which
the feedback stabilized integration of the differentiatfoer P lies becomes an important concern. At a given instant of
kinematics. The terrerror kinematicgefers to the dependencetime, the closest point solution may lie on any of the surface
of the projection errors Y and Vv on the parametersi patches and the active patch is subject to change due tiveelat
and v, on the location ofQ, and on the directions of the motion.
surface tangentf, andf, at P. Let the vectorx contain the  To update the active patch with respect to the relative motio
parametersl andv and let ( x) in the feedback loop contain of the bodies, we proposefa@aturebased switching algorithm.
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Fig. 3. (A,B) illustrate an object consisting of tiled-tdger surface patches

and all of its Voronoi regions. (C) presents only a portiontioé¢ Voronoi
regions and labels them appropriately. (D) shows the autmmassociated
with (C) that governs the discrete dynamics of the Voronoieldaswitching
algorithm.

D. Boundary Switching for Global Convergence

Incorporation of the feedback controller with the Voronoi
based switching algorithm extends our results presented ea
lier for the feedback controller to multiple patches, hoarev
initialization suf ciently close toP is still required for
the asymptotic convergence of this hybrid algorithm. The
requirement to initialize sufciently close td® is quite
restrictive and it is desirable to design an algorithm theat c
be initialized anywhere within the active patch. In paréu
special attention must be paid to the constraints imposed by
the boundaries to achieve global convergence within a ceirfa
patch.

Having two unconstrained degrees of freedom, the controlle
as presented is feasible at any point of a surface without
boundaries; however, when applied to a surface patch, there
is no guarantee that the updated witness points will stay
within the patch boundaries. To guarantee that the parasete
u andv locating the witness point stay within the de ned
range (which is constrained {§0; 1] [0; 1])), we propose to
saturate the parameters at the boundaries to keep the svitnes
points on the boundary curves. The saturated version of the
control algorithm is utilized whenever the witness poinbis
a boundary curve and the main control algorithm attempts
to drive it outside the boundary. Saturation is implemented

Feature based switching algorithms are well established by simply determining the component of control signal that

the literature for the collision detection of polygonal netsl

attempts to drive the witness point outside the boundary and

[12] [13]. The Voronoi diagram of an object partitions thesetting it to zero.

space around it into distinct regions. Feature based sindgch

algorithms rely on the fact that if an external poftis in the
Voronoi region of a feature, it is closer to this correspoigdi

A.mode 1

feature than any other feature. t, b t;, [u=0and “>0
Voronoi diagrams also exist for parametric objects formed t t, [ v=0and <0

using tiled-together surface patches [3] [14]. For example @ ts | u=land “<0

Figure 3 (A) illustrates an object consisting of severafaue ts ts v=1and 'V >0

patches whereas (B) shows all of its Voronoi regions. Figure /‘m"de ts | __otherwise

3 (C) presents only a portion of these Voronoi regions with ts ts @ Switching conditions

mode 3

appropriate labels and (D) illustrates the automaton éstsat mode 4
with (C) that governs the discrete dynamics of the Voronog.
based switching algorithm. Note that determination of Vimio
regions for curved objects can be computationally expensiv
however, the Voronoi switching algorithm requires only a nu
merical pre-computation of these regions before the sitiona

is started. Consequently, this step does not affect thetireal
performance of the algorithm.

The proposed Voronoi based switching algorithm is virpall
the same as the Lin-Canny closest feature algorithm [123. Th
algorithm triggers updates to the closest feature whendire p
Q crosses between the Voronoi regions of the object. Thg. 4. This three-part gure illustrates the incorporatiof several controller
discrete dynamics of this switching algorithm can be madieléayers to obtain the overall hybrid control algorithm. (A)presents the
by an automaton constructed according to the connectedridgnelen et decdes on tne convoler gansfor e loeeefeecbeck
of the object's features. For example, Figure 3 (D) showspaich interiorS and the bounding curves (i = 1;:::; 4) and tracks the
portion of such an automaton. Incorporation of the Voroneiode changes due to motion of the witness p&inbn the closed patch.
based switching algorithm with the feedback controlleuitss (%) shou e switehing sondions o auiononous ot erariene
in a hybrid control system that can handle object models budl to P . The lower level feedback controller maintains the currestingate
from tiled-together patches. In our previous work [2], deta of the closest po_int py continually driving the projectiomaes to zero while
of the Voronoi based switching algorithm and its incorphmat the boundary switching selects controller gains that gutamconvergence for

. . . . any initialization within the patch. The Voronoi switchidigrms the highest
with the feedback controller are discussed in detail andl Wiével of the controller and keeps track of the active patclemthe objects in

not be further elaborated here. the modeling environment consist of tiled-together surfaateipes.




As a consequence of the saturated control law at the patchLet the rst fundamental matrix for the surface patShbe
boundaries, another switching layer is added to the.ovgragnoted byl = E F and let be its largest eigenvalue.
controller at a lower level than the Voronoi based switching F G
algorithm. The discrete dynamics of this switching at th@lso de ne as the Euclidian norm of the difference vector
boundaries is completely decoupled from the dynamics petween unit error direction and unit surface normal at the
Voronoi based switching algorithm and is dictated instegd t§olution, &— N
the current parameters of the witness point. The boundary
switching is best represented using an automaton with ve Theorem 1:If the image of the mappin§(u;v) : ([0; 1]
distinct modes. Such an automaton is illustrated in Figure[@ 1]) ! < * de nes a "nice' rigid convex parametric surface
(A). Each mode in the automaton corresponds to a differant patchS, the pointQ is in the external Voronoi region d8,
of gains for the feedback controller. The mode switchesiwithQ andf are in continuous motion with respect to one another,

the automaton take place depending on the current paranea#td given controller gains satisfyingK 2
of the witness point. A summary of the switching rules are, B KR X and k, e_KR X, then the switching
shown in Figure 4 (B). controller

The global controller for a surface patch has two interactin 8
Iayers: the auton_1aton which selects the proper set. of dtrmro. 0 ifu=0and > 0(mode 1)
gainsK depending on the current state of the witness point Ky v o _ u

) ) oru=1and "< 0(mode 2)

and the feedback control law which makes use of these gains " ifys y
to update the witness point. On top of these two control U _ f v=0and *>0(mode 3)

0 ’'orv=1and V< 0(mode 4) )

to keep track of the active patch. An abstraction of the divera . otherwise (mode 5)

controller is presented in Figure 4 (C).
In the next section, we will show that, for any initializatio
within the active surface patch, uniform asymptotic convefenders the minimum distance poift uniformly asymptoti-
gence of the witness points to the closest point is guardnte&@lly stable over the whole surface patsh
by the proposed switching controller.

layers, the Voronoi based switching algorithm is put in plac V. %
K

Proof: The proof is based on@mmon control Lyapunov
I1l. A GLOBALLY CONVERGENTCLOSESTPOINT functionwhich is de ned as the difference between the Euclid-
ALGORITHM ian norm of the the vectoR and the minimum distancé
In this section, we consider the problem of nding théetween the point and the surface patch,
minimum distance between a point and a convex surface
patch when both of the bodies to which they are attached V=kR k E: (2)

are allowed to undergo rigid body motion with respect to ONfhe common control Lyapunov functioN' is continuous,

another. Below, we state; and prove a theorem _that guarantggsiive de nite and decresent. To prove uniform asympgtoti
global uniform asymptotic convergence of solutions whem t tability of the algorithm, the negative de niteness of tie

controller gains are chosen to b,e suf ciently _h'gh to COMPEYarivative of the control Lyapunov function is to be shown.
sate for the motion of the bodies. We provide a pracucalLy

, i e time derivative ol is given b
implementable lower bound for these controller gains anJI g y
show global convergence of solutions when the algorithm is

initialized using any point within the patch. Vv = kR k E
The algorithm relies on a controller to gener@tev) whose _ 1 g (f 0 (¢ Q)] E
integration producegu;v) that converges tqu ;v ). The T 2kR kdt
switching nature of the controller guarantees that givey an M1 A
initialization (uo; Vo) in the patch, the controller drivgs; v) = kKR K (fu u+f, v 1R Q) R
to the minimum distance solutidin ;v ) without ever leaving +M A Q) N 3)
the patch. That is, the switching controller renders thelpat
positively invariant. whereN is the unit vector fromP to Q andlM! # is the

Before stating the theorem, we will introduce some norangular velocity vector of bodj with respect to xed frame
restrictive assumptions on the types of motion allowedstFir N .
we will require that the motion be continuous to assure Since the boundaries of the surface patch constrain the
Lipschitz continuity of the closest distance between theveg allowable motion directions of a candidate point whenevir i
bodies [15]. An upper bound on the speed of the relatia a boundary, the feasible control inputs are also comsttai
motion is also required. Given the angular velocity ve&tbr*  at the boundaries. The difference between feasible control
of A (the body to which the surface patch is xed) in a worldirections on the boundaries and on the interior of the sarfa
reference framé\ , we will de ne the upper bound as the patch results in different control modes, within each of athi
Euclidian norm of the vectdf¥! # Q). This bound is not proper control laws are to be designed.
restrictive and is only required so that a fast enough ctiatro  Next, it is shown that rendering the time derivative of the
can be designed to compensate for the perturbing effectscohtrol Lyapunov function negative de nite in each conleol
motion. mode is possible with a switching controller. Feasibility o



the control laws in each control mode are also analyzedtsu = 0. In this case, rather than expressirlg in
and proper switching conditions are supplied. Although therms of the surface tangents and the unit surface normal, we
controller is of a switching nature, the existence of a commamow expressR in the surface frame de ned by the surface
Lyapunov function guarantees uniform stability over theafe normal, the surface tangent indirectionf, and the geodesic
all switching signals [16]. normal of the boundary curve; as
The possibility of undesirabléeno behaviofaccumulation
of the switching events) is ruled out from the analysis sithee vy y
number of mode changes during convergence is constrained by R = ng+ i+ N: (8)
the number of sign changes of the curvatures of the bound#fyhe control law (7) is substituted into (3), then
curves, thus eliminating the possibility of in nite amouat

switchings in nite time. _ 1 v M A R
\L R k(fv f, v v)+(IM! Q) N R Kk
k R
= v v VYN A =
R k( G V)+(M Q) N R K 9)

which is negative de nite as long as¥ 6 0 andk,

e KR X, sinceG=f, f, = kf,k®> 0.

To complete the proof for case Il, it is required to show
v=1 v=0 that ¥ 6 0 on theu = 0 (u = 1) boundary as long as

mode 1 (mode 3) is active. By construction, at every point

Fig. 5. The boundary curve; atu = 0, parameterized by 2 [0;1] and along the boundary =0 (u = 1), f, points in the direction

its tangent vectofy (the unit surface tangent in thedirection) are depicted. of increasingu, or toward the interior (exterior) of the patch.

N and the unit scrface tangen in thedrecton T are also de ne. vecior MOT€OVer, from the two allowable directions fof that satisfy

ny is the geodesic normal af; it lies in the tangent plane de ned b, the requirementsy f, =0 andng N =0, we choose the

andfy, and is normal tdy . one in the direction of increasing Thenn} can be expressed
as
Case I: If none of the conditions of mode 1 through mode A= fo+ of (10)
4 are met, then the case | controller is applied.Rf is g = tuto2ly
expressed as where ; > 0. At any point along the boundary, the projection
of R ontony is given as
R = "fg+ Yfu+ N (4)
and the control law kR k ng= 4 "+ 57 (11)
u u However, when v = 0, and the poinfQ is inside the Voronoi
w= o = K v (5) region of the surface patch, we have
is substituted into equation (3), then kR kn'= , “>0 (<0) (12)
o :
1 u . R Moreover, since ; > 0, then “> 0( “ < 0) ontheu=0
V=rrmd Ty HM°E Q) N B K (u = 1) boundary at any point where" = 0. But this implies
K " R that the control law is no longer active whenevet = 0.
=— " I, HM® Q) N (6) Therefore, the control law (7) rende¥s negative de nite as
kR k kR k long as mode 1 (mode 3) is active.
Consequently, since¥ 6 0 in this controller mode, there
which is negative de nite for sufciently largeK always exists a sufciently largé, & GKRZ kK such that\L
B kR k v

— 2 vz, aslong as " 60 and ¥ 60 simultaneously can be rendered negative de nite in this controller mode.
sincel is the rst fundamental matrix and is always positive

de nite. o Case Ill: The proof for case Il (whef(u;V) is on thev = 0
Note that the lower limit on the controller galt does not poyndary and ¥ > 0 (mode 2) orf(u;v) is on thev = 1

grow unbounded since the terms in the ””mfgetb’szk) = boundary and ¥ < 0 (mode 4)) is directly parallel to case II

kR k R kN k and the denominatof “° + *°) = ang s omitted from the discussion for brevity.

kR N k approach zero with the same rate as the witness . .
oint P converges tc® As a result, since the proposed controller renders the time

P ' derivative of the common control Lyapunov function negativ

Case II: if f(u;v) is on theu = 0 boundary and ¥ > 0 dfa nite at any_point on the sur_face patch except the minimum

(mode 1) orf(u:v) is on theu = 1 boundary and “ < 0 distance solution, uniformly with respect to switching, ean

(mode 3) then the control law claim that the common control Lyapunov function is actually
a common Lyapunov function and the control algorithm is
w= K 0 7 uniformly asymptotically stable [16]. Note that the common

= y y

Lyapunov function guarantees uniform asymptotic stahilit



which is to say, stability holds under arbitrary switchirsg, standard techniques whereby the convergence rate (daetami
analysis of the switching sequence is not required witha thoy controller gains) and discretization step size can baetta
proof. Moreover, since the whole surface patch is rendereff against one another while maintaining stability. In J17
positively invariant under the proposed control law, we caand [18] standard discrete time controller design techesqu
also claim that the region of attraction of the proposed coare utilized to calculate an upper bound on controller gains
troller is the whole surface patch (including the boundgrie given an explicit integration method and xed integratides
and the algorithm iglobally uniformly asymptotically stable size. With these techniques, it becomes possible to preserv
(GUAS). m the stability of the algorithm after discretization.

Remark 1:Global uniform exponential stability (GUES) Theorem 2:If the image of the mappingi(u;v) : ([0;1]
can be achieved by the same controller setting the comrol[e 1]) ' < 2 denes a “nice' rigid strictly convex parametric
gains ask, = “R< Kk, = R andK = %2) surface patcts; , the image of the mappink(r; s) : ([0; 1]
However, the control inputv required to achieve exponential[0;1]) ! < 3 de nes another “nice' rigid convex parametric
stability grows unbounded as the candidate point appraactsairface patctt,, the witness point®; and P,, on each of
the closest point. Therefore, exponential convergencebeanthese patches are in the external Voronoi region of eactr,othe
obtained only to very close vicinity of the solution (a bafl of andh are in continuous motion with respect to one another,
diameter around the closest point). This result is practicallgand there exit controller gains satisfyihg; B 1 kR K

i ( u2y v2)1

satisfactory since convergence rate is of utmost |mpoetang< By pkR ko Bi rkR ko B i kR k.
when the candidate point is away from the solution. AT B k”R 5 B
Remark 2:When there is no relative motion between thg Gy 2 and ks En , then the switching
bodies, the lower bound on the controller gaiik , andk, controller 8 2 3
simpli es to zero 0
Remark 3:The presented controller treats all possible mo- g k, ¥ é Jfu=0and “>0
tion between the two bodies as perturbations and makes use of Ky " 2’oru=1land “<0
suf ciently high gains to suppress them. However, whenever 5 Kn ® 3
possible, it may be desirable to take advantage of motion to k, "
achieve even faster convergence rates at a cost of a slightly g 0 Z fv=0and V>0
more complex control law. This idea results in an enhanced Kn 'orv=1and V<0
version of the controller given as Kn ¢
8 2 .3
1 0 Jfu=0and >0 u_ K
% G k, Y+b ’'oru=l1land “<0 §\L g Ki Vz;ﬁr—Oand rr<0 (14)
! N k, “+b, ifv=0and >0 r kOS orr=1and ">0
v 3 ° 0 ‘orv=1and *<0 (13 s 2 KS .3
%I ! E VIE: ; otherwise g Ki vzifs:Oand s<0
' k, ors=1and >0
where 0
uq 2 3
=5 1 sign 4MmAr Q) f, WMA Q) f, léf :
f . H
v 10 sign e Q) f e Q) o Ky ' é otherwise
2 - Kh S
Vi
b= —35 1 sign A Q) f, MM A Q) f, renders the minimum distance points (minimum p&r) and
1 _ . . . P, uniformly asymptotically stable over the surface patches
*5 1 sign 1M Q) f, M Q) fui s ands,.
and Proof: It is relatively straightforward to extend the proof
of Theorem | to operate on two surface patches (denoted
bh _ Z[1 sign( WM A Q) MM A Q) f,  f(u;v) andh(r;s) respectively) to nd the minimum distance
b, — 3[1 sign( MM A Q) f)IMMI A Q) f,  between them. As long as one of the surface patches is wtrictl

convex and the other is convex, and as long as the each

Note that this control law takes advantage of the motiaminimum distance point lies within the external Voronoiimey
whenever motion helps convergence and cancels it as mwhhe corresponding patch, one can follow a similar Lyapuno
as possible whenever motion acts as a disturbance. analysis using the same proposed control Lyapunov function

Remark 4:Since the controller and its associated dynamide prove that, if both candidate points lie inside the pateti a
are implemented in discrete time, the impact of discratmat with proper choice of gains, the proposed controller resttee
on the stability properties should be considered. Discagtn minimum distance solution globally uniformly asymptotlga
introduces upper limits on the controller gains that deperstiable. For brevity, similar portions of the proof is omitte
on the integration method and step size chosen. There efisim the discussion and only the differences are elaborated



There are two additions to the proof due to the existence TABLE |
of two surface patches instead of one. The rst one is relate@deriNniTiION OF THE CONVEX NURBS RATCH USED IN SIMULATIONS OF

to the relative motion between the bodies. Since bBdys FIGURES5,6,AND 7

no longer attached to just a point, but attached to a surface order OIS (5[363;,]1) ETTT Ty
patch,B can have angular velodllﬁl!_ with _respect to_ the control | (1.331) (3351) (53.6.1) (8351) (9.33.1
xed frame N. As a result, the relative motion terms in the points  |(2,5,5,1) (3,5,7,1) (55,8,1) (8,57,1) (8,5,5,1
proof are replaced H§!! B and the bound®; and B, are (xy;z;w) |(1,831) (3,851) (586,1) (8851) (9831

(0,10,0,1) (3,10,2,1) (5,10,3,1) (8,10,2,1) (10,10,0,
knotsu [000%Z111]
knotsv 00035 £111]

=

de ned on the Euclidian norms of the vectdfé! # f) and )

I~ h), respectively.

The second addition is introduced due to Voronoi based
switching. The switching functions for Voronoi based sWitc
ing depend on the witness point on the opposing active patgh
and the relative motion between the bodies. Therefore,Né@iro

T \‘“\‘

Y e x N
based switching can take place during convergence of the %ﬁﬁ%@&&&
witness points. Consequently, it is necessary to guarant@\ ,//j,’?li-""'%'z,‘m\\&:\\\\\
convergence of the witness points even under Voronoi based / ‘,«’A‘&"&s\\\\\\
switching. / e "% O

The proof of convergence under Voronoi based switching
follows from the samecommon control Lyapunov function

Voronoi based switching algorithms guarantee that tremmsit " Normalized Projection Errors > R
are handled in such a way that each time a transition is ,

triggered the norm of the error vectd® does not increase °8; ,

and there are a nite number of transitions before the twos v 6

closest features are set active [13]. However, this implies, . 5 R

that the common Lyapunov function does not increase during, /-
transitions. Moreover, since our controller guaranteest th /\/___
the common Lyapunov function is decreased independent of 3
which patches are active, uniform asymptotic convergence % 5 1o 15 20 25 3 % 40 o 5 D B B 5 0 B
the minimum pair is guaranteed even under Voronoi based Simulation steps Simulation steps
SWItChlng [16]' Fig. 6. This four-part gure shows the convergence of aniafization P o

Extensions of this controller to an enhanced version th@fough several mode changes demonstrating invariance afutiiace patch

takes advantage of motion, as in the Remark 3 of Theoremtider the Proposr?d Congl)le'lrl' (A ShOWr? the réath rt]raced\g]paé;h by the

: witness points whereas illustrates the mode changesdheotier goes
are stralghtforward. = through during convergence. The witness point, initiaizéthin the surface
patchS, hits the surface boundag, att = tg, traces alongs, and leaves

IV. SIMULATION RESULTS c4 att = ty converging to the solution at= t3. Correspondingly, in (B)
] ] the mode switches of the controller take place at t; andt = tz when
We have developed computer simulations to demonstrate switching rules are satis ed. (C) demonstrates evaiiighe normalized

the important features of our algorithm. Our simulations aprc_)jection errors u and_ V- while the algorithm converges to the closest
implemented in MATLAB and sample results are presented gt solution as shown in (D).
low. The rst simulation highlights the importance of lowuel
boundary switching and shows the invariance of the surfaﬁ,?
o . _the
patch under the switching controller. The second simufati
demonstrates the global convergence of the our contrafidr

characterizes the region of attraction of Newton iterabased the controller command would otherwise attempt to dive

methods. Importance of controller gain selection undentied outside this boundary of the patch. However, these comditio

motion and discretization is thg the'melof the th!rd simolati satisfy the rules for boundary switching and an immediate
whereas the top level Voronoi switching and its decoupleccgmroller mode change takes place, invoking a saturated

hature 1S ShO.W” n the fourth simulation. Common to the _r_S\tiersion of the control law. The new controller mode (with the
.thre.e S|mu|at|ons Is the convex surface patch whose demit saturated control law) stays valid as long as the unresttict
is given in Table I. controller attempts to drivé® outside the boundaries @.
At t = t, the use of the unrestricted controller becomes
A. Invariance of a Surface Patch feasible and the controller goes through another mode ehang
The four-part Figure 6 shows a simulation that illustratgg€moving the restriction on the witness points to move along
the convergence behavior of an initializatiBp on the surface Cs. After this mode change, the witness points are free to move
patchS. (A) shows the points that locate the witness poini® two degrees of freedom and convergePto at timet = ts.
in each of the simulation snapshots. (B) demonstrates thgC) demonstrates the change in the normalized projection
mode changes of the low level controller automaton as tkerors “, Y and (D) illustrates the evolution &R k as
convergence takes place. At startup, the rst witness poitite algorithm converges to the closest point solufion As
(which is the initialization poinP,) belongs to the interior of shown in (C) and (D), even on a convex patch, the projection

surface patclts; consequently, the automaton governing
%he controller gains is in the corresponding mode. At time
g - t;, the witness poinP hits the bounding curve, and



errors do not monotonically decrease while the witnesstpoin [ initializations that do NOT converge
converges toP . This is due to the fact that the projectionA' B. o linitializations that converge

errors are evaluated at the witness pditand not at the
closest pointP . An initialization suf ciently close toP is S
required for the monotonic behavior of the projection esror RS
. . . I Q, TR
An important feature of our algorithm is its ability to haadl ll’-;’l”’””/llll’ll,,"l,":gigsi
any initialization whereas a Newton iteration based method lllllllllllll,“'l,','lii.'gi
; . — LTI A
relies on the monotonic decrease of the projection errods llllllllllll[llllll"'l..'tﬁ
therefore requires suf ciently close initializations. "l"'"'..l
This simulation demonstrates the positive invariance ef th ..g

surface patch and the importance of the boundary switching
to achieve convergence for any initialization within thegha

The boundary switching is required since without the satura. D.
tion of the control law at the boundaries, invariance of the

patch cannot be guaranteed. Without the boundary switching ) o :F: o :.
invariance does not exist because the level curves of the 7 RIS 08f © © o o 0o o o o o o o

- . T RS o o . - -
Lyapunov function for the unrestricted controller go out of @, zn';l,’l’,’,’,’,”"i',iia»,‘@?:;"o’p}" o6l o o . . .

- : A S .
the patch boundaries. The important feature of the llll”””lllll'"'l"'.t".ﬂi o
switching is to restrict the witness point to move along %ﬁ””’“’"‘"’i:ﬁ : :Fl - .
boundary, but doing so without sacricing the asymptoti ”IIII,'"""".O.." 02f ogo o
convergence of the algorithm. '..g ol oo
0 02 04 06 08 1 >
u
B. Region of Attraction for Various Controllers Newton lteration with Boundary Saturation
The objective of this simulation is to reveal the globak. F.
basin of attraction of our controller and to compare it with Yy
the limited region of attraction for Newton iteration based £ S I
methods. Figure 7 shows the convergence characteristits an ,” :.Zf};:::;gf‘: 08} © o o o o o o o o o o
the region of attraction for three different control lawheT @, ‘,’e;’l,’l;',',;',{,;;:,,,'.',iﬁ}':.f.{:';?"" B S DA S
i i i AR P

gures on the left illustrate the paths that witness points l’lll‘iillilfI"/"'l""l""."" N Ef S o o 0 o
follow when all three simulations are initialized at the gam ﬂ%ﬂllllliillliiﬂ:ﬁ o :Fi: O,
point P,. To be able to compare our algorithm to Newto ”I’IIII,""""'." 02} o@°c ° ©° ° o o o o o o
based methods, no relative motion between the bodies was "'.'... ol o
used. PoinQ represents the external point wher&aslabels \ e ar s

the closest point solution. In the gures on the right, the Our Controller
circles on the white background label the parameters for
initialization pOiI’ltS that converge t® whereas the dark Fig- 7. Inthis Figure, convergence characteristics andegin of attraction

. . . for three different control laws are demonstrated. The gumn the left
regions with white crosses correspond to parameters forillustrate the path that witness points follow when initiad atP . PointQ
initialization points that do not converge. Consequerite is the external point® is the closest point solution. In these simulations, no

regions with white background illustrate the basin of atican  relative motion between the bodies was used. The gures origheshow the
egion of attraction of the corresponding controller in gaameter space of

of the corresponding controller in the parameter space of e patch. The dark regions with white crossesorrespond to initializations
surface patch. that do not converge whereas the circlean the white background illustrate

(A) and (B) demonstrate a controller based on Newtdhe basin of attraction. (A) and (B) belong to Newton basedation with
no special boundary control. (C) and (D) are for Newton bassdtion with

iteration. During this Simmation- no SpeCiaI ContrOI_Iasze_d saturation at the boundaries. (E) and (F) demonstrate opopeal controller.
at the patch boundaries. (A) shows that for this particul&tobal convergence of our controller can be compared to limigions of

initialization P,, the Newton based controller starts in th@ttraction for Newton based methods.

wrong direction and fails to converge ¥ by going out

of the boundaries of the patch. (B) demonstrates the regithie unrestricted control law is re-activated, it takes thimess

of attraction of this controller which is a relatively small point inside the boundary. However, after a few iterations,

unconnected set. this new witness point inside the patch (corresponding to a
(C) and (D) are again for a controller based on Newtomew initialization) hits another boundary resulting in trer

iteration; however, this time saturation is utilized at ff@ch controller mode change. Once again the witness points are

boundaries. (C) shows that for the particular initialiaati restricted to the boundary and they leave the boundary when

Po, the controller acts like the previous controller until thehe unrestricted controller becomes feasible. Luckilis ttme

witness point hits the patch boundary and the parameterstioé new witness point within the patch results in convergenc

the witness point saturate. At this instant, the controlVeithh to P without attempting to leave the boundary. (D) illustrates

saturation becomes valid and the witness points move alathg region of attraction for this controller with saturatiat

the boundary until the control law no longer attempts to mowbe boundaries. The region of attraction is larger than Hsec

the witness points outside the patch boundaries. As soonvéthout saturation but is not global.



10

As demonstrated in (D), the region of attraction of the A. Q(t=1:6)
Newton based iteration with boundary saturation contdies t
region of attraction of the Newton based iteration (shown in
(B)) and extends it signi cantly. However, the new initial-
ization points recovered by the boundary saturation are the
points that hit the boundary of the patch (probably a few Q(t=0)
times) and nally land in the region of attraction of Newton
based iteration. This behavior of the algorithm is not cesée
for two reasons. First of all, the convergence of the satdrat
controller at the boundaries is not guaranteed and the use of
this control law may actually result in a sequence of witness
points diverging from the solution. Secondly, to arrive at a
witness point within the region of attraction of the unrieséd
Newton's iteration, the algorithm may go through many mode
changes causing the witness points to jump around by hitting
the boundaries, and such a behavior is not time ef cient and
is computationally demanding. B. K =50
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Finally, (E) and (F) demonstrate our proposed controller. !
Global convergence of our controller is apparent from the g i
ure on the right since all initializations within the suréggatch .0_:7\ .
converge to the solution. Note that this is also guarantged b " ‘
the theorem given in section lll. Moreover, (E) demonssate L e e
that unlike the Newton iteration based controller, the psmal C., K=0.2
controller converges directly to the solution without boing — N
around at the boundaries. This behavior of the controller is ok LA
always guaranteed by design. No matter if the witness point 05|
is on the boundary or within the patch, the control law always R I S TR —
results in an update that is closerQathan all previous witness Simulation time
points. Consequently, as also demonstrated in Figure 6, the \ \ \ \
witness points always take a direct path towaRdswith no ot ]
unnecessary boundary switches. '

C. Convergence under Relative Motion T—

This simulation is performed to demonstrate the importance Simulation time
of th? choice Of_the feedback galn. for th? convergence O_f tnb—% 8. This four-part gure demonstrates the importance efthoice of the
algorithm. As dictated by theory in section Ill, there eSiStfeedback gain for convergence of the algorithm. (A) illusisthe convergence
upper and lower bounds on the feedback controller gain. Thl the tracking behavior of the algorithm when initializetdP o and the

: ; : sexternal pointQ undergoes relative motion with respect to the xed patch.
lower bound O_n the feedback gain exists so that dISturblbﬁ_ r this simulation the controller gain is set ko = 50. The lines in (A)
effects of motion can be suppressed by the controller. Thisnnect the witness poifit to Q at every simulation snapshot. Convergence
lower bound is primarily governed by the relative motiorf the initialization error is apparent from the rst thremapshots, whereas
: : essful tracking can be observed thereafter. (B,C) &)dpfesent the
between the bodies but is also de_pepdent on th_e shqpe._ m ation of the normalized projection error§ and V for three different
upper bound on the controller gain is due to discretizatiQ@ntroller gains. For a low gain df = 0:02, as in (C), the convergence

of the control law and is dictated by the sampling rate ariglvery slow whereas for a very high gain & = 1300 (given in (D))
integration method selected undesirable chatter appears due to discretization. -o= 50 (shown in

: . . (B)), the projection errors asymptotically converge to zegsulting in the
Figure 8 (A) illustrates the convergence and the trackingicking behavior presented in (A).

behavior of the algorithm under the relative motion between

the bodies. The algorithm is initialized &, with the con-

troller gain set toK = 50. The external point) undergoes gains. In (B), for a gain oK = 50, the projection errors

relative motion with respect to the xed patch. At evernyasymptotically converge to zero resulting in the tracking

simulation snapshot, the lines connecting the witnesstpolrehavior presented in (A). For this particular simulatidn,

P to Q are shown. In the rst three snapshots the controllés possible to increase the feedback gain ugKto= 1250

is compensating for the initialization error and converges to achieve even faster convergence rateskKAt 1250 the

the instantaneouB , which thereafter changes location on thalgorithm becomes unstable due to discretization. Belhafio

patch under the effect of the relative motion. Once thedhiti the projection errors foK = 1300 is given in (C). Finally,

ization error is compensated for, the controller succdlgsfualthough there is relative motion between the bodies, dimee

tracks the motion ofP keeping witness points suf ciently angular velocity of the patd¢H! # is zero, the lower limit on

close to the solution. K is also zero. (D) shows the projection errors for a low gain
(B,C) and (D) present the normalized projection errofs of K = 0:02, in which case the convergence still takes place

and Y of the same simulation for three different controllebut is quite slow.
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D. Voronoi Switching V. DISCcuUssION ANDCONCLUSIONS

We have contributed a closest point algorithm with certain
attractive properties that follow from its formulation as a
dynamic control problem and its solution by synthesis of a
feedback controller. These properties incluglebal uniform
asymptotic convergence, invariance, and the availabity
Ss Path Pammeters analytical limits of performance.

‘ Global uniform asymptotic stability of our algorithm folis
from its derivation from a control Lyapunov function and
such stability implies that any initialization within antae
convex surface patch converges to the unique solution. The

RSV 77
‘ 'ii:&%%% algorithm is in fact a switching algorithm, even at the lowdk
/ ‘«b“;;;lll involving only patches (not tiled bodies), and ours amon
&y II//// Lyapunov function that need not switch as the controllersdoe

0 05 Oéfm‘;in mfe 15 15 Switching certain control gain terms to zero is necessary if

| .. the witness point moves onto a boundary curve as it navigates
BRUA\NY Q toward the closest point. We call thisoundary saturation

This control gain switching renders the active patch irastri

Fig. 9.  This two-part gure illustrates the upper level Vom based meaning that the witness point cannot leave the patch during
switching algorithm for an object consisting of tiled-tdiger surface patches. convergence.

(A) demonstrates the convergence and the tracking behakibealgorithm . .

when initialized atP o and the external poin® undergoes relative motion 1 hese features pertain to the control-based algorithm that

with respect to the xed object. The lines in this gure comtehe witness handles the closest point on a convex parametric surfach.pat

point P to Q at every simulation snapshot. (B) presents the evaluation _ i ; FE
the patch parameters andv. The Voronoi regions of the object used in theﬂ top level SWItChIng algonthm based on Voronoi dlagram

simulation and the automaton associated with the Voronotewig are given nandles switching among convex surface patches, bounding
in Figure 3 (C) and (D). curves, and vertices making up the convex body (collegtivel

called features). The top-level algorithm signi cantlyterds
the properties outlined above, for it effectively increaske
This nal simulation demonstrates the upper level Vorondasin of attraction of the closest point beyond the active

based switching algorithm for an object consisting of tiledeature to the entire tiled body. We discussed how the Vdrono
together surface patches. Figure 9 (A) shows a convex objbased switching and stabilized closest point algorithmhwit
made of ve planar patches and a convex curved patch. Theundary saturation can be combined to form a hybrid dy-
same object and its Voronoi regions are illustrated in Figupamical system, wherein the membership of the witness point
3. The simulation is initialized at poinP, in the curved to a particular Voronoi region controls the switching among
patch S; and the external poinQ is allowed to trace a features on the body. Transitions between surface patches
pre-speci ed curved path around the xed object. The linedre handled in a manner that decreases minimum distance,
in the gure connect the witness poir® to Q at every as guaranteed by the the V-Clip [13] or the Lin-Canny [12]
simulation snapshot. Figure 9 (B) presents the evaluafitmeo algorithm. Of course determination of the Voronoi diagram f
surface patch parametessandv as the closest point trackingparametric models can be computationally intensive affeit
takes place. Compensation for the initialization error ben this can be undertaken off-line.
observed from the trajectory of the surface parameterseat th Invariance is an important property for that part of the
very beginning of the simulationt (< 0:01). At t = 0:89 algorithm that handles closest point convergence on pstche
whenu decreases to zer@ hits the boundary of the Voronoi in order to de-couple the low-level and top-level switchiitg
region of S, labelledVS;, and crosses to the Voronoi regionis only appropriate to switch patches according to changes i
of the bounding curve, . At the same instant, a switching isthe Voronoi region containing the point on the opposing body
triggered by the Voronoi based switching algorithm, thas senot according to the convergence behavior of the witnesgt poi
Ci;, as the active feature. As long as the bounding ceiye In our previous work [1] [2] (represented in Figure 2), we
stays active, tracking is restricted to this feature; tfeee presented a closest point algorithm that possessedlocdy
only the parametev is updated whileu is kept at zero. At convergence. Whereas the present controller is based on a
t = 1:26, whenQ crosses intd/S,, another switching takes Lyapunov function de ned in terms of the magnitude of the
place andS, becomes the active patch. Tracking continues datifference vector, the previous controller was based on the
S, until the simulation is terminated. Note that mode changssguared sum of the error vector projection$ and V. The
triggered by the Voronoi based switching algorithm are dumehavior of the present Lyapunov function is monotonic over
to motion of the external poin® and are independent of thethe entire patch as the witness point converges. The behavio
motion of the witness poinP. lllustrations of the features of the previous Lyapunov function is not monotonic over the
that become active in this simulation and the correspondiegtire patch, an example of which can be seen in Figure 6
Voronoi regions are given in Figure 3 (C). Also, the automatqC). An estimation of the basin of attraction of the previous
associated with the Voronoi switching algorithm is shown inontroller is a ball around the minimum distance solution
Figure 3 (D). where the Jacobian matrM is positive de nite.



As discussed in [2], there exists a close relationship betwe [4]
Newton iteration based methods and our previous contral law
Without compensation for the motion of the bodies and undeg;
discretization using Euler's method, our previous fee#tbac
controller reduces to that published in [6]. Both methods
possess onlyocal convergence characteristics. The basin ofg)
attraction of the Newton-iteration algorithm was demaaistd
by simulation in section IV-B to be a complicated and notm
necessarily connected set.

Analytical limits of performance for the algorithm are
discussed in section lll and demonstrated in section IV4@& T

. X 8]
lower bound on the controller gains (de ned in Theorems) |4
due to the relative motion between the bodies. The uppet limio]
is due to discretization and its analysis is simple. Details [10]
the use of discrete time controller design techniques ttyaaa
convergence rates under various integrators are given9h [111]
[20] [21]. Once these bounds are in hand, the algorithm can
be driven to its limits in speed. Note that the determinatbn (1]
stability-preserving gain& for algorithms based on Newton
iteration is a much more complicated affair, since these a[rl%]
discrete and nonlinear methods.

When it comes to comparing the computational ef ciency dfi4]
our algorithm with that of the previously available methods
our argument relies on the simplicity of our feedback cors;
trol law relative to the Newton iteration and gradient based
methods. Our algorithm requires a mere simple controll
gainK, whereas the Newton iteration based methods requires
calculation andnversionof a Jacobian matri . Moreover,
since derived in continuous time, the computational ehog (18]
of our algorithm can be adjusted with a broader choice of
numerical methods to be used for its discretization. [19]

However, our chief motivation for pursuing a closest point
algorithm that operatedirectly on parametric surfaces rather
than on their tessellations is for bene ts expected to azas [20]
its use is extended to non-convex, intersecting, and defoien
bodies. The global property in particular will become impor
tant not just during initialization, but when a witness poin21]
undergoes discontinuous jumps between patches on a tiled
body that is penetrated by a point or other body. We aim for an
algorithm guaranteed not to break down except as quang abl
limits on performance are exceeded.
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