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5.2. BATCH STATISTICS ERROR ESTIMATION 

• Estimate the variance associated with the distribution of the X( 

2 1 ~ -)2 1 ~( 2 -2) sx = -- L...,(xi - x = -- L..., xi - x 
N - 1 i=l N - 1 i=l 

• The estimated variance of xis the standard variance of the mean: 
2 

2 sx 
S-x= N 

57 

(5.13) 

(5.14) 

It is the error in x we are seeking, not the "spread" of t he distribution of the xi· 

• Report the final result as x = x ± s-x. 

Remarks: 

The true mean and variances are not available to us, however. We must estimate them. The 
estimated mean x calculated in eq. 5.12 is an estimate for the true mean J.l and the estimated 
variance s; calculated in eq. 5.13 is an estimate for the true variance cr;. The appearance 
of the N - 1 in the denominator in the expression for the estimated variance for the mean 
implicit in eq. 5.14 is often introduced as a "degrees of freedom" arguments. However, it can 
be derived by considering the difference between "sample" variance and its relation to the 
true variance. A derivation is given at the end of this chapter. 

5. 2 Batch statistics error estimation 

In many cases, the estimation of means and variances using the methods described in the 
previous section is not feasible. A score may be a complicated object or there may be many 
geometrical volume elements to consider. It may require a lot of effort to stop after each 
history and compute the xi's and x;'s. The "direct error estimation" should be considered 
first and if it is not feasible, then an alternative that is nearly as good is "batch statistics 
error estimation". We present a "cook book" recipe as before. 

• Split theN histories into n statistical batches of N jn histories each. Note that n must 
be "large enough" as discussed earlier. A standard choice is n = 30. The accumulated 
quantity for each of these batches is called Xj = Lr=l xi for the j 'th statistical batch. 

• Calculate the mean value of x: 
1 n 

x = - LXi 
N j=l 

• Estimate the variance associated with the distribution of the X( 

2 1 ~ -2 1 ~ 2 -2 
sx = -- L...,(xj- x) = -- L...,(xj - x ) 

n - 1 j=l n - 1 j=l 

(5.15) 

(5 .16) 
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• The estimated variance of x is the standard variance of the mean: 

• Report the final result as x = x ± s-x. 

Remarks: 

2 
2 8 x s- = 
x n (5.17) 

We use eqs. 5.15- 5.17 with n fixed (at say, 30) because it gives a reasonable estimate of the 
error in x. Any large number will do, as long as we are within the range of applicability 
of the Central limit theorem. In reality, decisions based upon the error in x are usually 
subjective in nature. There is some evidence that the calculated statistic depends weakly on 
the choice of n. Therefore, it is important to report how your statistics were done when you 
publish your Monte Carlo results. 

5.3 Combining errors of independent runs 

For m independent Monte Carlo runs , it is easy to derive the following relation: 

(5 .18) 

where Xk is the value of x for the kth run and Nk is the number of histories in the kth run. 
The total number of histories is given by: 

m 

N=l:Nk 
k=l 

Then, assuming 1 st_order propagation of independent errors, it is also easy to derive: 

where sik is the estimated variance in Xk· 

Example: Form = 2: 

x = ( ~) x1 + (;) x2 

N = N1 +N2 

(5.19) 

(5.20) 

(5 .21) 

(5.22) 

(5.23) 
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Remarks: 

This method of combining errors effectively increases the value of n , the number of sta
tistical batches used in the calculation. In view of the fact that the calculated statistics 
are thought to depend weakly on n , it is preferable (but only marginally so for the sake 
of consistency) to combine the xi's (the raw data) into the standard number of statistical 
batches. This is easy to do by initialising the data arrays to the results of the previous run 
before the start of a new run. 

5.4 Error estimation for binary scoring 

In the special case where the scoring quantity is binary (e.g. a particle enters a detector's 
sensitive region or not , e.g. a particle backscatters or not) there is a significant simplification. 
Consider N events where the scoring variable xi is either 0 or 1. The mean is calculated 
according to eq. 5.12 . Starting from eqs. 5.12-5.14 it is easy to show that: 

2 x(1 - x) (5.24) 
S-x= N-1. 

Hence, knowing the mean value gives one knowledge of its estimated variance! One is not 
required to gather these events in statistical bins. 

Combining the results of independent runs is particularly simple. The mean is calculated 
from eq. 5.12 but the use of the variance combination relation, eq. 5.20, is inaccurate unless 
the Nj are all "large" (Nj » 1). It is best to resort to eq. 5.24 which has no such restriction. 

5.5 Relationships between S~ and s;, Si and si 
Consider N independent measurements of x, xi : i = 1, 2, · · · N. The xi are distributed 
according to some parent distribution with a mean J-L and a variance CJ

2
. The estimated 

mean x and the estimated variance s; are approximations (lower-case letters) that are made 
from a finte data set for the true mean J-L and the true variance CJ

2
. The "sample" mean, X 

and the "sample" variance are related to the estimate. What is the connection? 

The sample mean and the estimated mean are the same 

- 1 N 
X = X = - L Xi ~ J-L . 

N i=l 

(5.25) 

Since the xi are independent, their errors combine in quadrature: 

si- = L ~ x_ CJ2 ~ L ~ x_ s; . N (8-)2 
N (8_)2 

i=l uxt i=l uxt 
(5.26) 



Chapter 6 

Oddities: Random number and 
precision problems 

Now that we understand about random number generators, sampling and error estimation, 
it is time for a brief respite to consider some of the oddities one might encounter during 
Monte Carlo calculations. These oddities are related to artefacts associated with random 
number generation and machine precision. 

6.1 Random number artefacts 

Consider the determination of the value of 1r one obtains by throwing random "darts" at a 
circle inscribed within a square. This is depicted in Figure 6.1. The ratio of the number of 
darts within the circle to the total number of darts within the square should be 1r /4. 

For a small number of iterations, the result converges as expected. This is shown in Figure 6.2 
where the ratio 4Nin/ ( N 1r) is plotted up to 104 cycles along with the 1-a error bars predicted 
by the "binary statistics" method. The estimated mean goes over and under the theoretical 
prediction, takes an excursion in the overprediction direction and eventually begins to settle 
down. 

However, some difficulties are evident for large cycles as shown in Figures 6.3. and 6.4 

There are some classic signals indicated in Figure 6.3 that the random number generator 
is cycling. The first piece of evidence is that the result exhibits a periodic structure. The 
random number generator employed in this study is a multiplicative congruential random 
number generator (MCRNG) with a sequence length of 230 = 1, 073,741,824. Since two ran
dom numbers are employed, the periodic structure occurs over a period of 229 = 536,870, 912. 
Another curious anomaly is that the result is close to unity (actually to within a few parts 

63 
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Determination of n 
by throwing darts at an inscribed circle 

Figure 6.1: Random darts are thrown at a square with an inscribed circle. The ratio of the 
number of darts within the circle to the total number of darts within the square should be 
7r /4. 



6.1. RANDOM NUMBER ARTEFACTS 65 

Monte Carlo determination of n: 

1.02 

1.01 

~ 
0 
<D 
..c --0 
-;::::: 1.00 ro 
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<D -c 
0 
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0.99 

0.98 
0 2000 4000 6000 8000 10000 

number of cycles 

Figure 6.2: Random darts are thrown at a square with an inscribed circle. The Monte Carlo 
prediction divided by the theoretical prediction with the associated 1 ±a prediction. 
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Determination of n 
trouble for large N 
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number of cycles 

Figure 6.3: Random darts are thrown at a square with an inscribed circle. Large cycle 
behaviour of the Monte Carlo 1T experiment. The vertical lines are drawn where the random 
number generator begins a new cycle. 



6.1. RANDOM NUMBER ARTEFACTS 

>-..... 
0 
a> 

..c. ...... -0 
"'C 
(\j 

0 
...... 
c 
0 
~ 

1.00002 

1.00001 

1.00000 

0.99999 1-

0.99998 8 
10 

----- - ---

J 

Determination of n 
trouble for large N 

~ 
~ 

m- -- - ~~ - - ,~ 

~ 

~ / 1/ 
109 

number of cycles 

~ 
~ 
~ 

- ~- -~! J 
~ ~ I~ 

v v v 
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in 107 ) at the point where the cycle restarts1 . As a result, the calculated value appears to 
be well below the 1o- bounds predicted by the Central Limit theorem in the range shown. 
These are all strong signals that the random number has been "looped". It is never wise 
to use more than a fraction, say 1/10th of the sequence. Note that the latter half of the 
sequence anti-correlates with the first half. This could lead to spurious results if a sequence 
is exhausted. 

It is also false to conclude: "Despite the periodic structure, the result converges to the correct 
answer." Wrong! We just happened to be lucky in this case! The result converged to about 
1 + 5 x 10-7 after one complete cycle, nearly the correct answer but not the correct answer. 
The "error term" after one cycle just happens to be very small for this application. If we ran 
this application for about 12 x 109 cycles, we would note a "false convergence" to 1 + 5 x 10-7 

whereas the 1o- bounds would be smaller and converging on unity. 

An example of "false convergence" is given in Figure 6.5 which is the same example except 
that a large number of random numbers were thrown away after each sample of 1r, as if 
to simulate many random numbers being employed in a different aspect of a calculation. 
Although the example is somewhat extreme, it depicts clearly an anomalous result that will 
never converge to the correct answer. 

The object of this lesson is to warn against using random number generators beyond a 
fraction of their sequence length. 

The signals that you have cycled the random number generator are: 

• The tally exhibits a period structure. 

• The tally converges in a way that is contrary to Central Limit predictions, assuming 
that the second moment of the tally exists. 

• The presence of false convergence, which may be very difficult to detect. 

1This is due to 2D space being nearly uniformly filled by this MCRNG. 
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Example of false convergence 
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Figure 6.5: An example of false convergence. 
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6.2 Accumulation errors 

Consider the summation: 
N 

s = L(l/N). (6.1) 
i=l 

Of course, mathematically the result is s = 1. Numerically, however, it is a different story. 
The result of s vs. N is give in Figure 6.6. 

Q.) 
..0 0.80 
"'0 

:::J 
0 

...c 
(/) 0.60 
~ 

E 
:::J 
(/) -(/) 0.40 

8----E) single: s = :Li (1/N) 
D ·····-D single: s = :Li ~i(1/N) (~i is a random number 0<~<2) 
---- double: s = Li (1/N) 

0. 20 '-::3~---<.....L....L.~'--:4~---'-....L...i....L..L..L.L~5,-----'----'--....L...L..L..L..L.L~6,-----'----'--~.L..L..L.L~7;----'----'---"-'---'-'-.LLJ 8 

10 10 10 10 10 10 
N (number of iterations) 

Figure 6.6: An example of constant and random accumulation errors in single-precision 
arithmetic. 

We note that an accumumulation error is seen starting from about 106 iterations when the 
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accumulation is done using single precision Fortran, a 32-bit representation of floating-point 
numbers. The shape of this curve is the result of constant accumulated round-off error, can 
be positive or negative, but eventually underestimates due to truncation error. The precise 
shape of the artefact is probably machine dependent. The reason for the underestimate at 
large value of N is because 1 + 10-8 :::::::: 1 in single precision arithmetic. 

Another expression of the similar thing is: 

N 

s = "'2:)2r/N) (6.2) 
i=1 

where r is a random number uniformly distributed on [0, 1]. Since (r) = 1/2, s:::::::: 1 mathe
matically as well. However, a numerical evaulation exhibits some accumulation error starting 
from about 107 iterations. This is also seen in Figure 6.6. The shape of this curve is the result 
of random accumulation error and is probably common to all single-precision architectures. A 
double precision accumulation is shown as well. For double precision, 1 + 10- 8 = 1.00000001 
and no accumulation error is evident. Double precision errors would start at about 1015 to 
1016 iterations, a realm where no application has dared to go (yet). 

The obvious solution to this problem is: Use double precision! However, there are good 
reasons for using single precison numbers. On some architectures, single precision arithmetic 
is faster than double precision. (There are counter examples to this as well!) Double precision 
numbers also take more computer storage. Fetching and storing them can take longer than 
for single precision numbers. A good rule is to develop your application in double precision. 
Then, if fast exacution or computer storage become critical to your application, consider 
single precision for some, if not all of your calculation. However, you must be aware of the 
shortcomings (pun intended!) of single precision variables and use them with caution. 


