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Abstract
Recently, the nonlinear rotation of single magnetic particles has emerged as a tool to measure physical parameters on the micro-scale. In this paper,
detailed theoretical analyses are carried out for tailored microprobes that measure (1) local magnetic fields, (2) magnetic particle characteristics,
(3) viscosity and (4) chemical binding, along with their corresponding experimental demonstrations. Such new physical measurement methods,
using single micro- or nano-particles, in combination with previous chemical nanoparticle sensing methods, lead to a new class of physiochemical
micro- and nano-particle sensors that may be of significant biomedical and technological interest.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Magnetic microspheres and nanoparticles have numerous
practical uses, ranging from medical [1–4] to magnetic recording [5] applications. While there is a variety of existing and
developing applications, most utilize ensemble properties of the
particles. Alternatively, monitoring the rotational behavior of
single magnetic particles or a chain of several particles, through
standard microscopy techniques, for example, has lead to a new
range of potential applications [8]. One behavior of magnetic
particles that has been theoretically treated [7,8] but not fully
utilized is the nonlinear rotation of a magnetic particle aligning
with an external rotating magnetic field in a viscous fluid. For
lower external rotation rates, the phase of the rotation of the
particle remains locked to that of the external field. Nonlinear
rotation occurs at sufficiently high external rotation rates when
the magnetic particle cannot overcome the viscous drag, i.e. it
cannot keep up with the external field’s rotation rate. The phase
between the external field and the particle’s moment “slips,” and
the rotation becomes asynchronous with the external field. The
transition from synchronous to asynchronous rotation occurs
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at an abrupt “critical slipping rate” which depends on physical
properties like the viscosity of the environment and the volume,
shape, and magnetic moment of the particle.
In previous work we attempted to combine the critical phaseslipping behavior of single magnetic particles with chemical
sensing in order to create a physiochemical sensor [8]. This type
of sensor could be used to elucidate new physical and chemical
interactions in biological environments still not fully understood
[9]. For instance, solid state chemical sensors can be coated with
a thin layer of magnetic material adding an extra dimension
of physical sensing [10]. While there has been much work on
chemical microsensors [11–15], relatively few applications of
nonlinear micro-oscillators have been demonstrated. Here, we
hope to lay the foundation for using nonlinear micro-oscillators
as physical sensors so that the two types of sensors, physical and
chemical, can be combined.
Often monitored with optical microscopy, micro-oscillators
are typically rotated in one of two planes: parallel or perpendicular to the imaging plane. To determine whether the particles
are phase-locking (linear rotation) or phase-slipping (nonlinear
rotation), one can rotate an asymmetrical particle in the plane of
the sample [8,16–18]—see top of Fig. 1. Image analysis software
can then be used to track the orientation in time allowing calculation of the average rotation rate. An alternative technique
for linear and nonlinear rotation of magnetic microparticles
is to rotate spherically symmetric, but optically asymmetric
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Fig. 1. Schematic of phase-locked rotation, below the critical slipping rate, for two types of particles. Each type is rotated in a different plane: (top row) an asymmetric
particle rotating in the image plane and (middle row) a physically symmetric, but optically asymmetric particle rotating in a plane orthogonal to the image plane. In
both cases the orientation and average rotation rate will be identical (bottom), allowing either technique to be used for phase-locking and phase-slipping experiments.

spheres in a plane that is perpendicular to the imaging plane
[6]—see bottom of Fig. 1. The tailor made probes are particles
that emit or reflect varying intensities of light, depending on
their angular orientation [10,19]. This probe anisotropy can be
accomplished in a variety of ways, but generally these types of
probes have been referred to as MagMOONs [6,10,19–26], crescent moons [27], capped colloids [28], Janus particles [29–31],
and half-shells [32,33]. By tracking the intensity of an optically anisotropic magnetic particle as it rotates, the orientation
and average rotation rate can be determined; thus, phase-locking
and phase-slipping can be monitored for quasi-spherical particles [6]. In this paper we mainly utilize out-of-plane rotation.
All applications and theory discussed in this paper can be performed with any optically or physically anisotropic magnetic
particle rotated in either plane.
Several groups have already studied the linear-to-nonlinear
rotation of various systems. Shelton and colleagues used polarized light to torque a glass nanorod. They formed a theory of
motion for the rotating nanorod and found both theoretically
and experimentally that the average rotation rate of the glass
rod had a nonlinear dependence on the rotation rate of the
polarized light [18]. Biswal and Gast used a chain of paramagnetic particles to mix fluids and showed that properties of
mixing were affected by the nonlinear oscillations of the chain
[16]. Korneva et al. have used the critical slipping rate to estimate the magnetization of carbon nanotubes filled with magnetic
nanoparticles [17]. In our lab we have observed linear and nonlinear rotation using ∼4.4 m spherical fluorescent magnetic
particles [6]. While the above experiments have described, in
various ways, the linear-to-nonlinear rotation of single particles and single systems of particles, a thorough investigation
into the phenomenon of single magnetic particle rotations and
their respective applications has yet to be carried out. This is
especially true concerning the use of asynchronous rotation
to perform real-time physical measurements (see Section 2.5).
Therefore, we present here a theoretical model that describes
the rotational dynamics of single magnetic particles, with the
specific aim of elucidating and demonstrating the inherent applications.

2. Theoretical review
2.1. Equation of motion
While there are well-developed theories on rotating magnetic systems [7,8,34–36,54], few application-oriented theories
or experiments for single particle systems that exhibit nonlinear
rotations have been published. Cēbers and Ozols have performed
a rigorous theoretical analysis on single particle systems, but did
not focus on applications except to describe rotation of magnetobacteria and to suggest mass transfer applications [7]. In this
section, the theory for a single magnetic particle is reviewed and
several promising applications are discussed.
We begin with the magnetic torque that acts on a magnetic
probe, which is given by
|Γmag | = |m × B| = mB sin(Ωt − θ),

(1)

where m is the magnetic moment, B the external magnetic field,
and Ωt − θ is the angle between the external field and the magnetic moment, as defined in Fig. 2. If the external magnetic field
is much smaller than that required to remagnetize the magnetic
probe while the torque is larger than the Brownian torques, then

Fig. 2. Schematic representation of a rotationally driven magnetic particle,
where the phase lag is given by Ωt − θ. The external field is represented by
B and the magnetization of the magnetic microsphere is m.
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the equation of motion is given by [35]
I θ̈ − γ θ̇ + mB sin(Ωt − θ) = 0,

(2)

where I is the moment of inertia and γ is the drag coefficient.
To simplify the number of parameters, Eq. (2) can be made
dimensionless by allowing
Ωc =

mB
,
γ

τ = Ωc t,

and φ = Ωt − θ.

(3)

Given these expressions, Eq. (2) can be expressed as
−IΩc d2 φ dφ
Ω
+
− sin(φ).
=
2
γ dτ
dτ
Ωc

(4)

2.2. Reynolds number
For most magnetic micro- and nano-particles, the inertial
term in Eq. (4) is negligible. This can be verified by calculating
the Reynolds number, a dimensionless quantity equal to the ratio
of the inertial force to the drag force; for a rotating sphere the
Reynolds number is
Re =

r 2 ρθ̇
r2 θ̇
=
,
η
ν

(5)

where r is the radius of a sphere, ρ the density of the fluid, θ̇
the rotation rate of the sphere, η the dynamic viscosity, and ν
is the kinematic viscosity. A low Reynolds number is equivalent to the condition (IΩc /γ)1 from Eq. (4). For example, a
typical 5.0 m magnetic microsphere in pure glycerol at 20 ◦ C,
which has a reported kinematic viscosity of 1160 cSt [37], rotating at ∼63 rad/s (10 rotations/s) will have a Reynolds number
of ∼3.4 × 10−7 . Thus, the condition that allows inertia to be
neglected, Re  1, is satisfied. In all low Reynolds number environments, such inertial effects are negligible [38]. When smaller
spheres are used, Re becomes even less significant. The experiments performed in this paper had negligible inertia due to low
Reynolds numbers.
2.3. Nonuniform oscillator equation
From Section 2.2, it is clear that the system under investigation is in a low Reynolds number regime and inertia can be
ignored. Ignoring inertia allows Eq. (4) to be rewritten in the
form of the nonuniform oscillator equation
dφ
Ω
=
− sin(φ),
dτ
Ωc

(6)

which also describes voltages across a Josephson Junction [39],
the optical torquing of a glass nanorod [18], and even the flashing
of a firefly [39]. One measurable quantity of optically anisotropic
particles is the intensity modulation produced as they rotate.
This intensity depends on the particle’s orientation angle, which
can be calculated, but it is more straightforward to measure the
average rotation rate from the particle’s intensity. Given Eq. (6),
the period of rotation and, therefore, the average rotation rate

can be determined. The period is given by

 2π

dτ
dφ
1
dφ =
T = dt =
Ωc
dφ
Ω
−
Ω
c sin(φ)
0
2π

= 

Ω2 − Ωc2

.

(7)

Therefore, the average rotation rate, which is represented as
dθ/dt, can be solved for rates both above and below the critical
slipping rate. These two solutions are given by
  
Ω
Ω < Ωc
dθ

.
(8)
=
dt
Ω − Ω2 − Ωc2 Ω > Ωc
If inertia is kept in Eq. (4), then numerical integration methods such as the Runge–Kutta method can be used to determine
dθ/dt. When inertia is considered, then Ωc will depend on
the direction from which the critical value is approached [39].
This arises from the inertia of the particle undergoing rotation,
which would oppose the particle’s tendency to realign with the
external field. While this numerical solution has not been performed for spherical probes, it has been numerically solved and
experimented with in order to determine the critical slipping
of a magnetic microdrill (a cylindrical magnet with a spiral
blade wrapped around its body, which is on the order of a millimeter in diameter) [40,41]. No experiments have been carried
out, however, to show this hysteresis-like behavior. While critical phase-slipping has been studied at various size scales and
Reynolds numbers, the authors are unaware of any study that
experimentally shows the hysteresis of critical phase-slipping
for microparticles.
The analysis performed in this section is valid for all the
systems studied in this paper. The conditions and environments
where the analysis is valid can be further clarified by defining a
Reynolds number based on the maximum rotation rate of a rotating particle. This maximum rotation is given by Ωc ; therefore,
Eq. (5) can be rewritten as
Remax =

r2 θ̇max
r 2 Ωc
mBr 2
=
=
,
ν
ν
κVρν2

(9)

where κ is the shape factor, ρ the density of the fluid, and V is
the volume of the particle. For a sphere, this becomes
Remax =

mB
.
8πrρν2

(10)

The value calculated from Eq. (10) is significant because it gives
the highest value that the Reynolds number can have in a given
system. Therefore, it is a good indicator of whether or not inertia
can be ignored at all rotation rates.
2.4. Rotation of ellipsoidal shapes
The critical slipping rate can be determined for a variety of
shapes, sizes and conditions. For example, an ellipsoid will have
a different critical slipping rate than that of a similarly sized
sphere due to the change in the shape factor. For a particle
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rotating in a low Reynolds number environment, this point of
criticality is given by
Ωc =

mB
,
κηV

(11)

where for an ellipsoid with major axis a and minor axis b, κ can
be determined from the equation [35]


1.6 3(a/b)2 + 2
(12)
κ=
1 + ζ − 0.5ζ(b/a)2
where
1+ε
1−ε

1
ζ = 3 ln
ε

(13)

(a ≥ b).

(14)

and
ε=

1 − (b/a)2 ,

For a sphere, a = b and the shape factor becomes 6. Another
example is a chain of N spheres, and for N ≥ 3 the shape factor
is given by [16]
κ=

2.6. Example of real-time measurements: viscosity
By using Eq. (18) a variety of parameters can be measured in
near real-time, and here we give the theoretical example of viscosity. When monitoring a nonlinear rotating sphere in a fluid,
the average rotation rate, θ̇, will change when the viscosity is
changed. One way to change the viscosity of a fluid is to alter
its temperature. The temperature dependence of glycerol–water
mixtures has been accurately characterized and is given by
ν = ν(T) = exp(a + bT + cT2 ) [37] and the critical slipping rate can
therefore be rewritten as
Ωc (ν(T )) =

− 2ε

2N 2
ln(N/2)

(15)
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1
mB
,
ρκV exp(a + bT + cT 2 )

(19)

where a, b, and c are material-dependant constants [37]. If Ωc is
measured in a fluid with a known viscosity at T1 , the temperature
is changed to T2 , and Ωc is measured again, then the viscosity
of the fluid at T2 can be calculated, namely
1/2 
1/2

2Ω − θ̇T1
θ̇T1
ν(T1 )Ωc (T1 )
ν(T2 ) =
= ν(T1 )
Ωc (T2 )
θ̇T2
2Ω − θ̇T2
(20)
This is the technique that is used in Section 4.3 to measure
viscosity and is especially useful when the exact value of the
particle volume or magnetic moment is unknown.

This would result in a modified critical slipping rate of
3. Experimental

ln(N/2)mB
Ωc =
2N 2 ηV

(16)

2.5. Real-time measurements by nonlinear rotation

3.1. Preparation of magnetic particles

(18)

3.1.1. Preparation of ﬂuorescent half-shell particles
Fluorescent magnetic microspheres with a diameter of
4.6 m, obtained from Spherotech Inc. (Libertyville, IL), see
Fig. 3(a), were dispersed into a monolayer supported by a glass
substrate. This slide was then placed into a vacuum chamber
where aluminum was vapor deposited at thicknesses well above
the skin depth, e.g. 20–60 nm. The substrate was then placed
in a magnetic field of ∼1000 Oe. The particles were removed
from the substrate via a small damp paintbrush. The paintbrush
was sonicated in a small amount of water, typically 100–400 L,
where the particles could then be further diluted with glycerol
for the experiments listed below. Sufficient dilution is necessary to inhibit aggregation on the time-scale of the experiment
(see ref. [35]). The particles fabricated in this way were used in
Sections 4.1–4.3. A major drawback to this method is that the
commercial magnetic particles have a high degree of sphereto-sphere nonuniformity in both size and content of magnetic
material [42].

With Eq. (18), one can determine physical values by measuring
one average nonlinear rotation rate, namely by solving for m,
B, κ, η, or V. This makes measuring physical changes, such as
viscosity or volume changes, especially straightforward and fast.
This is the technique used to measure the viscosity changes in
Section 4.3 as well as the binding and dissociation events in the
experiments in Section 4.4.

3.1.2. Preparation of uniform half-shell particles
To improve uniformity over the commercial spheres
described in Section 3.1.1, we fabricated uniform magnetic
half-shell particles. The particles were fabricated using a
method previously developed in our lab [10]. 1.86 m silica
microspheres (Bangs Labs Fishers, IN) were dispersed into a
monolayer on a glass substrate by spreading the manufacturer’s

The entire rotational behavior of single particles can be measured to determine the value of the critical slipping rate. This
technique involves measuring the rotation response of a magnetic microsphere at varying external driving frequencies (see
Section 3.4 and refs. [8] and [18]). It is also possible to determine the critical slipping rate by measuring the rotation rate
of the particle at a single external rotation rate that is greater
than the critical slipping rate, e.g. when Ω > Ωc . Recall that the
equation for the nonlinear rotational regime is
 
dθ
= Ω − Ω2 − Ωc2 , Ω > Ωc .
(17)
dt
By solving Eq. (17) for the critical slipping rate, we see that
1/2

Ωc = θ̇

[2Ω − θ̇]

1/2

=

mB
.
κηV
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Fig. 3. Electron microscopy images of (a) fluorescent magnetic microspheres with a diameter of 4.6 m (before aluminum was coated) and (b) 1.86 m non-magnetic
silica microspheres coated with 6, 90, and 6 nm layers of silver, iron and silver, respectively.

stock solution of spheres over an area of a ∼1.0 cm2 and spin
coating the slide. Varying layers and thicknesses of metal were
then coated onto the spheres, in the following order: 6 nm of
silver, 90 nm of iron, and 6 nm of silver. An example of the
resulting spheres is shown in Fig. 3(b). Spheres were then
removed and suspended as described in Section 3.1.1 and used
for the experiments discussed in Sections 4.4 and 4.5.
3.2. Magnetic rotation
All particles were observed in homemade ∼100 m thick
fluidic cells. Rotation was carried out with a digital function
generator used to rotate a stepper motor connected to a 1.6 cm
diameter diametrically magnetized Alnico magnet (Dexter Magnetics Inc.). The magnet was placed in a horizontal orientation
above the sample of interest at distances of 4–10 cm. This distance produced magnetic field values on the order of ∼5–20 Oe.
The particle under study was observed to be actively rotated by
this external rotation field, and since no translation was observed,
any magnetic gradient forces produced by the external field were
negligible. Also, with the setup used in our experiments, no
significant gradient is expected over the microdomain of one
particle.

3.4. Image acquisition and analysis
All images were acquired and analyzed using Metamorph
software (Universal Imaging Corp., Sunnyvale, CA). Metamorph’s ability to measure intensities of pixels of designated
regions of interest was used to measure the time-dependant
intensity or reflection from individual particles. A fluorescent
particle will have one intensity peak per rotation but a particle monitored using reflection will have two intensity peaks per
rotation. This dual peak behavior is a result of the light reflecting off both the convex and concave side of the metallic coating.
The intensity expresses a sine-like dependence on the angle of
the particle, thus making it possible to monitor the orientation of
the particle. A fast Fourier transform was applied to the intensity time series to obtain an estimate of the average rotation
at varying frequencies of the external rotation rate. Finally, a
least squares fit was used to fit Eq. (8) to experimental results.
This was the analysis method used in Sections 4.1 and 4.6.

3.3. Microscopy
All microscopic images used to measure half-shell intensity
or reflection were obtained with a Roper Coolsnap ES CCD
camera (Roper Scientific Tucson, AZ) connected to an inverted
epifluorescence microscope (Olympus, Center Valley, PA) in
various configurations. The microscope was either operated in
fluorescence mode, with the appropriate fluorescence filter cube,
or in reflection mode, with a 50% reflection/50% transmission
cube. In both cases a Xenon lamp was used either for reflection or to excite fluorescence of the particles. To observe the
particles, a 60× (NA = 0.85) objective lens was used in all experiments except binding detection and surface viscosity experiments, where a 100× (NA = 1.25) immersion lens was used.
Shown in Fig. 4 is the microscopy setup used. Scanning electron microscopy images of the dried particles were obtained for
characterization using a Phillips XL30 field emission gun.

Fig. 4. Experimental microscopy setup used to monitor the rotation of half-shell
particles.
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Fig. 5. Schematic representation of (a) the experimental setup used to obtain rotational images and to excite fluorescence and (b) a ∼100 m thick homemade fluidic
cell interfaced with a T-type thermocouple (one lead is copper and the other is constantan).

Alternatively, with the measurement of a single average rotation rate at external driving frequencies Ω > Ωc , the techniques
described in Section 2.5 can be used to calculate the critical slipping rate. This was the analysis method used in Sections 4.2–4.5.
3.5. Temperature control and monitoring
The particles prepared in Section 3.1.1 were suspended in a
0.95 glycerol–water mass fraction. This solution was placed in a
sealed homemade fluidic cell that contained a T-type thermocouple, as shown in Fig. 5. The error in temperature measurements
were ±1 ◦ C. All thermocouple readings were taken when the
magnetic field was not rotating to eliminate the effects of currents induced in the leads by the changing field. The fluidic cell
was heated with a heat bath that was in contact with the cell. In
this experiment and analysis, kinematic viscosity was used rather
than dynamic viscosity because it has been reported that many
of the dynamic viscosity tables are not accurate [37]. In the same
paper the authors accurately measured the kinematic viscosity
of glycerol–water mixtures [37]. All other sections will report
viscosity as dynamic as is the convention with phase-slipping
experiments.
3.6. Particle binding experiments
In Section 4.4, we describe the association and dissociation
of a Dynal MyOne 1.0 m paramagnetic bead with a 1.86 m
half-shell particle (preparation discussed in Section 3.1.2). The
association of the 1.0 and 1.86 m half-shell particle was possible due to small magnetic interactions, while dissociation was
performed using radiation pressure from a focused near-infrared
Ti:Sapphire (Spectra Physics, Mountain View, CA) laser beam
operating in continuous wave mode. Dissociation was induced
by applying a 30 ms pulse of the focused light to the point of contact between the particles. The interference pattern of the beam
reflected off the bottom glass surface of the fluidic cell, was also
used to determine the approximate depth of the particles in the
cell (where the particle was well over a diameter in distance
from the glass-fluid interface). This allowed for reproducibility
measurements as seen in Section 4.4. Optical filters were used
to block the reflected near-infrared light from reaching the CCD
camera.

4. Results and discussion
The linear-to-nonlinear rotation of magnetic particles rotated
by an external driving field has a variety of promising applications. All applications presented here involve calculation of
the critical slipping rate, determined either by fitting a series of
measurements at different external rotation rates as outlined in
Section 3.4 or by calculating the critical rate from a single nonlinear rotation measurement as outlined in Section 2.5. These two
methods are similar except that the fitting method has reduced
error because more measurements are made to determine Ωc .
4.1. Measurement of magnetic ﬁeld
To demonstrate a nonlinear magnetic micro-oscillator’s rotational dependence on external magnetic field strength, the magnitude of the magnetic field was changed and the critical slipping
rate was measured. This was accomplished by increasing the distance between a rotating magnet and the sample plane. Solving
for B in Eq. (16) yields
B=

κηVΩc
m

(21)

Thus, the magnetic field is proportional to the critical slipping
rate (B ∝ Ωc ). While it is possible to use this technique to determine B, it is most likely an impractical endeavor. It is impractical
not in its ability to determine B, but in that there are few situations where the magnetic field of interest is applicable; the
magnetic field must be rotating at a constant angular rate and
be immersed in a fluid. It is in these situations – where local
rotational fields or rotational fields on small dimensions are of
interest – that application of critical phase-slipping for measurement of magnetic fields shows the most promise. The ability to
measure a change in magnetic field strength using our nonlinear
oscillators is demonstrated by Fig. 6. The external magnetic field
strength was changed from 87 to 30 Oe, and accordingly the critical slipping rate changed from 5.81 to 2.15 rad/s. This change
is to within ∼7.3% of that expected from Eq. (21). While in this
experiment the critical slipping rate was determined by means
of a least squares fit, it is also possible to perform near real-time
measurements on a changing magnetic field, by measuring the

336

B.H. McNaughton et al. / Sensors and Actuators B 121 (2007) 330–340

netic responsiveness of ∼50%, which is consistent with Häfeli’s
results. These values were measured through the nonlinear rotation of the half-shell particles. Generally, the magnetic moments
of micro and nanoparticles are determined from ensemble measurements, where an average value for the magnetic moment
is determined for the ensemble. Korneva et al. [17] even used
critical slipping to estimate the moment of magnetically loaded
carbon nanotubes, but also monitored many particles at once, i.e.
an ensemble value. In contrast, determining the critical slipping
rate for individual particles, allows one to determine single particle magnetic moments and magnetic uniformity of an ensemble
of particles.
4.3. Measurement of viscosity
Fig. 6. Rotational dynamics of a 4.6 m particle for two different magnetic
fields. The magnetic field value was changed from 87 to 30 Oe and the critical
slipping rate changed from 5.81 to 2.15 rad/s.

average rotation rate, namely

1/2 
1/2
θ̇B2
2Ω − θ̇B2
B1 Ωc (B2 )
.
= B1
B2 =
Ωc (B1 )
θ̇B2
2Ω − θ̇B2

η=

(22)

4.2. Measurement of inter-particle magnetic moment
uniformity
In general, magnetic microspheres have found many uses in
biomedical applications, and in these applications the microspheres’ magnetic characteristics are crucial [43]. In particular,
the type of magnetism, i.e. paramgnetism, superparamagnetism,
or ferromagnetism, that the particles exhibit [43] and their uniformity of magnetic responsiveness [42] are important. The
magnetic moment of microspheres that rotate in response to
an externally rotating magnetic field can be determined by measuring the critical slipping rate. As with magnetic fields, the
magnetic moment is proportional to the critical slipping rate,
namely
m=

κηVΩc
B

In a viscous fluid, measurement of Ωc allows for the measurement of properties like the dynamic viscosity:

(23)

Ultimately, this enables the measurement of the magnetic
moment of single magnetic nanoparticles and microspheres. If
the parameters in Eq. (23) such as B, κ, V, or η cannot be determined, then the variation in the critical slipping rate will provide
an estimation of the variation of the magnetic responsiveness
rather than determining a value for m.
Several techniques have emerged to measure single particle
and ensemble magnetic moments and magnetic responsiveness.
Häfeli et al. [42], using a technique other than described here,
have shown that commercially available magnetic particles vary
in their magnetophoretic response from 30% to 80%. We have
performed uniformity measurements for the particles described
in Sections 3.1.1 and 3.1.2. The half-shell reflection particles
made by vapor deposition, described in Section 3.1.2, had a variation in their magnetic responsiveness, i.e. standard deviation, of
∼16%. Commercially obtained particles had a variation in mag-

mB
.
κVΩc

(24)

If all of the microparticles have the same shape, volume, and
magnetic content, it would be possible to measure a spatial distribution of viscosity. This ability could be applied to complex
fluids where pores of various sizes and spacings are present. By
using these spatially resolved viscometers, the effective viscosity at various points in the complex fluid could be measured.
Thus, this technique may be a useful addition to the growing list
of colloidal probes used for microrheology [44].
Unfortunately, current commercial magnetic particles do
not have high enough particle-to-particle uniformity in size
or magnetic content to enable accurate spatial viscosity measurements using the technique described here. Using a single
probe, however, it is possible to perform viscosity experiments.
For example, the viscosity of glycerol has an exponential
dependence on temperature, see Eq. (19). The critical slipping
rate for a single magnetic particle can be monitored while
the temperature in a glycerol solution is altered. From Eq.
(20), it is clear that the critical slipping rate and, therefore, the
nonlinear rotation rate of a rotationally driven microprobe can
be used to determine viscosity as long as the starting viscosity is
known.
We have demonstrated such an application by rotating particles in a 0.95 glycerol mass fraction solution and increasing the
temperature of the glycerol–water mixture. The nonlinear rotation rate changes with temperature, increasing as temperature is
increased, as shown in Fig. 7(a). With this type of measurement
one can calibrate the nonlinear rotation rate versus viscosity
as shown in Fig. 7(b). By combining this technique with optical tweezers, it may be possible to manipulate the magnetic
particle [20,28], after viscosity calibration, in more interesting
systems like biological environments or near fluid-solid or fluidair interfaces. From the work of Shankar and Kumar [37] it was
possible to compare our experimental ν(T) with their reported
ν(T). Table 1 shows this comparison, where the various viscosities were calculated using Eq. (20). The values of a, b, and c used
to fit the data in Fig. 7 for a 0.95 glycerol-water mass fraction
were slightly different from that of ref. [37], but all calculated
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Fig. 7. Experimentally obtained values for the average rotation rate, where the line is a theoretical fit using Eqs. (18) and (19), where a = 5.23, b = −0.16, and
c = .0013, plotted vs. (a) temperature and (b) the temperature dependent kinematic viscosities. Error bars in the average rotation rate correspond to an average error
of ∼6.5% obtained from measuring several average rotation rates over a variety of external rotation rates and error bars in the value axis for (a) are from a 1 ◦ C error
in thermocouple measurements and (b) the resulting errors in calculated viscosity from the 1 ◦ C error.

viscosity values had less than an 8% discrepancy from their
reported values.
4.4. Measurement of binding dynamics
Particle size is a significant variable in the critical slipping
equation. This significance is more apparent when considering a
sphere. Substituting the volume of a sphere and a sphere’s shape
factor of 6 into Eq. (16), we obtain
Ωc =

mB
,
8πrh3

(25)

where rh is the hydrodynamic radius. Eq. (25) indicates that Ωc
strongly depends on the radius of the rotating particle system.
The effective shape and volume of the system can be changed
by attachment to other objects such as other magnetic particles
or biological agents like bacteria, viruses or proteins.
The ability to detect biological particles has become a highly
pursued field of study and much attention has been directed
toward nanoelectromechanical (NEMs) and other microscale
oscillators [45,46]. These oscillators are cantilevers that have
a natural oscillation frequency that changes when a biological
agent binds to their functionalized surface. In this way, single bioparticles have been detected [47,48]. While NEMs are
very effective at detecting biological agents in vacuum or in air,
they have not been applied to continuous monitoring in fluids.
In air or in vacuum environments cantilever-based systems are
Table 1
Measured values of Ωc , at increasing temperatures, used to calculate kinematic
viscosities
Temperature
(◦ C)

Ωc

Ωc ratios

Calculated,
ν (cSt)

Reported,
ν (cSt) [37]

25
30
35
40
45
50

0.128
0.207
0.286
0.400
0.519
0.656

NA
0.620
0.447
0.320
0.246
0.195

NA
175.4
126.6
90.5
69.7
55.2

283
194
137
95.4
69.8
54.2

Calculated viscosities were performed with Eq. (20) and an assumed viscosity
of 283 cSt at 25 ◦ C. The rightmost column is reported viscosities from Ref. [37].

extremely sensitive to physical changes [49]; however, due to
viscous losses, this sensitivity decreases drastically when cantilevers are operated in fluids [50–52]. For this reason, the need
to develop a small scale oscillating system that is capable of continuous monitoring in fluid environments remains. One potential
system that addresses this need is the magnetic nonlinear microoscillator.
Due to the deterministic behavior of a nonlinear rotating
magnetic particle (see Eq. (18)), Ωc can be calculated with the
measurement of only one nonlinear rotation rate. Determining
Ωc in this way, however, is susceptible to more error than in
the case of measuring several values of θ̇ followed by leastsquares fitting the data points. For example, Ωc was calculated
with single average rotation rates at external rates of Ω > Ωc
and the average difference between the value of Ωc determined
from a least-squares fit (as described in Section 3.4) and that
determined from one value of θ̇ was found to be only ∼1.4%.
Such low errors allow for accurate measurement of Ωc which
translates to more accurate measurement of the changes in drag
of a single particle before and after a binding event. In the case
of a paramagnetic particle binding to a half-shell particle, used
to simulate a biological agent, see Fig. 8(a), where changes in
m of the system are negligible,
Ωc1
mB/ηκ1 V1
κ2 V2
=
=
Ωc2
mB/ηκ2 V2
κ 1 V1
⇒

θ̇1 
κ2 V2
=
κ1 V 1
θ̇2 

1/2

2Ω − θ̇1 
2Ω − θ̇2 

(26)
1/2

(27)

The first term on the right hand side of Eq. (27) is the dominating
factor, especially for large external rotation rates (Ω
θ̇1  >
θ̇2 ). The second term acts as a correction factor that approaches
unity as 1 + O(θ̇1 /Ω, θ̇2 /Ω).
Using the procedure described above, the changes in the
volume and shape were monitored, when a 1.0 m paramagnetic particle was bound to a 1.89 m magnetic half-shell
particle, by measuring the change in the average nonlinear
rotation rate. Fig. 8(b) indicates this change, where the average
rotation rate shifts from ∼0.44 rot/s before binding to ∼0.1 rot/s
after binding, with a measurement error of ∼2%. These
measurements were reproducible and are shown in Fig. 8(c).
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Fig. 8. (a) Schematic representation of the average nonlinear rotation rates of a micro-oscillator before and after the detection of an antigen mimicked by a 1.0 m
paramagnetic sphere. (b) Rotation rate shown before and after rotation, where the second peak in each spectrum is from the micro-oscillator reflecting twice per
rotation. (c) Average nonlinear rotation rates for sequential single particle attachment and detachment events.

Between measurements the system was either manipulated with
a Ti:Sapphire laser beam (see Section 3.6) to dissociate the
particles, or left undisturbed to allow the particles to reattach.
Eq. (27) also allows for the approximation of the volume of the
paramagnetic particle. From the rotational values ∼0.44 and
∼0.1 rot/s, the approximated diameter of the bound sphere was
found to be ∼1.08 m and the estimated diameter from scanning
electron microscopy was 1.01 m [53]. Thus, the capability
of using this system to measure drag changes caused by a
foreign object attaching to the micro-oscillator’s surface has
been demonstrated. An identical procedure as to that outlined
here could be used to detect a biological agent, such as a single
bacterium. Finally, we suggest that if a bacterium is attached to
a magnetic particle and then grows, the effective hydrodynamic
radius and shape factor of the system will be changed. Our
early experiments suggest that errors in the critical slipping rate
are on the order of ∼2%. With this percentage, use of a 500 nm
magnetic particle (currently under fabrication), which we are

currently fabricating, could facilitate detection of single 100 nm
biological agents. This size range encompasses such viruses
that affect human cells like HIV, smallpox, influenza, and
Ebola. Larger bacteria such as tuberculosis and Escherichia coli
are already within the sensing capability of the above 1.89 m
half-shell particles. Preliminary experiments with Escherichia
coli have resulted in easy and reproducible detection of single
bacteria, where the nonlinear rotation rate was reduced by a
factor of ∼3.8 when bacteria were attached.
4.5. Estimation of shape factor
It is possible to use the nonlinear rotation of magnetic
particles to measure the shape factor, κ. To calculate the effect
of a shape factor change, one needs only to double the magnetic
moment and the volume of the micro-system. These two
changes will have a canceling effect. If the original particles
shape is known, then κ1 will be well defined, e.g. for a sphere
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it would be 6. With this value, and measurement of the two
critical slipping rates, κ2 can be found from the relationship
κ2 = κ1

Ωc (κ1 )
Ωc (κ2 )

(28)

We performed this measurement for two 1.86 m half-shell
particles binding to each other and found the value for κ2 for
the two-sphere system to be ∼17 [53]. This value is between
the shape factor for a sphere, which is 6, and that of a system
of three spheres, which is 44 [16].
4.6. Physiochemical sensor
Combining the techniques and methods thus far described
with chemical sensing probes could yield a powerful physiochemical sensor [9]. We have previously suggested and demonstrated such a probe [8]. By measuring the nonlinear rotation of
a magnetic particle, one can measure all of the physical properties discussed in this manuscript. Then, through the use of a
fluorescent indicator dye located within the particle, or some
equivalent synergistic scheme, local chemical concentrations
can be measured [8]. Such a probe would be useful in elucidating the interplay between physical and chemical properties
in live biological embryos or cells. It is also possible to add
the physical probing capabilities to chemical sensors in a one
step fabrication process, namely vapor deposition of magnetic
materials [10].
5. Conclusions
The nonlinear rotation of driven magnetic microparticles
offers a new tool to investigate a variety of physical properties
on a very small scale and has the potential to be combined with
chemical sensing. Here, we have demonstrated many of the physical applications, including viscosity measurements, magnetic
field measurements, measurement of magnetic particle characteristics, measurements of binding events through changes in
volume, and physiochemical sensors. The optimization of this
new arena of applications will allow for the realization of a new
generation of micro- and nano-tools.
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