
A REMARK ON A CONJECTURE OF DERKSEN

ANDREW SNOWDEN

Abstract. Let V be a complex representation of a finite group G of order g. Derksen conjec-
tured that the pth syzygies of the invariant ring Sym(V )G are generated in degrees ≤ (p+ 1)g.
We point out that a simple application of the theory of twisted commutative algebras — using
an idea due to Weyl — gives the weaker bound pg3, almost for free.

Fix a finite group G of order g. Let V be a finite dimensional complex representation of G
and put R = Sym(V )G, which we regard as a graded ring. Let E ⊂ R be a homogeneous vector
subspace generating R as an algebra, and put S = Sym(E), so that S → R is a surjection
of graded algebras. The space TorSp (R,C) is then a graded vector space, called the space of
p-syzygies of R. We let sp(V ;E) be the maximal degree occurring in it. One can show that if
E ⊂ E′ then sp(V ;E) ≤ sp(V ;E′). Furthermore, sp(V ;E) is independent of E if E is chosen
to be minimal; we denote this common value by sp(V ). We then have the following conjecture
of Derksen (see [D, Conj. 3] for a more precise version):

Conjecture 1. We have sp(V ) ≤ (p+ 1)g for any V .

Derksen [D, Thm. 2] proved the conjecture for p = 1, but the general case is open. To state
our main result, we first introduce some notation. Let β(V ) be the minimal integer such that R
is generated in degrees ≤ β(V ). Let β be the maximum value of β(V ) over all V , the so-called
Noether number of G. Noether’s theorem [W, §3] states that β ≤ g. Let d1, . . . , dn be the
degrees of the irreducible representations of G and let m be the sum of the di. Finally, put
δp = (β − 1)g − (m− 1)βp; note that this is negative for p� 0. We then have:

Theorem 2. We have sp(V ) ≤ β2mp+ δp for any V .

Although this is weaker than the conjecture, the bound is significant since it is independent
of V . Using the fact that β and m are both bounded by g, we deduce the following corollary:

Corollary 3. We have sp(V ) ≤ pg3 for any V .

Remark 4. In fact, m and β are often strictly smaller than g, sometimes significantly so. We
have m ≤ √ng, where n is the number of conjugacy classes in G. Typically, n is much smaller
than g; for example, if G is a symmetric group then n = O(gε), for any ε > 0. The currently
known bounds on β are not very sharp. A result of Cziszter–Domokos [CD] states that β < 1

2g
unless G has a cyclic subgroup of index two, or is one of four exceptions. A conjecture of Pawale
[W, Conj. 3.9] asserts that if G is the semi-direct product of cyclic groups of prime orders p and
q, with q | p− 1, then β = p+ q − 1; note that m = p+ q − 1 in this case as well. When p and
q are approximately equal, this gives m = β = O(

√
g). Thus, in many case, our theorem gives

a bound of the form sp(V ) = O(pgθ) with θ < 3. �

Remark 5. Theorem 2 (and our proof of it) is valid over any field of characteristic zero. Derksen
also proposed his conjecture in positive characteristic not dividing g. It would be interesting if
our proof could be adapted to work in this setting. �

We now prove the theorem. Put s′p(V ) = sp(V ;E) where E =
⊕β

i=1Ri. As discussed, we
have sp(V ) ≤ s′p(V ), so it suffices to bound the latter. The key result is the following lemma.
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We make critical use of the theory of Schur functors in its proof. We also make use of ideas
from the theory of twisted commutative algebras, though these objects do not appear by name.
We refer to [SS] for background on this material.

Lemma 6. For each p ≥ 1 there is a representation Wp of G such that s′p(V ) ≤ s′p(Wp) for any
representation V . The dimension of Wp is βmp+ g.

Proof. Let V1, . . . , Vn be the irreducible representations of G. For vector spaces U1, . . . , Ur, put

V = V(U•) = (V1 ⊗ U1)⊕ · · · ⊕ (Vr ⊗ Ur).
Note that every representation of G is isomorphic to one of the form V(U•), for some choice

of U•. Put R = Sym(V)G, let E =
⊕β

i=1Ri, let S = Sym(E) and let T = TorSp (R,C). We
regard all of these objects as polynomial functors of the Ui; as such, each decomposes into
Schur functors [SS, §6.2.1]. The S-module C admits the Koszul resolution S⊗

∧•(E), which is
functorial (this is explained in the introduction of [SS]). We can compute T by tensoring this
resolution with R. It follows that T, as a functor, is a subquotient of R⊗

∧p(E).
For a functor F of the sort we are considering, let Pi(F ) be the set of partitions λ such

that the Schur functor Sλ(Ui) appears in F and let `i(F ) be the maximum number of rows of
any λ ∈ Pi(F ). The Cauchy formula [SS, §8.2.3] shows that `i(R) ≤ di. Since every partition
in Pi(E) has at most β boxes, every partition in Pi(

∧p(E)) has at most βp boxes, and so
`i(

∧p(E)) ≤ βp. The Littlewood–Richardson rule [SS, §9.1.1] now gives `i(R⊗
∧p(E)) ≤ βp+di,

and so `i(T) ≤ βp+ di.
Let Tk be the degree k piece of T. Obviously `i(Tk) ≤ βp+di. It follows that Tk is non-zero

if and only if Tk(U
′
•) is non-zero, where U ′i = Cβp+di . We thus find that T(U•) is concentrated

in degrees ≤ k for all U• if and only if it is so when U• = U ′•. We therefore obtain the theorem,
with Wp = V(U ′•). We have

dim(Wp) =

n∑
i=1

di(βp+ di) = βmp+ g. �

Lemma 7. We have s′p(V ) ≤ (β − 1) dim(V ) + βp, for any V .

Proof. This follows from the proof of [D, Thm. 1]. �

Combining the two lemmas, we find

s′p(V ) ≤ s′p(Wp) ≤ (β − 1)(βmp+ g) + βp = β2mp+ δp

for any V , and so the theorem follows. As m and β are both at most g, we have

(β − 1)(βmp+ g) + βp ≤ (g − 1)(g2p+ g) + gp = pg3 − g(pg + 1− p− g) ≤ pg3,
where we have used the inequality p+ g ≤ pg + 1. This establishes the corollary.

Remark 8. The main idea in Lemma 6 — bound the number of rows in the universal case and
then specialize to a particular case of sufficient dimension — is due to Weyl, who used it to
show that β = β(C[G]) [W, Thm. 3.13]. The theory of twisted commutative algebras (of which
R and S are examples) systematizes this idea. �
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